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ÓÄÊ 517.9

I. I. Êîðîëü (Óæãîðîäñüêèé íàö. óí-ò)

IÍÒÅÃÐÓÂÀÍÍß ÊÐÀÉÎÂÈÕ ÇÀÄÀ× ÄËß ÑÈÑÒÅÌ
ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ IÇ ÇÀÏIÇÍÅÍÍßÌ
In this paper the numerical-analytic method for investigating of the problem of existing and ap-
proximate constructing of the solutions of the boundary value problem for nonlinear systems of
differential equations with delay is suggested.

Ó ðîáîòi ðîçãëÿäà¹òüñÿ ÷èñåëüíî-àíàëiòè÷íèé ìåòîä äîñëiäæåííÿ iñíóâàííÿ òà íàáëèæåíî¨
ïîáóäîâè ðîçâ'ÿçêiâ êðàéîâî¨ çàäà÷i äëÿ íåëiíiéíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ç çàïi-
çíåííÿì.

Äèôåðåíöiàëüíi ðiâíÿííÿ ç çàïiçíþþ÷èì àðãóìåíòîì çíàõîäÿòü øèðîêå çàñòî-
ñóâàííÿ ïðè äîñëiäæåííi ïðîöåñiâ ó ìåõàíiöi, àâòîìàòè÷íîìó êåðóâàííi, åêî-
íîìiöi, áiîëîãi¨ òîùî. ×åðåç öå òåîðiÿ ðiâíÿíü ç çàïiçíåííÿì äîñëiäæóâàëàñÿ
â áàãàòüîõ ðîáîòàõ, çîêðåìà [1�4]. Ó äàíié ðîáîòi äëÿ äîñëiäæåííÿ ðîçâ'ÿçêiâ
íåëiíiéíèõ äèôåðåíöiàëüíèõ ñèñòåì ç çàïiçíåííÿì, ïiäïîðÿäêîâàíèõ ëiíiéíèì
êðàéîâèì óìîâàì, îáãðóíòîâàíî ÷èñåëüíî-àíàëiòè÷íèé àëãîðèòì, ÿêèé áóâ ðà-
íiøå çàïðîïîíîâàíèé äëÿ äîñëiäæåííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ ñèñòåì çâè÷àé-
íèõ äèôåðåíöiàëüíèõ ðiâíÿíü [5], òà âèêîðèñòàíî iäå¨ òåîði¨ ôóíêöiîíàëüíî-
äèôåðåíöiàëüíèõ ðiâíÿíü, âèêëàäåíi â [1].

1. Ïîñòàíîâêà çàäà÷i. Ðîçãëÿíåìî ïèòàííÿ iñíóâàííÿ òà íàáëèæåíî¨ ïîáó-
äîâè ðîçâ'ÿçêiâ ñèñòåìè íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì

dx(t)
dt

=
p∑

i=1

Ai(t)x(hi(t))+g(t, x(h1(t)), · · · , x(hp(t))), t ∈ [a, b],

x(s) = u(s), s /∈ [a, b],

(1)

äå t ∈ [a, b], Ai(t) � (n × n)-âèìiðíi ìàòðèöi, hi : [a, b] → R, u : R \ [a, b] → R,
g : [a, b] × RN → Rn � äåÿêi çàäàíi iíòåãðîâíi ôóíêöi¨, N = np, hi(t) ≤ t, ÿêi
ïiäïîðÿäêîâàíi çàãàëüíèì ôóíêöiîíàëüíèì êðàéîâèì óìîâàì

`x = α (2)

äå ` : Dn → Rn � n-âèìiðíèé îáìåæåíèé ëiíiéíèé âåêòîð-ôóíêöiîíàë, α ∈
Rn, Dn = Dn[a, b] � ïðîñòið àáñîëþòíî íåïåðåðâíèõ ôóíêöié x : [a, b] → Rn ç
íîðìîþ ‖x‖ = |x| = col(|x1|, · · · , |xn|).

Ïîçíà÷èìî [1]

(Shx)(t) =

{
x(h(t)), h(t) ∈ [a, b],

0, h(t) /∈ [a, b],

uh(t) =

{
0, h(t) ∈ [a, b],

u(h(t)), h(t) /∈ [a, b].

