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ÏÐÎ ÌÀÒÐÈ×ÍI ÇÎÁÐÀÆÅÍÍß ÑÊIÍ×ÅÍÍÈÕ 2-ÃÐÓÏ ÍÀÄ
ËÎÊÀËÜÍÈÌÈ ÎÁËÀÑÒßÌÈ ÖIËIÑÍÎÑÒI ÕÀÐÀÊÒÅÐÈÑÒÈÊÈ
ÍÓËÜ

It is making up clear, when the problem of the description of non-equivalent matrix representations of
finite 2-groups over some local integral domains of characteristic zero is wild.

Âèÿñíÿ¹òüñÿ, êîëè çàäà÷à îïèñàííÿ íååêâiâàëåíòíèõ ìàòðè÷íèõ çîáðàæåíü ñêií÷åííèõ 2-ãðóï íàä
äåÿêèìè ëîêàëüíèìè îáëàñòÿìè öiëiñíîñòi õàðàêòåðèñòèêè íóëü ¹ äèêîþ.

Ñêií÷åííà ãðóïà G íàçèâà¹òüñÿ äèêîþ íàä êîìóòàòèâíèì êiëüöåì R ç îäèíèöåþ,
ÿêùî îïèñàííÿ íååêâiâàëåíòíèõ ìàòðè÷íèõ R-çîáðàæåíü ãðóïè G âêëþ÷à¹ çàäà÷ó
ïðî êëàñèôiêàöiþ ç òî÷íiñòþ äî ïîäiáíîñòi ïàð n×n-ìàòðèöü íàä äåÿêèì ïîëåì (n �
äîâiëüíå íàòóðàëüíå ÷èñëî). Çàäà÷à ïðî äèêiñòü ñêií÷åííî¨ p-ãðóïè G íàä ëîêàëüíîþ
îáëàñòþ öiëiñíîñòi õàðàêòåðèñòèêè íóëü ç ïîëåì ëèøêiâ õàðàêòåðèñòèêè p ðîçâ'ÿçàíà
â òàêèõ âèïàäêàõ:

1) R � êiëüöå öiëèõ p-àäè÷íèõ ÷èñåë [1�2];

2) R � ïîâíå äèñêðåòíî íîðìîâàíå êiëüöå [1�5];

3) R � êiëüöå ôîðìàëüíèõ ñòåïåíåâèõ ðÿäiâ âiä m çìiííèõ ç êîåôiöi¹íòàìè ç
êiëüöÿ öiëèõ P -àäè÷íèõ ÷èñåë [6�7];

4) R � ëîêàëüíà îáëàñòü öiëiñíîñòi õàðàêòåðèñòèêè íóëü ç ïîëåì ëèøêiâ õàðàêòå-
ðèñòèêè p (ε ∈ R, εp = 1, ε ̸= 1) i âèêîíó¹òüñÿ îäíà iç òàêèõ óìîâ:

a) p > 3;

á) G � 3-ãðóïà ïîðÿäêó |G| > 3;

â) R � íåòåðîâå êiëüöå i G � íåöèêëi÷íà 2-ãðóïà àáî öèêëi÷íà 2-ãðóïà ïîðÿäêó
|G| > 4 [8].

Ëåìà 1. Íåõàé G = ⟨a⟩ � öèêëi÷íà 2-ãðóïà ïîðÿäêó 4 i K � ëîêàëüíà îáëàñòü
öiëiñíîñòi õàðàêòåðèñòèêè íóëü ç ïîëåì ëèøêiâ õàðàêòåðèñòèêè 2, V � ìàêñè-
ìàëüíèé iäåàë êiëüöÿ K, t /∈ V i t2 /∈ 2K. Òîäi ãðóïà G ¹ äèêîþ íàä êiëüöåì K.

Äîâåäåííÿ. Íåõàé E � îäèíè÷íà ìàòðèöÿ ïîðÿäêó n, A i B � äîâiëüíi n× n-ìàò-
ðèöi íàä êiëüöåì K. Ââåäåìî òàêi ïîçíà÷åííÿ:

ĩ =

(
0 −1
1 0

)
, E ⊗ ĩ =

(
0 −E
E 0

)
, D1 =

(
t2E
0

)
, D′

1 =

(
tE
0

)
,

D2(A) =

(
A
0

)
, D3(B) =

(
B
0

)
, D4 =

(
E
0

)
.

