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ÏÅÐÅÄÌÎÂÀ

Â íàø ÷àñ òåîðiÿ âèïàäêîâèõ ïðîöåñiâ øèðîêî çàñòîñîâó¹òüñÿ â ðiç-
íèõ ãàëóçÿõ, i íå òiëüêè ïðèðîäíè÷èõ íàóê, òîìó îäíi¹þ ç àêòóàëüíèõ
çàäà÷ çàëèøà¹òüñÿ ïîáóäîâà ìàòåìàòè÷íî¨ ìîäåëi âèïàäêîâîãî ïðîöåñó
òà äîñëiäæåííÿ ¨¨ âëàñòèâîñòåé. Ó çâ'ÿçêó ç ïîòóæíèìè ìîæëèâîñòÿ-
ìè åëåêòðîííî-îá÷èñëþâàëüíî¨ òåõíiêè îñîáëèâî àêòóàëüíèìè ñòàþòü
çàäà÷i ÷èñåëüíîãî ìîäåëþâàííÿ, ùî äàþòü çìîãó ñïðîãíîçóâàòè ïîâå-
äiíêó âèïàäêîâîãî ïðîöåñó.

Iñíóþòü ðiçíi ìåòîäè ìîäåëþâàííÿ âèïàäêîâèõ ïðîöåñiâ òà ïîëiâ. Ç
îñíîâíèìè ç íèõ ìîæíà ïîçíàéîìèòèñü â êíèãàõ [45], [108], [135], [136],
[137], [138]. Âiäìiòèìî, ùî â áiëüøîñòi ðîáiò ïî ìîäåëþâàííþ âèïàä-
êîâèõ ïðîöåñiâ íå âèâ÷àþòüñÿ ïèòàííÿ òî÷íîñòi i íàäiéíîñòi, òîáòî áó-
äóþòüñÿ ìîäåëi, à ïîòiì çà äîïîìîãîþ äåÿêèõ êðèòåði¨â ïåðåâiðÿ¹òüñÿ
íàñêiëüêè ìîäåëü ¹ àäåêâàòíîþ. Â äàíié êíèçi ìîâà ïiäå òiëüêè ïðî ìå-
òîäè ìîäåëþâàííÿ âèïàäêîâèõ ïðîöåñiâ òà ïîëiâ ç ïåâíîþ òî÷íiñòþ i
íàäiéíiñòþ çàäàíèìè íàïåðåä. Çîêðåìà áóäóâàòèìóòüñÿ ìîäåëi, ùî íà-
áëèæàþòü ïðîöåñè òà ïîëÿ â ðiçíèõ ôóíêöiîíàëüíèõ ïðîñòîðàõ.

Â êíèçi, ÿê i â áiëüøîñòi ðîáiò ç äàíî¨ òåìàòèêè, ðîçãëÿäàþòüñÿ ìå-
òîäè ìîäåëþâàííÿ ãàóññîâèõ âèïàäêîâèõ ïðîöåñiâ òà ïîëiâ. Öå ïîÿñíþ¹-
òüñÿ òèì, ùî ÿê ïðàâèëî, âèíèêà¹ ïîòðåáà ìîäåëþâàòè ïðîöåñè òà ïîëÿ,
ùî ¹ ñóìîþ âåëèêîãî ÷èñëà âèïàäêîâèõ ôàêòîðiâ, ÿêi â ñâîþ ÷åðãó ¹ íå-
çàëåæíèìè îäèí âiä îäíîãî. Çãiäíî ç öåíòðàëüíîþ ãðàíè÷íîþ òåîðåìîþ
òàêi ïðîöåñè ¹ áëèçüêi äî ãàóññîâèõ, òîìó ñàìå çàäà÷à ìîäåëþâàííÿ ãà-
óññîâèõ âèïàäêîâèõ ïðîöåñiâ i ïîëiâ ¹ íàéáiëüø àêòóàëüíîþ. Õî÷à ñëiä
çàóâàæèòè, ùî ìîäåëi, ÿêi ðîçãëÿäàþòüñÿ ó äàíié ìîíîãðàôi¨ íàñïðàâäi
¹ ëèø áëèçüêèìè äî ãàóññîâèõ ïðîöåñiâ, à ñàìå ñóáãàóññîâèìè ïðîöå-
ñàìè. Òîìó ïåðøèé ðîçäië êíèãè ïðèñâÿ÷åíèé âèâ÷åííþ âëàñòèâîñòåé
ñàìå òàêèõ ïðîöåñiâ.

Âiäìiòèìî, ùî â êíèçi ðîçãëÿäàþòüñÿ òiëüêè öåíòðîâàíi âèïàäêî-
âi ïðîöåñè i ïîëÿ, áî ìîäåëþâííÿ äåòåðìiíîâàíèõ ôóíêöié íå ñêëàäà¹
òðóäíîùiâ.

Êíèãà ñêëàäà¹òüñÿ ç ï'ÿòè ðîçäiëiâ.
Â ïåðøîìó ðîçäiëi âèâ÷àþòüñÿ âëàñòèâîñòi ïðîñòîðiâ Subϕ(Ω) âèïàä-

êîâèõ âåëè÷èí òà ïðîñòîðiâ Îðëè÷à. Íàâåäåíi âñi íåîáõiäíi äëÿ ïîäàëü-
øî¨ ðîáîòè îçíà÷åííÿ òà òâåðäæåííÿ äëÿ ïðîñòîðiâ Îðëè÷à, Sub(Ω),
Subϕ(Ω) âèïàäêîâèõ âåëè÷èí òà ïðîöåñiâ. Îòðèìàíî ðÿä íåðiâíîñòåé
äëÿ íîðì ñóáãàóññîâèõ âåëè÷èí i âåêòîðiâ. Çíàéäåíî îöiíêó íîðìè âè-
ïàäêîâî¨ âåëè÷èíè â ïðîñòîði Îðëè÷à, îòðèìàíî ñïiââiäíîøåííÿ ìiæ
ìîìåíòíîþ íîðìîþ òà íîðìîþ Ëþêñåìáóðãà. Íàâåäåíî ôîðìóëþâàí-
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íÿ îñíîâíèõ òåîðåì ïðî îöiíêè
”
õâîñòiâ“ ðîçïîäiëiâ Lp(Ω)-ïðîöåñiâ,

Subϕ(Ω)-ïðîöåñó. Öi òâåðäæåííÿ âèêîðèñòîâóâàòèìóòüñÿ ïðè äîñëiäæåí-
íi òî÷íîñòi i íàäiéíîñòi ìîäåëi ãàóññîâîãî ïðîöåñó â ðiâíîìiðíié ìåòðèöi.

Äðóãèé ðîçäië ïðèñâÿ÷åíèé êâàäðàòè÷íî ãàóññîâèì âèïàäêîâèì ïðî-
öåñàì. Íàâåäåíà îöiíêà ðîçïîäiëó ñóïðåìóìó êâàäðàòè÷íî ãàóññîâîãî
âèïàäêîâîãî ïðîöåñó.

Â òðåòüîìó ðîçäiëi îïèñóþòüñÿ ìåòîäè ïîáóäîâè ìîäåëåé ãàóññîâèõ
ñòàöiîíàðíèõ âèïàäêîâèõ ïðîöåñiâ òà ïîëiâ. Ìîäåëi áóäóþòüñÿ ç âèêî-
ðèñòàííÿì ðîçêëàäiâ âèïàäêîâèõ ïðîöåñiâ òà ïîëiâ ó ðÿäè. Îáãðóíòîâó-
¹òüñÿ ñïðàâåäëèâiñòü iñíóâàííÿ òàêèõ ìîäåëåé.

Â ÷åòâåðòîìó ðîçäiëi âèâ÷àþòüñÿ òî÷íiñòü òà íàäiéíiñòü ìîäåëåé ñòà-
öiîíàðíèõ ãàóññîâèõ âèïàäêîâèõ ïðîöåñiâ â ïðîñòîðàõ Lp ([0, T ]) , p > 1;
ïðîñòîðàõ Îðëè÷à; òî÷íiñòü òà íàäiéíiñòü ìîäåëþâàííÿ â ðiâíîìiðíié
ìåòðèöi, çàñòîñóâàííÿ òåîði¨ Subϕ(Ω) ïðîñòîðiâ âèïàäêîâèõ âåëè÷èí äî
çíàõîäæåííÿ òî÷íîñòi ìîäåëþâàííÿ ñòàöiîíàðíèõ ãàóññîâèõ ïðîöåñiâ;
ðîçãëÿíóòî óçàãàëüíåíó ìîäåëü ãàóññîâèõ ñòàöiîíàðíèõ ïðîöåñiâ; çíà-
éäåíî îöiíêè ìîäåëþâàííÿ ãàóññîâèõ ñòàöiîíàðíèõ âèïàäêîâèõ ïðîöåñiâ
ïðè íåâåëèêié òî÷íîñòi.

Ï'ÿòèé ðîçäië ïðèñâÿ÷åíèé ìîäåëþâàííþ âèïàäêîâèõ ïðîöåñiâ Êîê-
ñà. Îïèñóþòüñÿ äâà ïiäõîäè äî ìîäåëþâàííÿ ç ïåâíîþ òî÷íiñòþ òà íà-
äiéíiñòþ, çàäàíèìè íåïåðåä. Ðîçãëÿäàþòüñÿ âèïàäêè, êîëè iíòåíñèâ-
íiñòü âèïàäêîâèõ ïðîöåñiâ Êîêñà ïîðîäæó¹òüñÿ ëîãàðèôìi÷íî ãàóññî-
âèìè òà êâàäðàòè÷íî ãàóññîâèìè ÿê îäíîðiäíèìè òàê i íåîäíîðiäíèìè
ïðîöåñàìè òà ïîëÿìè.

Â îñíîâíîìó ìîíîãðàôiÿ íàïèñàíà íà îñíîâi ðîáiò [24], [25], [50]�
[52], [54], [73]� [75], [86]� [88].
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Ðîçäië 1

ÏÐÎÑÒÎÐÈ Subϕ(Ω) ÂÈÏÀÄÊÎÂÈÕ

ÂÅËÈ×ÈÍ

Ðîçäië ïðèñâÿ÷åíèé äîñëiäæåííþ âëàñòèâîñòåé ïðîñòîðiâ Subϕ(Ω)
âèïàäêîâèõ âåëè÷èí òà ïðîñòîðiâ Îðëè÷à. Òóò íàâåäåíi âñi íåîáõiäíi
äëÿ ïîäàëüøî¨ ðîáîòè îçíà÷åííÿ òà òâåðäæåííÿ äëÿ ïðîñòîðiâ Îðëè-
÷à, Sub(Ω), Subϕ(Ω) âèïàäêîâèõ âåëè÷èí òà ïðîöåñiâ. Îòðèìàíî ðÿä
íåðiâíîñòåé äëÿ íîðì ñóáãàóññîâèõ âåëè÷èí i âåêòîðiâ. Çíàéäåíî îöií-
êó íîðìè âèïàäêîâî¨ âåëè÷èíè â ïðîñòîði Îðëè÷à, îòðèìàíî ñïiââiä-
íîøåííÿ ìiæ ìîìåíòíîþ íîðìîþ òà íîðìîþ Ëþêñåìáóðãà. Íàâåäåíî
ôîðìóëþâàííÿ îñíîâíèõ òåîðåì ïðî îöiíêè

”
õâîñòiâ“ ðîçïîäiëiâ Lp(Ω)-

ïðîöåñiâ, Subϕ(Ω)-ïðîöåñó. Öi òâåðäæåííÿ âèêîðèñòîâóâàòèìóòüñÿ ïðè
äîñëiäæåííi òî÷íîñòi i íàäiéíîñòi ìîäåëi ãàóññîâîãî ïðîöåñó â ðiâíîìið-
íié ìåòðèöi.

1.1. Âëàñòèâîñòi Sub(Ω) � ïðîñòîðiâ

Íåõàé {Ω,B,P} � ñòàíäàðòíèé éìîâiðíiñíèé ïðîñòið.
Îçíà÷åííÿ 1.1. [109] Âèïàäêîâó âåëè÷èíó ξ íàçèâàòèìåìî ñóáãàóñ-

ñîâîþ, ÿêùî çíàéäåòüñÿ òàêå a > 0, ùî äëÿ âñiõ λ ∈ R âèêîíó¹òüñÿ

íåðiâíiñòü

E exp{λξ} 6 exp

{
a2λ2

2

}
.

Êëàñ âñiõ ñóáãàóññîâèõ âåëè÷èí áóäåìî ïîçíà÷àòè Sub(Ω). Ðîçãëÿíå-
ìî òàêó ÷èñëîâó õàðàêòåðèñòèêó ñóáãàóññîâî¨ âèïàäêîâî¨ âåëè÷èíè ξ:

τ(ξ) = inf

{
a > 0 : E exp{λξ} 6 exp

{
a2λ2

2

}
, λ ∈ R

}
,

ÿêó íàçèâàòèìåìî ñóáãàóññîâèì ñòàíäàðòîì âèïàäêîâî¨ âåëè÷èíè ξ. Çãi-
äíî îçíà÷åííÿ, ξ ∈ Sub(Ω) òîäi i òiëüêè òîäi, êîëè τ(ξ) <∞. Êðiì òîãî,
î÷åâèäíi íàñòóïíi òâåðäæåííÿ.

Ëåìà 1.1. [109] Ñïðàâåäëèâi ñïiââiäíîøåííÿ

τ(ξ) = sup
λ6=0

[
2 lnE exp{λξ}

λ2

] 1
2

;
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äëÿ âñiõ λ ∈ R
E exp{λξ} 6 exp

{
λ2τ2(ξ)

2

}
.

Ïðèêëàä 1.1. [109] Íåõàé âèïàäêîâà âåëè÷èíà ξ ìà¹ N(0, σ) ðîçïîäië,

òîáòî ξ ìà¹ ãàóññiâ ðîçïîäië ç íóëüîâèì ìàòåìàòè÷íèì ñïîäiâàííÿì i

äèñïåðñi¹þ σ2. Òîäi

E exp{λξ} =
1

σ
√

2π

∞w

−∞
eλx−

x2

2σ2 dx.

Ðîáèìî çàìiíó t = x
σ − λσ. Îòðèìà¹ìî

E exp{λξ} =
1√
2π

∞w

−∞
e
λ2σ2

2 − t22 dt = exp

{
λ2σ2

2

}
,

òîáòî, ξ ¹ ñóáãàóñcîâîþ âåëè÷èíîþ i τ(ξ) = σ. ♦

Ëåìà 1.2. [109] Íåõàé ξ ∈ Sub(Ω). Òîäi äëÿ áóäü-ÿêoãî p > 0

E|ξ|p <∞ ,

êðiì òîãî, Eξ = 0 i ñïðàâåäëèâà íåðiâíiñòü

Eξ2 6 τ2(ξ) .

Ëåìà 1.3. [109] Íåõàé ξ ∈ Sub(Ω). Òîäi äëÿ âñiõ x > 0 ñïðàâåäëèâi

íåðiâíîñòi:

P{ξ > x} 6 exp

{
− x2

2τ2(ξ)

}
,

P{ξ 6 −x} 6 exp

{
− x2

2τ2(ξ)

}
,

P{|ξ| > x} 6 2 exp

{
− x2

2τ2(ξ)

}
.

Òåîðåìà 1.1. [45] Ïðîñòið ñóáãàóññîâèõ âèïàäêîâèõ âåëè÷èí ¹ áàíà-

õîâèì âiäíîñíî íîðìè τ(ξ).

Çíàéòè òî÷íå çíà÷åííÿ ñóáãàóññîâîãî ñòàíäàðòó íå çàâæäè ëåãêî. Òî-
ìó êîðèñíèìè ¹ íåðiâíîñòi, ÿêi äîçâîëÿþòü îöiíèòè τ ÷åðåç ñòåïåíåâi
ìîìåíòè âèïàäêîâî¨ âåëè÷èíè.
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Òåîðåìà 1.2. [109] Íåõàé ξ � öåíòðîâàíà âèïàäêîâà âåëè÷èíà. Äëÿ

òîãî, ùîá ξ áóëà ñóáãàóññîâîþ íåîáõiäíî i äîñòàòíüî, ùîá

Θ1(ξ) = sup
k>1

[
2kk!
(2k)!Eξ

2k
] 1

2k

<∞ àáî Θ2(ξ) = sup
k>1

[Eξ2k]
1
2k

√
k

<∞.

Ïðè öüîìó ñïðàâåäëèâi íåðiâíîñòi
√
e

2
Θ2(ξ) 6 τ(ξ) 6 4

√
3, 1 Θ1(ξ).

Çàóâàæåííÿ 1.1. ßêùî âèïàäêîâà âåëè÷èíà ξ ñèìåòðè÷íà àáî òàêà, ùî

âñi íåïàðíi ìîìåíòè ðiâíi íóëþ, òî ìíîæíèê 4
√

3, 1 ó ïðàâié ÷àñòèíi

îñòàííüî¨ íåðiâíîñòi îïóñêà¹òüñÿ. ♦

Ëåìà 1.4. Íåõàé ξ � öåíòðîâàíà ñèìåòðè÷íà âèïàäêîâà âåëè÷èíà i

Θ1(ξ) <∞. Òîäi ξ ∈ Sub(Ω) i τ(ξ) 6 Θ1(ξ).

Íåõàé ξ � ãàóññîâà âèïàäêîâà âåëè÷èíà ç ïàðàìåòðîì 0 i σ2 > 0. Òîäi

E exp

{
sξ2

2σ2

}
=

 (1− s)− 1
2 , s ∈ [0, 1)

∞, s ∈ [1,∞)
.

Ëåìà 1.5. [45] Íåõàé ξ ∈ Sub(Ω), τ(ξ) > 0, òîäi äëÿ âñiõ 0 6 s < 1

ìà¹ ìiñöå íåðiâíiñòü

E exp

{
sξ2

2τ2(ξ)

}
6 (1− s)− 1

2 .

Ëåìà 1.6. [109] Íåõàé ξ ¹ ñóáãàóññîâîþ âèïàäêîâîþ âåëè÷èíîþ, òîäi

äëÿ âñiõ p > 0 ñïðàâåäëèâà íåðiâíiñòü

E|ξ|p 6 2
(p
e

)p/2
(τ(ξ))

p
. (1.1)

Çãiäíî òåîðåìè 1.1 ñóáãàóññîâèé ñòàíäàðò ¹ íîðìîþ â ïðîñòîði Sub(Ω).
Òîìó äëÿ áóäü-ÿêèõ ξ1, . . . , ξn ∈ Sub(Ω) âèêîíó¹òüñÿ íåðiâíiñòü òðèêó-
òíèêà

τ

(
n∑
k=1

ξk

)
6

n∑
k=1

τ(ξk).

Äëÿ íåçàëåæíèõ ñóáãàóññîâèõ ñêëàäîâèõ öþ íåðiâíiñòü ìîæíà ïiä-

ñèëèòè.
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Ëåìà 1.7. [45] Íåõàé ξ1, . . . , ξn � íåçàëåæíi ñóáãàóññîâi âèïàäêîâi âå-

ëè÷èíè. Òîäi ìà¹ ìiñöå íåðiâíiñòü

τ2

(
n∑
k=1

ξk

)
6

n∑
k=1

τ2(ξk).

Îçíà÷åííÿ 1.2. Âèïàäêîâèé ïðîöåñ X = {X(t), t ∈ T} íàçèâà¹òüñÿ
ñóáãàóññîâèì ïðîöåñîì, ÿêùî äëÿ âñiõ t ∈ T X(t) � ñóáãàóññîâà âè-

ïàäêîâà âåëè÷èíà òà sup
t∈T

τ(X(t)) <∞.

Ìàþòü ìiñöå òàêi òâåðäæåííÿ.

Ëåìà 1.8. Íåõàé ξi, i = 1, . . . , n ñóáãàóññîâi âèïàäêîâi âåëè÷èíè, òîá-

òî z = (ξ1, . . . , ξn) � âèïàäêîâèé cóáãàóññîâèé âåêòîð, τ(ξi) = τi. Òîäi

äëÿ âñiõ t > 0 ìà¹ ìiñöå íàñòóïíà íåðiâíiñòü:

E exp{t‖z‖} = E exp

{
t

n∑
i=1

|ξi|

}
6 2 exp

 t22
(

n∑
i=1

τi

)2
 . (1.2)

Äîâåäåííÿ. Íåõàé t > 0, pi > 1, i = 1, . . . , n,
n∑
i=1

1
pi

= 1. Òîäi ç íåðiâíîñòi

Ãåëüäåðà âèïëèâà¹, ùî

E exp
{
t
( n∑
i=1

|ξi|
)}

6
n∏
i=1

(
E exp {pit|ξi|}

) 1
pi

6 2

n∏
i=1

exp
{
piτ

2
i

t2

2

}
= 2 exp

{ t2
2

n∑
i=1

piτ
2
i

}
.

ßêùî â îñòàííié íåðiâíîñòi ïîêëàñòè pi = τ−1
i

n∑
j=1

τj , òî îòðèìà¹ìî

(4.51).

Ëåìà 1.9. ßêùî âèêîíóþòüñÿ óìîâè ëåìè 1.8, òî äëÿ âñiõ 1 < α 6 2,

s ∈ [0, 1) ìà¹ ìiñöå íàñòóïíà íåðiâíiñòü

E exp


s

α

n∑
i=1

|ξi|α

n∑
i=1

ταi

 6 exp
{(

1− α

2

) s
α

}
(1− s)− 1

2 .
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Äîâåäåííÿ. ßêùî η � ñóáãàóññîâà âèïàäêîâà âåëè÷èíà ç íîðìîþ τ(η) =

τ , òî ç ëåìè 1.5 âèïëèâà¹, ùî ïðè s ∈ [0, 1) ìà¹ ìiñöå íåðiâíiñòü

E exp

{
sη2

2τ2

}
6 (1− s)− 1

2 . (1.3)

Ìà¹ ìiñöå íåðiâíiñòü [60]: ïðè x > 0, y > 0,

xy 6
xp

p
+
yq

q
, äå

1

p
+

1

q
= 1, p > 1.

Íåõàé α òàêå ÷èñëî, ùî 1 < α < 2, òîäi ïðè p = 2
α , q = 2

2−α ñïðàâåäëèâå

ñïiââiäíîøåííÿ

xy 6
α

2
x

2
α +

2− α
2

y
2

2−α . (1.4)

Òîäi ç îñòàííiõ íåðiâíîñòåé (1.3) òà (1.4) âèïëèâà¹ , ùî äëÿ âñiõ 0 6 s < 1

E exp

{
s

α

(
|η|
τ

)α}
6 E exp

{
sαη2

α2τ2
+

(2− α)

2

s

α

}
= E exp

{
sη2

2τ2

}
· exp

{
(2− α)s

2α

}
6 (1− s)− 1

2 exp

{
(2− α)s

2α

}
. (1.5)

Íåõàé r > 0, pi > 1, i = 1, . . . , n,
n∑
i=1

1
pi

= 1.

Ìàþòü ìiñöå íàñòóïíi ñïiââiäíîøåííÿ

E exp

{
1

r

n∑
i=1

|ξi|α
}

6
n∏
i=1

(
E exp

{
pi|ξi|α

r

}) 1
pi

= I.

Ç (4.52) âèïëèâà¹, ùî äëÿ
piτ

α
i α

r
< 1,

I =

n∏
i=1

(
E exp

{
αταi pi
rα

·
(
|ξi|
τi

)α}) 1
pi

6
n∏
i=1

(
1− piατ

α
i

r

)− 1
2pi

exp

{
(2− α)ταi

2r

}
,
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ln I 6
n∑
i=1

(
− 1

2pi

)
· ln
(

1− piατ
α
i

r

)
+

n∑
i=1

2− α
2r

ταi

=
(

1− α

2

) 1

r

n∑
i=1

ταi +

n∑
i=1

1

2pi
·
∞∑
k=1

(piατ
α
i )k

krk
.

ßêùî pi = 1
ταi

n∑
j=1

ταj , r = α
s

n∑
i=1

ταi , 0 6 s < 1, òî

ln I 6
s

α

(
1− α

2

)
+

1

2

∞∑
k=1

sk

k
=
(

1− α

2

) s
α
− 1

2
ln(1− s).

Òîáòî ïðè 1 < α < 2 òâåðäæåííÿ ëåìè âèêîíó¹òüñÿ.

Íåõàé α = 2. Òîäi äëÿ r > 0, pi > 1, i = 1, . . . , n,
n∑
i=1

1
pi

= 1 ìàþòü

ìiñöå ñïiââiäíîøåííÿ:

E exp

{
1

r

n∑
i=1

|ξi|2
}

6
n∏
i=1

(
E exp

{
pi|ξi|2

r

}) 1
pi

= I .

Ç (1.3) âèïëèâà¹, ùî äëÿ
2piτ

2
i

r < 1

I =

n∏
i=1

(
E exp

{
2τ2
i pi
r2

(
|ξi|
τi

)2
}) 1

pi

6
n∏
i=1

(
1− 2τ2

i pi
r

)− 1
2pi

;

ln I 6
n∑
i=1

(
− 1

2pi

)
ln

(
1− 2τ2

i pi
r

)
=

n∑
i=1

1

2pi

∞∑
k=1

(2τ2
i pi)

k

krk
.

ßêùî pi = 1
τ2
i

n∑
j=1

τ2
j , r = 2

s

n∑
i=1

τ2
i

ln I 6
1

2

∞∑
k=1

sk

k
= −1

2
ln(1− s)
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Òîäi,

E exp


s

2

n∑
i=1

|ξi|2

n∑
i=1

τ2
i

 6 (1− s)− 1
2 .

Íàñëiäîê 1.1. Íåõàé ξik, i = 1, . . . ,mk, mk → ∞ � ñóáãàóññîâi âè-

ïàäêîâi âåëè÷èíè, τik = τ(ξik). ßêùî iñíó¹ ãðàíèöÿ η1 = lim
mk→∞

mk∑
i=1

|ξik|

(ìàéæå ñêðiçü àáî çà éìîâiðíiñòþ) òà iñíó¹ ãðàíèöÿ lim
mk→∞

mk∑
i=1

τik =

τ1 > 0, òîäi äëÿ âñiõ t > 0

E exp {tη1} 6 2 exp

{
t2τ2

1

2

}
.

ßêùî iñíó¹ ãðàíèöÿ ηα = lim
mk→∞

mk∑
i=1

|ξik|α (ìàéæå ñêðiçü àáî çà éìîâið-

íiñòþ), 1 < α 6 2, òà iñíó¹ ãðàíèöÿ lim
mk→∞

mk∑
i=1

ταik = τα, òîäi äëÿ âñiõ

s ∈ [0, 1)

E exp

{
sηα
ατα

}
6 (1− s)− 1

2 exp

{
(2− α)s

2α

}
.

Òâåðäæåííÿ íàñëiäêó âèïëèâà¹ ç ëåìè Ôàòó.

Íàñëiäîê 1.2. Íåõàé X = {X(t), t ∈ T} � ñóáãàóññîâèé âèïàäêîâèé

ïðîöåñ, äå (T,A, µ) � âèìiðíèé ïðîñòið, τ(t) = τ(X(t)). ßêùî äëÿ äå-

ÿêîãî 1 6 α 6 2 (ç éìîâiðíiñòþ îäèíèöÿ àáî â ñåðåäíüîìó êâàäðàòè-

÷íîìó) iñíó¹ iíòåãðàë w

T

|X(t)|αdµ(t),

òà iñíó¹ w

T

(τ(t))
α
dµ(t),

òî äëÿ âñiõ t > 0, (α = 1)

E exp

{
t
w

T

|X(t)|dµ(t)

}
6 2 exp

 t22
(

w

T

τ(t)dµ(t)

)2

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àáî äëÿ âñiõ s ∈ [0, 1) (1 < α 6 2)

E exp

{
s

α

r
T
|X(t)|αdµ(t)

r
T

(τ(t))αdµ(t)

}
6 (1− s)− 1

2 exp

{
(2− α)s

2α

}
. (1.6)

Òâåðäæåííÿ öüîãî íàñëiäêó âèïëèâà¹ ç íàñëiäêó 1.1.

Çàóâàæåííÿ 1.2. ßêùî äëÿ äåÿêî¨ âèïàäêîâî¨ âåëè÷èíè θ > 0 äëÿ âñiõ

t > 0 âèêîíó¹òüñÿ íåðiâíiñòü

E exp{tθ} 6 2 exp

{
t2

2
b2
}
,

♦

òî (äèâ., íàïðèêëàä, [109] ) äëÿ âñiõ x > 0

P{θ > x} 6 2 exp

{
− x2

2b2

}
. (1.7)

Íåõàé äëÿ âèïàäêîâî¨ âåëè÷èíè η > 0 òà äëÿ âñiõ s ∈ [0, 1)

E exp{sη
α
} 6 (1− s)− 1

2 exp

{
(2− α)s

2α

}
,

òîäi äëÿ âñiõ x > 0

P{η > x} 6 E exp
{sη
α

}
· exp

{
−sx
α

}
6 (1− s)− 1

2 exp

{
s

(
1

α
− 1

2
− x

α

)}
.

ßêùî s = 1−
(
2
(
x
α + 1

2 −
1
α

))−1
(òî÷êà ìiíiìóìó ïðàâî¨ ÷àñòèíè îñòàí-

íüî¨ íåðiâíîñòi), òî

P{η > x} 6
√
x

2

α
+ 1− 2

α
exp

{
1

α

}
· exp

{
−x
α

}
. (1.8)

1.2. Ïðîñòîðè Îðëè÷à âèïàäêîâèõ âåëè÷èí

Îçíà÷åííÿ 1.3. Ôóíêöiÿ U(x) íàçèâà¹òüñÿ îïóêëîþ, ÿêùî äëÿ áóäü-

ÿêèõ x1 òà x2 ïðè 0 6 α 6 1 ìà¹ ìiñöå íåðiâíiñòü

U(αx1 + (1− α)x2) 6 αU(x1) + (1− α)U(x2).