Ïðè öüîìó ðiâíÿííÿ (1) çàïèøåòüñÿ òàê:

dx(t)
dt

=
p∑

i=1

Ai(t)(Shi
x)(t))+f(t, (Sh1x)(t), · · · , (Shpx)(t)),
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äå

f(t,(Sh1x)(t),· · ·,(Shpx)(t))=g(t, x(h1(t))+uh1(t),· · ·, x(hp(t))+uhp(t))+

p∑
i=1

Ai(t)uhi
(t),

àáî ó âèãëÿäi
dx(t)

dt
= A(t)(Shx)(t) + f(t, (Shx)(t)), (3)

äå A(t)=(A1(t), · · · , Ap(t)) � (n×N)-âèìiðíà ìàòðèöÿ, ñêëàäåíà ç (n×n)-âèìiðíèõ
ìàòðèöü Ai(t), uh(t)=col(uh1(t), · · · , uhp(t)), (Sh)(t)=col((Sh1x)(t), · · · , (Shpx)(t)).
Áóäåìî ââàæàòè, ùî îïåðàòîð Sh äi¹ ç ïðîñòîðó Dn ó ïðîñòið LN = Ln × · · · × Ln

︸ ︷︷ ︸
p

,

äå Ln � áàíàõiâ ïðîñòið iíòåãðîâíèõ íà [a, b] âåêòîð-ôóíêöié f : [a, b] → Rn.
Ïiä ðîçâ'ÿçêîì äèôåðåíöiàëüíî¨ ñèñòåìè (3) áóäåìî ðîçóìiòè [1] àáñîëþòíî

íåïåðåðâíó íà [a, b] ôóíêöiþ x(t) ∈ Dn ç iíòåãðîâíîþ íà [a, b] ïîõiäíîþ: ẋ(t) ∈
Ln, ÿêà çàäîâîëüíÿ¹ ñèñòåìó (3) ìàéæå âñþäè íà [a, b].

2. Ëiíiéíà êðàéîâà çàäà÷à. Ñïî÷àòêó ðîçãëÿíåìî ëiíiéíó íåîäíîðiäíó äè-
ôåðåíöiàëüíó ñèñòåìó ç çàïiçíåííÿì

dx(t)

dt
= A(t)(Shx)(t) + w(t), (4)

w ∈ Ln, ïiäïîðÿäêîâàíó ëiíiéíèì ôóíêöiîíàëüíèì êðàéîâèì óìîâàì (2). Çãi-
äíî òåîðåìè Ô. Ðiññà [6], äëÿ áóäü-ÿêîãî ëiíiéíîãî ôóíêöiîíàëà `, çàäàíîãî íà
ïðîñòîði Dn àáñîëþòíî íåïåðåðâíèõ íà [a, b] ôóíêöié, iñíó¹ íåïåðåðâíà çëiâà
ìàòðè÷íî-çíà÷íà ôóíêöiÿ C(t) îáìåæåíî¨ âàðiàöi¨ òàêà, ùî ëiíiéíèé ôóíêöiî-
íàë ìîæåìî çàïèñàòè çà äîïîìîãîþ iíòåãðàëà Ðiìàíà-Ñòiëò¹ñà. Òàêèì ÷èíîì,
êðàéîâi óìîâè (2) ìîæåìî çàïèñàòè ó âèãëÿäi

b∫

a

[
dC(t)

]
x(t) = α. (5)

Âiäîìî [1, 2], ùî ðîçâ'ÿçîê ðiâíÿííÿ (1) ç ïî÷àòêîâîþ óìîâîþ x(a) = x0 ìà¹
âèãëÿä

x(t) = X(t)x0 +

t∫

a

X(t, s)w(s)ds, (6)

äå X(t, s) � (n × n)-âèìiðíà ìàòðèöÿ Êîøi, ÿêà ïðè êîæíîìó ôiêñîâàíîìó s ¹
ðîçâ'ÿçêîì ìàòðè÷íî¨ çàäà÷i Êîøi

∂X(t, s)

∂t
= A(t)(ShX(·, s)(t), X(s, s) = In.