Ðîçãëÿíåìî ìàòðè÷íi K-çîáðàæåííÿ Γ(A,B) ãðóïè G = ⟨a⟩ âèãëÿäó:

a→


E ⊗ ĩ 0 D1 0 D2(A) D3(B)

0 E ⊗ ĩ 0 D′
1 D4 0

0 0 −E 0 tE 0
0 0 0 −E 0 t2E
0 0 0 0 E 0
0 0 0 0 0 E

 = Γa(A,B). (1)
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ÍåõàéK-çîáðàæåííÿ Γ(A,B) i Γ(A′, B′) ãðóïè G = ⟨a⟩K-åêâiâàëåíòíi, òîáòî iñíó¹
òàêà ìàòðèöÿ C ∈ GL(8n,K), ùî

Γa(A,B)C = CΓa(A
′, B′). (2)

Î÷åâèäíî C = ∥Cij∥, äå Cij � ìàòðèöÿ ïîðÿäêó n íàä êiëüöåì K (1 6 i, j 6 8). Iç
(1) i (2) âèïëèâà¹, ùî ìàòðèöÿ C ìà¹ âèãëÿä:

C =



C11 C12 C13 C14 C15 C16 C17 C18

−C12 C11 −C14 C13 C25 C26 C27 C28

C31 C32 C33 C34 C35 C36 C37 C38

−C32 C31 −C34 C33 C45 C46 C47 C48

0 0 0 0 C55 C56 C57 C58

0 0 0 0 C65 C66 C67 C68

0 0 0 0 0 0 C77 C78

0 0 0 0 0 0 C87 C88


. (3)

Iç (1)�(3) îäåðæèìî:
−C25 + t2C55 = t2C11 − C15,

−C26 + t2C56 = tC13 − C16,

C15 = −t2C12 − C25, C16 = −tC14 − C26,

−C45 + tC65 = t2C31 − C35,

−C46 + tC66 = tC33 − C36,

C35 = −t2C32 − C45, C36 = −tC34 − C46,

−C57 + tC77 = tC55 + C57,

−C58 + tC78 = t2C56 + C58,

−C67 + t2C87 = tC65 + C67,

−C68 + t2C88 = t2C66 + C68,

−C27 + t2C57 + AC77 +BC87 = C11A
′ + C13 + tC15 + C17,

−C28 + t2C58 + AC78 +BC88 = C11B
′ + t2C16 + C18,

C17 = −C12A
′ − C14 + tC25 + C27, C18 = −C12B

′ + t2C26 + C28,

−C47 + tC67 + C77 = C31A
′ + C33 + tC35 + C37,

−C48 + tC68 + C78 = C31B
′ + t2C36 + C38,

C37 = −C32A
′ − C34 + tC45 + C47,

C38 = −C32B
′ + t2C46 + C48.

Çâiäñè äiñòà¹ìî:

C15 ≡ C25(modV ), C16 ≡ C26(modV ),

C55 ≡ (C11 + C12) (modV ),

C13 ≡ C14(modV ), C45 ≡ C35(modV ), C36 ≡ C46(modV ),

C66 ≡ (C33 + C34) (modV ),
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C77 ≡ C55(modV ), C88 ≡ C66(modV ),

C65 ≡ C78 ≡ 0(modV ),

C77 ≡ C55 ≡ (C11 + C12) (modV ),

C88 ≡ C66 ≡ (C33 + C34) (modV ),

BC87 + AC77 ≡ (C11 + C12)A
′(modV ),

C77 ≡ C33 + C34 + (C31 + C32)A
′(modV ),

BC88 ≡ (C11 + C12)B
′(modV ),

(C31 + C32)B
′ ≡ 0(modV ).

Íåõàé B′ � äîâiëüíà îáîðîòíà ìàòðèöÿ íàä êiëüöåì K. Òîäi

C31 + C32 ≡ 0(modV ),

C87 ≡ C31 + C32 ≡ 0(modV ),

C77 ≡ C33 + C34(modV ).