Îçíà÷åííÿ 1.4. [109] Íåïåðåðâíà ïàðíà îïóêëà ôóíêöiÿ U =
(
U(x), x ∈

R
)
íàçèâà¹òüñÿ C-ôóíêöi¹þ, ÿêùî U(0) = 0 i U(x) ìîíîòîííî çðîñòà¹
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ïðè x > 0. ßêùî ìà¹ ìiñöå

U(x) =

|x|w

0

p(x)dx, x ∈ R,

òî ôóíêöiÿ p(x), x > 0 íàçèâà¹òüñÿ ùiëüíiñòþ C-ôóíêöi¨ U(x) .

Ïðèêëàä 1.2. [109] Íàñòóïíi ôóíêöi¨ ¹ ïðîñòèìè ïðèêëàäàìè

C-ôóíêöié:

1. U(x) = a|x|α, x ∈ R, a > 0, α > 1

2. U(x) = c (exp {a|x|α} − 1) , x ∈ R, c > 0, a > 0, α > 1

3. U(x) = c (exp {ϕ(x)} − 1) , x ∈ R, c > 0 i

ϕ(x), x ∈ R � äîâiëüíà Ñ-ôóíêöiÿ. ♦

Âëàñòèâîñòi C-ôóíêöié ìîæíà çíàéòè â [109].

Îçíà÷åííÿ 1.5. Ñ-ôóíêöiÿ U íàçèâà¹òüñÿ N -ôóíêöi¹þ, ÿêùî âèêîíó-

þòüñÿ íàñòóïíi óìîâè:

lim
x→0

U(x)

x
= 0; lim

x→∞

U(x)

x
=∞.

Ïðèêëàä 1.3. Íàñòóïíi ôóíêöi¨ ¹ N -ôóíêöiÿìè:

1. U(x) = a|x|α, x ∈ R, a > 0, α > 1;

2. U(x) = c (exp {|x|α} − 1) , x ∈ R, c > 0, α > 1;

3. U(x) = exp {|x|} − |x| − 1, x ∈ R. ♦

Îçíà÷åííÿ 1.6. [56] Íåõàé f = (f(x), x ∈ R) � äiéñíà ôóíêöiÿ. Ïå-

ðåòâîðåííÿì Þíãà-Ôåíõåëÿ ôóíêöi¨ f àáî ôóíêöi¹þ, ñïðÿæåíîþ äî f ,

íàçèâà¹òüñÿ ôóíêöiÿ f∗ = (f∗(x), x ∈ R) , âèçíà÷åíà ðiâíiñòþ

f∗(x) = sup
y∈R

(xy − f(y)).
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Îçíà÷åííÿ 1.7. [109] Íåõàé U -äîâiëüíà Ñ-ôóíêöiÿ. Ïðîñòîðîì Îð-

ëè÷à âèïàäêîâèõ âåëè÷èí LU (Ω) íàçèâà¹òüñÿ òàêà ñiì'ÿ âèïàäêîâèõ

âåëè÷èí, ùî äëÿ êîæíîãî ξ ∈ LU (Ω) iñíó¹ òàêà êîíñòàíòà rξ > 0, ùî

EU

(
ξ

rξ

)
<∞.

Íà ïðîñòîði Îðëè÷à LU (Ω) âèçíà÷èìî ôóíêöiîíàë

‖ξ‖U = inf

{
r > 0 : EU

(
ξ

r

)
6 1

}
,

ÿêèé íàçâåìî íîðìîþ Ëþêñåìáóðãà.

Òåîðåìà 1.3. [109] Ïðîñòið Îðëè÷à LU (Ω) ¹ áàíàõîâèì ïðîñòîðîì

âiäíîñíî íîðìè Ëþêñåìáóðãà .

Ïðèêëàä 1.4. [109] Íåõàé U(x) = |x|p, x ∈ R, p > 1. Â öüîìó âèïàä-

êó LU (Ω) ¹ ïðîñòîðîì Lp(Ω), à íîðìà Ëþêñåìáóðãà ‖ξ‖U ñïiâïàäà¹ ç

íîðìîþ ‖ξ‖p = [E|ξ|p]
1
p . ♦

Â ðîáîòi áóäå ðîçãëÿíóòî ïðîñòîðè Îðëè÷à âèïàäêîâèõ âåëè÷èí, ùî
ïîðîäæóþòüñÿ ôóíêöi¹þ Uα(x) = exp {c|x|α} − 1 , äå c > 0, α > 1. Öi
ïðîñòîðè ïîçíà÷èìî LUα(Ω), à íîðìó � ‖ • ‖α.
Çàóâàæåííÿ 1.3. Óìîâàì òåîðåìè 1.3 çàäîâîëüíÿ¹ ôóíêöiÿ Uα(x), α >

1. Êîëè 0 < α < 1, òî ðîçãëÿäàòèìåìî ôóíêöiþ Uα(x) ïðè äîñòàòíüî

âåëèêèõ x, |x| > x0, à ïðè |x| 6 x0, Uα(x) = cαx2. ♦

Ëåìà 1.10. Íåõàé N -ôóíêöiÿ U(x) ìà¹ âëàñòèâiñòü: iñíó¹ γ > 1, ùî

ïðè D > 1

U(Dx) > DγU(x) , (1.9)

òîäi âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

‖ξ‖α 6 inf
k>0

k

(
EU

(
ξ

k

)
+ 1

) 1
γ

. (1.10)

Äîâåäåííÿ. ßêùî ‖ξ‖α = 0, òî íåðiâíiñòü òðèâiàëüíà. Íåõàé ‖ξ‖α > 0.
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ßêùî 0 < k < ‖ξ‖α òà ε > 0 òàêå ÷èñëî, ùî k 6 ‖ξ‖α − ε , òîäi

k

(
EU

(
ξ

k

)) 1
γ

= k

(
EU

(
ξ

‖ξ‖α − ε
· ‖ξ‖α − ε

k

)) 1
γ

> k

((
‖ξ‖α − ε

k

)γ
·EU

(
ξ

‖ξ‖α − ε

)) 1
γ

= (‖ξ‖α − ε) ·
(
EU

(
ξ

‖ξ‖α − ε

)) 1
γ

> ‖ξ‖α − ε .

ßêùî â îñòàííié íåðiâíîñòi ε ñïðÿìóâàòè äî 0, òî îòðèìa¹ìî íåðiâ-

íiñòü

k

(
EU

(
ξ

k

)) 1
γ

> ‖ξ‖α.

ßêùî k > ‖ξ‖α , òî

k

(
EU

(
ξ

k

)
+ 1

) 1
γ

> ‖ξ‖α
(
EU

(
ξ

k

)
+ 1

) 1
γ

> ‖ξ‖α.

Ç îñòàííiõ äâîõ íåðiâíîñòåé âèïëèâà¹ òâåðäæåííÿ ëåìè.

Çàóâàæåííÿ 1.4. Óìîâè ëåìè 1.10 âèêîíóþòüñÿ, íàïðèêëàä, äëÿN -ôóí-

êöi¨ U(x) = exp{|x|α} − 1, α > 1. ♦

Äëÿ âèïàäêîâî¨ âåëè÷èíè ξ ââåäåìî íîðìó Θα(ξ) = sup
n>2

n
√
E|ξ|n
n1/α

, ÿêó

íàçâåìî ìîìåíòíîþ.

Ìà¹ ìiñöå òàêà òåîðåìà

Òåîðåìà 1.4. [12] Äëÿ òîãî, ùîá ξ ∈ LUα(Ω) íåîáõiäíî òà äîñòà-

òíüî, ùîá Eξ = 0 òà

Θα(ξ) <∞.

Ïðè öüîìó íîðìè Θα(ξ) òà ‖ξ‖α åêâiâàëåòíi, òîáòî iñíóþòü êîíñòàí-

òè cα > 0, aα > 0, ùî

cα‖ξ‖α 6 Θα(ξ) 6 aα‖ξ‖α.

Êîíñòàíòè cα òà aα íå çàëåæàòü âiä ξ.

Òåîðåìà 1.5. Íåõàé ξ òà η íåçàëåæíi âèïàäêîâi âåëè÷èíè, òàêi ùî
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ξ ∈ LUα(Ω), η ∈ LUβ (Ω), Θα(ξ) � ìîìåíòíà íîðìà ξ â LUα(Ω), Θβ(η) �

ìîìåíòíà íîðìà η â LUβ (Ω) Òîäi ξ · η ∈ LUγ (Ω), äå γ > 1 òàêå ÷èñëî,

ùî 1
γ = 1

α + 1
β (òîáòî γ = αβ

α+β ) òà Θγ(ξ · η) 6 Θα(ξ) ·Θβ(η)

Äîâåäåííÿ. Âèõîäÿ÷è ç îçíà÷åííÿ ìàþòü ìiñöå íåðiâíîñòi

E|ξ|n 6 Θn
α(ξ) · nnα ,

E|η|n 6 Θn
β(η) · nnα , n > 2.

Îòæå, E|ξ · η|n = E|ξ|n ·E|η|n 6 (Θα(ξ) ·Θβ(η))n · n( 1
α+ 1

β )·n.

Òîìó ïðè n > 2

n
√
E|ξ · η|n

n
1
α+ 1

β

6 Θα(ξ) ·Θβ(η),

Îòæå, Θγ(ξ · η) = sup
n>2

n
√
E|ξ·η|n

n
1
γ

6 Θα(ξ) ·Θβ(η) <∞.

Íàñëiäîê 1.3. Ñïðàâåäëèâèé ðÿä íåðiâíîñòåé:

‖ξ · η‖γ 6
1

cγ
·Θγ(ξ · η) 6

1

cγ
·Θα(ξ) ·Θβ(η) 6

aγ · aβ
cγ

· ‖ξ‖α · ‖η‖β .

1.3. Âëàñòèâîñòi Subϕ(Ω) � ïðoñòîðiâ

Îçíà÷åííÿ 1.8. [109] Íåõàé ϕ(x), x ∈ R, òàêà Ñ-ôóíêöiÿ, ùî ϕ(x) =

cx2, x ∈ [−x0, x0], äëÿ äåÿêèõ c > 0 i x0 > 0. Áóäåìî ãîâîðèòè, ùî

öåíòðîâàíà âèïàäêîâà âåëè÷èíà ξ íàëåæèòü ïðîñòîðó ϕ-ñóáãàóññîâèõ

âèïàäêîâèõ âåëè÷èí, ÿêùî çíàéäåòüñÿ òàêà êîíñòàíòà a > 0, ùî äëÿ

âñiõ λ ∈ R ìà¹ ìiñöå íåðiâíiñòü

E exp{λξ} 6 exp
{
ϕ(aλ)

}
.

Ïðîñòið âñiõ ϕ-ñóáãàóññîâèõ âèïàäêîâèõ âåëè÷èí, âèçíà÷åíèõ íà éìîâið-
íiñíîìó ïðîñòîði (Ω,B,P), ïîçíà÷àþòü Subϕ(Ω). Íà ïðîñòîði Subϕ(Ω)
ðîçãëÿíåìî ôóíêöiîíàë

τϕ(ξ) = inf
{
a > 0 : E exp{λξ} 6 exp

{
ϕ(aλ)

}
, λ ∈ R

}
.
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Ïðîñòið öåíòðîâàíèõ âèïàäêîâèõ âåëè÷èí Subϕ(Ω) ¹ ïðèðîäíiì ðîçøè-

ðåííÿì ïðîñòîðó ñóáãàóññîâèõ âèïàäêîâèõ âåëè÷èí.

Ëåìà 1.11. [109] Äëÿ äîâiëüíî¨ âèïàäêîâî¨ âåëè÷èíè ξ ∈ Subϕ(Ω) ñïðà-

âåäëèâi ñïiââiäíîøåííÿ

τϕ(ξ) = sup
λ6=0

ϕ(−1)(lnE exp{λξ})
|λ|

,

E exp{λξ} 6 exp
{
ϕ(λτϕ(ξ))

}
, λ ∈ R.

Òåîðåìà 1.6. [109] Ïðîñòið Subϕ(Ω) ¹ áàíàõîâèì ïðîñòîðîì âiäíîñíî

íîðìè τϕ.

Îñêiëüêè ó âèïàäêîâèõ âåëè÷èí iç ïðîñòîðó Subϕ(Ω) iñíó¹ åêñïîíåí-
öiéíèé ìîìåíò, òîáòî E exp{|ξ|} < ∞, òî äëÿ áóäü-ÿêîãî p > 0 iñíó¹
àáñîëþòíèé ñòåïåíåâèé ìîìåíò p-ãî ïîðÿäêó, òîáòî E|ξ|p <∞. Âèêîðè-
ñòîâóþ÷è ìîìåíòè, íà ïðîñòîði Subϕ(Ω) ìîæíà âèçíà÷èòè ôóíêöiîíàë

Θϕ(ξ) = sup
n>2

(
ϕ(−1)(n)

n
n
√
E|ξ|n

)
,

äå ϕ(−1) � îáåðíåíà ôóíêöiÿ äî ôóíêöi¨ ϕ(x), x > 0.

Òåîðåìà 1.7. [12] Âèïàäêîâà âåëè÷èíà ξ íàëåæèòü ïðîñòîðó Subϕ(Ω)

òîäi i òiëüêè òîäi, êîëè Θϕ(ξ) < ∞. Ôóíêöiîíàë Θ ¹ íîðìîþ íà ïðî-

ñòîði Subϕ(Ω). Ïðè öüîìó íîðìè Θϕ i τϕ åêâiâàëåíòíi.

Ëåìà 1.12. [109] Íåõàé ϕ � äîâiëüíà N -ôóíêöiÿ i ξ ∈ Subϕ(Ω). Òîäi

äëÿ äîâiëüíîãî x > 0 ñïðàâåäëèâà íåðiâíiñòü

P {|ξ| > x} 6 2 exp

{
−ϕ∗

(
x

τϕ(ξ)

)}
.

Òåîðåìà 1.8. [109] Íåõàé ξ1, · · · , ξn, ξn+1 � íåçàëåæíi âèïàäêîâi âå-

ëè÷èíè iç Subϕ(Ω), òîäi

τϕ

(
n∑
k=1

ξk

)
6 τϕ

(
n+1∑
k=1

ξk

)
.

Îçíà÷åííÿ 1.9. [56] Áóäåìî ãîâîðèòè, ùî N -ôóíêöiÿ ϕ ïiäïîðÿäêî-

âàíà ôóíêöi¨ ψ, ÿêùî iñíóþòü êîíñòàíòè x0 > 0, c > 0, ùî ïðè x > x0
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âèêîíó¹òüñÿ íåðiâíiñòü ϕ(x) 6 ψ(cx).

Òåîðåìà 1.9. [109] Íåõàé N -ôóíêöiÿ ϕ ïiäïîðÿäêîâàíà N -ôóíêöi¨ ψ.

Òîäi ïðîñòið Subϕ(Ω) òîïîëîãi÷íî âêëþ÷à¹òüñÿ â ïðîñòið Subψ(Ω) òà

iñíó¹ àáñîëþòíà êîíñòàíòà C, ùî äëÿ ξ ∈ Subϕ(Ω) ìà¹ ìiñöå íåðiâ-

íiñòü τϕ(ξ) 6 Cτψ(ξ).

Òåîðåìà 1.10. [109] Íåõàé ôóíêöiÿ ϕ(x) òàêà, ùî ôóíêöiÿ ψ(x) =

ϕ(
√
x), x > 0 îïóêëà. Íåõàé ξ1, · · · , ξn íåçàëåæíi âèïàäêîâi âåëè÷èíè ç

ïðîñòîðó Subϕ(Ω). Òîäi ìà¹ ìiñöå íåðiâíiñòü

τ2
ϕ

(
n∑
k=1

ξk

)
6

n∑
k=1

τ2
ϕ(ξk).

1.4. Åíòðîïiéíi õàðàêòåðèñòèêè

Îçíà÷åííÿ 1.10. Íåõàé S íåïóñòà ìíîæèíà. Ôóíêöiÿ ρ : S × S →
[0,∞) íàçèâà¹òüñÿ ïñåâäîìåòðèêîþ, ÿêùî âîíà çàäîâiëüíÿ¹ íàñòóïíèì

óìîâàì:

1. ρ(t, s) = ρ(s, t), t, s ∈ S;

2. ρ(t, s) 6 ρ(t, v) + ρ(v, s), t, s, v ∈ S;

3. ÿêùî t = s, òî ρ(t, s) = 0.

Ïñåâäîìåòðèêà âiäðiçíÿ¹òüñÿ âiä ìåòðèêè òèì, ùî ç óìîâè ρ(t, s) = 0 íå
âèïëèâà¹, âçàãàëi êàæó÷è, óìîâà t = s.

Ïàðà (S, ρ) íàçèâà¹òüñÿ ïñåâäîìåòðè÷íèì ïðîñòîðîì.

Íåõàé (S, ρ) ïñåâäîìåòðè÷íèé ïðîñòið i ε > 0.

Îçíà÷åííÿ 1.11. Ìíîæèíó B̄r(t) = {s ∈ S : ρ(t, s) 6 r} íàçèâàþòü

çàìêíóòîþ êóëåþ ðàäióñà r ç öåíòðîì â òî÷öi t.

Îçíà÷åííÿ 1.12. Ñèñòåìó çàìêíóòèõ êóëü B = {B}, B ⊂ S ðàäióñè

ÿêèõ íå áiëüøi çà ε, áóäåìî íàçèâàòè ε-ïîêðèòòÿì ìíîæèíè S, ÿêùî⋃
B∈B

= S.
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Îçíà÷åííÿ 1.13. Ìíîæèíó Q ⊂ S áóäåìî íàçèâàòè ε-ñiòêîþ ó ìíî-

æèíi S âiäíîñíî ïñåâäîìåòðèêè ρ, ÿêùî äëÿ äîâiëüíî¨ òî÷êè x ∈ S

çíàéäåòüñÿ õî÷à á îäíà òî÷êà y ∈ Q, òàêà ùî ρ(x, y) 6 ε .

ßñíî, ùî ÿêùî äåÿêà ñèñòåìà çàìêíóòèõ êóëü ¹ ε-ïîêðèòòÿì, òî öåí-
òðè öèõ êóëü óòâîðþþòü ε-ñiòêó ó ìíîæèíi S . I íàâïàêè, ÿêùî Q ⊂ S
¹ ε-ñiòêîþ ó ìíîæèíi S, òî ñèñòåìà çàìêíóòèõ êóëü

{
B̄ε(y), y ∈ Q

}
¹

ε-ïîêðèòòÿì ìíîæèíè S.

Îçíà÷åííÿ 1.14. [109] ßêùî iñíó¹ ñêií÷åííå ε-ïîêðèòòÿ ìíîæèíè

S, òî Nρ(S, ε) ïîçíà÷à¹ ÷èñëî êóëü ó íàéìåíøîìó ε-ïîêðèòòi öi¹¨ ìíî-

æèíè.

Êðiì òîãî, ïîêëàäåìî Nρ(S, ε) = +∞, ÿêùî íå iñíó¹ ñêií÷åííîãî ε-
ïîêðèòòÿ ìíîæèíè S. Ôóíêöiÿ Nρ(S, ε), ε > 0 íàçèâà¹òüñÿ ìåòðè÷íîþ
ìàñèâíiñòþ ìíîæèíè S âiäíîñíî ïñåâäîìåòðèêè ρ.

Çàóâàæèìî, ùî Nρ(S, ε) ñïiâïàäà¹ ç ÷èñëîì òî÷îê ó ìiíiìàëüíié ε-
ñiòöi ìíîæèíè S.

Îçíà÷åííÿ 1.15. [109] Íåõàé

Hρ(S, ε) =

{
lnNρ(S, ε), ÿêùî Nρ(S, ε) < +∞ ;

+∞, ÿêùî Nρ(S, ε) = +∞ .

Ôóíêöiþ Hρ(S, ε), ε > 0, áóäåìî íàçèâàòè ìåòðè÷íîþ åíòðîïi¹þ âiä-

íîñíî ïñåâäîìåòðèêè ρ.

Ïðèêëàä 1.5. Íåõàé −∞ < a < b <∞, S = [a, b];

ρ(t, s) = |t− s|, t, s ∈ [a, b].

Òîäi äëÿ áóäü-ÿêîãî ε > 0

Nρ(S, ε) =


b− a

2ε
, ÿêùî b−a

2ε öiëå ÷èñëî,

ent

(
b− a

2ε

)
+ 1, ÿêùî b−a

2ε íå öiëå ÷èñëî,

äå ent(x) � öiëà ÷àñòèíà ÷èñëà x ∈ R.
Òîäi äëÿ áóäü-ÿêîãî ε > 0

b− a
2ε

6 Nρ(S, ε) 6
b− a

2ε
+ 1
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i Nρ(S, ε) ∼ b−a
2ε ïðè ε→ 0. Âiäïîâiäíî äëÿ áóäü-ÿêîãî ε > 0

ln
b− a

2ε
6 Hρ(S, ε) 6 ln

(
b− a

2ε
+ 1

)
i Hρ(S, ε) ∼ ln b−a

2ε ïðè ε→ 0. ♦

Îçíà÷åííÿ 1.16. Âèïàäêîâèé ïðîöåñ X(t), t ∈ T íàçèâà¹òüñÿ Lp(Ω)�

ïðîöåñîì, p > 1, ÿêùî ïðè âñiõ t iñíó¹ E|X(t)|p òà sup
t∈T
‖X(t)‖Lp =

sup
t∈T

(E|X(t)|p)
1
p <∞.

Çàóâàæèìî, ùî çâè÷àéíèé ïðîñòið Lp(Ω) � öå ïðîñòið Îðëè÷à LUp(Ω) ,
ùî ïîðîäæó¹òüñÿ ôóíêöi¹þ U(x) = |x|p. Ïðè öüîìó íîðìà Ëþêñåìáóðãà
ñïiâïàäà¹ iç çâè÷àéíîþ íîðìîþ â Lp(Ω), òîáòî ‖X(t)‖Lp = (E|X(t)|p)

1
p .

Íåõàé X = (X(t), t ∈ T) ¹ Lp(Ω) -ïðîöåñîì, p > 1.
Ïîçíà÷èìî ρx(t, s) = ‖X(t)−X(s)‖Lp .
Íåõàé âèêîíóþòüñÿ óìîâè:
A1) ïðîöåñ X îáìåæåíèé â Lp, òîáòî

sup
t∈T
‖X(t)‖Lp <∞,

A2) ïðîñòið (T, ρx) ¹ ñåïàðàáåëüíèì i ïðîöåñ X ¹ ñåïàðàáåëüíèì íà
(T, ρx) . Íåõàé ε0 = sup

t∈T
‖X(t)‖Lp .

Ïîçíà÷èìî N(ε) = Nρx(T, ε) i H(ε) = lnN(ε) � âiäïîâiäíî ìåòðè÷íó
ìàñèâíiñòü i ìåòðè÷íó åíòðîïiþ ïàðàìåòðè÷íî¨ ìíîæèíè T âiäíîñíî
ïñåâäîìåòðèêè ρx.

Òåîðåìà 1.11. [109] Íåõàé Lp(Ω)-ïðîöåñ X çàäîâîëüíÿ¹ óìîâàì A1)

i A2). Ïðèïóñòèìî, ùî
ε0r

0

N
1
p (ε)dε <∞, òîäi

(
E

(
sup
t∈T
|X(t)|

)p) 1
p

6

Bp i äëÿ âñiõ x > 0

P

{
sup
t∈T
|X(t)| > x

}
6
Bpp
xp
,

äå

Bp = inf
t∈T

(E|X(t)|p)
1
p + inf

0<θ<1

1

θ(1− θ)

θε0w

0

N
1
p (ε)dε .

Íåõàé γ0 = sup
t,s∈T

ρx(t, s) = sup
t,s∈T

‖X(t)−X(s)‖Lp , òîäi γ0 6 2ε0 .
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Íàñëiäîê 1.4. Íåõàé Lp(Ω)-ïðîöåñ X çàäîâiëüíÿ¹ óìîâàì A1) i A2).

Ïðèïóñòèìî, ùî
2ε0r

0

N
1
p (ε)dε <∞, òîäi

(
E

(
sup
t∈T
|X(t)|

)p) 1
p

6 B̃p

i äëÿ âñiõ x > 0

P

{
sup
t∈T
|X(t)| > x

}
6
B̃pp
xp

,

äå

B̃p = inf
t∈T

(E|X(t)|p)
1
p + inf

0<θ<1

1

θ(1− θ)

2θε0w

0

N
1
p (ε)d(ε).

Íåõàé X̃ = (X̃(t), t ∈ T) äåÿêèé Subϕ(Ω)-ïðîöåñ, òîáòî X̃(t) ∈
Subϕ(Ω) äëÿ âñiõ t ∈ T. Ïñåâäîìåòðèêà ρx, ïîðîäæåíà ïðîöåñîì X̃ íà
T ìà¹ âèãëÿä

ρx(t, s) = τϕ(X̃(t)− X̃(s)), t, s ∈ T.

Ââåäåìî óìîâè
A1) ε0 = sup

t∈T
τϕ(X̃(t)) <∞;,

A2) ïðîñòið (T, ρx) ¹ ñåïàðàáåëüíèì i ïðîöåñ X̃(t) ¹ ñåïàðàáåëüíèì
íà (T, ρx).

Òåîðåìà 1.12. [109] Íåõàé X̃ = (X̃(t), t ∈ T) � äåÿêèé Subϕ(Ω)-

ïðîöåñ. ßêùî âèêîíóþòüñÿ óìîâè A1) i A2) i

ε0w

0

H(ε)

ϕ(−1)(H(ε))
dε <∞,

äå ϕ(−1)(x), x > 0, îáåðíåíà ôóíêöiÿ äî ϕ(x),

òî äëÿ âñiõ λ > 0 ìà¹ ìiñöå íåðiâíiñòü

E exp

{
λ sup
t∈T
|X̃(t)|

}
6 2Q(λ), (1.11)
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äå

Q(λ) = inf
0<θ<1

exp

{
ϕ

(
λε0

1− θ

)
+

2λ

θ(1− θ)

θε0w

0

H(ε)

ϕ(−1)(H(ε))
dε

}
.

Ïðèêëàä 1.6. [109] Íåõàé X̃ = (X̃(t), t ∈ T) äåÿêèé ñóáãàóññîâèé ïðî-

öåñ, òîáòî X̃ ∈ Subϕ(Ω)-ïðîöåñó ç ϕ(x) = x2

2 , x > 0. Îáåðíåíà ôóíêöiÿ

ìà¹ âèãëÿä ϕ(−1)(x) =
√

2x, x > 0. Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà

Äàäëi:

I(ε0) =
1√
2

ε0w

0

√
H(ε)dε <∞,

äå H(ε) = Hρ(T, ε) � ìåòðè÷íà åíòðîïiÿ ìíîæèíè T âiäíîñíî ñóáãàóññî-

âîãî âiäõèëåííÿ ρ(t, s) . Ó öüîìó âèïàäêó íåðiâíiñòü (1.11) ïåðåõîäèòü

ó íåðiâíiñòü

E exp

{
λ sup
t∈T
|X̃(t)|

}
6 2 exp

{
λ2ε2

0

2(1− θ)2
+

2λ

θ(1− θ)
I(ε0θ)

}
6 2 exp

{
λ2ε2

0

2(1− θ)2
+

2λ

θ(1− θ)
I(ε0)

}
,

ñïðàâåäëèâà ïðè âñiõ λ > 0, θ ∈ (0, 1).

Çàñòîñîâóþ÷è íåðiâíiñòü ×åáèøåâà-Ìàðêîâà, ïðèõîäèìî äî íàñòó-

ïíî¨ îöiíêè
”
õâîñòà“ ðîçïîäiëó ñóïðåìóìà ïðîöåñó X̃. Äëÿ äîâiëüíèõ

u > 0 i λ > 0, θ ∈ (0, 1)

P

{
sup
t∈T
|X̃(t)| > u

}
6 exp{−λu} ·E exp

{
λ sup
t∈T
|X̃(t)|

}
6 2 exp

{
λ2ε2

0

2(1− θ)2
+ λ

(
2I(ε0)

θ(1− θ)
− u
)}

.

Ìiíiìiçóþ÷è ïî λ âèðàç ó ïðàâié ÷àñòèíi, îòðèìà¹ìî îöiíêó

P

{
sup
t∈T
|X̃(t)| > u

}
6 2 exp

{
− (1− θ)2

2ε2
0

(
u− 2I(ε0)

θ(1− θ)

)2
}

= 2 exp

{
− 1

2ε2
0

(
u(1− θ)− 2I(ε0)

θ

)2
}
,

25



ñïðàâåäëèâó äëÿ âñiõ u > 2I(ε0)
θ(1−θ) .

Ìiíiìiçóþ÷è òåïåð ïî θ ∈ (0, 1) , îòðèìó¹ìî ïðè u > 8I(ε0)

P

{
sup
t∈T
|X̃(t)| > u

}
6 2 exp

{
− 1

2ε2
0

(
u−

√
8uI(ε0)

)2
}
.

♦

Äëÿ çàãàëüíèõ Subϕ(Ω)-ïðîöåñiâ ïîäiáíi îöiíêè ìîæíà äiñòàòè çà-
ñòîñîâóþ÷è ïåðåòâîðåííÿ Þíãà-Ôåíõåëÿ. Ïîêëàäåìî

Iϕ(v) =

vw

0

H(ε)

ϕ(−1)(H(ε))
dε, v > 0.

Òåîðåìà 1.13. [109] Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 1.12. Òîäi

äëÿ äîâiëüíîãî θ ∈ (0, 1) i äîâiëüíîãî u >
2Iϕ(θε0)
θ(1−θ) ìà¹ ìiñöå íåðiâíiñòü

P

{
sup
t∈T
|X̃(t)| > u

}
6 2A(u, θ),

äå

A(u, θ) = exp

{
−ϕ∗

(
1

ε0

(
u(1− θ)− 2

θ
Iϕ(θε0)

))}
.