Òóò X(t) = X(t, a) � ôóíäàìåíòàëüíà (n× n)-âèìiðíà ìàòðèöÿ âiäïîâiäíî¨ (4)
ëiíiéíî¨ îäíîðiäíî¨ ñèñòåìè

dx(t)

dt
= A(t)(Shx)(t), (7)

Íàóê. âiñíèê Óæãîðîä óí-òó, 2008, âèï. 17



IÍÒÅÃÐÓÂÀÍÍß ÊÐÀÉÎÂÈÕ ÇÀÄÀ×. . . 103

X(a, a) = In � îäèíè÷íà ìàòðèöÿ, à ÷åðåç (ShX(·, s)(t) ïîçíà÷åíî (n × N)-
âèìiðíó ìàòðèöþ, ñòîâïöi ÿêî¨ îòðèìóþòüñÿ ïðè çàñòîñóâàííi îïåðàòîðà âíó-
òðiøíüî¨ ñóïåðïîçèöi¨ Sh äî âiäïîâiäíèõ ñòîâïöiâ (n×n)-âèìiðíî¨ ìàòðèöi X(t, s)
ÿê äî n-âèìiðíèõ âåêòîð-ôóíêöié. Ïiäñòàâëÿþ÷è (6) ó êðàéîâi óìîâè (5), áà÷è-
ìî, ùî ïî÷àòêîâå çíà÷åííÿ x0 ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (2), (4) ïîâèííî çàäî-
âîëüíÿòè àëãåáðà¨÷íó ñèñòåìó ðiâíÿíü

Gx0 = α−
b∫

a

Z(s)w(s)ds, (8)

äå

Z(s) =

b∫

s

[dC(t)]X(t, s), G = Z(a) = `X =

b∫

a

[dC(t)]X(t).

Ó íåêðèòè÷íîìó âèïàäêó [2] � êîëè ëiíiéíà îäíîðiäíà êðàéîâà çàäà÷à
dx(t)

dt
= A(t)(Shx)(t), `x = 0, (9)

íå ìà¹ íåòðèâiàëüíèõ ðîçâ'ÿçêiâ, ëiíiéíà íåîäíîðiäíà àëãåáðà¨÷íà ñèñòåìà (8)
ìà¹ ¹äèíèé ðîçâ'ÿçîê

x0 = G−1


α−

b∫

a

Z(s)w(s)ds


,

ÿêèé ¹ ïî÷àòêîâèì çíà÷åííÿì ¹äèíîãî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (2), (4)

x(t) = X(t)G−1α +

t∫

a

X(t, s)w(s)ds−X(t)G−1

b∫

a

Z(s)w(s)ds.

Ó ïîäàëüøîìó áóäåìî ðîçãëÿäàòè êðèòè÷íèé âèïàäîê � êîëè
(A) ëiíiéíà îäíîðiäíà êðàéîâà çàäà÷à (9) ìà¹ k, 1 ≤ k ≤ n ëiíiéíî íåçàëåæíèõ

íåòðèâiàëüíèõ ðîçâ'ÿçêiâ.
Ïîêàæåìî, ùî â öüîìó âèïàäêó ïðàâó ÷àñòèíó ñèñòåìè (4) çàâæäè ìîæíà "çáó-
ðèòè"òàê, ùîá "çáóðåíà"êðàéîâà çàäà÷à ìàëà k-ïàðàìåòðè÷íó ñiì'þ ðîçâ'ÿçêiâ.

Ëåìà 1. Íåõàé âèêîíó¹òüñÿ óìîâà A. Òîäi äëÿ äîâiëüíî¨ ôóíêöi¨ w(t) iñíó¹
ôóíêöiÿ W (t) òàêà, ùî ëiíiéíà íåîäíîðiäíà êðàéîâà çàäà÷à

dx(t)

dt
= A(t)(Shx)(t) + w(t) + W (t), `x = α (10)

ìà¹ k-ïàðàìåòðè÷íó ñiì'þ ðîçâ'ÿçêiâ.
Äîâåäåííÿ. Íåõàé óìîâà A âèêîíó¹òüñÿ. Âiäîìî [7], ùî àëãåáðà¨÷íà ñèñòå-

ìà (8) ñóìiñíà (i ïðè öüîìó ìà¹ k-ïàðàìåòðè÷íó ñiì'þ ðîçâ'ÿçêiâ) òîäi i òiëüêè
òîäi, êîëè âèêîíó¹òüñÿ óìîâà îðòîãîíàëüíîñòi

PG∗


α−

b∫

a

Z(s)w(s)ds−
b∫

a

Z(s)W (s)ds


 = 0. (11)
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Íåõàé

W (t) = Z∗(t)P ∗
G∗k

R−1
1 PG∗k


α−

b∫

a

Z(s)w(s)ds


, (12)

äå

R1 = PG∗kR2P
∗
G∗k

, R2 =

b∫

a

Z(τ)Z∗(τ)dτ .