Îòæå,
C88 ≡ C77 ≡ C66 ≡ C55(modV ),

AC77 ≡ C77A
′(modV ), (4)

BC77 ≡ C77B
′(modV ). (5)

Î÷åâèäíî, ìàòðèöÿ C77 � îáîðîòíà íàä êiëüöåì K. Iç (4) i (5) âèïëèâà¹ äîâåäåííÿ
ëåìè.

Ëåìà 2. Íåõàé G = ⟨a⟩ � öèêëi÷íà 2-ãðóïà ïîðÿäêó 4 i K � ëîêàëüíå ôàêòî-
ðiàëüíå êiëüöå õàðàêòåðèñòèêè íóëü ç ïîëåì ëèøêiâ õàðàêòåðèñòèêè 2. Ãðóïà G ¹
äèêîþ íàä êiëüöåì K, ÿêùî K íå äèñêðåòíî íîðìîâàíå êiëüöå.

Äîâåäåííÿ. ÍåõàéK � íå äèñêðåòíî íîðìîâàíå êiëüöå i 2 = θtr11 . . . t
rs
s , äå θ ∈ K∗,

t1, . . . , ts � ðiçíi ïðîñòi åëåìåíòè êiëüöÿ K (ti ̸= θjtj, ïðè i ̸= j, θj ∈ K∗, K∗ �
ìóëüòèïëiêàòèâíà ãðóïà êiëüöÿ K). Òîäi ç ëåìè 1 âèïëèâà¹, ùî ÿêùî s > 1 àáî s = 1
i r1 > 2, òî ãðóïà G = ⟨a⟩ ¹ äèêîþ íàä êiëüöåì K. ßêùî s = 1 i r1 ≤ 2, òî iñíó¹ òàêèé
ïðîñòèé åëåìåíò t êiëüöÿ K, ùî åëåìåíòè t i t1 áóäóòü âçà¹ìíî ïðîñòèìè. Îòæå,
t2 /∈ 2K. Çâiäñè i ç ëåìè 1 îäåðæó¹ìî, ùî ãðóïà G = ⟨a⟩ ¹ äèêîþ íàä êiëüöåì K.
Ëåìà äîâåäåíà.

Òåîðåìà 1. Íåõàé G � ñêií÷åííà 2-ãðóïà ïîðÿäêó |G| > 2 i K � ëîêàëüíå ôà-
êòîðiàëüíå êiëüöå õàðàêòåðèñòèêè íóëü ç ïîëåì ëèøêiâ õàðàêòåðèñòèêè 2. Ãðóïà
G ¹ äèêîþ íàä êiëüöåì K, ÿêùî K íå ¹ äèñêðåòíî íîðìîâàíèì êiëüöåì.

Äîâåäåííÿ òåîðåìè âèïëèâà¹ iç ëåìè 2 i [8].

Ëåìà 3. Íåõàé H = ⟨a⟩ � öèêëi÷íà ãðóïà ïîðÿäêó 2, K � ëîêàëüíå ôàêòîðiàëüíå
êiëüöå õàðàêòåðèñòèêè íóëü ç ïîëåì ëèøêiâ õàðàêòåðèñòèêè 2 i 2 = θtr11 . . . t

rs
s , äå

θ ∈ K∗, t1, . . . , ts � ðiçíi ïðîñòi åëåìåíòè êiëüöÿ K, ri ≥ 1 (i = 1, . . . , s). ßêùî s ≥ 2
i r1 + . . .+ rs > 2, òî ãðóïà H = ⟨a⟩ ¹ äèêîþ íàä êiëüöåì K.
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Äîâåäåííÿ. Íåõàé s > 2. Ðîçãëÿíåìî ìàòðè÷íi K-çîáðàæåííÿ Γ(A,B) ãðóïè
H = ⟨a⟩ òàêîãî âèãëÿäó:

a→
(

−E S(A,B)
0 E

)
= Γa(A,B), (6)

äå E � îäèíè÷íà ìàòðèöÿ ïîðÿäêó n, S(A,B) = t1t2E+t1t3A+t2t3B, A i B � äîâiëüíi
n× n-ìàòðèöi íàä êiëüöåì K, n � äîâiëüíå íàòóðàëüíå ÷èñëî.