Íàñòóïíà ëåìà ¹ óòî÷íåííÿì ëåìè ç ðîáîòè [127].

Ëåìà 1.13. Íåõàé (T, ρ) � ìåòðè÷íèé ñåïàðàáåëüíèé êîìïàêòíèé ïðî-

ñòið, X = {X(t), t ∈ T} � ñåïàðàáåëüíèé âèïàäêîâèé ïðîöåñ, X ∈
Subϕ(Ω), γ0 = sup

t∈T
τϕ(X(t)).

Íåõàé iñíó¹ ìîíîòîííî çðîñòàþ÷à íåïåðåðâíà ôóíêöiÿ σ = {σ(h), h >

0}, σ(h)→ 0 ïðè h→ 0, òàêà, ùî ìà¹ ìiñöå íåðiâíiñòü

sup
ρ(t,s)6h

τϕ(X(t)−X(s)) 6 σ(h).

Íåõàé κ = σ( inf
s∈T

sup
t∈T

ρ(t, s)), 0 < δ < 1, β > 0 � áóäü-ÿêi ÷èñëà, òàêi, ùî

δβ 6 κ.
Íåõàé âèêîíó¹òüñÿ óìîâà

βδw

0

ζϕ(u)du <∞, (1.12)
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äå

ζϕ(u) =
H(σ(−1)(u))

ϕ(−1)(H(σ(−1)(u)))
,

σ(−1)(u) òà ϕ(−1)(u) � îáåðíåíi ôóíêöi¨ âiäïîâiäíî äî ôóíêöié σ(u) òà

ϕ(u), H(v) �ìåòðè÷íà åíòðîïiÿ ïðîñòîðó (T, ρ), òîáòî H(v) = lnN(v),

äå N(v) � ìiíiìàëüíå ÷èñëî êóëü ðàäióñà v > 0, ùî ïîêðèâàþòü (T, ρ).

Òîäi ïðè âñiõ λ > 0 ìà¹ ìiñöå íåðiâíiñòü

E exp

{
λ sup
t∈T
|X(t)|

}
6 2G(λ, δ), (1.13)

äå

G(λ, δ) = exp

{
ϕ

(
λγ0

1− δ

)
(1− δ) + ϕ

(
λβ

1− δ

)
δ

+2λ

γ0ζϕ(δβ) +
1

(1− δ)δ

βδ2w

0

ζϕ(u)du

 .
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Ðîçäië 2

ÎÖIÍÊÀ ÑÓÏÐÅÌÓÌÓ ÐÎÇÏÎÄIËÓ

ÊÂÀÄÐÀÒÈ×ÍÎ ÃÀÓÑÑÎÂÎÃÎ

ÏÐÎÖÅÑÓ

Â äàíîìó ðîçäiëi ðîçãëÿíóòî êâàäðàòè÷íî ãàóññîâi âèïàäêîâi ïðîöåñè
òà íàâåäåíî îöiíêó ðîçïîäiëó ¨õ ñóïðåìóìó.

Îçíà÷åííÿ 2.1. [128] Íåõàé Ξ = {ξ (t) , t ∈ T} � ñiì'ÿ ñóìiñíî ãàóñ-

ñîâèõ âèïàäêîâèõ âåëè÷èí, Eξ (t) = 0 (íàïðèêëàä, ξ (t) � ãàóññîâèé âè-

ïàäêîâèé ïðîöåñ). Ïðîñòið SGΞ (Ω) íàçèâà¹òüñÿ ïðîñòîðîì êâàäðàòè-

÷íî ãàóññîâèõ âèïàäêîâèõ âåëè÷èí, ÿêùî áóäü-ÿêó âèïàäêîâó âåëè÷èíó

η ∈ SGΞ (Ω) ìîæíà çîáðàçèòè ó âèãëÿäi

η = ~ξTA~ξ −E~ξTA~ξ, (2.1)

äå ~ξT = (ξ1, ξ2, . . . , ξn) , ξk ∈ Ξ, k = 1, . . . , n, A � äîâiëüíà ñèìåòðè÷íà

ìàòðèöÿ, àáî ó âèãëÿäi ãðàíèöi â ñåðåäíüîìó êâàäðàòè÷íîìó ïîñëiäîâ-

íîñòåé âèïàäêîâèõ âåëè÷èí, ùî ìîæóòü áóòè çîáðàæåíi ó âèãëÿäi

2.1.

Îçíà÷åííÿ 2.2. [128] Âèïàäêîâèé ïðîöåñ η = {η (t) , t ∈ T} íàçèâà¹-
òüñÿ êâàäðàòè÷íî ãàóññîâèì âiäíîñíî Ξ, ÿêùî äëÿ áóäü-ÿêîãî t ∈ T âè-

ïàäêîâà âåëè÷èíà η (t) íàëåæèòü ïðîñòîðó SGΞ (Ω) òà supt∈TEη
2 (t) <

∞.
Íåõàé (T, ρ) êîìïàêòíèé ìåòðè÷íèé ïðîñòið,X = {X (t) , t ∈ T} êâàä-

ðàòè÷íî ãàóññîâèé âèïàäêîâèé ïðîöåñ, íåõàé iñíó¹ ìîíîòîííî çðîñòà-
þ÷à, íåïåðåðâíà ôóíêöiÿ ϕ = {ϕ (ε) , ε > 0} , (ϕ (ε)→ 0ïðè ε→ 0) òà-

êà, ùî sup
ρ(t,s)6ε

(Var (X (t)−X (s)))
1
2 6 ϕ (ε) . Íåõàé äëÿ äåÿêèõ A− >

1, A+ > 1 òà äëÿ âñiõ s òàêèõ, ùî −A− < s < A+ âèêîíó¹òüñÿ íåðiâíiñòü

E exp

{
s√
2

X (t)

(VarX (t))
1
2

}
6 R (s) , (2.2)
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äå R (s) , −A− < s < A+ ìîíîòîííî çðîñòàþ÷à ïðè s > 0 òà ìîíîòîííî
ñïàäíà ïðè s < 0 íåïåðåðâíà ôóíêöiÿ òàêà, ùî R (0) = 1.

Íåõàé ε∗0 = inf
t∈T

sup
s∈T

ρ (t, s) , t0 = ϕ (ε∗0) , δ0 = sup
t∈T

(VarX (t))
1
2 , N (u) �

ìåòðè÷íà ìàñèâíiñòü ìåòðè÷íîãî ïðîñòîðó (T, ρ) , ϕ(−1) (ε) � îáåðíåíà

äî ϕ (ε) ôóíêöiÿ.

Òåîðåìà 2.1. [128] Íåõàé X(t) = {X(t), t ∈ T} ñåïàðàáåëüíèé êâàäðà-

òè÷íî ãàóññîâèé âèïàäêîâèé ïðîöåñ çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ (2.2).

Íåõàé r (u) > 1, u > 1 ìîíîòîííî çðîñòàþ÷à ôóíêöiÿ òàêà, ùî ôóíêöiÿ

r (exp {t}) îïóêëà. ßêùî çáiãà¹òüñÿ iíòåãðàë

t0w

0

r
(
N
(
ϕ(−1) (u)

))
du,

òîäi äëÿ âñiõ M = 1, 2, . . . òà x > 0

P

{
sup
t∈T

X (t) > x

}
6 D+

M (x) ,

äå

D+
M (x) = inf

0<p<1

r(−1)

 1

t0pM

t0p
Mw

0

r
(
N
(
ϕ(−1)(ν)

))
dν


× inf

06u< 1−p√
2

min
(
A+

δ0
, 1

t0p
M−1

)
(R(u√2δ0

1− p

))1−p(
1− u

√
2t0p

M−1

1− p

)− p2

× exp

{
−up

M
√

2t0
2(1− p)

− ux

}]}
,

i

P

{
inf
t∈T

X(t) < −x
}

6 D−M (x),
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äå

D−M (x) = inf
0<p<1

r(−1)

 1

t0pM

t0p
Mw

0

r
(
N
(
ϕ(−1)(ν)

))
dν


× inf

06u< 1−p√
2

min
(
A−
δ0
, 1

t0p
M−1

)
(R(−u√2δ0

1− p

))1−p(
1− u

√
2t0p

M−1

1− p

)− p2

× exp

{
−up

M
√

2t0
2(1− p)

− ux

}]}
,

à òàêîæ

P

{
sup
t∈T
|X(t)| > x

}
6 D+

M (x) +D−M (x).

Ëåìà 2.1. [128] Äëÿ êâàäðàòè÷íî ãàóññîâîãî ïðîöåñó X = {X (t) , t ∈ T}
ïðè âñiõ s òàêèõ, ùî |s| < 1 âèêîíó¹òüñÿ íàñòóïíà íåðiâiñòü

E exp

{
sX(t)

√
2 (VarX (t))

1
2

}
6 (1− |s|)−

1
2 exp

{
−|s|

2

}
.

Íàñëiäîê 2.1. Íåõàé X(t) = {X(t), t ∈ T} ñåïàðàáåëüíèé êâàäðàòè÷íî
ãàóññîâèé âèïàäêîâèé ïðîöåñ, r (u) > 1, u > 1 ìîíîòîííî çðîñòàþ÷à

ôóíêöiÿ òàêà, ùî ôóíêöiÿ r (exp {t}) îïóêëà. ßêùî çáiãà¹òüñÿ iíòåãðàë

t0w

0

r
(
N
(
ϕ(−1) (u)

))
du,

òîäi äëÿ âñiõ x > 0

P

{
sup
t∈T
|X (t)| > x

}

62 inf
0<p<1

{
r(−1)

(
1

t0p

t0pw

0

r
(
N
(
ϕ(−1)(ν)

))
dν

)

×

(
1−
√

2x(1− p)
U

)− 1
2

exp

{
−x(1− p)√

2U
− x2(1− p)2

max (δ0, t0)U

} ,
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äå

U = max (δ0, t0) +
√

2x(1− p).

Äîâåäåííÿ. Ïîêëàäåìî â óìîâàõ òåîðåìè 2.1 M = A− = A+ = 1,

R (s) = (1− |s|)−
1
2 exp

{
−|s|

2

}
.

Îñòàíí¹ ìîæíà çðîáèòè â ñèëó ëåìè 2.1. Íåõàé t0 > δ0. Îñêiëüêè ôóí-

êöiÿ R (s) ïðè 0 6 s 6 1 < çðîñòàþ÷à, òî

inf
06u< 1−p√

2
min

(
A+

δ0
, 1

t0p
M−1

)
(R(u√2δ0

1− p

))1−p(
1− u

√
2t0p

M−1

1− p

)− p2

× exp

{
−up

M
√

2t0
2(1− p)

− ux

}]

6 inf
06u< 1−p√

2t0

(R(u√2δ0
1− p

))1−p
(1− u

√
2t0

1− p

)− 1
2

p

×

(
exp

{
− u
√

2t0
2(1− p)

})p
exp {−ux}

]

6 inf
06u< 1−p√

2t0

(R(u√2δ0
1− p

))1−p(
R

(
u
√

2t0
1− p

))p
exp {−ux}


6 inf

06u< 1−p√
2t0

(1− u
√

2t0
1− p

)− 1
2

exp

{
− u
√

2t0
2(1− p)

}
exp {−ux}

 .
Ïiñëÿ ìiíiìiçàöi¨ ïðàâî¨ ÷àñòèíè îäåðæàíî¨ íåðiâíîñòi ïî u îòðèìà¹ìî

inf
06u< 1−p√

2
min

(
A+

δ0
, 1

t0p
M−1

)
(R(u√2δ0

1− p

))1−p(
1− u

√
2t0p

M−1

1− p

)− p2
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× exp

{
−up

M
√

2t0
2(1− p)

− ux

}]

6

(
1−

√
2x(1− p)

t0 +
√

2x(1− p)

)− 1
2

exp

{
− x(1− p)√

2
(
t0 +

√
2x(1− p)

)}

× exp

{
− x2(1− p)2

t0
(
t0 +

√
2x(1− p)

)} .
Iíôiìóì, ÿêèé ôiãóðó¹ â âèðàçi äëÿ D−M (x), â ñèëó âèãëÿäó âèùå

âçÿòî¨ ôóíêöi¨ R(s) îöiíþ¹òüñÿ òàê ñàìî. ßêùî æ t0 < δ0, òî ïîâòîðèâ-

øè ïîïåðåäíi ìiðêóâàííÿ îòðèìà¹ìî ïîâíiñòþ àíàëîãi÷íó îöiíêó äëÿ

iíôiíóìiâ iç âèðàçiâ äëÿ D+
M (x) òà D−M (x) ç òi¹þ âiäìiííiñòþ, ùî çà-

ìiñòü t0 ôiãóðóâàòèìå δ0. Òàêèì ÷èíîì, òâåðäæåííÿ íàñëiäêó âèïëèâà¹

ç òåîðåìè 2.1.
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Ðîçäië 3

ÏÎÁÓÄÎÂÀ ÌÎÄÅËÅÉ ÃÀÓÑÑÎÂÈÕ

ÂÈÏÀÄÊÎÂÈÕ ÏÐÎÖÅÑIÂ ÒÀ ÏÎËIÂ

Â äàíîìó ðîçäiëi ïðîïîíóþòüñÿ äâà ïiäõîäè äî ïîáóäîâè ìîäåëåé
ãàóññîâèõ ñòàöiîíàðíèõ âèïàäêîâèõ ïðîöåñiâ, à òàêîæ äåÿêi ¨õ ìîäèôi-
êàöi¨. Ìåòîäè ïîáóäîâè ìîäåëåé óçàãàëüíþþòüñÿ i íà âèïàäîê ïîëiâ.

Íåõàé {Ω,B,P} � ñòàíäàðòíèé éìîâiðíiñíèé ïðîñòið.
Íåõàé X = {X(t), t ∈ R} � ãàóññiâ, ñòàöiîíàðíèé, äiéñíèé, öåíòðî-

âàíèé, íåïåðåðâíèé â ñåðåäíüîìó êâàäðàòè÷íîìó âèïàäêîâèé ïðîöåñ ç
êîâàðiàöiéíîþ ôóíêöi¹þ

B(τ) = EX(t+ τ) ·X(t) =

∞w

0

cosλτdF (λ),

äå F (λ) � ñïåêòðàëüíà ôóíêöiÿ öüîãî ïðîöåñó. Ïîêëàäåìî, ùî ôóíêöiÿ
F (λ) íåïåðåðâíà.

Áóäåìî ââàæàòè, ùî ïðîöåñ X(t) ñåïàðàáåëüíèé òà âèáiðêîâî íåïå-
ðåðâíèé íà áóäü-ÿêîìó iíòåðâàëi [0, T ] . Âiäîìi íåîáõiäíi òà äîñòàòíi
óìîâè âèáiðêîâî¨ íåïåðåðâíîñòi ñåïàðàáåëüíèõ, ñòàöiîíàðíèõ, ãàóññîâèõ
ïðîöåñiâ íà êîìïàêòi [117].

Íàâåäåìî áëèçüêi äî íåîáõiäíèõ äîñòàòíi óìîâè âèáiðêîâî¨ íåïåðåâ-
íîñòi ãàóññîâèõ, ñòàöiîíàðíèõ, ñåïàðàáåëüíèõ âèïàäêîâèõ ïðîöåñiâ.

Òåîðåìà 3.1. [122] Äëÿ òîãî, ùîá ãàóññîâèé, ñåïàðàáåëüíèé, ñòàöiî-

íàðíèé, äiéñíèé âèïàäêîâèé ïðîöåñ X = {X(t), 0 6 t 6 T} áóâ âèáiðêîâî
íåïåðåðâíèé, äîñòàòíüî, ùîá âèêîíóâàëàñü óìîâà: ïðè ε > 0

∞w

0

(ln(1 + λ))
1+ε

dF (λ) <∞, (3.1)

äå F (λ) � ñïåêòðàëüíà ôóíêöiÿ ïðîöåñó X.

Çàóâàæèìî, ùî òâåðäæåííÿ òà äîâåäåííÿ öi¹¨ òåîðåìè â áiëüø ñëàá-
êié ôîðìi (ε > 2) ìiñòèòüñÿ â êíèçi [110].

Ïðîöåñ X ìîæå áóòè çîáðàæåíèé ó âèãëÿäi:

X(t) =

∞w

0

cosλtdη1(λ) +

∞w

0

sinλtdη2(λ), (3.2)
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äå η1(λ) òà η2(λ) òàêi íåçàëåæíi öåíòðîâàíi ãàóññîâi ïðîöåñè, ùî

E(ηi(λ2)− ηi(λ1))2 = F (λ2)− F (λ1), λ1 < λ2, i = 1, 2.

Àáî ÿêùî âçÿòè ðîçáèòòÿ Λ = {λ0, . . . , λM+1} ìíîæèíè [0,∞] òàê, ùî
λ0 = 0, λk < λk+1, λM+1 =∞, òî

X(t) =

M∑
k=0

λk+1w

λk

cosλtdη1(λ) +

M∑
k=0

λk+1w

λk

sinλtdη2(λ). (3.3)

Íåõàé

XΛ(t) =

M∑
k=0

(ηk1 cos ζkt+ ηk2 sin ζkt) ,

äå ζk � âèïàäêîâi âåëè÷èíè ðîçïîäiëåíi íà [λk, λk+1] ç ôóíêöi¹þ ðîçïî-
äiëó

Fk(λ) = P{ζk < λ} =
F (λ)− F (λk)

F (λk+1)− F (λk)
.

òà ηk1 =
λk+1r

λk

dη1(λ), ηk2 =
λk+1r

λk

dη2(λ).

Äàíèé ïðîöåñ XΛ(t) íàçèâàòèìåìî ìîäåëëþ ãàóññîâîãî âèïàäêîâîãî
ïðîöåñó X(t). I çðîçóìiëî, ùî çà ðiçíèõ óìîâ âèáîðó ÷èñëà M, ìè çìî-
æåìî ç ðiçíîþ òî÷íiñòþ i íàäiéíiñòþ âiäòâîðèòè ïðîöåñ íà êîìï'þòåði.

1. Oòæå, íàäàëi â ðîáîòi çà ìîäåëü ãàóññîâîãî âèïàäêîâîãî ïðîöåñó
X(t) áóäåìî áðàòè âèïàäêîâèé ïðoöåñ

XΛ(t) =

M∑
k=0

(ηk1 cos ζkt+ ηk2 sin ζkt), (3.4)

äå ηk1 =
λk+1r

λk

dη1(λ), ηk2 =
λk+1r

λk

dη2(λ), ïðè÷îìó çðîçóìiëî, ùî ηl1,

ηm2, ζk � íåçàëåæíi ïðè âñiõ l,m òà k âèïàäêîâi âåëè÷èíè, Λ =
{λ0, λ1, . . . , λM+1} � òàêå ðîçáèòòÿ ìíîæèíè [0,∞], ùî λ0 = 0,
λk < λk+1, λM+1 = ∞, ηk1, ηk2 � ãàóññîâi âèïàäêîâi âåëè÷èíè,
òàêi ùî Eηk1 = Eηk2 = 0, Eη2

k1 = Eη2
k2 = F (λk+1) − F (λk) = b2k,

ζk � âèïàäêîâi âåëè÷èíè, ùî ïðèéìàþòü çíà÷åííÿ íà âiäðiçêàõ
[λk, λk+1], òà ÿêùî b2k > 0, òî

Fk(λ) = P{ζk < λ} =
F (λ)− F (λk)

F (λk+1)− F (λk)
.
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ßêùî b2k = 0, òî ηk1 = 0, ηk2 = 0, ζk = 0 ç éìîâiðíiñòþ îäèíèöÿ.

Öÿ ìîäåëü ¹ öåíòðîâàíèì ïðîöåñîì

EXΛ(t) = E

M∑
k=0

(ηk1 cos ζkt+ ηk2 sin ζkt)

=

M∑
k=0

(Eηk1E cos ζkt+Eηk2E sin ζkt) = 0.

Êîâàðiàöiéíà ôóíêöiÿ ïðîöåñó XΛ(t) ñïiâïàäà¹ ç êîâàðiàöiéíîþ
ôóíêöi¹þ ïðîöåñó X(t)

EXΛ(t+ τ)XΛ(t)

= E

(
M∑
k=0

(ηk1 cos ζk(t+ τ) + ηk2 sin ζk(t+ τ))

)

×

(
M∑
k=0

(ηk1 cos ζkt+ ηk2 sin ζkt)

)

=

M∑
k=0

[
Eη2

k1E cos ζk(t+ τ) cos ζkt+Eη2
k2E sin ζk(t+ τ) sin ζkt

]
=

M∑
k=0

b2kE cos ζkτ =

M∑
k=0

b2k

λk+1w

λk

cosλτdFk(λ)

=

∞w

0

cosλτdF (λ) = r(τ), (3.5)

(Eηi1 · ηj1 = 0, Eηi2 · ηj2 = 0, i 6= j, Eηk1ηk2 = 0, k = 0, · · · ,M).

Àëå XΛ(t) íå ¹ ãàóññîâèì ïðîöåñîì. Íàøà ìåòà âèçíà÷èòè íàñêiëü-
êè ïðîöåñ XΛ(t) áëèçüêèé äî ãàóññîâîãî ïðîöåñó X(t).

Ðîçãëÿíåìî ìîäåëü XΛ(t) i ïîêëàäåìî, ùî

ηk1 =

λk+1w

λk

dη1(λ), ηk2 =

λk+1w

λk

dη2(λ).
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Íåõàé ηΛ(t) = X(t)−XΛ(t). Òîäi

ηΛ(t) =

M∑
k=0

λk+1w

λk

cosλtdη1(λ) +

M∑
k=0

λk+1w

λk

sinλtdη2(λ)

−
M∑
k=0

λk+1w

λk

cos ζktdη1(λ)−
M∑
k=0

λk+1w

λk

sin ζktdη2(λ);

ηΛ(t) =

M∑
k=0

λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

+

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

 . (3.6)

Ëåìà 3.1. Ìàþòü ìiñöå ñïiââiäíîøåííÿ:

E

λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

2m+1

= 0,

E

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

2m+1

= 0,

E

λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

2m

6 Zkm,

E

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

2m

6 Zkm,

äå Zkm = 4m∆2mE

λk+1w

λk

∣∣∣∣sin t(ζk − λ)

2

∣∣∣∣2 dF (λ)

m

, ∆2m =
(2m)!

2mm!
.

Äîâåäåííÿ. Îñêiëüêè äëÿ öåíòðîâàíî¨ ãàóññîâî¨ âèïàäêîâî¨ âåëè-

÷èíè ξ ìà¹ìî

Eξ = 0, Eξ2 = σ2, Eξ2k = ∆2kσ
2k, k = 1, 2, . . ., ∆2k = (2k − 1)!! =

(2k)!
2kk!

, i âèïàäêîâi âåëè÷èíè ζk íå çàëåæàòü âiä ηi(λ), òîäi çà òåîðå-
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ìîþ Ôóáiíi ìà¹ìî òàêi ñïiââiäíîøåííÿ (Eζk � óìîâíå ìàòåìàòè÷íå

ñïîäiâàííÿ âiäíîñíî ζk):

E

λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

2m

= EEζk

λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

2m

6 ∆2mE

λk+1w

λk

| cosλt− cos ζkt|2dF (λ)

m

6 ∆2mE

λk+1w

λk

∣∣∣∣2 sin
t(ζk − λ)

2
· sin t(ζk + λ)

2

∣∣∣∣2 dF (λ)

m

6 ∆2mE

λk+1w

λk

∣∣∣∣2 sin
t(ζk − λ)

2

∣∣∣∣2 dF (λ)

m

= Zkm.

Äðóãà íåðiâíiñòü äîâîäèòüñÿ àíàëîãi÷íî

E

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

2m

6 ∆2mE

λk+1w

λk

∣∣∣∣2 sin
t(λ− ζk)

2
· cos

t(ζk + λ)

2

∣∣∣∣2 dF (λ)

m

6 ∆2mE

λk+1w

λk

∣∣∣∣2 sin
t(ζk − λ)

2

∣∣∣∣2 dF (λ)

m

= Zkm.

Òåîðåìà 3.2. Âèïàäêîâèé ïðîöåñ ηΛ(t) ¹ ñóáãàóññîâèì.

Äîâåäåííÿ. Ïîêàæåìî, ùî

χk1 =

λk+1w

λk

(cosλt− cos ζkt)dη1(λ) χk2 =

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)
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¹ ñóáãàóññîâèìè âèïàäêîâèìè âåëè÷èíàìè. Ç ëåìè 3.1 ìà¹ìîE
λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

2m


1
2m

6 2m
√

4m∆2m

λk+1w

λk

λk+1w

λk

(
sin

t(u− λ)

2

)2

dF (u)

m

dFk(λ)


1

2m

6 2m
√

4m∆2m

λk+1w

λk

(F (λk+1)− F (λk))
m dF (λ)

F (λk+1)− F (λk)

 1
2m

6 2m
√

4m∆2m (F (λk+1)− F (λk))
1
2 ,

òàE
λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

2m


1/2m

6 2m
√

4m∆2m

λk+1w

λk

λk+1w

λk

(
sin

t(u− λ)

2

)2

dF (u)

m

× dF (λ)

F (λk+1)− F (λk)

) 1
2m

6 2m
√

4m∆2m (F (λk+1)− F (λk))
1
2 .

Òîäi,

Θ1(χki) = sup
m>1

[
1

∆2m
Eχ2m

ki

] 1
2m

= sup
m>1

[
2mm!

(2m)!
· 4m · (2m)!

2mm!
(F (λk+1)− F (λk))

m

] 1
2m

= 2 (F (λk+1)− F (λk))
1
2 <∞ , i = 1, 2.

Òîáòî çãiäíî òåîðåìè 1.2 χk1, χk2 ¹ ñóáãàóññîâèìè öåíòðîâàíè-
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ìè âèïàäêîâèìè âåëè÷èíàìè. Îòæå, äëÿ êîæíîãî t ∈ T âåëè÷èíà

ηΛ(t) ¹ ñóáãàócñîâa âèïàäêîâa âåëè÷èía. Òå, ùî âèïàäêîâèé ïðî-

öåñ ñóáãàóññîâèé âèïëèâà¹ ç òîãî, ùî ηΛ(t) ¹ ñêií÷åííîþ ñóìîþ

ñóáãàóññîâèõ âèïàäêîâèõ âåëè÷èí.

Òåîðåìà 3.3. Äëÿ ñóáãàóññîâîãî ïðîöåñó ηΛ(t) ìà¹ ìiñöå òàêà

íåðiâíiñòü

τ(ηΛ(t)) 6 4

 M∑
k=0

b2k sup
m>1

(
E

∣∣∣∣sin t(ζk − ζ∗k)

2

∣∣∣∣2m
) 1
m


1
2

= (BΛ(t))
1
2 ,

(3.7)

äå b2k = F (λk+1)−F (λk), ζ∗k � âèïàäêîâi âåëè÷èíè, ùî íå çàëåæàòü

âiä ζk i ìàþòü òàêi æ ðîçïîäiëè, ùî i ζk.

Äîâåäåííÿ. Ç ëåìè 3.1 òà òåîðåìè 1.2 âèïëèâà¹, ùî

τ2

λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

 6 Θ2
1

λk+1w

λk

(cosλt− cos ζkt)dη1(λ)


6 sup

m>1
b2k

E
λk+1w

λk

∣∣∣∣2 sin
t(ζk − λ)

2

∣∣∣∣2 dFk(λ)

m
1
m

= sup
m>1

4b2k

λk+1w

λk

λk+1w

λk

∣∣∣∣sin t(u− λ)

2

∣∣∣∣2 dFk(λ)

m

dFk(u)


1
m

= Ik.

Àíàëîãi÷íî

τ2

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

 6 Θ2
1

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)


6 sup

m>1
4b2k

λk+1w

λk

λk+1w

λk

∣∣∣∣sin t(u− λ)

2

∣∣∣∣2 dFk(λ)

m

dFk(u)


1
m

= Ik,
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Òîäi

τ2

λk+1w

λk

(cosλt− cos ζkt)dη1(λ) +

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)


6

τ
λk+1w

λk

(cosλt− cos ζkt)dη1(λ)


+τ

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

2

6 4Ik.

Îñêiëüêè äîäàíêè ñóì â (3.6) äëÿ ðiçíèõ k íåçàëåæíi, òî ç îñòàí-

íüî¨ íåðiâíîñòi i ëåìè 1.7 âèïëèâà¹, ùî

τ2 (ηΛ(t)) 6 4

M∑
k=0

Ik ,

τ (ηΛ(t))

6 4

 M∑
k=0

sup
m>1

1

b
2/m
k

λk+1w

λk

λk+1w

λk

∣∣∣∣sin t(u− λ)

2

∣∣∣∣2 dF (λ)

m

dF (u)


1
m


1
2

6 4

 M∑
k=0

sup
m>1

b2k

(
E

∣∣∣∣sin t(ζk − ζ∗k)

2

∣∣∣∣2m
) 1
m


1
2

.

2. Ó ðîáîòi áóäå âèêîðèñòîâóâàòèñü i òàêà ìîäåëü ãàóññîâîãî, ñòàöiî-
íàðíîãî âèïàäêîâîãî ïðîöåñó:

XΛ(t) =

M∑
k=0

(ηk1 cosλkt+ ηk2 sinλkt), (3.8)

DΛ = {λ0, λ1, . . . , λM+1} � òàêå ðîçáèòòÿ ìíîæèíè [0,Λ], Λ ∈ R+,
ùî λ0 = 0, λk < λk+1, λM+1 = Λ, (Λ ìîæå áóòè ðiâíèì i ∞)
ηk1, ηk2 � ãàóññîâi íåçàëåæíi âèïàäêîâi âåëè÷èíè, òàêi ùî Eηk1 =
Eηk2 = 0, Eη2

k1 = Eη2
k2 = F (λk+1)−F (λk) = b2k, ζk �äîâiëüíi ÷èñëà
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iç âiäðiçêiâ [λk, λk+1].