×åðåç G+ áóäåìî ïîçíà÷àòè ¹äèíó ïñåâäîîáåðíåíó äî G ïî Ìóðó-Ïåíðîóçó [8]
(n×n)-âèìiðíó ìàòðèöþ, à ÷åðåç PGk

i PG∗k � (n×k) i (k×n)-âèìiðíi ìàòðèöi, ÿêi
¹ îðòîïðîåêòîðàìè ç ïðîñòîðó Rn íà íóëü ïðîñòîðè Ker(G) i Ker(G∗) ìàòðèöü
G i G∗ âiäïîâiäíî, ïðè÷îìó ñòîâïöi ìàòðèöi PGk

¹ ëiíiéíî íåçàëåæíèìè i óòâî-
ðþþòü ïîâíèé áàçèñ ÿäðà Ker(G) ìàòðèöi G, à ðÿäêè ìàòðèöi PG∗k óòâîðþþòü
ïîâíèé áàçèñ ÿäðà ìàòðèöi G∗:

PGk
: Rk → Ker(G), Ker(G) = PGk

Rn,

PG∗k : Rn → Ker(G∗), Ker(G∗) = PG∗kR
n,

rank(PGk
) = rank(PG∗k) = k = n− rank(G).

Ïiäñòàâëÿþ÷è W (t) âèãëÿäó (12) â (11) áà÷èìî, ùî ïðè òàêîìó âèáîði "çáóðþ-
þ÷î¨" ôóíêöi¨ óìîâà îðòîãîíàëüíîñòi (11) âèêîíó¹òüñÿ. Ðîçâ'ÿçîê ñèñòåìè (10)
ìà¹ âèãëÿä

x(t) = X(t)x0 +
t∫

a

X(t, s)w(s)ds+

+
t∫

a

X(t, s)Z∗(s)dsP ∗
G∗k

R−1
1 PG∗k

(
α−

b∫
a

Z(s)w(s)ds

)
.

(13)

Ïiäñòàâëÿþ÷è éîãî â (5) áà÷èìî, ùî âií çàäîâîëüíÿ¹ êðàéîâi óìîâè òîäi i òiëüêè
òîäi, êîëè ïî÷àòêîâå çíà÷åííÿ x0 ¹ ðîçâ'ÿçêîì àëãåáðà¨÷íî¨ ñèñòåìè

Gx0 =
(
In −R2P

∗
G∗k

R−1
1 PG∗k

)

α−

b∫

a

Z(s)w(s)ds


 . (14)

Îñêiëüêè PGk

(
In − R2P

∗
G∗k

R−1
1 PG∗k

)
= 0, òî ñèñòåìà (14) ñóìiñíà i ¨¨ çàãàëüíèé

ðîçâ'ÿçîê ìà¹ âèãëÿä [7]

x0 = PGk
ξ + G+

(
In −R2P

∗
G∗k

R−1
1 PG∗k

)

α−

b∫

a

Z(s)w(s)ds


 , (15)
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äå ξ � äîâiëüíèé k-âèìiðíèé âåêòîð. Ïiäñòàâëÿþ÷è x0 âèãëÿäó (15) ó (13), îäåð-
æèìî çàãàëüíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (2), (10):

x(t) = X(t)PGk
ξ + X(t)G+

(
In −R2P

∗
G∗k

R−1
1 PG∗k

)

α−

b∫

a

Z(τ)h(τ)dτ


 +

+

t∫

a

X(t, s)w(s)ds +

t∫

a

X(t, s)Z∗(s)dsP ∗
G∗k

R−1
1 PG∗k


α−

b∫

a

Z(τ)h(τ)dτ


.

Îñòàòî÷íî ìîæåìî çàïèñàòè éîãî ó íàñòóïíîìó âèãëÿäi:

x(t, ξ) = X(t)PGk
ξ+

+
(
X(t)G+ + (R3(t)−X(t)G+R2)P

∗
G∗k

R−1
1 PG∗k

)
α +

b∫

a

L(t, s)w(s)ds,

äå

R3(t) =

t∫

a

X(t, s)Z∗(s)ds,

i

L(t, s)=





X(t, s)−
(
X(t)G++(R3(t)−X(t)G+R2) P ∗

G∗k
R−1

1 PG∗k

)
Z(s), 0≤s≤ t≤b,

−
(
X(t)G+ + (R3(t)−X(t)G+R2) P ∗

G∗k
R−1

1 PG∗k

)
Z(s), 0≤ t<s≤b.