Íåõàé K-çîáðàæåííÿ Γ(A,B) i Γ(A′, B′) ãðóïè H = ⟨a⟩ åêâiâàëåíòíi íàä êiëü-
öåì K, òîáòî

Γa(A,B)C = CΓa(A
′, B′), (7)

äå C ∈ GL(2n,K). Iç (6) i (7) âèïëèâà¹, ùî ìàòðèöÿ C ìà¹ âèãëÿä:

C =

(
C1 C2

0 C3

)
, (8)

äå Ci � n× n-ìàòðèöÿ íàä êiëüöåì K (i = 1, 2, 3).
Äàëi iç (6)�(8) îäåðæèìî:

(t1t2E + t1t3A+ t2t3B)C3 = C1 (t1t2E + t1t3A
′ + t2t3B

′) + 2C2.

Çâiäñè äiñòà¹ìî, ùî

t1t2(C3 − C1) + t1t3(AC3 − C1A
′) + t2t3(BC3 − C1B

′) = 2C2. (9)

Íåõàé V � ìàêñèìàëüíèé iäåàë êiëüöÿ K. Òîäi ç (9) âèïëèâà¹, ùî

C3 ≡ C1(modV ),

AC3 ≡ C1A
′(modV ), (10)

BC3 ≡ C1B
′(modV ).

Îòæå,
AC1 ≡ C1A

′(modV ), BC1 ≡ C1B
′(modV ). (11)

Çíà÷èòü, ãðóïà H = ⟨a⟩ ¹ äèêîþ íàä êiëüöåì K ïðè s > 2.
Äàëi ðîçãëÿíåìî âèïàäîê, êîëè s = 2, r1 > 1 i r2 ≥ 1. Íåõàé ó ôîðìóëi (6)

S(A,B) = t21E+t1t2A+t
2
2B i çîáðàæåííÿ Γ(A,B) i Γ(A′, B′) ãðóïèH = ⟨a⟩ åêâiâàëåíòíi

íàä êiëüöåì K, òîáòî ìà¹ ìiñöå ôîðìóëà (7). Î÷åâèäíî, ìàòðèöÿ C ìà¹ âèãëÿä (8).
Òîäi iç (6)�(8) äiñòà¹ìî:

t21(C3 − C1) + t1t2(AC3 − C1A
′) + t22(BC3 − C1B

′) = 2C2.

Îòæå, ñïðàâåäëèâi ôîðìóëè (10) i (11). Çâiäñè âèïëèâà¹, ùî ãðóïà H = ⟨a⟩ â
ðîçãëÿäóâàíîìó âèïàäêó ¹ äèêîþ íàä êiëüöåì K. Ëåìà äîâåäåíà.

Ëåìà 4. Íåõàé H = ⟨a⟩ � öèêëi÷íà ãðóïà ïîðÿäêó 2, K � ëîêàëüíå ôàêòîði-
àëüíå êiëüöå õàðàêòåðèñòèêè íóëü ç ïîëåì ëèøêiâ õàðàêòåðèñòèêè 2 i 2 = θte1
(θ ∈ K∗, e > 1), äå t1 � ïðîñòèé åëåìåíò êiëüöÿ K. ßêùî K íå ¹ äèñêðåòíî íîð-
ìîâàíèì êiëüöåì, òî ãðóïà H = ⟨a⟩ ¹ äèêîþ íàä êiëüöåì K.
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Äîâåäåííÿ. Íåõàé K � íå äèñêðåòíî íîðìîâàíå êiëüöå i V � ìàêñèìàëüíèé
iäåàë êiëüöÿ K. Òîäi iñíó¹ òàêèé ïðîñòèé åëåìåíò u êiëüöÿ K, ùî åëåìåíòè u i t1
áóäóòü âçà¹ìíî ïðîñòi.