3. Àíàëîãi÷íèé ïiäõiä âèêîðèñòîâóâàòèìåìî é äëÿ ïîáóäîâè ìîäåëi
âèïàäêîâîãî îäíîðiäíîãî ïîëÿ.

Íåõàé
{
Y
(
~t
)
,~t ∈ T

}
� öåíòðîâàíå, îäíîðiäíå â øèðîêîìó ðîçó-

ìiííi, íåïåðåðâíå â ñåðåäíüîìó êâàäðàòè÷íîìó âèïàäêîâå ïîëå,{
Rn

+,U ,Φ
}
� âèìiðíèé ïðîñòið, Φ (·) � ñêií÷åííà ìiðà. Äëÿ êîâà-

ðiàöiéíî¨ ôóíêöi¨ B (~τ) âèùå çãàäàíèõ ïîëiâ ìà¹ ìiñöå çîáðàæåííÿ

B (~τ) =
w

Rn
+

cos
(
~λ, ~τ

)
dΦ
(
~λ
)
,

äå Φ
(
~λ
)
, ~λ ∈ Rn

+ � òàêà ìiðà, ùî Φ
(
Rn

+

)
= B(~0). Çà òåîðåìîþ

Êàðóíåíà îäíîðiäíå, öåíòðîâàíå ïîëå Y
(
~t
)
ìîæå áóòè çîáðàæåíå

ó âèãëÿäi

Y
(
~t
)

=
w

Rn
+

cos
(
~λ,~t
)
dZ1

(
~λ
)

+
w

Rn
+

sin
(
~λ,~t
)
dZ2

(
~λ
)
, (3.9)

äå Z1 (S) òà Z2 (S), S ∈ U, íåêîðåëüîâàíi âèïàäêîâi ìiðè ïiäïî-
ðÿäêîâàíi ìiði Φ, òîáòî EZi (S1)Zi (S2) = Φ (S1 ∩ S2) , S1, S2 ∈ U,
i = 1, 2 , (· , ·) � ñêàëÿðíèé äîáóòîê.
Çà ìîäåëü òàêîãî ïîëÿ áðàòèìåìî ñóìó Ỹ

(
~t
)
âèäó

Ỹ
(
~t
)

=

N−1∑
i1,...,in=0

cos
(
~t, ~λ

(
λi11 , . . . , λ

in
n

))
Z1 (∆ (i1, . . . , in))

+

N−1∑
i1,...,in=0

sin
(
~t, ~λ

(
λi11 , . . . , λ

in
n

))
Z2 (∆ (i1, . . . , in)), (3.10)

äå ~λ
(
λi11 , . . . , λ

in
n

)
òî÷êè äåÿêîãî ðîçáèòòÿ DΛn :

∆ (i1, . . . , in) =
{[
λi11 , λ

i1+1
1

)
× . . .×

[
λinn , λ

in+1
n

) ∣∣λimm < λim+1
m ,

λim+1
m − λimm =

Λ

N
, Λ ∈ R+, N ∈ N, m = 1, n, im = 1, N − 1

}
âiäðiçêó [0, Λ]

n
, Λ ∈ R.

4. Ïîáóäîâà ìîäåëåé íåîäíîðiäíèõ ãàóññîâèõ ïîëiâ.
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Íåõàé {Ω,B,P} � ñòàíäàðòíèé éìîâiðíiñíèé ïðîñòið,
{
Y
(
~t
)
,~t∈T

}
,

T ⊂ Rn� öåíòðîâàíå, ãàóññîâå, íåïåðåðâíå â ñåðåäíüîìó êâàäðà-
òè÷íîìó âèïàäêîâå ïîëå. Òîäi éîãî êîâàðiàöiéíà ôóíêöiÿ B

(
~t, ~s
)

íåïåðåðâíà íà T×T.

Ðîçãëÿíåìî îäíîðiäíå iíòåãðàëüíå ðiâíÿííÿ Ôðåäãîëüìà äðóãîãî
ðîäó

φ
(
~t
)

= λ
w

T

B
(
~t, ~s
)
φ (~s) d~s. (3.11)

ßê âiäîìî, ìíîæèíà âëàñíèõ çíà÷åíü λk òàêîãî ðiâíÿííÿ äëÿ íå-
ïåðåðâíîãî òà íåâiä'¹ìíî âèçíà÷åíîãî ÿäðà íå áiëüø ÿê çëi÷åííà,
âëàñíi ôóíêöi¨ φk

(
~t
)
íåïåðåðâíi, à ñàìi âëàñíi çíà÷åííÿ λk íåâiä'-

¹ìíi [14]. Çàíóìåðó¹ìî âëàñíi çíà÷åííÿ λk, k = 1, 2, . . . â ïîðÿäêó
çðîñòàííÿ: 0 < λ1 6 λ2 6 . . . 6 λn 6 . . . . Âiäïîâiäíi ¨ì âëàñíi
ôóíêöi¨ áóäåìî ââàæàòè îðòîíîðìîâàíèìè, òîáòî

w

T

φk(~s)φl(~s)ds =

 1, k = l,

0, k 6= l.

Ìà¹ ìiñöå çîáðàæåííÿ

B
(
~t, ~s
)

=

∞∑
k=1

φk
(
~t
)
φk (~s)

λk
, (3.12)

ïðè÷îìó ðÿä â ïðàâié ÷àñòèíi çáiãà¹òüñÿ ðiâíîìiðíî ïî s ∈ T à

òàêîæ ðÿä
∞∑
k=1

1
λk

¹ çáiæíèì [14].

Òîäi ñàìå ïîëå Y
(
~t
)
äîïóñêà¹ çîáðàæåííÿ

Y
(
~t
)

=

∞∑
k=1

ξk√
λk

φk
(
~t
)
, (3.13)

äå ξk = N (0, 1), Eξkξl = δkl, δkl � ñèìâîë Êðîíåêåðà, òîáòî ξk �
íåçàëåæíi, ïðè÷îìó ðÿä çáiãà¹òüñÿ â ñåðåäíüîìó êâàäðàòè÷íîìó
(öå âèïëèâà¹ ç òåîðåìè Êàðóíåíà).

Çà ìîäåëü òàêîãî ïîëÿ ïðèéìàòèìåìî ñóìó

Ỹ
(
~t
)

=

N∑
k=1

ξk√
λk

φk
(
~t
)
. (3.14)
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Ðîçäië 4

ÌÎÄÅËÞÂÀÍÍß ÃÀÓÑÑÎÂÈÕ

ÑÒÀÖIÎÍÀÐÍÈÕ ÂÈÏÀÄÊÎÂÈÕ

ÏÐÎÖÅÑIÂ Ç ÏÅÂÍÎÞ ÒÎ×ÍIÑÒÞ ÒÀ

ÍÀÄIÉÍIÑÒÞ

Â äàíîìó ðîçäiëi âèâ÷àþòüñÿ òî÷íiñòü òà íàäiéíiñòü ìîäåëåé ñòàöiî-
íàðíèõ ãàóññîâèõ âèïàäêîâèõ ïðîöåñiâ â ïðîñòîðàõ Lp ([0, T ]) , p > 1;
ïðîñòîðàõ Îðëè÷à; òî÷íiñòü òà íàäiéíiñòü ìîäåëþâàííÿ â ðiâíîìiðíié
ìåòðèöi, çàñòîñóâàííÿ òåîði¨ Subϕ(Ω) ïðîñòîðiâ âèïàäêîâèõ âåëè÷èí äî
çíàõîäæåííÿ òî÷íîñòi ìîäåëþâàííÿ ñòàöiîíàðíèõ ãàóññîâèõ ïðîöåñiâ;
ðîçãëÿíóòî óçàãàëüíåíó ìîäåëü ãàóññîâèõ ñòàöiîíàðíèõ ïðîöåñiâ; çíàé-
äåíî îöiíêè ìîäåëþâàííÿ ãàóññîâèõ ñòàöiîíàðíèõ âèïàäêîâèõ ïðîöåñiâ
ïðè íåâåëèêié òî÷íîñòi.

4.1. Íàäiéíiñòü òà òî÷íiñòü â Lp(T), p > 1 ìîäåëåé

ãàóññîâèõ ñòàöiîíàðíèõ âèïàäêîâèõ ïðîöåñiâ

Â ïåðøîìó ïiäðîçäiëi äàíîãî ðîçäiëó ñôîðìóëüâàíî é äîâåäåíî òåî-
ðåìè ïðî íàáëèæåííÿ ìîäåëi âèïàäêîâîãî ïðîöåñó äî ãàóññîâîãî â ïðî-
ñòîðàõ L1([0, T ]), Lp([0, T ]), 1 < p 6 2 ç çàäàíèìè òî÷íiñòþ i íàäiéíiñòþ.

Â äðóãîìó ïiäðîçäiëi ñôîðìóëüîâàíi i äîâåäåíi òåîðåìè ïðî îöiíêè
"õâîñòiâ"ðîçïîäiëiâ íîðì âèïàäêîâèõ ïðîöåñiâ ïðè ðiçíèõ óìîâàõ â ïðî-
ñòîði Lp(T), T � äåÿêà ïàðàìåòðè÷íà ìíîæèíà, p > 1. Öi òâåðäæåííÿ
âèêîðèñòàíi ïðè äîñëiäæåííi óìîâ âèáîðó ðîçáèòòÿ ìíîæèíè [0,∞] òàê,
ùîá äëÿ ìîäåëi iñíóâàâ ãàóññiâ ïðîöåñ, äî ÿêîãî âîíà íàáëèæàòèìåòüñÿ
ç ïåâíèìè òî÷íiñòþ òà íàäiéíiñòþ â ïðîñòîði Lp([0, T ]) â çàãàëüíîìó
âèïàäêó ïðè p > 1.

Çàóâàæèìî, ùî îöiíêè, îòðèìàíi â äðóãîìó ïiäðîçäiëi ïðè 1 < p 6 2
ãiðøi çà îöiíêè ç ïåðøîãî ïiäðîçäiëó.

Â òðåòüîìó ïiäðîçäiëi îòðèìàíî òåîðåìó ïðî íàáëèæåííÿ ìîäåëi âè-
ïàäêîâîãî ïðîöåñó äî ãàóññîâîãî ç çàäàíèìè òî÷íiñòþ i íàäiéíiñòþ â
ïðîñòîði Îðëè÷à LU (Ω).

43



4.1.1. Òî÷íiñòü ìîäåëþâàííÿ ãàóññîâèõ ñòàöiîíàðíèõ

ïðîöåñiâ â Lp([0, T ]), 1 6 p 6 2

Íåõàé X = {X(t), t ∈ T}, äå T � äåÿêà ïàðàìåòðè÷íà ìíîæèíà,
ãàóññiâ ñòàöiîíàðíèé äiéñíèé öåíòðîâàíèé íåïåðåðâíèé â ñåðåäíüîìó
êâàäðàòè÷íîìó âèïàäêîâèé ïðîöåñ. Çîáðàæåííÿ öüîãî ïðîöåñó òà éîãî
ìîäåëi XΛ(t) îïèñàíi â ðîçäiëi 3 âiäïîâiäíî âèðàçàìè (3.2) òà (3.4).

Îçíà÷åííÿ 4.1. Âèïàäêîâèé ïðîöåñ XΛ(t) íàáëèæà¹ ïðîöåñ X(t) ç íà-

äiéíiñòþ (1 − β), 0 < β < 1 òà òî÷íiñòþ δ > 0 â Lp([0, T ]), ÿêùî

ðîçáèòòÿ Λ òàêå, ùî ìà¹ ìiñöå íàñòóïíà íåðiâíiñòü

P


(
Tw

0

|ηΛ(t)|pdt

) 1
p

> δ

 6 β,

äå ηΛ(t) = X(t)−XΛ(t)

Òåîðåìà 4.1. Äëÿ ìîäåëi XΛ(t) iñíó¹ ãàóññiâ âèïàäêîâèé ïðîöåñ X(t),

äî ÿêîãî âîíà íàáëèæà¹òüñÿ ç íàäiéíiñòþ (1 − β), 0 < β < 1 òà òî-

÷íiñòþ δ > 0 â L1([0, T ]), ÿêùî ðîçáèòòÿ Λ òàêå, ùî

Tw

0

4

 M∑
k=0

b2k sup
m>1

(
E

(
sin

t(ζk − ζ∗k)

2

)2m
) 1
m


1
2

dt 6

(
δ2

2(− ln β
2 )

) 1
2

.

(4.1)

Äîâåäåííÿ. Ç íàñëiäêó 1.2 òà òåîðåìè 3.2 âèïëèâà¹, ùî äëÿ âñiõ U > 0

E exp

{
U

Tw

0

|ηΛ(t)|dt

}
6 2 exp

U2

2

(
Tw

0

(BΛ(t))
1
2 dt

)2
 .

Ç (1.7) ìà¹ìî

P

{
Tw

0

|ηΛ(t)|dt > δ

}
6 2 exp

−δ2

2

(
Tw

0

(BΛ(t))
1
2 dt

)−2
 .
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Òîäi, çãiäíî îçíà÷åííÿ 4.1 ïîâèííà âèêîíóâàòèñü íåðiâíiñòü

2 exp

−δ2

2

(
Tw

0

(BΛ(t))
1
2 dt

)−2
 6 β.

ßêùî ç îñòàííüî¨ íåðiâíîñòi âèçíà÷èòè
r T
0

(BΛ(t))
1
2 dt, äå BΛ(t) îïèñàíå

â (3.7), òî îòðèìà¹ìî óìîâó (4.1).

Òåîðåìà 4.2. Äëÿ ìîäåëi XΛ(t) iñíó¹ ãàóññiâ âèïàäêîâèé ïðîöåñ X(t),

äî ÿêîãî âîíà íàáëèæà¹òüñÿ ç íàäiéíiñòþ (1 − β), 0 < β < 1 òà òî-

÷íiñòþ δ > 0 â Lp([0, T ]), 1 < p 6 2, ÿêùî ðîçáèòòÿ Λ òàêå, ùî

Tw

0

(BΛ(t))
p
2 dt 6 δp,

òà
Tw

0

(BΛ(t))
p
2 dt 6 Z(p, δ), (4.2)

äå BΛ(t) îïèñàíå â (3.7), Z(p, δ) � êîðiíü ðiâíÿííÿ(
δp

Z
· 2

p
+ 1− 2

p

)1/2

exp

{
1

p

}
exp

{
− δ

p

pZ

}
= β. (4.3)

Äîâåäåííÿ. Ç (1.6) òà òåîðåìè 3.3 âèïëèâà¹, ùî äëÿ âñiõ 0 6 s < 1

E exp

s

p

Tw

0

|ηΛ(t)|pdt ·

(
Tw

0

|BΛ(t)|
p
2 dt

)−1
 6 (1− s)− 1

2 exp

{
(2− p)s

2p

}
.

(4.4)

Ç (1.8) òà (4.4) âèïëèâà¹, ùî äëÿ
Tr

0

(BΛ(t))
p
2 dt 6 δp

P


(
Tw

0

|ηΛ(t)|pdt

) 1
p

> δ


= P


Tw

0

|ηΛ(t)|pdt ·

(
Tw

0

|BΛ(t)|
p
2 dt

)−1

> δp

(
Tw

0

|BΛ(t)|
p
2 dt

)−1

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6

δp · 2

p

(
Tw

0

|BΛ(T )|
p
2 dt

)−1

+ 1− 2

p


1
2

× exp

{
1

p

}
· exp

−δpp
(
Tw

0

|BΛ(t)|
p
2 dt

)−1
 .

Ëiâà ÷àñòèíà (4.3) çðîñòà¹ ïðè Z < δp âiäíîñíî Z , òîìó

P


(
Tw

0

|ηΛ(t)|pdt

) 1
p

> δ

 6 β,

ïðè óìîâi, ùî âèêîíó¹òüñÿ (4.2).

Ïðèêëàä 4.1. Ó òåîðåìi 3.3 îöiíèâøè ïiäiíòåãðàëüíèé âèðàç ìà¹ìî

τ(ηΛ(t)) 6 4

(
M−1∑
k=0

(
t

2

)2γ

|λk+1 − λk|2γ (F (λk+1)− F (λk)) +

+F (+∞)− F (Λ))
1
2 .

Íåõàé |λk+1 − λk| = Λ
M , òîäi

τ(ηΛ(t)) 6 4

((
Λt

2M

)2γ

F (Λ) + F (+∞)− F (Λ)

) 1
2

, (4.5)

Íåõàé δ = 0.01, β = 0.01, p = 2. Òîäi ç òåîðåìè 4.2 ìà¹ìî δ√
z

exp{ 1
2 −

δ2

2z} = β, çâiäêè z = 8.04 · 10−6. Iç (4.2) ìà¹ìî

Tw

0

16

((
Λt

2M

)2γ

F (Λ) + F (+∞)− F (Λ)

)

= 16

(
T 2γ+1

2γ + 1

(
Λ

2M

)2γ

F (Λ) + T (F (+∞)− F (Λ))

)

Íåõàé γ = 1, T = 1, F (λ) = 1− e−λ. Òîäi ç (4.2) òà îñòàííüî¨ ðiâíîñòi
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ìà¹ìî
4

3

(
Λ

M

)2

(1− e−Λ + 16e−Λ 6 8.04 · 10−6

M >
Λ(1− e−Λ)

1
2

(6 · 10−6 − 12e−Λ)
1
2 ♦

Çà äîïîìîãîþ ãðàôi÷íîãî ðåäàêòîðà Origin íàáëèæåíî çíàéäåíî ìiíi-

ìóì öi¹¨ ôóíêöi¨ ïî Λ: M(16, 75) ≈ 7233

Êîìï'þòåðíî çìîäåëþâàâøè ãàóññîâi âèïàäêîâi âåëè÷èíè ηk1, ηk2 òà

âåëè÷èíè ζk, òîáòî ïðîöåñ X(t), îòðèìàíî ìîäåëü ãàóññîâîãî ñòàöiîíàð-

íîãî âèïàäêîâîãî ïðîöåñó ç òî÷íiñòþ 0.01 òà íàäiéíiñòþ 0.99 ó ïðîñòîði

L2([0, 1]).

Ðèñ. 4.1. Mîäåëü ãàóññîâîãî âèïàäêîâîãî ïðîöåñó ó ïðîñòîði L2([0, 1]),

iç ñïåêòðàëüíîþ ùiëüíiñòþ f(λ) = e−λ.

4.1.2. Òî÷íiñòü ìîäåëþâàííÿ ãàóññîâèõ ñòàöiîíàðíèõ

ïðîöåñiâ â Lp([0, T ]) ïðè p > 1.

Íåõàé X = {X(t), t ∈ T}, äå T � äåÿêà ïàðàìåòðè÷íà ìíîæèíà, ãà-
óññiâ ñòàöiîíàðíèé äiéñíèé öåíòðîâàíèé íåïåðåðâíèé â ñåðåäíüîìó êâà-
äðàòè÷íîìó âèïàäêîâèé ïðîöåñ. Ïðåäñòàâëåííÿ öüîãî ïðîöåñó òà éîãî
ìîäåëi XΛ(t) îïèñàíi â ðîçäiëi 3.

Íåõàé {T,A, µ} � âèìiðíèé ïðîñòið, µ(T) <∞, τ(t) = τ(X(t)).

Ëåìà 4.1. Íåõàé
r

T

(τ(t))
p
dµ(t) < ∞, p > 1. Òîäi X ∈ Lp(T) ç éìîâið-

íiñòþ îäèíèöÿ.

Äîâåäåííÿ. Ñïðàâåäëèâiñòü öi¹¨ ëåìè âèïëèâà¹ ç ëåìè 1.6 , òàê ÿê

E
w

T

|X(t)|pdµ(t) =
w

T

E|X(t)|pdµ(t) 6 2
(p
e

) p
2

w

T

(
τ(X(t))

)p
dµ(t) <∞.

Îòæå,
r

T

|X(t)|pdµ(t) <∞ ç éìîâiðíiñòþ îäèíèöÿ.
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Ëåìà 4.2. Äëÿ âñiõ s > p > 1, ε > 0, ñïðàâåäëèâå ñïiââiäíîøåííÿ

P
{
‖X‖Lp > ε

}
6 2ε−s

(s
e

) s
2

w

T

(τ(t))
s
dµ(t) ·

(
µ(T)

) s
p−1

. (4.6)

Äîâåäåííÿ. Çãiäíî íåðiâíîñòi ×åáèøåâà

P
{
‖X‖Lp > ε

}
6
E‖X‖sLp

εs
,

E‖X‖sLp = E

(
w

T

|X(t)|p dµ(t)

) s
p

6 E

(
w

T

|X(t)|p d
(
µ(t)

µ(T)

)) s
p

(µ(T))
s
p

6 E

(
w

T

|X(t)|s d
(
µ(t)

µ(T)

))
(µ(T))

s
p =

w

T

E |X(t)|s dµ(t) · (µ(T))
s
p−1

.

Òîäi ç ëåìè 1.6 âèïëèâà¹, ùî

P
{
‖X‖Lp > ε

}
6 ε−s · 2

(s
e

) s
2

w

T

(τ(t))
s
dµ(t) · (µ(T))

s
p−1

.

Òâåðäæåííÿ 4.1. Íåõàé τ = sup
t∈T

τ(t) <∞. Òîäi äëÿ âñiõ ε > p
1
2 (µ(T))

1
p ·

τ ñïðàâåäëèâà íàñòóïíà íåðiâíiñòü

P
{
‖X‖Lp > ε

}
6 2 exp

{
− ε2

2τ2 · (µ(T))
2
p

}
.

Äîâåäåííÿ. Çãiäíî ç (4.6) äëÿ âñiõ ε > 0, s > p,

P
{
‖X‖Lp > ε

}
6 2s

s
2 as,

äå a = (µ(T ))
1
p ·τ

ε
√
e

. Íåõàé s = a−2e−1 � òî÷êà ìiíiìóìó ïðàâî¨ ÷àñòèíè

îñòàííüî¨ íåðiâíîñòi.
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Òîäi äëÿ s = 1
a2e > p, òîáòî äëÿ ε > (µ(T))

1
p p

1
2 τ ìà¹ìî

P
{
‖X‖Lp > ε

}
6 2(a2e)−

1
2a2e a

1
a2e

= 2 exp

{
− 1

2a2e

}
= 2 exp

{
− ε2

2(µ(T))
2
p τ2

}
.

Òâåðäæåííÿ 4.2. Íåõàé T = [0, T ], T > 0, µ(·) � ìiðà Ëåáåãà i τ(t) 6

tνb äëÿ äåÿêèõ ν > 0, b > 0. Òîäi äëÿ ε > p
1
2T ν+ 1

p b ñïðàâåäëèâå ñïiââiä-

íîøåííÿ

P
{
‖X‖Lp > ε

}
6 2 exp

{
− ε2

2T 2ν+ 2
p b2

}(
νε2

T 2ν+ 2
p b2

+ 1

)−1

. (4.7)

Äîâåäåííÿ. Çà óìîâè òåîðåìè

Tw

0

(τ(t))
s
dt 6

bsT νs+1

νs+ 1
i ç (4.6) îòðèìó-

¹ìî

P
{
‖X‖Lp > ε

}
6 2ε−s

(s
e

) s
2 bsT νs+1

νs+ 1
· T

s
p−1 = 2s

s
2

1

νs+ 1

(
T ν+ 1

p b√
eε

)s
.

ßêùî âçÿòè s = ε2

T
2ν+ 2

p b2
,òî ïðè s > p, òîáòî ïðè ε > p

1
2T ν+ 1

p b îòðèìà¹ìî

P
{
‖X‖Lp > ε

}
6 2

(
ε2

T 2ν+ 2
p b2

) ε2

2T
2ν+ 2

p b2 T 2ν+ 2
p b2

νε2 + T 2ν+ 2
p b2

(
T ν+ 1

p b√
eε

) ε2

T
2ν+ 2

p b2

= 2

(
ν

ε2

T 2ν+ 2
p b2

+ 1

)−1

exp

{
− ε2

2T 2ν+ 2
p b2

}
.

Òåîðåìà 4.3. Íåõàé â ìîäåëi XΛ(t) ðîçáèòòÿ Λ òàêå, ùî ìàþòü ìi-

ñöå íàñòóïíi íåðiâíîñòi

τ (ηΛ(t)) 6 τ(Λ, T ),

äå τ(Λ, T ) = (BΛ(t))
1
2 âèçíà÷åíå â (3.7),

τ(Λ, T ) 6
δ

p
1
2T

1
p

, (4.8)
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τ(Λ, T ) 6
δ

T
1
p

(
2 ln 2

β

) 1
2

, (4.9)

òîäi iñíó¹ ãàóññiâ ïðîöåñ X(t), äî ÿêîãî öÿ ìîäåëü íàáëèæà¹òüñÿ ç

íàäiéíiñòþ 1− β, 0 < β < 1 òà òî÷íiñòþ δ > 0 â Lp([0, T ]), p > 1.

Äîâåäåííÿ. Öå ¹ íàñëiäêîì òâåðäæåííÿ 4.1.

Äiéñíî, ÿêùî δ > p
1
2T

1
p τ(Λ, T ) (öå ¹ óìîâà (4.8)), òîäi ç òâåðäæåííÿ

4.1 òà îçíà÷åííÿ 4.1 ìà¹ìî

P
{
‖ηΛ(t)‖Lp > δ

}
6 2 exp

{
− δ2

2τ2(Λ, T ) · T
2
p

}
6 β.

À îñòàííÿ íåðiâíiñòü ñïðàâåäëèâà òîäi, êîëè âèêîíó¹òüñÿ óìîâà (4.9).

Òåîðåìà 4.4. Íåõàé â ìîäåëi XΛ(t) ðîçáèòòÿ Λ òàêå, ùî ìàþòü ìi-

ñöå íåðiâíîñòi:

τ(ηΛ(t)) 6 tντΛ, ν > 0;

(öå iíøå ïðåäñòàâëåííÿ óìîâè (3.7))

τΛ <
δ

p
1
2T ν+ 1

p

; τΛ <
δ

T ν+ 1
p (yβ)

1
2

,

äå yβ ¹ êîðiíü ðiâíÿííÿ 2 exp
{
−yβ2

}
(νyβ + 1)

−1
= β.

Òîäi iñíó¹ ãàóññiâ ïðîöåñ X(t), äî ÿêîãî öÿ ìîäåëü íàáëèæà¹òüñÿ ç

íàäiéíiñòþ (1 − β), 0 < β < 1 i òî÷íiñòþ δ > 0 â ïðîñòîði Lp([0, T ]),

p > 1.

Äîâåäåííÿ. Öÿ òåîðåìà âèïëèâà¹ ç òâåðäæåííÿ 4.2. Äiéñíî, íåõàé τΛ

òàêå, ùî δ > p
1
2T ν+ 1

p τΛ. Òîäi

δ

T ν+ 1
p τ

1
2

Λ

>
δ

p
1
2T ν+ 1

p τΛ
> 1.

Ôóíêöiÿ f(yβ) = 2 exp
{
−yβ2

}
(νyβ + 1)

−1
ñïàäà¹ ïðè yβ > 1. Òàêèì ÷è-

íîì ç òâåðäæåííÿ 4.2 âèïëèâà¹, ùî

P
{
‖ηΛ(t)‖Lp > δ

}
6 2 exp

{
− δ2

2T 2ν+ 2
p τ2

Λ

}
·

(
ν

δ2

T 2ν+ 2
p τ2

Λ

+ 1

)−1
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ñïðàâåäëèâå ïðè δ2

T
2ν+ 2

p τ2
Λ

> yβ .

Ïðèêëàä 4.2. Íåõàé ñïåêòðàëüíà ôóíêöiÿ F (λ) ïðîöåñó X(t) òàêà, ùî

F (+∞) = 1, F (+∞) − F (λ) 6 1
λ2γ , 0 6 γ 6 1, λ > 0. Êîðèñòóþ÷èñü

òåîðåìîþ 3.2 ìà¹ìî

τ2(ηΛ(t)) 6 4

M∑
k=0

Ik,

äå

Ik = sup
m>1

4b2k

λk+1w

λk

λk+1w

λk

∣∣∣∣sin t(u− λ)

2

∣∣∣∣2 dFk(λ)

m

dFk(u)


1
m

,

b2k = F (λk+1)− F (λk).

Äëÿ k = 0, . . . ,M − 1 ñïðàâåäëèâo:

Ik 6 sup
m>1

4b2k

λk+1w

λk

λk+1w

λk

t2γ |u− v|2γ

4γ
dFk(v)

m

dFk(u)


1
m

6 41−γt2γb2k sup
m>1

(
E|ζk − ζ∗k |2γm

) 1
m = 41−γt2γb2k|λk+1 − λk|2γ .

Äëÿ k = M

IM 6 sup
m>1

4

b
2
m

M

 ∞w

λM

 ∞w

λM

dF (u)

m

dF (v)


1
m

6 4 (F (+∞)− F (λM )) .

Çâiäñè,

τ2(ηΛ(t))

6 4

(
M−1∑
k=0

41−γt2γ |λk+1 − λk|2γ (F (λk+1)− F (λk)) + 4 (F (+∞)− F (λM ))

)
.
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Íåõàé |λk+1 − λk| = λM
M , òîäi

τ2(ηΛ(t)) 6 42−γt2γ
(
λM
M

)2γ

F (λM ) + 16 (F (+∞)− F (λM ))

6 16

(
λMT

2M

)2γ

+ 16λ−2γ
M ,

τ(Λ, T ) = 4

((
λMT

2M

)2γ

+
1

λ2γ
M

) 1
2

.