3. Êðàéîâà çàäà÷à äëÿ íåëiíiéíî¨ äèôåðåíöiàëüíî¨ ñèñòåìè ç çàïiçíåí-
íÿì ó êðèòè÷íîìó âèïàäêó. Ðîçãëÿíåìî íåëiíiéíó äèôåðåíöiàëüíó ñèñòå-
ìó ç çàïiçíåííÿì òà ëiíiéíèìè êðàéîâèìè îáìåæåííÿìè

dx(t)

dt
= A(t)(Shx)(t) + f(t, (Shx)(t)), `x = α. (16)

Áóäåìî äîñëiäæóâàòè êðèòè÷íèé âèïàäîê � êîëè âèêîíó¹òüñÿ óìîâà A. Ïðè-
ïóñêà¹ìî, ùî ïðè (t, x) ∈ [a, b]×D, äå D ⊂ Dn � çàìêíåíà îáìåæåíà îáëàñòü,
âèêîíóþòüñÿ óìîâè:

(B) âåêòîð-ôóíêöiÿ f(t, (Shx)(t)) íåïåðåðâíà i âèêîíóþòüñÿ îöiíêè

|f(t, (Shx)(t))| ≤ M(t),

|f(t, (Shx
′)(t))− f(t, (Shx

′′)(t))| ≤ K(t)|x′(h(t))− x′′(h(t))|, (17)

äå M(t) i Ki(t) � âiäïîâiäíî âåêòîð-ôóíêöiÿ i ìàòðèöi-ôóíêöi¨ ç íåâiä'¹ì-
íèìè iíòåãðîâíèìè êîìïîíåíòàìè. Òóò |f(t, x)| = col(|f1(t, x)|, · · · , |fn(t, x)|)
i âñi íåðiâíîñòi â ðîáîòi ðîçãëÿäà¹ìî ïîêîìïîíåíòíî;
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(C) îáëàñòü Dβ = {ξ ∈ Rk | B(x0(t, ξ), β) ⊆ D, t ∈ [a, b]} íå ïîðîæíÿ, äå

x0(t, ξ) = X(t)PGk
ξ,

β = max
t∈[a,b]

(∣∣∣
(
X(t)G+ + (R3(t)−X(t)G+R2)P

∗
G∗k

R−1
1 PG∗k

)
α
∣∣∣+

+

b∫

a

|L(t, s)|M(s)ds

)
,

i B(y, %) = {x ∈ Rn : |x− y| ≤ %} äëÿ âñiõ y, % ∈ Rn;

(D) íàéáiëüøå âëàñíå çíà÷åííÿ ìàòðèöi Q ìåíøå çà îäèíèöþ:

Q = sup
t∈[a,b]

b∫

a

|L(t, s)|K(s)ds.

Ââåäåìî äî ðîçãëÿäó k-ïàðàìåòðè÷íó ñiì'þ âiäîáðàæåíü Lξ : Dn → Dn i
âåêòîð-ôóíêöiîíàë µ : Dn → Rk, âèçíà÷åíi çãiäíî ôîðìóë

(Lξx)(t)
def
= X(t)PGk

ξ +
(
X(t)G+ + (R3(t)−X(t)G+R2)P

∗
G∗k

R−1
1 PG∗k

)
α+

+

b∫

a

L(t, s)f(s, (Shx)(s))ds,

i

µ(x)
def
= PG∗k


α−

b∫

a

Z(s)f(s, x(s))ds


 .

Íåâàæêî ïåðåêîíàòèñÿ, ùî iñòèííèì ¹ íàñòóïíå òâåðäæåííÿ.
Ëåìà 2. Íåõàé äëÿ êðàéîâî¨ çàäà÷i (16) âèêîíó¹òüñÿ óìîâà A. Òîäi:

1. ßêùî ϕ = ϕ(·, ξ∗) ∈ Dn ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (16), òî çíà÷åííÿ
ïàðàìåòðà ξ∗ ∈ Rk ¹ òàêèì, ùî ϕ ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

µ(x) = 0, (18)

Êðiì òîãî, ïî÷àòêîâèì çíà÷åííÿì ðîçâ'ÿçêó ¹

ϕ(a) = PGk
ξ∗ + G+


α−

b∫

a

Z(s)f(s, ϕ(s))ds


 . (19)

2. ßêùî ïðè äåÿêîìó ξ ∈ Rk ôóíêöiÿ ϕ = ϕ(·, ξ) ∈ Dn ¹ ðîçâ'ÿçêîì ñèñòåìè
ðiâíÿíü (18), (20)

x = Lξx. (20)
òî ϕ ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (16).
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Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé ϕ ¹ ðîçâ'ÿçêîì ñèñòåìè (3). Òîäi

ϕ(t) ≡ X(t)ϕ(a) +

t∫

a

X(t, s)f(s, (Sϕ)(s))ds. (21)

Ïiäñòàâëÿþ÷è (21) ó êðàéîâi óìîâè (2) áà÷èìî, ùî ϕ(a) ¹ ðîçâ'ÿçêîì àëãåáðà¨-
÷íî¨ ñèñòåìè

Gϕ(a) = α−
b∫

a

Z(s)f(s, (Sϕ)(s))ds.