Ðîçãëÿíåìî ìàòðè÷íi K-çîáðàæåííÿ Γ(A,B) ãðóïè H = ⟨a⟩ òàêîãî âèãëÿäó:

a→
(

−E D(A,B)
0 E

)
= Γa(A,B), (12)

äå

D(A,B) =


u2E tr1E 0 0
0 u2E tr1E 0
0 tr1uA u2E tr1uE

tr1uB 0 0 u2E

 ,

r = e− 1. Íåõàé çîáðàæåííÿ Γ(A,B) i Γ(A′, B′) ãðóïè H = ⟨a⟩ K-åêâiâàëåíòíi, òîáòî

Γa(A,B)C = CΓa(A
′, B′), (13)

äå, î÷åâèäíî,

C =

(
C1 C2

0 C4

)
, (14)

C1, C4 � îáîðîòíi n× n-ìàòðèöi íàä êiëüöåì K. Òîäi iç (12)�(14) âèïëèâà¹, ùî

D(A,B)C4 = C1D(A′, B′) + 2C2. (15)

Ââåäåìî òàêi ïîçíà÷åííÿ:

C1 = ∥Cij∥ , C4 = ∥Sij∥ , C2 = ∥Tij∥ ,

äå Cij, Sij, Tij � n× n-ìàòðèöi íàä êiëüöåì K.
Äàëi iç (15) îäåðæèìî:

u2C11 + tr1uC14B
′ = u2S11 + tr1S21 + 2T11,

u2C21 + tr1uC24B
′ = u2S21 + tr1S31 + 2T21,

u2C31 + tr1uC34B
′ = tr1uAS21 + u2S31 + tr1uS41 + 2T31,

u2C41 + tr1uC44B
′ = tr1uBS11 + u2S41 + 2T41,

tr1C11 + u2C12 + tr1uC13A
′ = u2S12 + tr1S22 + 2T12,

tr1C21 + u2C22 + tr1uC23A
′ = u2S22 + tr1S32 + 2T22,

tr1C31 + u2C32 + tr1uC33A
′ = tr1uAS22 + u2S32 + tr1uS42 + 2T32,

tr1C41 + u2C42 + tr1uC43A
′ = tr1uBS12 + u2S42 + 2T42,

tr1C12 + u2C13 = u2S13 + tr1S23 + 2T13,

tr1C22 + u2C23 = u2S23 + tr1S33 + 2T23,

tr1C32 + u2C33 = tr1uAS23 + u2S33 + tr1uS43 + 2T33,

tr1C42 + u2C43 = tr1uBS13 + u2S43 + 2T43,

tr1uC43 + u2C44 = tr1uBS14 + u2S44 + 2T44,

tr1uC33 + u2C34 = tr1uAS24 + u2S34 + tr1uS44 + 2T34,
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tr1uC23 + u2C24 = u2S24 + tr1S34 + 2T24,

tr1uC13 + u2C14 = u2S14 + tr1S24 + 2T14.

Çâiäñè äiñòà¹ìî:

C11 ≡ S11(modV ), C21 ≡ S21 ≡ 0(modV ),

C31 ≡ S31 ≡ 0(modV ), C41 ≡ S41 ≡ 0(modV ),

C22 ≡ S22(modV ), C22 ≡ C33 ≡ S33(modV ),

C44 ≡ S44(modV ), C11 ≡ S22(modV ), C33 ≡ S44(modV ),

C33A
′ ≡ AS22(modV ), C44B

′ ≡ BS11(modV ).

Îòæå,
Cii ≡ Sjj(modV ) (i, j = 1, 2, 3, 4),

AC11 ≡ C11A
′(modV ), (16)

BC11 ≡ C11B
′(modV ). (17)

Î÷åâèäíî, ìàòðèöÿ C11 îáîðîòíà íàä êiëüöåì K. Iç (16) i (17) âèïëèâà¹ äîâåäåííÿ
ëåìè.

Òåîðåìà 2. Íåõàé G � ñêií÷åííà 2-ãðóïà ïîðÿäêó |G| > 1, K � ëîêàëüíå ôà-
êòîðiàëüíå êiëüöå õàðàêòåðèñòèêè íóëü ç ïîëåì ëèøêiâ õàðàêòåðèñòèêè 2. ßêùî
K íå äèñêðåòíî íîðìîâàíå êiëüöå i 2 = θte1 (θ ∈ K∗, e > 1) àáî 2 = θtr11 . . . t

rs
s , äå

t1, . . . , ts � ðiçíi ïðîñòi åëåìåíòè êiëüöÿ K, s ≥ 2 i r1 + ...rs > 2, òî ãðóïà G ¹
äèêîþ íàä êiëüöåì K.

Äîâåäåííÿ òåîðåìè âèïëèâà¹ iç ëåì 3 i 4.
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