Çíàéäåìî ìiíiìóì öi¹¨ ôóíêöi¨ τ(Λ, T ) ïî a = λ2γ
M :

y = 4

((
T

2M

)2γ

a+
1

a

) 1
2

,

y
′

= 2

((
T

2M

)2γ

a+
1

a

)− 1
2
((

T

2M

)2γ

− 1

a2

)
= 0,

a =

(
2M

T

)γ
� ¹ òî÷êîþ ìiíiìóìó.

Îòæå, λ2γ
M =

(
2M
T

)γ
. Òîäi

τ(Λ, T ) = 4

[(
2M

T

)γ (
T

2M

)2γ

+

(
T

2M

)γ] 1
2

= 4
√

2

(
T

2M

) γ
2

.

Íåõàé, íàïðèêëàä, â òåîðåìi 4.3 2 ln 2
β > p . Òîäi

τ <
δ

T
1
p

(
2 ln 2

β

) 1
2

<
δ

p
1
2T

1
p

,

4
√

2

(
T

2M

) γ
2

<
δ

T
1
p

(
2 ln 2

β

) 1
2

,

4
√

2
T
γ
2

δ2
γ
2

T
1
p

(
2 ln

2

β

) 1
2

< M
γ
2 ,

M > 2
5
γ−1T

1+ 2
pγ

δ
2
γ

(
2 ln

2

β

) 1
γ

.
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Îòæå, ïðîöåñ XΛ(t) íàáëèæà¹ ïðîöåñ X(t) ç íàäiéíiñòþ 1−β, 0 < β < 1,

òà òî÷íiñòþ δ > 0 â ïðîñòîði Lp([0, T ]), ÿêùî λM =
√

2M
1
2T−

1
2 òà

M > 2
5
γ−1T

1+ 2
pγ

δ
2
γ

(
2 ln

2

β

) 1
γ

.
♦

Ïðèêëàä 4.3. Íåõàé äëÿ ôóíêöi¨ F (λ) âèêîíó¹òüñÿ óìîâa
r∞
0
λ2γdF (λ) <

∞ äëÿ äåÿêîãî 0 6 γ 6 1, òà F (+∞) = 1.

Òîäi, çãiäíî òåîðåìè 3.3

τ2(ηλ(t)) 6 4

M∑
k=0

Ik,

Ik = sup
m>1

4b2k

λk+1w

λk

λk+1w

λk

∣∣∣∣sin t(u− λ)

2

∣∣∣∣2 dFk(λ)

m

dFk(u)


1
m

.

ßêùî k = 0, . . . ,M − 1, òî

Ik 6 41−γt2γb2k sup
m>1

(
E|ζk − ζ∗k |2γm

) 1
m 6 41−γt2γb2k|λk+1 − λk|2γ ,

äå ζk, ζ
∗
k � íåçàëåæíi âèïàäêîâi âåëè÷èíè, ÿêi ìàþòü îäíàêîâi ôóíêöi¨

ðîçïîäiëó Fk(λ) = F (λ)−F (λk)
F (λk+1)−F (λk) .

ßêùî k = M , òî

IM 6 sup
m>1

4

b
2
m

M

 ∞w

λM

 ∞w

λM

∣∣∣∣sin t(u− λ)

2

∣∣∣∣2 dF (u)

m

dF (λ)


1
m
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6 sup
m>1

4

b
2
m

M

 ∞w

λM

 ∞w

λM

t2γ

4γ
|u− λ|2γdF (u)

m

dF (λ)


1
m

6 sup
m>1

t2γ41−γ

b
2
m

M

 ∞w

λM

 ∞w

λM

|u− λM |2γdF (u)

m

dF (λ)


1
m

= t2γ41−γ
∞w

λM

|u− λM |2γdF (u),

τ2(ηΛ(t))

6 4

M−1∑
k=0

41−γt2γb2k|λk+1 − λk|2γ + 41−γt2γ
∞w

λM

|λ− λM |2γdF (λ)


= 42−γt2γ

 max
06k6M−1

|λk+1 − λk|2γF (λM ) +

∞w

λM

|λ− λM |2γdF (λ)


6

16t2γ

4γ

(λM
M

)2γ

+

∞w

λM

|λ− λM |2γdF (λ)

 .

Îòæå,

τ(ηΛ(t)) 6 tγτΛ ,

äå

τΛ =
4

2γ

((
λM
M

)2γ

+ J̃(λM )

) 1
2

; J̃(λM ) =

∞w

λM

|λ− λ|2γdF (λ).

Íåõàé, íàïðèêëàä yβ > p â òåîðåìi 4.6. Òîäi τΛ 6 δ

T
γ+ 1

p (yβ)
1
2

,

4

2γ

((
λM
M

)2γ

+ J̃(λM )

) 1
2

6
δ

T γ+ 1
p (yβ)

1
2

,

(
λM
M

)2γ

+ J̃(λM ) 6
22γδ2

16T 2γ+ 2
p yβ

,
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M > λM

(
22γδ2

16T 2γ+ 2
p yβ
− J̃(λM )

)− 1
2γ

= λM4
1
γ T 1+ 1

pγ y
1

2γ

β

(
22γδ2 − J̃(λM )16T 2γ+ 2

p yβ

)− 1
2γ

.

Îòæå , ìîäåëü XΛ(t) íàáëèæà¹ ïðîöåñ X(t) ç íàäiéíiñòþ 1−β, 0 < β < 1

òà òî÷íiñòþ δ > 0 â ïðîñòîði Lp([0, T ]), ÿêùî

M > λM2
2
γ T 1+ 1

pγ y
1

2γ

β (4γδ2 − J̃(λM )16T 2γ+ 2
p yβ)−

1
2γ ,

äå yβ ¹ êîðiíü ðiâíÿííÿ

2 exp
{
−yβ

2

}
(γyβ + 1)

−1
= β, 0 6 γ 6 1. ♦

Ïðèêëàä 4.4. Iç (4.5) òà òåîðåìè 4.3 âèïëèâà¹, ùî

4

((
ΛT

2M

)2γ

F (Λ) + F (+∞)− F (Λ)

) 1
2

6
δ

T
1
p

(
2 ln 2

β

) 1
2

,

Çâiäêè

M > 2ΛT 1+ 1
p

(
2F (Λ) ln 2

β

δ2 − 32T
2
p ln 2

β (F (+∞)− F (Λ))

) 1
2

Íåõàé ñïåêòðàëüíà ùiëüíiñòü f(λ) = exp(−λ), òîáòî F (λ) = 1 − e−λ.

Íåõàé T = 1, δ = 0.01, β = 0.01. Òîäi ìà¹ìî

M > 2Λ

(
2(1− e−Λ) ln 200

0.0001− 32e−Λ ln 200

) 1
2

♦

Ìiíiìóì öi¹¨ ôóíêöi¨ ïî Λ íàáëèæåíî ðiâíèé M(16.55) ≈ 11422. Îòæå,

âèáðàâøè ìiíiìàëüíå ðîçáèòòÿ M = 11422, ìîæåìî ïîáóäóâàòè ìîäåëü

XΛ(t) ãàóññîâîãî ïðîöåñó X(t) ç ñïåêòðàëüíîþ ôóíêöi¹þ F (λ) = 1−e−λ

(äèâ. ðèñ. 4.2).
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Ðèñ. 4.2. Ìîäåëü ãàóññîâîãî âèïàäêîâîãî ïðîöåñó â ïðîñòîði Lp([0, 1]),

p > 1 iç ñïåêòðàëüíîþ ùiëüíiñòþ f(λ) = e−λ.

4.1.3. Òî÷íiñòü ìîäåëþâàííÿ ãàóññîâèõ ñòàöiîíàðíèõ

âèïàäêîâèõ ïðîöåñiâ â íîðìàõ ïðîñòîðiâ Îðëè÷à

Íåõàé X = {X(t), t ∈ T}, äå T � äåÿêà ïàðàìåòðè÷íà ìíîæèíà, ãà-
óññiâ ñòàöiîíàðíèé äiéñíèé öåíòðîâàíèé íåïåðåðâíèé â ñåðåäíüîìó êâà-
äðàòè÷íîìó âèïàäêîâèé ïðîöåñ. Ïðåäñòàâëåííÿ öüîãî ïðîöåñó òà éîãî
ìîäåëi XΛ(t) îïèñàíi â ðîçäiëi 3.

Îçíà÷åííÿ 4.2. Âèïàäêîâèé ïðîöåñ XΛ(t) íàáëèæó¹ ïðîöåñ X(t) ç íà-

äiéíiñòþ 1−β, 0 < β < 1 òà òî÷íiñòþ δ > 0 ó ïðîñòîði Îðëè÷à LU (Ω),

ÿêùî iñíó¹ òàêå ðîçáèòòÿ Λ, ùî ñïðàâåäëèâà íàñòóïíà íåðiâíiñòü

P {‖X(t)−XΛ(t)‖LU > δ} 6 β.

Òåîðåìà 4.5. [46] Íåõàé U = {U(x), x ∈ R} � C-ôóíêöiÿ òàêà, ùî

ôóíêöiÿ GU (t) = exp
{(
U (−1)(t− 1)

)2}
¹ îïóêëîþ äëÿ t > 1. Òîäi ç éìî-

âiðíiñòþ îäèíèöÿ X ∈ LU (T) i äëÿ âñiõ ε òàêèõ, ùî

ε > max(µ(T), 1) · τ
(

2 +
(
U (−1)(1)

)−2
) 1

2

ìà¹ìî

P {‖X‖LU > ε} 6
√
e
εU (−1)(1)

µ̂(T) · τ
· exp

{
−ε

2(U (−1)(1))2

2(µ̂(T))2 · τ2

}
, (4.10)

äå µ̂(T ) = max(µ(T), 1).

Òåîðåìà 4.6. Íåõàé â ìîäåëi XΛ(t) ðîçáèòòÿ Λ òàêå, ùî ñïðàâåäëèâi

íåðiâíîñòi

τ (ηΛ(t)) 6 τ(Λ, T ),
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äå τ(Λ, T ) âèçíà÷åíå â (3.7).

τ(Λ, T ) 6
δ

T̂ ·
(

2 +
(
U (−1)(1)

)−2
) 1

2

, (4.11)

τ(Λ, T ) 6
δU (−1)(1)

T̂ x(β)
, (4.12)

äå x(β) > 1 ¹ êîðiíü ðiâíÿííÿ
√
ex · exp

{
−x

2

2

}
= β i T̂ = max(T, 1).

Òîäi iñíó¹ ãàóññiâ ïðîöåñ X(t), äî ÿêîãî ìîäåëü XΛ(t) íàáëèæà¹òüñÿ

ç íàäiéíiñòþ 1 − β, 0 < β < 1 òà òî÷íiñòþ δ > 0 â ïðîñòîði Îðëè÷à

LU ([0, T ]), äå C-ôóíêöiÿ U çàäîâîëüíÿ¹ óìîâàì òåîðåìè 4.5 (µ(·)- ìiðà
Ëåáåãà).

Äîâåäåííÿ. Òâåðäæåííÿ öi¹¨ òåîðåìè âèïëèâà¹ iç òåîðåìè 4.5. Äiéñíî,

íåõàé τ(Λ, T ) òàêå, ùî δ > T̂ · τ(Λ, T ) ·
(

2 +
(
U (−1)(1)

)−2
) 1

2

(öå ¹ (4.11)).

Òîäi

U (−1)(1) >

(
2 +

(
U (−1)(1)

)−2
) 1

2

,

δU (−1)(1)

T̂ · τ(Λ, T )
>

δ

T̂ τ(Λ, T )
(

2 +
(
U (−1)(1)

)−2
) 1

2

> 1,

Ôóíêöiÿ f(x) =
√
ex exp

{
−x

2

2

}
ñïàäà¹ ïðè x > 1, f(1) = 1. Òàêèì

÷èíîì ç (4.10) âèïëèâà¹, ùî

P {‖ηΛ(t)‖LU > δ} 6
√
e
δU (−1)(1)

T̂ · τ(Λ, T )
· exp

{
− δ

2(U (−1)(1))2

2T̂ 2 · τ2(Λ, T )

}
= β

ñïðàâåäëèâå, ÿêùî âèêîíó¹òüñÿ óìîâà δU(−1)(1)

T̂ ·τ(Λ,T )
> x(β), òîáòî (4.12).

4.2. Òî÷íiñòü òà íàäiéíiñòü ìîäåëi ñòàöiîíàðíèõ

âèïàäêîâèõ ïðîöåñiâ â ðiâíîìiðíié ìåòðèöi

Â ïåðøîìó ïiäðîçäiëi äàíîãî ðîçäiëó äëÿ ãàóññîâèõ ïðîöåñiâ ç îáìå-
æåíèì ñïåêòðîì îòðèìàíi îöiíêè ñóïðåìóìiâ íîðì ñóáãàóññîâèõ âèïàä-
êîâèõ ïðîöåñiâ. Äàëi âîíè áóäóòü âèêîðèñòàíi ïðè äîñëiäæåííi óìîâ âè-
áîðó ðîçáèòòÿ ìíîæèíè [0,Λ] (íà ÿêié âèçíà÷åíà ñïåêòðàëüíà ôóíêöiÿ)
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òàê, ùîá äëÿ ìîäåëi âèïàäêîâîãî ïðîöåñó iñíóâàâ ãàóññîâèé ïðîöåñ, äî
ÿêîãî âîíà íàáëèæàòèìåòüñÿ iç çàäàíèìè òî÷íiñòþ òà íàäiéíiñòþ.

Â äðóãîìó ïiäðîçäiëi îöiíåíi íîðìè ñóáãàóññîâèõ ïðîöåñiâ. Êîðèñòó-
þ÷èñü òåîði¹þ Lp(Ω)-ïðîöåñiâ i ïîïåðåäíiìè îöiíêàìè çíàéäåíî óìîâè
ðîçáèòòÿ Λ ìíîæèíè [0,∞] òàê, ùî äëÿ ìîäåëi ïðîöåñó iñíó¹ ãàóññîâèé
âèïàäêîâèé ïðîöåñ, äî ÿêîãî âîíà íàáëèæà¹òüñÿ iç çàäàíèìè òî÷íiñòþ
òà íàäiéíiñòþ â ðiâíîìiðíié ìåòðèöi.

4.2.1. Òî÷íiñòü ìîäåëþâàííÿ ãàóññîâèõ ñòàöiîíàðíèõ

ïðîöåñiâ ç îáìåæåíèì ñïåêòðîì

Íåõàé X(t) ãàóññîâèé ñòàöiîíàðíèé äiéñíèé öåíòðîâàíèé íåïåðåðâ-
íèé â ñåðåäíüîìó êâàäðàòè÷íîìó âèïàäêîâèé ïðîöåñ ç îáìåæåíèì ñïå-
êòðîì, òîáòî êîâàðiàöiéíà ôóíêöiÿ ÿêîãî ìà¹ âèãëÿä:

r(τ) = EX(t+ τ)X(t) =

Λw

0

cosλtdF (λ),

äå F (λ) � íåïåðåðâíà ñïåêòðàëüíà ôóíêöiÿ öüîãî ïðîöåñó.

Îçíà÷åííÿ 4.3. Âèïàäêîâèé ïðîöåñ XΛ(t) íàáëèæó¹ ãàóññiâ ïðîöåñ X(t)

ç íàäiéíiñòþ 1− β, 0 < β < 1 òà òî÷íiñòþ δ > 0 â ïðîñòîði C([0, T ]),

ÿêùî iñíó¹ òàêå ðîçáèòòÿ Λ, ùî ñïðàâåäëèâà íåðiâíiñòü

P

{
sup

06t6T
|X(t)−XΛ(t)| > δ

}
6 β.

Âèïàäêîâèé ïðîöåñ ìà¹ çîáðàæåííÿ

X(t) =

Λw

0

cosλtdη1(λ) +

Λw

0

sinλtdη2(λ),

äå η1(λ) òà η2(λ) òàêi íåçàëåæíi öåíòðîâàíi ãàóññîâi âèïàäêîâi ïðîöåñè,
ùî E(ηi(λ2)− ηi(λ1))2 = F (λ2)− F (λ1) ïðè λ1 < λ2, i = 1, 2.

Çà ìîäåëü ïðîöåñó âiçüìåìî âèïàäêîâèé ïðîöåñ 3.8, òîáòî

XΛ(t) =
M∑
k=0

[ηk1 cos ζkt+ ηk2 sin ζkt],

äå êîìïîíåíòè îïèñàíi â ðîçäiëi 3.
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Äëÿ äîâiëüíèõ t, s ∈ [0, T ] ðîçãëÿíåìî ðiçíèöþ

ηΛ(t)− ηΛ(s) =

M∑
k=0

λk+1w

λk

(cosλt− cos ζkt− cosλs+ cos ζks)dη1(λ)

+

λk+1w

λk

(sinλt− sin ζkt− sinλs+ sin ζks)dη2(λ)

 ,
äå ïðîöåñ ηΛ(t) âèçíà÷åíèé âèðàçîì (3.6). Ñïðàâåäëèâà íàñòóïíà ëåìà:

Ëåìà 4.3. Äëÿ m = 0, 1, · · · ñïðàâåäëèâi ñïiââiäíîøåííÿ

E

λk+1w

λk

(cosλt− cos ζkt− cosλs+ cos ζks)dη1(λ)

2m+1

= 0,

E

λk+1w

λk

(sinλt− sin ζkt− sinλs+ sin ζks)dη2(λ)

2m+1

= 0,

E

λk+1w

λk

(cosλt− cos ζkt− cosλs+ cos ζks)dη1(λ)

2m

6 Vkm,

E

λk+1w

λk

(sinλt− sin ζkt− sinλs+ sin ζks)dη2(λ)

2m

6 Vkm,

äå

Vkm = 42m∆2mE

λk+1w

λk

(∣∣∣∣sin (s− t)(λ− ζk)

4

∣∣∣∣+

∣∣∣∣sin ζk(s− t)
2

∣∣∣∣
×
∣∣∣∣sin (t+ s)(ζk − λ)

4

∣∣∣∣)2

dF (λ)

)m
, ∆2m =

(2m)!

2mm!
.
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Äîâåäåííÿ.

|cosλt− cos ζkt− cosλs+ cos ζks|

=

∣∣∣∣2 sin
λ(s− t)

2
sin

λ(s+ t)

2
− 2 sin

ζk(s− t)
2

sin ζk
(s+ t)

2

∣∣∣∣
=

∣∣∣∣2 sin
λ(s+ t)

2

(
sin

λ(s− t)
2

− sin
ζk(s− t)

2

)
+2 sin

ζk(s− t)
2

(
sin

λ(s+ t)

2
− sin

ζk(s+ t)

2

)∣∣∣∣
=

∣∣∣∣4 sin
λ(s+ t)

2
sin

(s− t)(λ− ζk)

4
cos

(s− t)(λ+ ζk)

4

+ 4 sin
ζk(s− t)

2
sin

(s+ t)(λ− ζk)

4
cos

(s+ t)(λ+ ζk)

4

∣∣∣∣
≤ 4

(∣∣∣∣sin (s− t)(λ− ζk)

4

∣∣∣∣+

∣∣∣∣sin ζk(s− t)
2

∣∣∣∣ · ∣∣∣∣sin (t+ s)(ζk − λ)

4

∣∣∣∣) ,
| sinλt− sin ζkt− sinλs+ sin ζks|

=

∣∣∣∣2 sin
λ(t− s)

2
· cos

λ(t+ s)

2
− 2 sin

ζk(t− s)
2

· cos
ζk(t+ s)

2

∣∣∣∣
= 2

∣∣∣∣cos
λ(t+ s)

2

(
sin

λ(t− s)
2

− sin
ζk(t− s)

2

)
+ sin

ζk(t− s)
2

(
cos

λ(t+ s)

2
− cos

ζk(t+ s)

2

)∣∣∣∣
= 4

∣∣∣∣cos
λ(t+ s)

2
sin

(t− s)(λ− ζk)

4
cos

(t− s)(λ+ ζk)

4

+ sin
ζk(t− s)

2
sin

(ζk − λ)(t+ s)

4
sin

(ζk + λ)(t+ s)

4

∣∣∣∣
6 4

(∣∣∣∣sin (t− s)(λ− ζk)

4

∣∣∣∣+

∣∣∣∣sin ζk(t− s)
2

∣∣∣∣ · ∣∣∣∣sin (t+ s)(ζk − λ)

4

∣∣∣∣) .

Îñêiëüêè äëÿ öåíòðîâàíî¨ ãàóññîâî¨ âèïàäêîâî¨ âåëè÷èíè ξ ìà¹ìî Eξ =

0, Eξ2 = σ2, Eξ2k+1 = 0, Eξ2k = ∆2kσ
2k, k = 1, 2, . . ., ∆2k = (2k)!

2kk!
, òî
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E

λk+1w

λk

(cosλt− cosλs− cos ζkt+ cos ζks)dη1(λ)

2m

6 ∆2mE

λk+1w

λk

(cosλt− cosλs− cos ζkt+ cos ζks)
2dF (λ)

m

6 42m∆2mE

λk+1w

λk

(∣∣∣∣sin (s− t)(λ− ζk)

4

∣∣∣∣+

∣∣∣∣sin ζk(s− t)
2

∣∣∣∣
×
∣∣∣∣sin (t+ s)(ζk − λ)

4

∣∣∣∣)2

dF (λ)

)m
.

Àíàëîãi÷íî äëÿ ñèíóñiâ.

E

λk+1w

λk

(sinλt− sinλs− sin ζkt+ sin ζks)dη2(λ)

2m

6 42m∆2mE

λk+1w

λk

(∣∣∣∣sin (t− s)(λ− ζk)

4

∣∣∣∣+

∣∣∣∣sin ζk(t− s)
2

∣∣∣∣
×
∣∣∣∣sin (t+ s)(ζk − λ)

4

∣∣∣∣)2

dF (λ)

)m
.

Äëÿ ïðîöåñó ηΛ(t) íà [0, T ] ïðîâåäåìî îöiíêè âåëè÷èí σ0 = sup
06t6T

τ(ηΛ(t))

òà σ(h) = sup
|t−s|6h

τ(ηΛ(t)− ηΛ(s)).

Îöiíêà σ0. Ç ëåìè 1.7 áà÷èìî

τ2(ηΛ(t))

6
M∑
k=0

τ2

λk+1w

λk

(cosλt− cos ζkt)dη1(λ) +

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)


6

M∑
k=0

τ
λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

+τ

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

2

.
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Îñêiëüêè âèïàäêîâi âåëè÷èíè χk1 =
λk+1r

λk

(cosλt− cos ζkt)dη1(λ), òà

χk2 =
λk+1r

λk

(sinλt− sin ζkt)dη2(λ) òàêi, ùî ¨õ ìîìåíòè íåïàðíîãî ïîðÿäêó

ðiâíi íóëþ, òî çà òåîðåìîþ 1.2

τ(χki) ≤ Θ1(χki) = sup
m≥1

[
1

∆2m
Eχ2m

ki

] 1
2m

, i = 1, 2 .

Ç ëåìè 3.1 ìà¹ìî

Eχ2m
ki ≤ 4m∆2m

λk+1w

λk

λk+1w

λk

∣∣∣∣sin t(u− λ)

2

∣∣∣∣2 dF (λ)

m

dFk(u)

6 4m∆2mb
2m
k

λk+1w

λk

λk+1w

λk

t2|u− λ|2

4
dFk(λ)

m

dFk(u)

6 4m∆2mt
2m 1

4m
|λk+1 − λk|2m (F (λk+1)− F (λk))

m

= t2m∆2m|λk+1 − λk|2m (F (λk+1)− F (λk))
m
.

Òîäi

τ(χki) ≤ sup
m>1

[
t2m|λk+1 − λk|2m(F (λk+1)− F (λk))m

] 1
2m

= t|λk+1 − λk|(F (λk+1)− F (λk))
1
2 .

Îòæå,

τ2(ηΛ(t)) 6 4

M∑
k=0

τ2(χki) 6 4t2
M∑
k=0

|λk+1 − λk|2(F (λk+1)− F (λk)).

Òîáòî

τ(ηΛ(t)) 6 2t

(
M∑
k=0

|λk+1 − λk|2(F (λk+1)− F (λk))

) 1
2

,
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Òîìó

σ0 ≤ 2T

(
M∑
k=0

|λk+1 − λk|2(F (λk+1)− F (λk))

) 1
2

= b0.

ßêùî âçÿòè λk+1 − λk = Λ
M , òîäi

b0 = 2T
Λ

M

(
M∑
k=0

(F (λk+1)− F (λk))

) 1
2

= 2T
Λ

M
(F (Λ))

1
2 .

Îöiíêà σ(h). Ðîçãëÿíåìî âåëè÷èíè

ωk1 =

λk+1w

λk

(cosλt− cos ζkt− cosλs+ cos ζks)dη1(λ),

ωk2 =

λk+1w

λk

(sinλt− sin ζkt− sinλs+ sin ζks)dη2(λ).

ßê i ïðè îöiíöi τ(ηΛ(t)) îòðèìà¹ìî òàêi íåðiâíîñòi

τ2(ηΛ(t)−ηΛ(s)) 6 2

M∑
k=0

(
τ2(ωk1) + τ2(ωk2)

)
6 2

M∑
k=0

(
Θ2

1(ωk1) + Θ2
1(ωk2)

)
,

äå Θ1(ωki) = sup
m>1

(
2mm!
(2m)!Eω

2m
ki

) 1
2m

.
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Îòæå, çãiäíî ëåìè 4.3

τ2(ηΛ(t)− ηΛ(s))

6 43
M∑
k=0

sup
m>1

λk+1w

λk

λk+1w

λk

(∣∣∣∣sin (s− t)(λ− u)

4

∣∣∣∣
+

∣∣∣∣sin u(s− t)
2

∣∣∣∣ ∣∣∣∣sin (λ− u)(t+ s)

4

∣∣∣∣)2

dF (λ)

)m
dFk(u)

] 1
m

6 43
M∑
k=0

sup
m>1

b2mk λk+1w

λk

λk+1w

λk

(
|s− t||λ− u|

4

+
|u||s− t|

2
· |λ− u|(t+ s)

4

)2

dFk(λ)

)m
dFk(u)

] 1
m

6 43|s− t|2
M∑
k=0

sup
m>1

b2mk λk+1w

λk

λk+1w

λk

|λ− u|
42

×
(

1 +
u(t+ s)

2

)2

dFk(λ)

)m
dFk(u)

] 1
m

6 4|s− t|2
M∑
k=0

b2k|λk+1 − λk|2
(

1 +
λk+1(t+ s)

2

)
.

ßêùî ïîêëàñòè λk+1 − λk = Λ
M , òî îòðèìà¹ìî, ùî

τ(ηΛ(t)− ηΛ(s)) 6 2|s− t|

(
M∑
k=0

b2k
Λ2

M2

(
1 +

Λ(t+ s)

2

)) 1
2

6 2|t− s|(1 + ΛT )
Λ

M
(F (λ))

1
2 .

σ(h) 6 2h(1 + ΛT )
Λ

M
(F (Λ))

1
2 . (4.13)

Òåîðåìà 4.7. Íåõàé â ìîäåëi XΛ(t) ðîçáèòòÿ Λ òàêå, ùî ïðè δ >
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8Ĩ(ε0) âèêîíó¹òüñÿ ñïiââiäíîøåííÿ:

2 exp

{
− 1

2ε2
0

(
δ −

√
8δĨ(ε0)

)2
}

6 β,

äå ε0 = sup
06t6T

τ(ηΛ(t)) = σ0, ηΛ(t) = X(t)−XΛ(t),

Ĩ(ε0) 6
1√
2

ε0w

0

√
ln

(
TΛ(1 + ΛT )

εM

√
F (λ) + 1

)
dε <∞.

Òîäi iñíó¹ ãàóññiâ âèïàäêîâèé ïðîöåñ X(t) , äî ÿêîãî ìîäåëü XΛ(t) íà-

áëèæàòèìåòüñÿ ç íàäiéíiñòþ 1 − β, 0 < β < 1 òà òî÷íiñòþ δ > 0 â

ïðîñòîði C([0, T ]).

Äîâåäåííÿ. Äàíà òåîðåìà âèïëèâà¹ ç òåîðåìè 1.12 òà ïðèêëàäó 1.6. Äié-

ñíî, çãiäíî ïðèêëàäó 1.6 ïðè δ > 8I(ε0) äëÿ ñóáãàóññîâîãî ïðîöåñó ηΛ(t)

âèêîíó¹òüñÿ íåðiâíiñòü [86]

P

{
sup

06t6T
|ηΛ(t)| > δ

}
6 2 exp

{
− 1

2ε2
0

(
δ −

√
8δĨ(ε0)

)2
}
,

äå

Ĩ(ε0) =
1√
2

ε0w

0

√
H(ε)dε =

1√
2

ε0w

0

√
ln

(
T

2σ(−1)(ε)
+ 1

)
dε <∞,

H(ε) � ìåòðè÷íà åíòðîïiÿ êîìïàêòíî¨ ìíîæèíè [0, T ],

σ(h) = sup
|t−s|<h

τ(ηΛ(t)− ηΛ(s)).

Ç ïîïåðåäíiõ îöiíîê äëÿ σ(h) ìà¹ìî, ùî

σ(−1)(h) =
Mh

2Λ
√
F (Λ)(1 + ΛT )

,

òîäi

Ĩ(ε0) =
1√
2

ε0w

0

√
ln

(
TΛ(1 + TΛ)

εM

√
F (Λ) + 1

)
dε,

ÿêå ìîæíà çðîáèòè ÿê çàâãîäíî ìàëèì ïðè ïåâíîìó ïiäáîði Λ i M . Òîá-

òî áóäå iñíóâàòè òàêå ðîçáèòòÿ Λ, äëÿ ÿêîãî âèêîíóâàòèìåòüñÿ çãiäíî
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îçíà÷åííÿ 4.3 óìîâà

2 exp

{
− 1

2ε2
0

(δ −
√

8δĨ(ε0))2

}
6 β.