Öÿ ñèñòåìà ¹ ñóìiñíîþ òîäi i òiëüêè òîäi, êîëè µ(ϕ) = 0. Ïðè öüîìó ϕ ïðèéìà¹
ïî÷àòêîâå çíà÷åííÿ (19).

Äîñòàòíiñòü. Íåõàé ϕ çàäîâîëüíÿ¹ ðiâíÿííÿ (18), (20). Áåçïîñåðåäíÿ ïåðåâið-
êà ïîêàçó¹, ùî â öüîìó âèïàäêó âèêîíó¹òüñÿ òîòîæíiñòü (21) i (19) ¹ ïî÷àòêîâèì
çíà÷åííÿì ϕ, òîáòî ϕ ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (16).

Äëÿ íàáëèæåíî¨ ïîáóäîâè ðîçâ'ÿçêiâ êðàéîâî¨ çàäà÷i (16) ðîçãëÿíåìî k-ïà-
ðàìåòðè÷íó ïîñëiäîâíiñòü ôóíêöié

xm(t, ξ) = x0(t, ξ) +
(
X(t)G+ + (R3(t)−X(t)G+R2)P

∗
G∗k

R−1
1 PG∗k

)
α+

+
b∫

a

L(t, s)f(s, xm−1(s, ξ)ds, x0(t, ξ) = X(t)PGk
ξ

(22)

ïðè m = 1, 2, . . . i ξ ∈ Rk. Âñi ôóíêöi¨ öi¹¨ ïîñëiäîâíîñòi çàäîâîëüíÿþòü êðàéîâi
óìîâè (2).

Òåîðåìà 1. Íåõàé äëÿ êðàéîâî¨ çàäà÷i (16) âèêîíóþòüñÿ óìîâè A−D. Òîäi:

1) äëÿ âñiõ ξ ∈ Dβ ⊂ Rk, îïåðàòîð Lξ ìà¹ íåðóõîìó òî÷êó x∗(·, ξ) â ìíîæèíi
x ∈ D, ξ ∈ Dβ, ÿêà ñïiâïàäà¹ ç ãðàíè÷íîþ ôóíêöi¹þ x∗(t, ξ) = lim

m→∞
xm(t, ξ)

ïîñëiäîâíîñòi (22), i âèêîíóþòüñÿ íàñòóïíi îöiíêè çáiæíîñòi:

|x∗(t, ξ)− xm(t, ξ)| ≤ (In −Q)−1Qmβ; (23)

2) ãðàíè÷íà ôóíêöiÿ x∗(t, ξ) çàäîâîëüíÿ¹ êðàéîâi óìîâè (2) ïðè äîâiëüíèõ ξ ∈
Rk i ïî÷àòêîâèì çíà÷åííÿì ðîçâ'ÿçêó ¹

x∗(a, ξ)=PGk
ξ +G+(In−R2P

∗
G∗k

R−1
1 PG∗k)


α−

b∫

a

Z(s)f(s, x∗(s, ξ))ds


 ; (24)

3) ãðàíè÷íà ôóíêöiÿ x∗(t)=x∗(t, ξ∗) ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (16) òîäi i
òiëüêè òîäi, êîëè ξ∗ ¹ ðîçâ'ÿçêîì âèçíà÷àëüíîãî ðiâíÿííÿ ∆(ξ) = 0, äå

∆(ξ)
def
= µ(x∗(·, ξ)) = PG∗k


α−

b∫

a

Z(s)f(s, x∗(s, ξ))ds


 . (25)
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Äîâåäåííÿ. Îñêiëüêè

|(Lξx)(t)− x0(t, ξ)| ≤
∣∣∣
(
X(t)G+ + (R3(t)−X(t)G+R2)P

∗
G∗k

R−1
1 PG∗k

)
α
∣∣∣ +

+
b∫

a

|L(t, s)f(s, x(s))|ds ≤ β,

ç óìîâè C âèïëèâà¹, ùî (Lξx)(t) ∈ D ïðè âñiõ ξ ∈ Dβ. Íåõàé îïåðàòîð Q : Dn →
Dn âèçíà÷åíî çãiäíî ôîðìóëè

(Qx)(t)
def
=

b∫

a

|L(t, s)|K(s)x(s)ds.

Òîäi ç (22) i óìîâè Ëiïøiöà (17) îäåðæó¹ìî
|xm+1(t, ξ)− xm(t, ξ)| = ∣∣(Lξ(xm(·, ξ)− xm−1(·, ξ))

)
(t)

∣∣ ≤
≤ (

Q|xm(·, ξ)− xm−1(·, ξ)|
)
(t) ≤ (

Q2|xm−1(·, ξ)− xm−2(·, ξ)|
)
(t) ≤

≤ · · · ≤ (
Qm|x1(·, ξ)− x0(·, ξ)|

)
(t) ≤ (Qmβ)(t),

îòæå
|xm+j(t, ξ)− xm(t, ξ)| ≤

j−1∑
i=0

|xm+i+1(t, ξ)− xm+i(t, ξ)| ≤

≤
j−1∑
i=0

(Qm+iβ)(t) ≤
j−1∑
i=0

Qm+iβ.

(26)

Ç óìîâè D âèïëèâà¹, ùî xm(t, ξ) ¹ ïîñëiäîâíiñòþ Êîøi, à îòæå, ðiâíîìiðíî
çáiãà¹òüñÿ äî ãðàíè÷íî¨ ôóíêöi¨ x∗(t, ξ). Ïåðåõîäÿ÷è â (26) äî ãðàíèöi ïðè j →
∞, ìè îäåðæó¹ìî îöiíêè ïîõèáêè (23). Îñêiëüêè âñi ôóíêöi¨ çàäîâîëüíÿþòü
êðàéîâi óìîâè (2), òî i ãðàíè÷íà ôóíêöiÿ x∗(t, ξ) òàêîæ çàäîâîëüíÿ¹ (2).

Ïåðåõîäÿ÷è â (22) äî ãðàíèöi ïðè m →∞ ìè áà÷èìî, ùî x∗(t, ξ) çàäîâîëüíÿ¹
ðiâíÿííÿ

x(t) = X(t)PGk
ξ +

(
X(t)G+ + (R3(t)−X(t)G+R2)P

∗
G∗k

R−1
1 PG∗k

)
α+

+
b∫

a

L(t, s)f(s, x(s)ds).
(27)

Òàêèì ÷èíîì, çãiäíî ëåìè 2, ãðàíè÷íà ôóíêöiÿ x∗(t, ξ) ¹ ðîçâ'ÿçêîì êðàéîâî¨
çàäà÷i (16) òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ óìîâà ∆(ξ) = 0. Ïîêëàâøè t = a
â (27), áà÷èìî, ùî (24) ¹ ïî÷àòêîâèì çíà÷åííÿì ðîçâ'ÿçêó.

Íàñòóïíå òâåðäæåííÿ ìiñòèòü äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó êðàéî-
âî¨ çàäà÷i (16), äëÿ ïåðåâiðêè ÿêèõ äîñèòü çíàòè òiëüêè íàáëèæåíi ðîçâ'ÿçêè
xm(t, ξ), i íå ïîòðiáíî çíàõîäèòè ãðàíè÷íó ôóíêöiþ x∗(t, ξ).

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè A−D, i, êðiì òîãî:
1) iñíó¹ çàìêíåíà îïóêëà ìíîæèíà D′ ⊂ Dβ ⊂ Rk òàêà, ùî äëÿ äåÿêîãî

ôiêñîâàíîãî m ∈ N, íàáëèæåíå âèçíà÷àëüíå ðiâíÿííÿ

∆m(ξ)
def
= µ(xm(·, ξ)) =PG∗k


α−

b∫

a

Z(s)f (s, xm(s, ξ)) ds


=0 (28)

ìà¹ ¹äèíèé içîëüîâàíèé ðîçâ'ÿçîê ξ = ξ0m ∈ D′ íåíóëüîâîãî iíäåêñó;
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2) íà ãðàíèöi ∂D′ îáëàñòi D′ âèêîíó¹òüñÿ óìîâà

inf
ξ∈∂D′

|∆m(ξ)| > Q1(In −Q)−1Qmβ, (29)

äå

Q1 =

b∫

a

|PG∗
k∗Z(s)|K(s)ds.