4.2.2. Çàñòîñóâàííÿ òåîði¨ Lp(Ω) - ïðîöåñiâ ïðè ìîäåëþâàííi

ãàóññîâèõ ñòàöiîíàðíèõ âèïàäêîâèõ ïðîöåñiâ

Ðîçãëÿíåìî Lp(Ω) -ïðîöåñè â ïðîñòîði Îðëè÷à âèïàäêîâèõ âåëè÷èí,
ùî ïîðîäæó¹òüñÿ ôóíêöi¹þ U(x) = |x|p, x ∈ R, p > 2. Âèïàäêîâèé
ïðîöåñ â öüîìó ïðîñòîði íàçèâàþòü Lp(Ω)-ïðîöåñîì. Íîðìà çàäàíà, ÿê

‖X(t)‖U = ‖X(t)‖Lp = (E|X(t)|p)
1
p .

Íåõàé X = {X(t), t ∈ T} �ãàóññîâèé ñòàöiîíàðíèé öåíòðîâàíèé íåïå-
ðåðâíèé â ñåðåäíüîìó êâàäðàòè÷íîìó âèïàäêîâèé ïðîöåñ ç êîâàðiàöié-
íîþ ôóíêöi¹þ

EX(t+ τ)X(t) = r(τ) =

∞w

0

cosλτdF (λ).

Ïðåäñòàâëåííÿ âèïàäêîâîãî ãàóññîâîãî ïðîöåñóX(t) òà éîãî ìîäåëiXΛ(t)
îïèñàíi â ðîçäiëi 3.

Ðîçãëÿíåìî ñóáãàóññîâèé ïðîöåñ ηΛ(t) = X(t)−XΛ(t). Âií âèçíà÷åíèé

âèðàçîì (3.6). Äàëi íàì áóäóòü ïîòðiáíi òàêi òâåðäæåííÿ.

Ëåìà 4.4. [61] Íåõàé ‖ξ‖Lp = (E|ξ|p)
1
p , 1 6 p <∞, ξi ∈ Lp � ïîñëiäîâ-

íiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí ç Eξi = 0, i = 1,∞. Òîäi

‖
n∑
i=1

ξi‖2Lp 6 Cp

(
n∑
i=1

‖ξi‖2Lp

)
,

äå

Cp = 8

(
(p+ 1)

2
√
π

) 2
p

.

Ëåìà 4.5. ßêùî
∞r

0

λpdF (λ) <∞, p > 2, òî äëÿ ñóáãàóññîâîãî âèïàäêî-
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âîãî ïðîöåñó ηΛ(t) ñïðàâåäëèâà íåðiâíiñòü

‖ηΛ(t)‖Lp 6 2C
1
2
p ∆̃

1
p
p T

(λM
M

)2

F (λM ) + b
2− 4

p

M

 ∞w

λM

|λ− λM |pdF (λ)

 2
p


1
2

(4.14)

Äîâåäåííÿ. Ç ëåìè 4.4 âèïëèâà¹, ùî

‖ηΛ(t)‖2Lp

6 Cp

M∑
k=0

∥∥∥∥∥∥
λk+1w

λk

(cosλt− cos ζkt)dη1(λ) +

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

∥∥∥∥∥∥
2

Lp

6 2Cp

M∑
k=0

∥∥∥∥∥∥
λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

∥∥∥∥∥∥
2

Lp

+

∥∥∥∥∥∥
λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

∥∥∥∥∥∥
2

Lp

,

Ç òåîðåìè Ôóáiíi òà ëåìè 3.1 ìà¹ìî∥∥∥∥∥∥
λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

∥∥∥∥∥∥
2

Lp

=

E
∣∣∣∣∣∣
λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

∣∣∣∣∣∣
p

2
p

=

EEζk
∣∣∣∣∣∣
λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

∣∣∣∣∣∣
p

2
p

=

∆̃pE

∣∣∣∣∣∣
λk+1w

λk

(cosλt− cos ζkt)
2dF (λ)

∣∣∣∣∣∣
p
2


2
p

6 ∆̃
2
p
p

E
λk+1w

λk

∣∣∣∣2 sin
t(ζk − λ)

2

∣∣∣∣2 dF (λ)


p
2


2
p

= Ykp,
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äå

∆̃p =
1√
2π

∞w

−∞
|t|pe− t

2

2 dt.

Àíàëîãi÷íî∥∥∥∥∥∥
λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

∥∥∥∥∥∥
2

Lp

=

E
∣∣∣∣∣∣
λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

∣∣∣∣∣∣
p

2
p

6

∆̃pE

∣∣∣∣∣∣
λk+1w

λk

(sinλt− sin ζkt)
2dF (λ)

∣∣∣∣∣∣
p
2


2
p

6 ∆̃
2
p
p

E
λk+1w

λk

∣∣∣∣2 sin
t(ζk − λ)

2

∣∣∣∣2 dF (λ)


p
2


2
p

= Ykp,

Ykp 6 4∆̃
2
p
p b

2
k

E
λk+1w

λk

∣∣∣∣sin t(ζk − λ)

2

∣∣∣∣2 dFk(λ)


p
2


2
p

= 4∆̃
2
p
p b

2
k

λk+1w

λk

λk+1w

λk

∣∣∣∣sin t(u− λ)

2

∣∣∣∣2 dFk(λ)


p
2

dFk(u)


2
p

6 4∆̃
2
p
p b

2
k

λk+1w

λk

λk+1w

λk

∣∣∣∣sin t(u− λ)

2

∣∣∣∣p dFk(λ)dFk(u)

 2
p

6 4∆̃
2
p
p b

2
k

λk+1w

λk

λk+1w

λk

tp|u− λ|p

2p
dFk(λ)dFk(u)

 2
p

= ∆̃
2
p
p b

2
kt

2 (E|θk|p)
2
p ,

äå θk òàêà âèïàäêîâà âåëè÷èíà, ùî θk = θk1 − θk2, θk1, θk2 íåçàëåæíi
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îäíàêîâî ðîçïîäiëåíi âèïàäêîâi âåëè÷èíè ç ôóíêöi¹þ ðîçïîäiëó

Fk(λ) =
F (λ)− F (λk)

F (λk+1)− F (λk)
.

Êîëè k < M , òîäi

(E|θk|p)
2
p =

λk+1w

λk

λk+1w

λk

|u− λ|pdFk(λ)dFk(u)

 2
p

6 |λk+1 − λk|2.

Êîëè k = M , òîäi

(E|θM |p)
2
p 6

 ∞w

λM

∞w

λM

|λ− u|pdFM (λ)dFM (u)

 2
p

6

 ∞w

λM

∞w

λM

|λ− λM |pdFM (λ)dFM (u)

 2
p

=

 ∞w

λM

|λ− λM |pdFM (λ)

 2
p

=
1

b
4
p

M

 ∞w

λM

|λ− λM |pdF (λ)

 2
p

.

Òîäi

‖ηΛ(t)‖2Lp 6 4Cp

M∑
k=0

Ykp

= 4Cp∆̃
2
p
p t

2

M−1∑
k=0

b2k|λk+1 − λk|2 + b
2− 4

p

M

 ∞w

λM

|λ− λM |pdF (λ)

 2
p

 .

ßêùî ïîêëàñòè |λk+1 − λk| =
λM
M

, òî

‖ηΛ(t)‖2Lp = 4Cp∆̃
2
p
p T

2

(λM
M

)2

F (λM ) + b
2− 4

p

M

 ∞w

λM

|λ− λM |pdF (λ)

 2
p

 .
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Ëåìà 4.6. ßêùî
∞r

0

λpdF (λ) <∞, p > 2, òî ñïðàâåäëèâå ñïiââiäíîøåí-

íÿ

‖ηΛ(t)− ηΛ(s)‖Lp 6 2C
1
2
p ∆̃

1
p
p |s− t|

[(
λM
M

)2

(1 + λMT )2F (λM )

+b
2− 4

p

M

 ∞w

λM

|3u− λM |p dF (u)

 2
p


1
2

. (4.15)

Äîâåäåííÿ. Ç ëåìè 4.4 ìà¹ìî∥∥ηΛ(t)− ηΛ(s)
∥∥2

Lp

6 2Cp

M∑
k=0


∥∥∥∥∥∥
λk+1w

λk

(cosλt− cos ζkt− cosλs+ cos ζks)dη1(λ)

∥∥∥∥∥∥
2

Lp

+

∥∥∥∥∥∥
λk+1w

λk

(sinλt− sin ζkt− sinλs+ sin ζks)dη2(λ)

∥∥∥∥∥∥
2

Lp

 ;

Ç òåîðåìè Ôóáiíi òà ëåìè 4.3 âèïëèâà¹∥∥∥∥∥∥
λk+1w

λk

(cosλt− cos ζkt− cosλs+ cos ζks)dη1(λ)

∥∥∥∥∥∥
2

Lp

=

E
∣∣∣∣∣∣
λk+1w

λk

(cosλt− cos ζkt− cosλs+ cos ζks)dη1(λ)

∣∣∣∣∣∣
p

2
p

=

∆̃pE

∣∣∣∣∣∣
λk+1w

λk

(cosλt− cos ζkt− cosλs+ cos ζks)
2dF (λ)

∣∣∣∣∣∣
p
2


2
p
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6 16

∆̃pE

λk+1w

λk

(∣∣∣∣sin (s− t)(λ− ζk)

4

∣∣∣∣
+

∣∣∣∣sin (s− t)ζk
2

∣∣∣∣ · ∣∣∣∣sin (ζk − λ)(t+ s)

4

∣∣∣∣)2

dF (λ)

) p
2

 2
p

= Wkp.

Àíàëîãi÷íà îöiíêà äëÿ ñèíóñiâ:∥∥∥∥∥∥
λk+1w

λk

(sinλt− sin ζkt− sinλs+ sin ζks)dη2(λ)

∥∥∥∥∥∥
2

Lp

6 16

∆̃pE

λk+1w

λk

(∣∣∣∣sin (s− t)(λ− ζk)

4

∣∣∣∣
+

∣∣∣∣sin (s− t)ζk
2

∣∣∣∣ · ∣∣∣∣sin (ζk − λ)(t+ s)

4

∣∣∣∣)2

dF (λ)

) p
2

 2
p

= Wkp.

Òîäi
∥∥ηΛ(t)− ηΛ(s)

∥∥2

Lp
6 4Cp

M∑
k=0

Wkp.

Êîëè k < M , òîäi

Wkp 6 16∆̃
2
p
p b

2
k

E
λk+1w

λk

(∣∣∣∣sin (s− t)(λ− ζk)

4

∣∣∣∣
+

∣∣∣∣sin (s− t)ζk
2

∣∣∣∣ · ∣∣∣∣sin (ζk − λ)(t+ s)

4

∣∣∣∣)2

dFk(λ)

) p
2

 2
p

6 16∆̃
2
p
p b

2
k

λk+1w

λk

λk+1w

λk

(
|s− t| · |λ− u|

4

+
u|s− t|

2

|u− λ|(s+ t)

4

)2

dFk(λ)

) p
2

dFk(u)

 2
p
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= ∆̃
2
p
p b

2
k|s− t|2

λk+1w

λk

λk+1w

λk

|λ− u|2
(

1 +
(s+ t)u

2

)2

dFk(λ)


p
2

dFk(u)


2
p

6 ∆̃
2
p
p b

2
k|s− t|2 · |λk+1 − λk|2

(
1 +

(s+ t)λk+1

2

)2

6 ∆̃
2
p
p b

2
k|s− t|2 · |λk+1 − λk|2(1 + λMT )2.

Êîëè k = M , òîäi

WMp 6

6 16∆̃
2
p
p b

2
M

E
 ∞w

λM

(∣∣∣∣sin (s− t)(λ− ζk)

4

∣∣∣∣+∣∣∣∣sin (s− t)ζk
2

∣∣∣∣)2

dFM (λ)


p
2


2
p

6 16∆̃
2
p
p b

2
M

 ∞w

λM

 ∞w

λM

(
|s− t| · |λ− u|

4
+
|s− t|u

2

)2

dFM (u)


p
2

dFM (λ)


2
p

6 ∆̃
2
p
p b

2
M |s− t|2

 ∞w

λM

 ∞w

λM

((u− λM ) + 2u)
2
dFM (u)


p
2

dFM (λ)


2
p

.

Âèêîðèñòîâóþ÷è íåðiâíiñòü [20]: (E|ξ|)
p
2 6 E|ξ|

p
2 , ïðè p > 2 ìà¹ìî

WMp = ∆̃
2
p
p b

2− 4
p

M |s− t|2
 ∞w

λM

|3u− λM |p dF (u)

 2
p

.

Òîäi

‖ηΛ(t)− ηΛ(s)‖2Lp 6 4Cp∆̃
2
p
p |s− t|2

(
M−1∑
k=0

b2k|λk+1 − λk|2(1 + λMT )2

+b
2− 4

p

M

 ∞w

λM

|3u− λM |p dF (u)

 2
p

 .
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Òîáòî

‖ηΛ(t)− ηΛ(s)‖Lp 6 L|s− t|,

äå

L =

(
4Cp∆̃

2
p
p

(
M−1∑
k=0

b2k|λk+1 − λk|2(1 + λMT )2

+b
2− 4

p

M

 ∞w

λM

|3u− λM |p dF (u)

 2
p




1
2

.

Çàóâàæèìî, ùî êîëè |λk+1 − λk| = λM
M òî

L 6 2C
1
2
p ∆̃

1
p
p

(λM
M

)2

(1 + λMT )2F (λM ) + b
2− 4

p

M

 ∞w

λM

|3u− λM |p dF (u)

 2
p


1
2

.

(4.16)

Òåîðåìà 4.8. ßêùî â ìîäåëi XΛ(t) ðîçáèòòÿ Λ òàêå, ùî âèêîíóþ-

òüñÿ íåðiâíîñòi:
∞w

0

λpdF (λ) <∞, p > 2 (4.17)

(p+ 1)p+1

(pδ)p

(
p

p− 1

(
TL

2

) 1
p

ε
1− 1

p

0 + ε0

)p
6 β,

äå L âèçíà÷åíå â (4.16), òî iñíó¹ âèïàäêîâèé ãàóññiâ ïðîöåñ X(t) äî

ÿêîãî äàíà ìîäåëü XΛ(t) áóäå íàáëèæàòèñü ç íàäiéíiñòþ 1 − β, 0 <

β < 1 òà òî÷íiñòþ δ > 0 â ðiâíîìiðíié ìåòðèöi.

Äîâåäåííÿ. Â ðîçäiëi 3 ïîêëàäàëîñü, ùî ðîçãëÿäóâàíèé ïðîöåñ X(t) i

éîãî ìîäåëü ¹ ñåïàðàáåëüíèìè ïðîöåñàìè. À îñêiëüêè

∞w

0

(ln(1 + λ))
1+ε

dF (λ) 6
∞w

0

λpdF (λ) <∞, p > 2,

òî ç òåîðåìè 3.1 âèïàäêîâèé ñåïàðàáåëüíèé ïðîöåñ ηΛ(t) ¹ íåïåðåðâíèì

ç éìîâiðíiñòþ îäèíèöÿ.
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ßêùî âèêîíó¹òüñÿ óìîâà (4.17), òî ç ëåìè 4.5 âèïëèâà¹, ùî ïðîöåñ

ηΛ(t) ¹ Lp(Ω)-ïðîöåñîì (îñêiëüêè sup
06t6T

‖ηΛ(t)‖Lp <∞).

Òîäi ç íàñëiäêó 1.4 äëÿ Lp(Ω)-ïðîöåñó ñïðàâåäëèâà íåðiâíiñòü:

P

{
sup

06t6T
|ηΛ(t)| > δ

}
6
B̃pp
δp
,

äå B̃p = inf
06t6T

(E|ηΛ(t)|p)
1
p+ inf

0<θ<1

1
θ(1−θ)

θ2ε0r

0

N
1
p (ε)dε, ε0 = sup

06t6T
‖ηΛ(t)‖Lp .

Îñêiëüêè [86] N(ε) = T
2σ(−1)(ε)

+ 1, σ(h) = sup
|t−s|<h

‖ηΛ(t)− ηΛ(s)‖Lp .

Â íàøîìó âèïàäêó σ(h) = hL, äå L âèçíà÷åíî (4.16)

σ(−1)(h) =
h

L
, inf

06t6T
(E|ηΛ(t)|p)

1
p = 0,

Òîäi

Bp = inf
0<θ<1

1

θ(1− θ)

2θε0w

0

(
TL

2ε
+ 1

) 1
p

dε

6 inf
0<θ<1

1

θ(1− θ)

[(
TL

2

) 1
p

(2θε0)
1− 1

p
1

1− 1
p

+ 2θε0

]

6 inf
0<θ<1

θ1− 1
p

θ(1− θ)

[(
TL

2

) 1
p

(2ε0)1− 1
p

p

p− 1
+ 2ε0

]

=
(p+ 1)1+ 1

p

p

(
p

p− 1

(
TL

2

) 1
p

(2ε0)1− 1
p + 2ε0

)
,

P{ sup
0<t6T

|ηΛ(t)| > δ} 6 (p+ 1)p+1

(pδ)p

(
p

p− 1

(
TL

2

) 1
p

(2ε0)1− 1
p + 2ε0

)p
.

Îñêiëüêè ç (4.14) i (4.16) âèïëèâà¹, ùî ìîæíà ïiäiáðàòè òàêi λM òà M ,

ùîá ε0 òà L áóëè çðîáëåíi ÿê çàâãîäíî ìàëèìè, òî iñíó¹ òàêå ðîçáèòòÿ
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Λ, äëÿ ÿêîãî çãiäíî îçíà÷åííÿ 4.3 âèêîíóâàòèìåòüñÿ íåðiâíiñòü

(p+ 1)p+1

(pδ)p

(
p

p− 1

(
TL

2

) 1
p

(2ε0)1− 1
p + 2ε0

)p
6 β.

4.3. Çàñòîñóâàííÿ òåîði¨ Subϕ(Ω) ïðîñòîðiâ

âèïàäêîâèõ âåëè÷èí äî çíàõîäæåííÿ òî÷íîñòi

ìîäåëþâàííÿ ñòàöiîíàðíèõ ãàóññîâèõ ïðîöåñiâ

Â ïîïåðåäíüîìó ðîçäiëi ìè äîâåëè, ùî íàáëèæåííÿ ìîäåëi äî ãàóñ-

ñîâîãî ïðîöåñó ìà¹ ìiñöå, êîëè âèêîíó¹òüñÿ óìîâà
∞r

0

λεdF (λ) <∞, ïðè

ε > 2. Â öüîìó ðîçäiëi çà áiëüø îáìåæóþ÷èõ óìîâ çíàéäåìî îöiíêè, ÿêi
iñòîòíî ïîêðàùóþòü îöiíêè ïîïåðåäíüîãî ðîçäiëó. Äëÿ öüîãî âèêîðèñ-
òîâó¹òüñÿ òåîðiÿ ïðîñòîðiâ Subϕ(Ω) âèïàäêîâèõ âåëè÷èí. Çàóâàæèìî
òàêîæ, ùî òóò îòðèìàíî íîâi íåðiâíîñòi äëÿ íîðì âèïàäêîâèõ âåëè÷èí
ç ïðîñòîðiâ Subϕ(Ω).

Íåõàé X = {X(t), t ∈ R} ãàóññiâ ñòàöiîíàðíèé äiéñíèé öåíòðîâàíèé
íåïåðåðâíèé â ñåðåäíüîìó êâàäðàòè÷íîìó âèïàäêîâèé ïðîöåñ. Ïîáóäîâà
ìîäåëi XΛ(t) äàíîãî ïðîöåñó îïèñàíà â ðîçäiëi 3.

Íàì ïîòðiáíi áóäóòü íàñòóïíi òâåðäæåííÿ. Â äàíîìó ðîçäiëi ðîçãëÿ-
äàòèìåìî ïðîñòîðè Subϕ(Ω), ùî ïîðîäæóþòüñÿ ôóíêöiÿìè ϕp(x), p > 2

ϕp(x) =

 |x|p, ïðè|x| > 1

|x|2, ïðè|x| < 1
. (4.18)

Íàãàäà¹ìî, ùî ïðè p = 2 ïðîñòið Subϕ2(Ω) íàçèâà¹òüñÿ ïðîñòîðîì ñó-
áãàóññîâèõ âèïàäêîâèõ âåëè÷èí.

Äîâåäåìî òåîðåìó, ÿêà óòî÷íþ¹ âiäïîâiäíó òåîðåìó ç ðîáîòè [53]

Òåîðåìà 4.9. Íåõàé ξ �âèïàäêîâà âåëè÷èíà, òàêà, ùî Eξ2k+1 = 0 ïðè

k = 0, 1, 2, . . . , òà âèêîíó¹òüñÿ óìîâà

Sϕp(ξ) = sup
n>1

(2n)
1
p

(
Eξ2n

) 1
2n(

(2n)!
) 1

2n

<∞,
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òîäi ξ ∈ Subϕp(Ω) òà ìà¹ ìiñöå íåðiâíiñòü

τϕp 6 2
1
2−

1
2pSϕp(ξ).

Äîâåäåííÿ. Ïðè âñiõ λ > 0 ìàþòü ìiñöå ñïiââiäíîøåííÿ

E exp{λξ} =

∞∑
k=0

λkEξk

k!
= 1 +

∞∑
n=1

λ2nEξ2n

(2n)!
= S(λ),

S(λ) = 1 +

∞∑
n=1

(
λ

(2n)
1
p

)2n
(Eξ2n

) 1
2n

((2n)!)
1

2n

(2n)
1
p

2n

6 1 +

∞∑
n=1

(
λ

(2n)
1
p

)2n (
Sϕp(ξ)

)2n
.

Äàëi ïèñàòèìåìî Sϕp = S , òîìó

S(λ) = 1 +

∞∑
n=1

(
λS

(2n)
1
p

)2n

.

Íåõàé γ � áóäü-ÿêå ÷èñëî, òàêå, ùî 0 < γ < 1√
2
, λ1 = 2

1
p γ
S . Ðîçãëÿíåìî

ñïî÷àòêó òàêi λ , ùî 0 6 |λ| 6 λ1, òîáòî |λ| 6 2
1
p γ
S . Tîäi ìàþòü ìiñöå

ñïiââiäíîøåííÿ

S(λ) 6 1 +

∞∑
n=1

(
λS

2
1
p

)2n

= 1 +

(
λS

2
1
p

)2
(

1−
(
λS

2
1
p

)2
)−1

6 1 +

(
λS

2
1
p

)2

(1− γ2)−1 = 1 +

(
λS

2
1
p

√
1− γ2

)2
(4.19)

6 exp


(

λS

2
1
p

√
1− γ2

)2
 .
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Îñêiëüêè

|λ|S
2

1
p

√
1− γ2

6
λ1S

2
1
p

√
1− γ2

=
γ√

1− γ2
6

(
γ2

1− γ2

) 1
2

6 1,

òî ïðè 0 6 |λ| < λ1 ç (4.18) i (4.19) âèïëèâà¹, ùî ìà¹ ìiñöå íåðiâíiñòü

S(λ) 6 exp

{
ϕp

(
λS

2
1
p

√
1− γ2

)}
. (4.20)

Òåïåð íåõàé |λ| > λ1. Ïîçíà÷èìî nλ òàêå öiëå ÷èñëî, ùî 1 6 nλ 6
1
2

(
|λ|S
γ

)p
òà nλ + 1 > 1

2

(
|λ|S
γ

)p
. Òàêå nλ iñíó¹, îñêiëüêè

1

2

(
|λ|S
γ

)p
>

1

2

(
λ1S

γ

)p
= 1.

Ïîçíà÷èìî

A1(λ) =

nλ∑
n=1

(
λS

(2n)
1
p

)2n

, A2(λ) =

∞∑
n=nλ+1

(
λS

(2n)
1
p

)2n

.

Áà÷èìî, ùî ïðè n 6 nλ ìà¹ ìiñöå íåðiâíiñòü(
|λ|S
γ

)
(2n)−

1
p 6

(
|λ|S
γ

)p
(2n)−1.

Îòæå

A1(λ) =

nλ∑
n=1

( |λ|S
γ γ

(2n)
1
p

)2n

6
nλ∑
n=1


(
|λ|S
γ

)p
γ

2n

2n

=

nλ∑
n=1

((
|λ|S
γ

)p
γ
)2n

(2n)2n
;

A2(λ) 6
∞∑

n=nλ+1

(
|λ|S

(2(nλ + 1))
1
p

)2n

=

(
|λ|S

(2(nλ + 1))
1
p

)2(nλ+1)

=

1−

(
|λ|S

(2(nλ + 1))
1
p

)2
−1

. (4.21)

Îñêiëüêè nλ+1 > 1
2

(
|λ|S
γ

)p
, òî 2(nλ+1)

(|λ|S)p > 1
γp , òîáòî γ >

|λ|S

(2(nλ+1))
1
p
, òîìó
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ç (4.21) âèïëèâà¹, ùî

A2(λ) 6
γ2(nλ+1)

1− γ2
6

γ4

1− γ2
6 γ2 γ2

1− γ2
6 γ2 6 2γ 6

(
λS

γ

)p
γ

(îñêiëüêè
(
λS
γ

)p
> 2 ). Îòæå, ïðè |λ| > λ1, ìàþòü ìiñöå ñïiââiäíîøåííÿ

S(λ) = 1 +

(
|λ|S
γ

)p
γ +

nλ∑
n=1

((
|λ|S
γ

)p
γ
)2n

(2n)2n

6 1 +

∞∑
k=1

((
|λ|S
γ

)p
γ
)k

k!
6 exp

{(
|λ|S
γ

)p
γ

}

= exp

{(
|λ|S
γ2

1
2p

)p
2

1
2 γ

}
6 exp

{(
|λ|S
γ2

1
2p

)p}
.

(4.22)

Îñêiëüêè |λ|S

γ2
1
2p

> λ1S

γ2
1
2p

> 1, òî ïðè |λ| > λ1 ç (4.22) òà ç (4.18) âèïëèâà¹,

ùî

S(λ) 6 exp

{
ϕp

(
|λ|S
γ2

1
2p

)}
. (4.23)

Ç (4.20) òà (4.23) âèïëèâà¹ ,ùî

S(λ) 6 exp

{
ϕ

(
|λ|S
2

1
2p

inf
06γ6 1√

2

max

(
1

γ
,

1

2
1
2p

√
1− γ2

))}
= exp

{
ϕp

(
|λ|S2

1
2−

1
2p

)}
.

Ëåìà 4.7. Íåõàé ξ äåÿêà âèïàäêîâà âåëè÷èíà, α > 0, b > 0, S > 0,

òîäi ìà¹ ìiñöå íåðiâíiñòü

E|ξ|S 6 bS
(
S

α

)S
α

exp

{
−S
α

}
E exp

{
|ξ|α

bα

}
. (4.24)

Äîâåäåííÿ. Ïðè x > 0 ìà¹ ìiñöå íåðiâíiñòü

xS 6 ex
α

(
S

α

)S
α

e−
S
α ,
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(îñêiëüêè max
x>0

xs

exα
=
(
S
α

)S
α e−

S
α ). Ïîêëàäåìî x = |ξ|

b , òîäi

|ξ|s 6 bs exp

{(
|ξ|
b

)α}( s
α

) s
α

e−
s
α .

ßêùî âçÿòè ìàòåìàòè÷íå ñïîäiâàííÿ âiä ïðàâî¨ i ëiâî¨ ÷àñòèí îñòàííüî¨

íåðiâíîñòi, òî îòðèìà¹ìî (4.24).

Ëåìà 4.8. Ïðè u > 0, v > 0, α > 1, 0 6 γ 6 α∣∣∣sin u
v

∣∣∣ 6 ( ln(eα−1 + u)

ln(eα−1 + v)

)γ
.

Äîâåäåííÿ. ßêùî u > v, òî íåðiâíiñòü î÷åâèäíà. Íåõàé u < v, òîäi∣∣∣sin u
v

∣∣∣ 6 |u||v| 6
(

ln(eα−1 + u)

ln(eα−1 + v)

)γ
,

òàê ÿê ôóíêöiÿ f(u) = ln(eα−1+u)
u ìîíîòîííî ñïàäà¹ ïðè u > 0. Äiéñíî,

f ′(u) =
γ
(
ln(eα−1 + u)

)γ−1 u
eα−1+u −

(
ln(eα−1 + u)

)γ
u2

=
γu
(
ln(eα−1 + u)

)γ−1 − (eα−1 + u)
(
ln(eα−1 + u)

)γ
(eα−1 + u)u2

6 0

îñêiëüêè

g(u) = γu 6 (eα−1 + u)(ln(eα−1 + u)) = r(u),

(òîìó ùî q′(u) = γ; r′(u) = ln(eα−1 + u) + 1; r′(u) > r′(0) = α > γ =

q′(u)).

Íàñëiäîê 4.1. Ïðè 0 < α 6 1 ìà¹ ìiñöå íåðiâíiñòü∣∣∣sin u
v

∣∣∣ 6 ( ln(1 + |u|)
ln(1 + |v|)

)α
. (4.25)

Äîâåäåííÿ. Êîëè |u| > |v|, òî íåðiâíiñòü òðèâiàëüíà. ßêùî |u| < |v| òî
äîñèòü äîâåñòè (4.25) ïðè α = 1. Îòæå, êîëè |u| < |v|, òî∣∣∣sin u

v

∣∣∣ 6 |u||v| 6 ln(1 + |u|)
ln(1 + |v|)

,
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îñêiëüêè ôóíêöiÿ f(v) =
ln(1 + v)

v
ìîíîòîííî ñïàäà¹ ïðè v > 0.

Ðîçãëÿíåìî âèïàäêîâèé ïðîöåñ ηΛ(t) îïèñàíèé âèðàçîì (3.6).

Çàóâàæåííÿ 4.1. Â òåîðåìi 3.2 áóëî äîâåäåíî, ùî âèïàäêîâèé ïðîöåñ

ηΛ ¹ ñóáãàóññîâèì, òîáòî íàëåæèòü ïðîñòîðó Subϕ2(Ω), äå ϕ2(x) = x2.

Çâiäñè òà ç òåîðåìè 1.9 âèïëèâà¹, ùî ηΛ(t) ∈ Subϕp(Ω), äå p > 2. ♦

Òåîðåìà 4.10. Íåõàé äëÿ äåÿêîãî α > 2 âèêîíó¹òüñÿ óìîâà

∞w

0

exp {(ln(1 + λ))
α} dF (λ) <∞, (4.26)

òîäi ìà¹ ìiñöå íåðiâíiñòü

τ2
ϕp(ηΛ(t)) 6

1

ln2
(
1 + 1

t

)Cα M∑
k=0

b2kd
2
k, (4.27)

äå p�òàêå ÷èñëî, ùî 1
p + 1

α = 1
2 ,
(
p = 2α

α−2

)
, Cα = 32 · 21− 1

p
(
eα
)− 2

α e
26
24 ,

b2k = F (λk+1) − F (λk), dk � íîðìà Ëþêñåìáóðãà âèïàäêîâî¨ âåëè÷è-

íè ln(1 + θk) â ïðîñòîði Îðëè÷à LU (Ω), äå U(x) = exp{|x|α} − 1, θk =
|θk1−θk2|

2 , θk1, θk2 � íåçàëåæíi âèïàäêîâi âåëè÷èíè, îäíàêîâî ðîçïîäiëåíi

ç ôóíêöi¹þ ðîçïîäiëó Fk(λ) = F (λ)−F (λk)
F (λk+1−F (λk)) , F (λ) � ñïåêòðàëüíà ôóí-

êöiÿ ïðîöåñó.

Äîâåäåííÿ. Îñêiëüêè â ηΛ(t) âñi äîäàíêè ïðè ðiçíèõ k íåçàëåæíi, òî ç
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òåîðåìè 1.10 ïðè p > 2 âèïëèâà¹, ùî

τ2
ϕp(ηΛ(t))

6
M∑
k=0

τ2
ϕp

λk+1w

λk

(cosλt− cos ζkt)dη1(λ) +

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)


6 2

M∑
k=0

τ2
ϕp

λk+1w

λk

(cosλt− cos ζkt)dη1(λ)


+τ2

ϕp

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

 .

(4.28)

Ç òåîðåìè 4.9, òà (4.28) âèïëèâà¹, ùî

τ2
ϕp(ηΛ(t)) 6 2 · 21− 1

p

M∑
k=0

S2
ϕp

λk+1w

λk

(cosλt− cos ζkt)dη1(λ)


+ S2

ϕp

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

 . (4.29)

Ç ëåìè 3.1 âèïëèâà¹, ùî (b2k = F (λk+1)− F (λk))

Ik = E

λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

2m

6 4m∆2mb
2m
k E

λk+1w

λk

(
sin

t(ζk − λ)

2

)2

dFk(λ)

m

= 4m∆2mb
2m
k

λk+1w

λk

λk+1w

λk

(
sin

t(u− λ)

2

)2

dFk(u)

m

dFk(λ)


= 4m∆2mb

2m
k

λk+1w

λk

λk+1w

λk

(
sin

t(u− λ)

2

)2m

dFk(u)dFk(λ)

 .
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Ç íàñëiäêó 4.1 âèïëèâà¹, ùî

Ik 6 4m∆2mb
2m
k

λk+1w

λk

λk+1w

λk

 ln
(

1 + |u−λ|
2

)
ln
(
1 + 1

t

)
2m

dFk(u)dFk(λ)


=

4m∆2mb
2m
k(

ln(1 + 1
t )
)2mE (ln(1 + θk))

2m
, (4.30)

äå θk òàêà âèïàäêîâà âåëè÷èíà, ùî θk = |θk1−θk2|
2 , äå θk1, θk2 -íåçàëåæíi

îäíàêîâî ðîçïîäiëåíi âèïàäêîâi âåëè÷èíè ç ôóíêöi¹þ ðîçïîäiëó Fk(λ) =
F (λ)−F (λk)

F (λk+1)−F (λk) .

Ç ëåìè 4.7 ïðè áóäü-ÿêèõ dk > 0, α > 2 âèïëèâà¹ íåðiâíiñòü (S = 2m)

E (ln(1 + θk))
2m 6 d2m

k

(
2m

α

) 2m
α

exp

{
−2m

α

}
E exp

{
(ln(1 + θk))

α

dαk

}
.

(4.31)

Îñêiëüêè ïðè α > 2 ôóíêöiÿ U(x) = exp {|x|α} − 1 � öå N -ôóíêöiÿ

Îðëè÷à, òî ç óìîâè òåîðåìè âèïëèâà¹, ùî âèïàäêîâà âåëè÷èíà ln(1+θk)

íàëåæèòü ïðîñòîðó Îðëè÷à LU (Ω). Ïîêëàäåìî dk = ‖ ln(1 + θk)‖α, òîäi
ìà¹ ìiñöå íåðiâíiñòü E exp

{
(ln(1+θk))α

dαk

}
6 2. Îòæå, ïðè êîæíîìó m =

1, 2, . . . ç (4.31) âèïëèâà¹ íåðiâíiñòü

E (ln(1 + θk))
2m 6 2d2m

k

(
2m

α

) 2m
α

exp

{
−2m

α

}
. (4.32)

Îòæå, ç (4.32) òà (4.30) âèïëèâà¹ íåðiâíiñòü

Ik 6
4m∆2mb

2m
k(

ln(1 + 1
t )
)2m · 2d2m

k

(
2m

α

) 2m
α

exp

{
−2m

α

}
. (4.33)

Ç (4.33) òà îçíà÷åííÿ Sϕp(•) âèïëèâà¹ íåðiâíiñòü

Sϕp

λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

 6 sup
m>1

(2m)
1
p

(Ik)
1

2m

((2m)!)
1

2m
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6 sup
m>1

(2m)
1
p

((2m)!)
1

2m

2((2m)!)
1

2m

√
b2k2

1
2m dk√

2(m!)
1

2m ln
(
1 + 1

t

) (2m

α

) 1
α

exp

{
− 1

α

}

= sup
m>1

√
2bkdk2

1
p+ 1

2m+ 1
αm

1
p+ 1

α

(m!)
1

2m ln
(
1 + 1

t

)
α

1
α exp

{
1
α

} . (4.34)

Ç ôîðìóëè Ñòiðëiíãà âèïëèâà¹ íåðiâíiñòü
(

1
m!

) 1
2m 6 1

m
1
2
e

1
2 + 1

24 , îòæå ç

(4.34) âèïëèâà¹
(

1
p + 1

α −
1
2 = 0

)
, ùî

Sϕp

λk+1w

λk

(cosλt− cos ζkt)dη1(λ)


6

√
2

ln
(
1 + 1

t

)bkdk2
1
p+ 1

α+ 1
2

(
1

eα

) 1
α

e
13
24 =

2
√

2

ln
(
1 + 1

t

)bkdk(eα)−
1
α e

13
24 .

Àíàëîãi÷íî äîâîäèìî, ùî

E

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

2m

6 4m∆2mb
2m
k

λk+1w

λk

λk+1w

λk

(
sin

t(u− λ)

2

)2m

dFk(λ)dFk(u)

 = Ik,

Sϕp

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)


6 sup
m>1

(2m)
1
p

(Ik)
1

2m

((2m)!)
1

2m

6 sup
m>1

2
√

2

ln
(
1 + 1

t

)bkdk(eα)−
1
α e

13
24 .

Ç (4.29) âèïëèâà¹ íåðiâíiñòü

τ2
ϕp(ηΛ(t)) 6 32 · 21− 1

p (eα)−
2
α e

26
24

M∑
k=0

b2kd
2
k

1

ln2
(
1 + 1

t

) .
Òåîðåìà 4.11. Íåõàé äëÿ äåÿêîãî α > 2 âèêîíó¹òüñÿ óìîâà (4.26),
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òîäi ìà¹ ìiñöå íåðiâíiñòü

τ2
ϕp(ηΛ(t)− ηΛ(s)) 6

1

ln2
(

1 + 1
|t−s|

) C̃α M∑
k=0

b2kd̂
2
k,

äå p = 2α
α−2 , C̃α = 64 · 21− 1

p (eα)−
2
α e

26
24 , b2k = F (λk+1)− F (λk), d̂k � íîðìà

Ëþêñåìáóðãà âèïàäêîâî¨ âåëè÷èíè

ln

(
1 +
|θk1 − θk2|

4

)
+ ln

(
1 +

θk1

2

) ln
(

1 + |θk1−θk2|
4

)
ln
(
1 + 1

2T

)
â ïðîñòîði Îðëè÷à LU (Ω) , äå U(x) = exp{|x|α} − 1, θk1 òà θk2 � íåçà-

ëåæíi îäíàêîâî ðîçïîäiëåíi âèïàäêîâi âåëè÷èíè ç ôóíêöi¹þ ðîçïîäiëó

Fk(λ) = F (λ)−F (λk)
F (λk+1)−F (λk) .

Äîâåäåííÿ. Ïîçíà÷èìî

ωk1 =

λk+1w

λk

(cosλt− cos ζkt− cosλs+ cos ζks)dη1(λ),

ωk2 =

λk+1w

λk

(sinλt− sin ζkt− sinλs+ sin ζks)dη2(λ).

Ç ëåìè 1.7 âèïëèâà¹

τ2
ϕp(ηΛ(t)− ηΛ(t)) 6 2

M∑
k=0

[
τ2
ϕp(ωk1) + τ2

ϕp(ωk2)
]
.

Ç òåîðåìè 4.9 ìà¹ìî

τ2
ϕp(ηΛ(t)− ηΛ(s)) 6 2 · 21− 1

p

M∑
k=0

(
S2
ϕp(ωk1) + S2

ϕp(ωk2)
)
. (4.35)

Ç ëåìè 4.3 âèïëèâà¹, ùî
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Ik = E (ωk1)
2m 6 42m∆2mE

λk+1w

λk

(∣∣∣∣sin (s− t)(λ− ζk)

4

∣∣∣∣
+

∣∣∣∣sin ζk(s− t)
2

∣∣∣∣ · ∣∣∣∣sin (t+ s)(ζk − λk)

4

∣∣∣∣)2

dF (λ)

)m

= 42m∆2mb
2m
k

λk+1w

λk

λk+1w

λk

(∣∣∣∣sin (s− t)(λ− u)

4

∣∣∣∣
+

∣∣∣∣sin u(s− t)
2

∣∣∣∣ · ∣∣∣∣sin (t+ s)(u− λ)

4

∣∣∣∣)2m

dFk(u)dFk(λ)

)
.(4.36)

Ç íàñëiäêó 4.1 îòðèìà¹ìî, ùî

Ik 6 42m∆2mb
2m
k

λk+1w

λk

λk+1w

λk

 ln
(

1 + |u−λ|
4

)
ln
(

1 + 1
|s−t|

)
+

ln
(
1 + u

2

)
ln
(

1 + 1
|s−t|

) ln
(

1 + |u−λ|
4

)
ln
(

1 + 1
(t+s)

)
2m

dFk(u)dFk(λ)


=

42m∆2mb
2m
k(

ln
(

1 + 1
|s−t|

))2mE

(
ln

(
1 +
|θk1 − θk2|

4

)

+
ln
(
1 + θk1

2

)
· ln
(

1 + |θk1−θk2|
4

)
ln
(
1 + 1

2T

)
2m

, (4.37)

äå θk1, θk2 � íåçàëåæíi îäíàêîâî ðîçïîäiëåíi âèïàäêîâi âåëè÷èíè ç ôóí-

êöi¹þ ðîçïîäiëó Fk(x) = F (x)−F (λk)
F (λk+1)−F (λk) ; t, s ∈ [0, T ].

Ç ëåìè 4.7 ïðè äîâiëüíèõ d̂k > 0, α > 2 âèïëèâà¹ íåðiâíiñòü

E

ln

(
1 +
|θk1 − θk2|

4

)
+

ln
(
1 + θk1

2

)
ln
(

1 + |θk1−θk2|
4

)
ln
(
1 + 1

2T

)
2m

6 d̂2m
k

((
2m

α

) 2m
α

exp

{
−2m

α

}
E exp

{
Lα

d̂αk

})
, (4.38)
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äå

L = ln

(
1 +
|θk1 − θk2|

4

)
+

ln
(
1 + θk1

2

)
ln
(

1 + |θk1−θk2|
4

)
ln
(
1 + 1

2T

) .

Îñêiëüêè ïðè α > 2 ôóíêöiÿ U(x) = exp {|x|α} − 1 � öå N -ôóíêöiÿ

Îðëè÷à, òî ç óìîâè òåîðåìè âèïëèâà¹, ùî âèïàäêîâà âåëè÷èíà L íà-

ëåæèòü ïðîñòîðó Îðëè÷à Lu(Ω). Ïîêëàäåìî d̂k = ‖L‖α, òîäi ìà¹ ìiñöå
íåðiâíiñòü

E exp

{
Lα

d̂α

}
6 2.

Îòæå, ïðè êîæíîìó m = 1, 2, . . . ç 4.38 âèïëèâà¹ íåðiâíiñòü

E

ln

(
1 +
|θk1 − θk2|

4

)
+

ln
(
1 + θk1

2

)
ln
(

1 + |θk1−θk2|
4

)
ln
(
1 + 1

2T

)


6 2d̂2m
k

(
2m

α

) 2m
α

exp

{
−2m

α

}
. (4.39)

Îòæå, ç (4.37) òà (4.39) âèïëèâà¹ íåðiâíiñòü

Ik 6
42m∆2mb

2m
k(

ln
(

1 + 1
|s−t|

))2m 2d̂2m
k

(
2m

α

) 2m
α

exp

{
−2m

α

}
. (4.40)

Ç (4.40) òà îçíà÷åííÿ Sϕp(•) îòðèìà¹ìî

Sϕp

λk+1w

λk

(cosλt− cos ζkt− cosλs+ cos ζks)dη1(λ)


6 sup

m>1
(2m)

1
p

(Ik)
1

2m

((2m)!)
1

2m

6 sup
m>1

(2m)
1
p 4
(

(2m)!
2mm!

) 1
2m

bk2
1

2m

((2m)!)
1

2m ln
(

1 + 1
|s−t|

) d̂k (2m

α

) 1
α

exp

{
− 1

α

}

= sup
m>1

2
√

2bkd̂k2
1
p+ 1

2m+ 1
αm

1
p+ 1

α

(m!)
1

2m ln
(

1 + 1
|s−t|

)
α

1
α exp

{
1
α

} .
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Ç ôîðìóëè Ñòiðëiíãà ñïðàâåäëèâà íåðiâíiñòü(
1

m!

) 1
2m

6
1√
m
e

1
2 + 1

24 .

Òîäi, âðàõîâóþ÷è, ùî 1
p + 1

α −
1
2 = 0, ìà¹ìî

Sϕp

λk+1w

λk

(cosλt− cos ζkt− cosλs+ cos ζks)dη1(λ)


6

2
√

2

ln
(

1 + 1
|s−t|

)bkd̂k2
1
p+ 1

α+ 1
2 (eα)−

1
α e

13
24

=
4
√

2

ln
(

1 + 1
|s−t|

)bkd̂k(eα)−
1
α e

13
24 .

Àíàëîãi÷íî äiñòà¹ìî

Sϕp

λk+1w

λk

(sinλt− sin ζkt− sinλs+ sin ζks)dη2(λ)


6

4
√

2

ln
(

1 + 1
|s−t|

)bkd̂k(eα)−
1
α e

13
24 .

Ç (4.35) âèïëèâà¹ íåðiâíiñòü

τ2
ϕp(ηΛ(t)− ηΛ(s)) 6 64 · 21− 1

p (eα)−
2
α e

26
24

M∑
k=0

b2kd̂
2
k

1

ln2
(

1 + 1
|s−t|

) .
Çàóâàæåííÿ 4.2. Âåëè÷èíó dk ç òåîðåìè 4.10 ìîæíà îöiíèòè ó òàêèé

ñïîñiá. Ðîçãëÿíåìî â (4.31) E exp
{

(ln(1+θk))α

dαk

}
.

Íåõàé k < M . Oñêiëüêè

Lk =

λk+1w

λk

λk+1w

λk

exp


 ln

(
1 + |u−v|

2

)
S

α dFk(u)dFk(v)
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6 exp


 ln

(
1 + λk+1−λk

2

)
S

α ,

òî Lk 6 2, êîëè S >
ln
(

1+
λk+1−λk

2

)
(ln 2)

1
α

. Îòæå, çãiäíî ç îçíà÷åííÿ íîðìè

Ëþêñåìáóðãà

dk 6
ln
(

1 + λk+1−λk
2

)
(ln 2)

1
α

.

Êîëè k = M , òî ñêîðèñòà¹ìîñü ëåìîþ 1.10 òà çàóâàæåííÿì 1.4. Çãi-

äíî ç öi¹þ ëåìîþ

dM 6

 ∞w

λM

∞w

λM

exp

{(
ln

(
1 +
|u− v|

2

))α}
dFM (u)dFM (v)

 1
α

6

 ∞w

λM

∞w

λM

exp {(ln(1 + u))
α} dFM (u)dFM (v)

 1
α

6

 ∞w

λM

exp {(ln(1 + u))
α} dFM (u)

 1
α

=

 1

b2M

∞w

λM

exp {(ln(1 + u))
α} dF (u)

 1
α

.

Îòæå,

M∑
k=0

b2kd
2
k 6

M−1∑
k=0

b2k

 ln
(

1 + λk+1−λk
2

)
(ln 2)

1
α

2

+ b
2− 4

α

M

 ∞w

λM

exp {(ln(1 + u))
α} dF (u)

 2
α

.

Ç òîãî, ùî α > 2, ç îñòàííüî¨ íåðiâíîñòi òà óìîâè (4.26) âèïëèâà¹, ùî
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ñóìó
M∑
k=0

b2kd
2
k ìîæíà çðîáèòè ÿê çàâãîäíî ìàëîþ, ÿêùî âèáðàòè äîñòà-

òíüî âåëèêå λM òà äîñòàòíüî ìàëå max
06k6M−1

(λk+1−λk). Íàïðèêëàä, êîëè

λM = Λ, λk+1 − λk = Λ
M ïðè k = 0, 1, . . . ,M − 1,

M∑
k=0

b2k 6 F (+∞), òî

M∑
k=0

b2kd
2
k 6

(
ln
(
1 + Λ

2M

)
(ln 2)

1
α

)2

F (+∞)

+

(∞w
Λ

exp {(ln(1 + u))
α} dF (u)

) 2
α

(F (+∞)− F (Λ))
2− 4

α .

Àíàëîãi÷íî îöiíèìî âåëè÷èíó d̂k ç òåîðåìè 4.11. Ðîçãëÿíåìî â (4.38)

âåëè÷èíó

E exp


(

ln
(

1 + |θk1−θk2|
4

)
+

ln
(

1+
θk1
2

)
ln
(

1+
|θk1−θk2|

4

)
ln(1+ 1

2T )

)α
d̂αk

 .

Íåõàé k < M.

L̃k =

=

λk+1w

λk

λk+1w

λk

exp


 ln

(
1 + |u−v|

4

)
+

ln(1+u
2 )

ln(1+ 1
2T )

ln
(

1 + |u−v|
4

)
S


α

dFk(u)dFk(v)

6 exp


 ln

(
1 + λk+1−λk

4

)
+

ln
(

1+
λk+1

2

)
ln(1+ 1

2T )
ln
(

1 + λk+1−λk
4

)
S


α .

L̃k 6 2 ïðè óìîâi, êîëè

S >
ln
(

1 + λk+1−λk
4

)
+

ln
(

1+
λk+1

2

)
ln(1+ 1

2T )
ln
(

1 + λk+1−λk
4

)
(ln 2)

1
α

.
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Îòæå, çãiäíî îçíà÷åííÿ íîðìè Ëþêñåìáóðãà

d̂k 6
ln
(

1 + λk+1−λk
4

)
+

ln
(

1+
λk+1

2

)
ln(1+ 1

2T )
ln
(

1 + λk+1−λk
4

)
(ln 2)

1
α

.

Êîëè k = M , òî ç ëåìè 1.10 òà çàóâàæåííÿ 1.4 îòðèìà¹ìî

d̂M 6

 ∞w

λM

∞w

λM

exp

{[
ln

(
1 +
|u− v|

4

)

+
ln
(
1 + u

2

)
ln
(
1 + 1

2T

) ln

(
1 +
|u− v|

4

)]α}
dFM (u)dFM (v)

) 1
α

6

 ∞w

λM

∞w

λM

exp
{[

ln
(

1 +
u

2

)

+
ln2
(
1 + u

2

)
ln
(
1 + 1

2T

)]α} dFM (u)dFM (v)

) 1
α

6

 1

b2M

∞w

λM

exp

{(
ln
(

1 +
u

2

)
+

ln2
(
1 + u

2

)
ln
(
1 + 1

2T

))α} dF (u)

 1
α

.

Îòæå

M∑
k=0

b2kd̂
2
k 6

6
M−1∑
k=0

b2k

 ln
(

1 + (λk+1−λk)
4

)
+

ln
(

1+
λk+1

2

)
ln(1+ 1

2T )
ln
(

1 + (λk+1−λk)
4

)
(ln 2)

1
α


2

+ b
2− 4

α

M

 ∞w

λM

exp

{(
ln
(

1 +
u

2

)
+

ln2
(
1 + u

2

)
ln
(
1 + 1

2T

))α} dF (u)

 2
α

. ♦

Çàóâàæåííÿ 4.3. Íîðìè çàâæäè ìîæíà îöiíèòè áiëüø òî÷íî íàáëèæå-

íèìè ìåòîäàìè. ♦
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Ç îñòàííiõ äâîõ òåîðåì ñïðàâåäëèâèì ¹ íàñëiäîê.

Íàñëiäîê 4.2. Íåõàé äëÿ äåÿêîãî α > 2 âèêîíó¹òüñÿ óìîâà (4.26), òî-

äi äëÿ ñåïàðàáåëüíîãî ïðîöåñó ηΛ(t), ùî íàëåæèòü ïðîñòîðó Subϕp(Ω),

äå

ϕp(u) =

{
u2, |u| < 1,

|u|p, |u| > 1,
p =

2α

α− 2
,

âèêîíóþòüñÿ íåðiâíîñòi

τϕp(ηΛ(t)) 6
1

ln
(
1 + 1

t

)CΛ, (4.41)

äå CΛ =

(
Cα

M∑
k=0

b2kd
2
k

) 1
2

, Cα, b
2
k, d

2
k âèçíà÷åíi ó ôîðìóëi (4.27), òà

τϕp(ηΛ(t)− ηΛ(s)) 6
1

ln
(

1 + 1
|t−s|

)LΛ, (4.42)

äå LΛ =

(
C̃α

M∑
k=0

b2kd̂
2
k

) 1
2

, C̃α, b2k, d̂
2
k âèçíà÷åíi â òåîðåìi 4.11.

Ç ëåìè 1.13 âèïëèâà¹ òàêå òâåðäæåííÿ äëÿ ïðîöåñó ηΛ(t) .

Òåîðåìà 4.12. Íåõàé äëÿ äåÿêîãî α > 2 âèêîíó¹òüñÿ óìîâà (4.26).

Òîäi ïðè áóäü-ÿêèõ T > 1, λ > 0 òà δ > 0 òàêèõ, ùî δ < 1
γT

min(LΛ,κT ),

äå κT = LΛ

ln(1+ 2
T )
, γT = CΛ

ln(1+ 1
T )

, CΛ âèçíà÷åíå â (4.41), LΛ � â (4.42),

ìà¹ ìiñöå íåðiâíiñòü

E exp

{
λ sup

06t6T
|ηΛ(t)|

}
6 2G̃(λ, δ), (4.43)

äå

G̃(λ, δ) = exp

{
ϕp

(
λγT
1− δ

)
+ 2λBδ

}
,

Bδ =
1

(1− δ)δ

(
(lnT )

α+2
2α δγT + L

α−2
2α

Λ (δγT )
α−2
2α

2α

α− 2

)
,

äå ϕp(x) âèçíà÷åíå â (4.18), p = 2α
α−2 .

Äîâåäåííÿ. Òåîðåìà âèïëèâà¹ ç ëåìè 1.13 òà íàñëiäêó 4.2.

Äiéñíî, ïîêëàäåìî â ëåìi 1.13 T = [0, T ], ρ(t, s) = |t−s|, X(t) = ηΛ(t),
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ϕ(x) = ϕp(x). Ç íàñëiäêó 4.2 äiñòà¹ìî, ùî

σ(h) =
LΛ

ln
(
1 + 1

h

) , γ0 =
CΛ

ln
(
1 + 1

T

) = γT ,

κ = κT , σ(−1)(u) =

(
exp

{
LΛ

u

}
− 1

)−1

.

Çðîçóìiëî, ùî N(ε) 6 T
2ε + 1 , òîìó

H(σ(−1)(u)) = ln
(
N(σ(−1)(u))

)
6 ln

(
T

2

(
exp

{
LΛ

u

}
− 1

)
+ 1

)
6 ln

(
T exp

{
LΛ

u

}
− (T − 1)

)
6 ln

(
T exp

{
LΛ

u

})
=
LΛ

u
+ lnT.

(4.44)

Îñêiëüêè δγT 6 κT , òî ìîæíà ïîêëàñòè β = γT , òîäi ç (1.13) òà (4.44)

îòðèìó¹ìî, ùî

(λ, δ) 6 exp

ϕp
(
λγT
1− δ

)
+ 2λ

 1

(1− δ)δ

δγTw

0

ζϕ(u)du

 . (4.45)

Îñêiëüêè
δγT
LΛ

< 1, òî

δγTw

0

ζϕ(u)du =

δγTw

0

(
LΛ

u
+ lnT

)1− 1
p

du 6 L
p−1
p

Λ (δγT )
1
p p+ (lnT )1− 1

p δγT .

Ç îñòàííüî¨ ðiâíîñòi òà íåðiâíîñòåé (1.13) òà (4.45) âèïëèâà¹

E exp

{
λ sup

06t6T
|ηΛ(t)|

}
6 2 exp

{
ϕp

(
λγT
1− δ

)
+ 2λ

[
1

(1− δ)δ

(
L
p−1
p

Λ (δγT )
1
p p+ (lnT )1− 1

p δγT

)]}
= 2 exp

{
ϕp

(
λγT
1− δ

)
+ 2λ

1

(1− δ)δ

(
(lnT )

α+2
2α δγT+

+ L
α−2
2α

Λ (δγT )
α−2
2α

2α

α− 2

)}
.
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Íàñëiäîê 4.3. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 4.12, òîäi äëÿ áóäü-

ÿêèõ T > 0, ε > 2Bδ, δ > 0, δ < LΛ

γT
; δ < κT

γT
ìà¹ ìiñöå íåðiâíiñòü

P

{
sup

06t6T
|ηΛ(t)| > ε

}
6 2 exp

{
−ϕ∗p

(
ε− 2Bδ
γT

(1− δ)
)}

, (4.46)

äå Bδ =
1

(1− δ)δ

(
(lnT )

α+2
2α δγT + L

α−2
2α

Λ (δγT )
α−2
2α

2α

α− 2

)
,

p = 2α
α−2 , ϕ∗p(u), u > 0 � ïåðåòâîðåííÿ Þíãà-Ôåíõåëÿ ôóíêöi¨

ϕp(u), ϕ∗p(u) = sup
v>0

(uv − ϕp(v)).

Äîâåäåííÿ. Ç íåðiâíîñòåé ×åáèøåâà òà (4.43) âèïëèâà¹, ùî

P

{
sup

06t6T
|ηΛ(t)| > ε

}
6 2 exp

{
ϕp

(
λγT
1− δ

)
+ 2λBδ

}
· exp{−λε}

= 2 exp

{
−
(
λγT
1− δ

ε− 2Bδ
γT

(1− δ)− ϕp
(
λγT
1− δ

))}
.

ßêùî â ïðàâié ÷àñòèíi öi¹¨ íåðiâíîñòi ïðè ε > 2Bδ âçÿòè iíôiíóì ïî
λγT
1−δ , òî îòðèìà¹ìî (4.46).

Çíàéäåìî òî÷íèé âèãëÿä ôóíêöi¨ ϕ∗(u):

ϕ∗p(u) = sup
v>0
{uv − ϕp(v)} = sup

|v|<1

{uv−v2} = u
u

2
− u

2

4
=
u2

4
, 0 6 u < 2,

ϕ∗p(u) = sup
v>1
{uv − vp} = u

(
u

p

) 1
p−1

−
(
u

p

) p
p−1

=
p− 1

p
p
p−1

u
p
p−1 , u > p,

ϕ∗p(u) = u− 1, ïðè v = 1 i 2 6 u 6 p.

Îòæå

ϕ∗p(u) =


u2

4
, 0 6 u < 2

u− 1, 2 6 u 6 p .
p− 1

p
p
p−1

u
p
p−1 , u > p

Òåîðåìà 4.13. Äëÿ iñíóâàííÿ ïðîöåñó X(t), äî ÿêîãî ìîäåëü XΛ(t) íà-

áëèæàòèìåòüñÿ ç çàäàíîþ òî÷íiñòþ ε > Bδ â ðiâíîìiðíié ìåòðèöi
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òà íàäiéíiñòþ 1 − κ, κ > 0 òðåáà ïiäiáðàòè òàêå ðîçáèòòÿ Λ, ùîá

âèêîíóâàëàñü íåðiâíiñòü

2 exp

{
−ϕ∗p

(
ε− 2Bδ
γT

(1− δ)
)}

6 κ,

äå Bδ = 1
(1−δ)δ

(
(lnT )

α+2
2α δγT + L

α−2
2α

Λ (δγT )
α−2
2α

2α
α−2

)
, p = 2α

α−2 .