Òîäi iñíó¹ ðîçâ'ÿçîê x∗(t) = x∗(t, ξ∗) êðàéîâî¨ çàäà÷i (16), äå ξ∗ ∈ D′.
Äîâåäåííÿ. Ðîçãëÿíåìî ñiì'þ íåïåðåðâíèõ ïðè ξ ∈ ∂D′ i θ ∈ [a, b] âåêòîð-

íèõ ïîëiâ
∆(θ, ξ) = ∆m(ξ) + θ(∆(ξ)−∆m(ξ)), 0 ≤ θ ≤ 1,

ÿêi çâ'ÿçóþòü âåêòîðíi ïîëÿ ∆(0, ξ) = ∆m(ξ) i ∆(1, ξ) = ∆(ξ). Ïðèïóñòèìî, ùî
iñíó¹ θ0 ∈ [0, 1] òàêå, ùî ∆(θ0, ξ) = 0. Òîäi

∆m(ξ) = −θ0

(
∆(ξ)−∆m(ξ)

)
. (30)

Ç (23), (25), (28) i óìîâè Ëiïøiöà (17) ìà¹ìî

|∆(ξ)−∆m(ξ)| ≤
b∫

a

|PG∗kZ(s)||f(s, x∗(s, ξ))− f(s, xm(s, ξ))|ds ≤

≤
b∫

a

|PG∗kZ(s)|K(s)|x∗(s, ξ)− xm(s, ξ)|ds ≤ Q1(In −Q)−1Qmβ.

Àëå â öüîìó âèïàäêó ç (30) îäåðæó¹ìî íåðiâíiñòü

|∆m(ξ)| ≤ |∆(ξ)−∆m(ξ)| ≤ Q1(In −Q)−1Qmβ,

ÿêà ïðîòèði÷èòü óìîâi (29). Öå îçíà÷à¹, ùî ñiì'ÿ ïîëiâ ∆(θ, ξ) íå ïðèéìà¹ íó-
ëüîâîãî çíà÷åííÿ ïðè ∂D′, à òîìó âåêòîðíi ïîëÿ ∆(ξ) i ∆m(ξ) ¹ ãîìîòîïíèìè.
Òàêèì ÷èíîì, îáåðòàííÿ âåêòîðíîãî ïîëÿ ∆(ξ) íà ãðàíèöi ∂D′ òàêîæ âiäìiííå
âiä íóëÿ, à îòæå ∆(ξ) ðiâíå íóëþ õî÷à á â îäíié òî÷öi ξ∗ ∈ D′.

1. Àçáåëåâ Í.Â., Ìàêñèìîâ Â.Ï., Ðàõìàòóëëèíà Ë.Ô. Ââåäåíèå â òåîðèþ ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíûõ óðàâíåíèé. � Ì.: Íàóêà, 1991. � 277 ñ.

2. A.A.Boichuk, A.M.Samoilenko Generalized Inverse Operators and Fredholm Boundary Value
Problems. � VSP Utrecht Boston, 2004. � 320 p.

3. Ìèòðîïîëüñêèé Þ.À., Ìàðòûíþê Ä.È. Ïåðèîäè÷åñêèå è êâàçèïåðèîäè÷åñêèå êîëåáàíèÿ
ñèñòåì ñ çàïàçäûâàíèåì � Ê.: Âèùà øêîëà, 1979 � 248 ñ.

4. Õåéë Äæ.Ê. Òåîðèÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé. � Ì.: Ìèð, 1984. �
422 ñ.

5. Êîðîëü I.I. Iñíóâàííÿ i íàáëèæåíà ïîáóäîâà ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷// Äîïîâiäi ÍÀÍ
Óêðà¨íè � 2007. � �11. � C.17�22.

6. Ëþñòåðíèê Ë.À., Ñîáîëåâ Â.È. Êðàòêèé êóðñ ôóíêöèîíàëüíîãî àíàëèçà: Ó÷åá. ïîñ. � Ì.:
Âûñø. øêîëà, 1982. � 271 ñ.

7. Ãàíòìàõåð Ô.Ð. Òåîðèÿ ìàòðèö. � Ì.: Íàóêà, 1988. �552 ñ.
8. Penrose R. A Generalized Inverse for Matrices// Proc.Cambridge Philos.Soc., 1955. � 55, 3.�

P.406-413.

Îäåðæàíî 29.10.2008

Íàóê. âiñíèê Óæãîðîä óí-òó, 2008, âèï. 17