Ç íàñëiäêó 4.3 îòðèìà¹ìî òàêå òâåðäæåííÿ

Íàñëiäîê 4.4. ßêùî â (4.46) ïîêëàñòè δ =
(

2A(α,T )
ε

) 2α
3α+2

, äå

A(α, T ) = L
α+2
2α

Λ (γT )
α−2
2α

2α

α− 2

òî îòðèìà¹ìî, ùî ïðè áóäü-ÿêîìó

ε > 2A(α, T ) ·max

((
γT
LΛ

) 3α+2
2α

,

(
γT
κT

) 3α+2
2α

, 2

)
ìà¹ ìiñöå íåðiâíiñòü

P

{
sup

06t6T
|ηN,Λ(t)| > ε

}

6 2 exp

ϕ∗p
ε− 2δ

α−2
2α

(1−δ)δ

(
(lnT )

α+2
2α δ

α+2
2α γT +A(α, T )

)
γT

(1− δ)




= 2 exp

{
ϕ∗p

(
ε(1− δ)
γT

− 2(lnT )
α+2
2α − 2A(α, T )

γT δ
α+2
2α

)}

= 2 exp

ϕ∗p
ε−ε

(
2A(α,T )

ε

) 2α
3α+2−(2A(α, T ))

2α
3α+2 ε

α+2
3α+2

γT
− 2(lnT )

α+2
2α




= 2 exp

{
ϕ∗p

(
ε− 2ε

α+2
3α+2 (2A(α, T ))

2α
3α+2

γT
− 2(lnT )

α+2
2α

)}
.
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4.4. Çàñòîñóâàííÿ ðiçíèõ îöiíîê äî ìîäåëþâàíÿ

ãàóññîâèõ ñòàöiîíàðíèõ ïðîöåñiâ

Ó ïåðøîìó ïiäðîçäiëi ïðîïîíó¹òüñÿ ìîäåëü ãàóññîâîãî ñòàöiîíàðíîãî
âèïàäêîâîãî ïðîöåñó, êîðåëÿöiéíà ôóíêöiÿ ÿêî¨ íå ñïiâïàäà¹ ç êîðåëÿ-
öiéíîþ ôóíêöi¹þ ïðîöåñó, ùî ìîäåëþ¹òüñÿ.

Ïðè âèñîêié òî÷íîñòi ìîäåëþâàííÿ îöiíêè íàäiéíîñòi ãiðøi íiæ ó
ïîïåðåäíiõ âèïàäêàõ. Àëå çàñòîñóâàííÿ öüîãî ìåòîäó íå ïîòðåáó¹ äîäà-
òêîâèõ îáìåæåíü íà ñïåêòðàëüíó ôóíêöiþ ïðîöåñó. Îöiíêè ìàþòü ìi-
ñöå òiëüêè ïðè îáìåæåííÿõ, ùî çàáåçïå÷óþòü âèáiðêîâó íåïåðåðâíiñòü
ç éìîâiðíiñòþ îäèíèöÿ ïðîöåñó, ùî ìîäåëþ¹òüñÿ.

Ó äðóãîìó ïiäðîçäiëi ïðîïîíó¹òüñÿ ìîäåëü ãàóññîâîãî ñòàöiîíàðíîãî
âèïàäêîâîãî ïðîöåñó, êîðåëÿöiéíà ôóíêöiÿ ÿêî¨ ñïiâïàäà¹ ç êîðåëÿöié-
íîþ ôóíêöi¹þ ïðîöåñó, ùî ìîäåëþ¹òüñÿ. Îäåðæàíî äåÿêi îöiíêè ñó-
áãàóññîâîãî ñòàíäàðòó, çà ÿêèìè ïîáóäîâàíî ìîäåëü ïðîöåñó ç çàäàíîþ
òî÷íiñòþ i íàäiéíiñòþ â C([0, T ]). Çàñòîñóâàííÿ öüîãî ìåòîäó ïîòðåáó¹
äîäàòêîâèõ îáìåæåíü íà ñïåêòðàëüíó ôóíêöiþ ïðîöåñó, çàòå ïðè âèñî-
êié òî÷íîñòi ìîäåëþâàííÿ, îöiíêè íàäiéíîñòi ¹ êðàùèìè íiæ ó ïåðøîìó
ïiäðîçäiëi.

Ó òðåòüîìó ïiäðîçäiëi îòðèìàíî îöiíêè íàáëèæåííÿ ñòàöiîíàðíîãî
ãàóññîâîãî ïðîöåñó éîãî ìîäåëëþ ç çàäàíèìè íàäiéíiñòþ òà òî÷íiñòþ â
ïðîñòîði C([0, T ]). Öi îöiíêè ãiðøi ïîïåðåäíiõ ïðè âèñîêié òî÷íîñòi ìîäå-
ëþâàííÿ. Àëå âîíè íå âèìàãàþòü äîäàòêîâèõ îáìåæåíü íà ñïåêòðàëüíó
ôóíêöiþ i ìîæóòü åôåêòèâíî çàñòîñîâóâàòèñü ïðè íåâåëèêié òî÷íîñòi
(òîáòî ïðè ìàëié òî÷íîñòi çàáåçïå÷óþòü âèñîêó íàäiéíiñòü).

4.4.1. Ïîáóäîâà ìîäåëi ãàóññîâîãî ñòàöiîíàðíîãî

âèïàäêîâîãî ïðîöåñó, êîðåëÿöiéíà ôóíêöiÿ ÿêî¨ íå

ñïiâïàäà¹ ç êîðåëÿöiéíîþ ôóíêöi¹þ ïðîöåñó, ùî

ìîäåëþ¹òüñÿ

Íåõàé X = {X(t), t ∈ T} � ãàóññiâ ñòàöiîíàðíèé äiéñíèé öåíòðîâàíèé
íåïåðåðâíèé â ñåðåäíüîìó êâàäðàòè÷íîìó âèïàäêîâèé ïðîöåñ ç êîâàði-
àöiéíîþ ôóíêöi¹þ

EX(t+ τ)X(t) = r(τ) =

∞w

0

cosλτdF (λ) ,

äå F (λ) � íåïåðåðâíà ñïåêòðàëüíà ôóíêöiÿ ïðîöåñó.
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Âèïàäêîâèé ïðîöåñ X(t) ìà¹ çîáðàæåííÿ

X(t) =

∞w

0

cosλtdη1(λ) +

∞w

0

sinλtdη2(λ),

äå η1(λ), η2(λ) âèçíà÷åíi â (3.2)

X(t) = XΛ(t) +XΛ(t),

äå XΛ(t) =
Λr

0

cosλtdη1(λ) +
Λr

0

sinλtdη2(λ) ç êîâàðiàöiéíîþ ôóíêöi¹þ

rΛ(τ) = EXΛ(t+ τ)XΛ(t) =

Λw

0

cosλτdF (λ),

XΛ(t) =

∞w

Λ

cosλtdη1(λ) +

∞w

Λ

sinλtdη2(λ)

ç êîâàðiàöiéíîþ ôóíêöi¹þ

rΛ(τ) = EXΛ(t+ τ)XΛ(t) =

∞w

Λ

cosλτdF (λ).

Çà ìîäåëü ïðîöåñó X(t) âiçüìåìî ìîäåëü òèïó (3.8), òîáòî

XM
Λ (t) =

M∑
k=0

(ηk1 cos ζkt+ ηk2 sin ζkt),

äå Λ = {λ0, . . . , λM} òàêå ðîçáèòòÿ ìíîæèíè [0,Λ] , ùî λ0 = 0, λk < λk+1,
λM = Λ,

ηk1, ηk2, ζk íåçàëåæíi âèïàäêîâi âåëè÷èíè òàêi, ùî Eηk1 = Eηk2 = 0,

Eη2
k1 = Eη2

k2 = F (λk+1)− F (λk) = b2k, k = 1, . . . ,M,

ζk �âèïàäêîâi âåëè÷èíè, ùî ïðèéìàþòü çíà÷åííÿ íà âiäðiçêàõ [λk, λk+1]
òà ìàþòü òàêi ôóíêöi¨ ðîçïîäiëó

P{ζk < λ} = Fk(λ) =
F (λ)− F (λk)

F (λk+1)− F (λk)
.

Ïîêàæåìî ïðè ÿêèõ óìîâàõ òðåáà âèáèðàòè ðîçáèòòÿ Λ, ùîá äëÿ ìîäåëi
XM

Λ iñíóâàâ öåíòðîâàíèé ãàóññîâèé ïðîöåñ X(t), ÿêèé áè âîíà íàáëèæà-
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ëà â ïðîñòîði C([0, T ]) iç çàäàíèìè òî÷íiñòþ òà íàäiéíiñòþ.
Ïîçíà÷èìî

ηΛ(t) = XM
Λ (t)−XΛ(t)

=

M∑
k=0

λk+1w

λk

(cosλt− cos ζkt)dη1(λ) +

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

 .
(4.47)

Îñíîâíi òâåðäæåííÿ äëÿ ñóáãàóññîâîãî ïðîöåñó ηΛ(t) íàâåäåíi â ðîçäiëi
3.

Ñïðàâåäëèâi íàñòóïíi òåîðåìè.

Òåîðåìà 4.14. Äëÿ ñóáãàóññîâîãî âèïàäêîâîãî ïðîöåñó ηΛ(t) ìà¹ ìiñöå

òàêà íåðiâíiñòü

τ(ηΛ(t)) 6 4
lnγ
(
1 + Λ

M

)
lnγ
(
1 + 2

t

) (F (Λ))
1
2 ,

äå Λ = {λ0, λ1, ...λM}, λ0 = 0, λk 6 λk+1, λM = Λ, F (Λ) � ñïåêòðàëüíà

ôóíêöiÿ.

97



Äîâåäåííÿ. Ç òåîðåìè 1.2 òà ëåìè 3.1 âèïëèâà¹

τ2

λk+1w

λk

(cosλt− cosζkt)dη1(λ)

 6 Θ2
1

λk+1w

λk

(cosλt− cosζkt)dη1(λ)



6 sup
m>1

 1

∆2m
E

λk+1w

λk

(cosλt− cosζkt)dη1(λ)

2m


1
m

6 sup
m>1

b2k

λk+1w

λk

λk+1w

λk

(
2sin

t(u− λ)

2

)2

dFk(λ)

m

dFk(u)


1
m

6 sup
m>1

4b2k

λk+1w

λk

λk+1w

λk

(
lnγ(1 + u− λ)

lnγ
(
1 + 2

t

) )2m

dFk(λ)dFk(u)

 1
m

6 4
ln2γ(1 + λk+1 − λk)

ln2γ
(
1 + 2

t

) (F (λk+1)− F (λk)) = Ik.

Àíàëîãi÷íî îòðèìà¹ìî:

τ2

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

 6 Θ2
1

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)



6 sup
m>1

 1

∆2m
E

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

2m


1
m

6 sup
m>1

b2k

λk+1w

λk

λk+1w

λk

(
2 sin

t(u− λ)

2

)2

dFk(λ)

m

dFk(u)


1
m

6 sup
m>1

4b2k

λk+1w

λk

λk+1w

λk

(
lnγ(1 + u− λ)

lnγ
(
1 + 2

t

) )2m

dFk(λ)dFk(u)

 1
m

6 4
ln2γ(1 + λk+1 − λk)

ln2γ
(
1 + 2

t

) (F (λk+1)− F (λk)) = Ik.

98



τ2

λk+1w

λk

(cosλt− cos ζkt)dη1(λ) +

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)


6

τ
λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

+ τ

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

2

6 4Ik. (4.48)

Îñêiëüêè äîäàíêè ñóì (4.47) äëÿ ðiçíèõ k íåçàëåæíi, òî ç (4.48) òà ëåìè

1.7 âèïëèâà¹

τ2 (ηΛ(t)) 6 4

M∑
k=0

Ik,

τ (ηΛ(t)) 6 2

(
M∑
k=0

4
ln2γ(1 + λk+1 − λk)

ln2γ(1 + 2
t )

· (F (λk+1)− F (λk))

) 1
2

.

ßêùî ïîêëàäåìî λk+1 − λk = Λ
M , òî

τ(ηΛ(t)) 6 4 ln−γ
(

1 +
2

t

)
lnγ
(

1 +
Λ

M

)
(F (Λ))

1
2 , γ > 0.

Äëÿ äîâiëüíèõ t, s ∈ T

ηΛ(t)− ηΛ(s)

=

M∑
k=0

λk+1w

λk

(cosλt− cos ζkt− cosλs+ cos ζks)dη1(λ)

+

λk+1w

λk

(sinλt− sin ζkt− sinλs+ sin ζks)dη2(λ)

 .
Òåîðåìà 4.15. Ìà¹ ìiñöå íåðiâíiñòü

τ (ηΛ(t)− ηΛ(s))

6 8 (F (Λ))
1
2

1

lnγ
(

1 + 2
|t−s|

) · lnγ (1 +
Λ

M

)(
1 +

lnγ(1 + Λ)

lnγ
(
1 + 2

T

)) ,
t, s ∈ [0, T ].
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Äîâåäåííÿ. Ïîçíà÷èìî

ωk1 =

λk+1w

λk

(cosλt− cos ζkt− cosλs+ cos ζks)dη1(λ),

ωk2 =

λk+1w

λk

(sinλt− sin ζkt− sinλs+ sin ζks)dη2(λ).

Çãiäíî ëåìè 1.7 òà òåîðåìè 1.2

τ2(ηΛ(t)− ηΛ(s)) 6 2

M∑
k=0

(τ2(ωk1) + τ2(ωk2)) 6 2

M∑
k=0

(Θ2
1(ωk1) + Θ2

1(ωk2)),

äå

Θ1(ωki) = sup
m>1

(
1

∆2m
Eω2m

ki

) 1
2m

, i = 1, 2.

Çãiäíî ëåìè 4.3 ìà¹ìî

τ2

λk+1w

λk

(cosλt− cos ζkt− cosλs+ cos ζks) dη1(λ)


6 16 sup

m>1

E
λk+1w

λk

(∣∣∣∣sin (s− t)(λ− ζk)

4

∣∣∣∣+
+

∣∣∣∣sin ζk(s− t)
2

∣∣∣∣ · ∣∣∣∣sin (λ− ζk)(t+ s)

4

∣∣∣∣)2

dF (λ)

)m) 1
m

100



6 16b2k sup
m>1

λk+1w

λk

λk+1w

λk

(
lnγ(1 + |λ− u|)
lnγ(1 + 4

|s−t| )

+
lnγ(1 + u)

lnγ(1 + 2
|s−t| )

lnγ(1 + |λ− u|)

ln
(

1 + 4
s+t

)
2m

dFk(λ)dFk(u)


1
m

6 16

 lnγ(1 + λk+1 − λk)

lnγ
(

1 + 2
|s−t|

) +
lnγ(1 + λk+1)

lnγ
(

1 + 2
|s−t|

) lnγ(1 + λk+1 − λk)

lnγ
(

1 + 4
s+t

)
2

× (F (λk+1)− F (λk))

6 16 (F (λk+1)− F (λk))
ln2γ(1 + λk+1 − λk)

ln2γ
(

1 + 2
|s−t|

) (
1 +

lnγ(1 + λk+1)

lnγ
(
1 + 2

T

) )2

= Jk.

Àíàëîãi÷íî îòðèìà¹ìî

τ2

λk+1w

λk

(sinλt− sin ζkt− sinλs+ sin ζks) dη2(λ)


6 16 sup

m>1

E
λk+1w

λk

(∣∣∣∣sin (s− t)(λ− ζk)

4

∣∣∣∣

+

∣∣∣∣sin ζk(s− t)
2

∣∣∣∣ · ∣∣∣∣sin (λ− ζk)(t+ s)

4

∣∣∣∣)2

dF (λ)

)m) 1
m

6 16b2k sup
m>1

λk+1w

λk

λk+1w

λk

(
lnγ(1 + |λ− u|)
lnγ(1 + 4

|s−t| )

+
lnγ(1 + u)

lnγ(1 + 2
|s−t| )

lnγ(1 + |λ− u|)

ln
(

1 + 4
s+t

)
2m

dFk(λ)dFk(u)


1
m

6 16 (F (λk+1)− F (λk))
ln2γ(1 + λk+1 − λk)

ln2γ
(

1 + 2
|s−t|

) (
1 +

lnγ(1 + λk+1)

lnγ
(
1 + 2

T

) )2

=Jk.
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Òîäi τ2 (ηΛ(t)− ηΛ(s)) 6 4
M∑
k=0

Jk.

ßêùî ïîêëàñòè λk+1 − λk = Λ
M , òî

τ (ηΛ(t)− ηΛ(s)) 6 8(F (Λ))
1
2

lnγ
(
1 + Λ

M

)
lnγ
(

1 + 2
|s−t|

) (1 +
lnγ(1 + Λ)

lnγ
(
1 + 2

T

)) .
Òåîðåìà 4.16. ßêùî âèêîíó¹òüñÿ óìîâà:

∞w

0

ln2ε(1 + u)dF (u) <∞, 0 < ε 6 1,

òîäi

τ
(
XΛ(t)−XΛ(s)

)
6

2Q̃
1
2

lnγ(1 + 1
|t−s| )

,

äå Q̃ =
∞r

Λ

ln2γ(1 + λ)dF (λ), 0 < γ 6 1.

Äîâåäåííÿ.

rΛ(τ) = EXΛ(t+ τ)XΛ(t) =

∞w

Λ

cosλτdF (λ),

E
∣∣XΛ(t)−XΛ(s)

∣∣2 = 2
(
rΛ(0)− rΛ(t− s)

)
= 2

[
(F (+∞)− F (Λ))−

∞w

Λ

cosλ(t− s)dF (λ)

]

= 2

∞w

Λ

(1− cosλ(t− s)) dF (λ)

= 4

∞w

Λ

sin2 λ(t− s)
2

dF (λ) 6 4

∞w

Λ

ln2γ(1 + λ)

ln2γ(1 + 2
|t−s| )

dF (λ).

Òîäi,

τ
(
XΛ(t)−XΛ(s)

)
6
(
E
∣∣XΛ(t)−XΛ(s)

∣∣2) 1
2

= 2

(∞w
Λ

ln2γ(1 + λ)

ln2γ(1 + 2
|t−s| )

dF (λ)

) 1
2

=
2

lnγ(1 + 2
|t−s| )

(∞w
Λ

ln2γ(1 + λ)dF (λ)

) 1
2

.
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Òåîðåìà 4.17. ßêùî âèïàäêîâèé ïðîöåñ XM
Λ (t) ìà¹ ðîçáèòòÿ Λ òàêå,

ùî âèêîíó¹òüñÿ ðÿä íåðiâíîñòåé:

∞w

0

ln2γ(1 + λ)dF (λ) <∞ , 0 < γ 6 1 ,

2 exp

{
− 1

2ε2
01

(
αδ −

√
8αδI1(ε01)

)2
}

+ 2 exp

{
− 1

2ε2
02

(
(1− α)δ −

√
8(1− α)δI2(ε02)

)2
}

6 β (4.49)

ïðè δ > 8 max
(
I1(ε01), I2(ε02)

)
,

äå 0 < α < 1, ε01 = sup
06t6T

τ(XΛ(t)−XM
Λ (t)), ε02 = sup

06t6T
τ(XΛ(t)),

I1(ε01) =
1√
2

ε01w

0

ln

T4 exp


8
√
F (Λ) lnγ

(
1 + Λ

M

)(
1 + lnγ(1+Λ)

lnγ(1+ 2
T )

)
ε


1
γ



−T
4

+ 1

)) 1
2

dε,

I2(ε02)=
1√
2

ε02w

0

ln

T4 exp


2

∞r

Λ

ln2γ(1 + λ)dF (λ)

ε


1
γ
−

T

4
+ 1




1
2

dε,

òîäi iñíó¹ ãàóññiâ âèïàäêîâèé ïðîöåñ X(t), äî ÿêîãî öÿ ìîäåëü XM
Λ (t)

íàáëèæàòèìåòüñÿ â ïðîñòîði C([0, T ]) ç íàäiéíiñòþ 1− β, 0 < β < 1

òà òî÷íiñòþ δ > 0.
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Äîâåäåííÿ. Çà òåîðåìîþ 1.12 òà ïðèêëàäîì 1.6 ìà¹ìî

P

{
sup

06t6T
|X(t)−XM

Λ (t)| > δ

}
6 P

{
sup

06t6T
|XΛ(t)−XM

Λ (t)| > αδ

}
+ P

{
sup

06t6T
|XΛ(t)| > (1− α)δ

}
6 2 exp

{
− 1

2ε2
01

(
αδ −

√
8αδI1(ε01)

)2
}

+

+2 exp

{
− 1

2ε2
02

(
(1− α)

√
8(1− α)δI2(ε02)

)2
}
.

Ç òåîðåìè 4.15 âèïëèâà¹, ùî σ1(h) = sup
|t−s|<h

τ(ηΛ(t)−ηΛ(s)) 6 G̃

lnγ(1+ 2
h )
,

äå

G̃ = 8
√
F (Λ) lnγ

(
1 +

Λ

M

)(
1 +

lnγ(1 + Λ)

lnγ
(
1 + 2

T

)) .
σ

(−1)
1 (h) =

2

exp

{(
G̃
h

) 1
γ

}
− 1

.

Òîäi

I1(ε01) =
1√
2

ε01w

0

(
ln

(
T

2σ
(−1)
1 (ε)

+ 1

)) 1
2

dε

=
1√
2

ε01w

0

ln

T
4

exp


(
G̃

ε

) 1
γ

− T

4
+ 1


1
2

dε,

ε01 = sup
06t6T

τ(ηΛ(t)) âèçíà÷åíå â òåîðåìi 4.14

Ç òåîðåìè 4.16 âèïëèâà¹, ùî σ2(h) = sup
|t−s|<h

(XΛ(t)−XΛ(s)) 6 2Q̃

lnγ(1+ 2
h )
,

äå Q̃ =
∞r

Λ

ln2γ(1 + λ)dF (λ), òîäi

σ
(−1)
2 (h) = 2

exp


(

2Q̃

ε

) 1
γ

− 1

−1

,
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I2(ε02) =
1√
2

ε02w

0

ln

T
4

exp


(

2Q̃

ε

) 1
γ

− T

4
+ 1


1
2

dε.

äå

ε02 = sup
06t6T

τ(XΛ(t)) 6 sup
06t6T

(
E|Xλ(t)|2

) 1
2 =

√
F (+∞)− F (Λ).

Çãiäíî îçíà÷åííÿ 4.3 ìîäåëü XM
Λ (t) íàáëèæàòèìå ïðîöåñ XM

Λ (t) ç íà-

äiéíiñòþ 1 − β, 0 < β < 1 òà òî÷íiñòþ δ > 0 â ïðîñòîði C([0, T ]), ÿêùî

âèêîíóâàòèìåòüñÿ óìîâà (4.49)

4.4.2. Ïîáóäîâà ìîäåëi ãàóññîâîãî ñòàöiîíàðíîãî

âèïàäêîâîãî ïðîöåñó, êîðåëÿöiéíà ôóíêöiÿ ÿêî¨

ñïiâïàäà¹ ç êîðåëÿöiéíîþ ôóíêöi¹þ ïðîöåñó, ùî

ìîäåëþ¹òüñÿ

Íåõàé X = {X(t), t ∈ T} � ãàóññiâ ñòàöiîíàðíèé äiéñíèé öåíòðîâàíèé
íåïåðåðâíèé â ñåðåäíüîìó êâàäðàòè÷íîìó âèïàäêîâèé ïðîöåñ ç êîâàði-
àöiéíîþ ôóíêöi¹þ

EX(t+ τ)X(t) = r(τ) =

∞w

0

cosλτdF (λ) ,

äå F (λ) � íåïåðåðâíà ñïåêòðàëüíà ôóíêöiÿ ïðîöåñó.
Âèïàäêîâèé ïðîöåñ X(t) ìà¹ çîáðàæåííÿ

X(t) =

∞w

0

cosλtdη1(λ) +

∞w

0

sinλtdη2(λ),

äå η1(λ), η2(λ) íåçàëåæíi öåíòðîâàíi ãàóññîâi âèïàäêîâi ïðîöåñè ç íåçà-
ëåæíèìè ïðèðîñòàìè. Ïðåäñòàâèìî X(t) ÿê

X(t) = XΛ(t) +XΛ(t),

äå XΛ(t) =
Λr

0

cosλtdη1(λ) +
Λr

0

sinλtdη2(λ),

XΛ(t) =

∞w

Λ

cosλtdη1(λ) +

∞w

Λ

sinλtdη2(λ).
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Çà ìîäåëü ïðîöåñó X(t) âiçüìåìî ìîäåëü òèïó (3.4), òîáòî

XM
Λ (t) =

M∑
k=0

(ηk1 cos ζkt+ ηk2 sin ζkt),

äå Λ = {λ0, . . . , λM} òàêå ðîçáèòòÿ ìíîæèíè [0,∞] , ùî λ0 = 0, λk <
λk+1, λM+1 = ∞; ηk1, ηk2, ζk íåçàëåæíi âèïàäêîâi âåëè÷èíè òàêi, ùî
Eηk1 = Eηk2 = 0,

Eη2
k1 = Eη2

k2 = F (λk+1)− F (λk) = b2k, k = 1, . . . ,M,

ζk �âèïàäêîâi âåëè÷èíè, ùî ïðèéìàþòü çíà÷åííÿ íà âiäðiçêàõ [λk, λk+1]
òà ìàþòü òàêi ôóíêöi¨ ðîçïîäiëó

P{ζk < λ} = Fk(λ) =
F (λ)− F (λk)

F (λk+1)− F (λk)
.

Ïîêàæåìî çà ÿêèõ óìîâ òðåáà âèáèðàòè ðîçáèòòÿ Λ, ùîá äëÿ ìîäåëiXM
Λ

iñíóâàâ öåíòðîâàíèé ãàóññîâèé ïðîöåñ X(t), ÿêèé áè âîíà íàáëèæàëà â
ïðîñòîði C([0, T ]) iç çàäàíèìè òî÷íiñòþ òà íàäiéíiñòþ.

Ïîçíà÷èìî

ηΛ(t) = X(t)−XM
Λ (t)

=

M−1∑
k=0

λk+1w

λk

(cosλt− cos ζkt)dη1(λ) +

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)


+

∞w

λM

(cosλt− cos ζM t)dη1(λ) +

∞w

λM

(sinλt− sin ζM t)dη2(λ). (4.50)

Ñïðàâåäëèâi íàñòóïíi òåîðåìè.

Òåîðåìà 4.18. ßêùî
r∞
0

r∞
0

(u − λ)2α̃dF (λ)dF (u) < ∞ ïðè 0 < α̃ 6 1,

òî äëÿ ñóáãàóññîâîãî ïðîöåñó ηΛ(t) ìà¹ ìiñöå òàêà îöiíêà

τ(ηΛ(t)) 6 2

(
4

ln2γ
(
eα−1 + Λ

M

)
ln2γ

(
eα−1 + 2

t

) F (Λ) +

∞w

Λ

∞w

Λ

(t(u− λ))2α̃dF (λ)dF (u)

)1/2

,

äå α > 1, 0 6 γ 6 α.
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Äîâåäåííÿ.

τ2(ηΛ(t)) 6

6
M−1∑
k=0

τ2

λk+1w

λk

(cosλt− cos ζkt)dη1(λ) +

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)


+ τ2

 ∞w

λM

(cosλt− cos ζM t)dη1(λ) +

∞w

λM

(sinλt− sin ζM t)dη2(λ)

 . (4.51)

Îöiíèìî ïåðøèé äîäàíîê ó (4.51):

τ2

λk+1w

λk

(cosλt− cos ζkt)dη1(λ) +

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)



6

τ
λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

+ τ

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

2

.

(4.52)
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τ2

λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

 6 θ2
1

λk+1w

λk

(cosλt− cos ζkt)dη1(λ)



6 sup
m>1

 1

∆2m
E

λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

2m


1
m

6 sup
m>1

4mE

λk+1w

λk

∣∣∣∣sin t(ζk − λ)

2

∣∣∣∣2 dF (λ)

m
1
m

= sup
m>1

4mb2mk

λk+1w

λk

λk+1w

λk

(
sin

t(u− λ)

2

)2

dFk(u)

m

dFk(λ)


1
m

= sup
m>1

4b2k

λk+1w

λk

λk+1w

λk

(
sin

t(u− λ)

2

)2

dFk(u)

m

dFk(λ)


1
m

6 sup
m>1

4b2k

λk+1w

λk

λk+1w

λk

(
lnγ(eα−1 + u− λ)

lnγ(eα−1 + 2
t )

)2m

dFk(u)dFk(λ)

 1
m

6 4
ln2γ(eα−1 + λk+1 − λk)

ln2γ(eα−1 + 2
t )

(F (λk+1)− F (λk)) = Ik.

Àíàëîãi÷íî îòðèìà¹ìî

τ2

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

 6 Ik.
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Îöiíèìî äðóãèé äîäàíîê ó (4.51):

τ2

 ∞w

λM

(cosλt− cos ζM t)dη1(λ)

 6 θ2
1

 ∞w

λM

(cosλt− cos ζM t)dη1(λ)



6 sup
m>1

 1

∆2m
E

 ∞w

λM

(cosλt− cos ζM t)dη1(λ)

2m


1
m

6 sup
m>1

E
 ∞w

λM

∣∣∣∣2 sin
t(λ− ζM )

2

∣∣∣∣2 dF (λ)

m
1
m

6 sup
m>1

 ∞w
λM

 ∞w

λM

|t(u− λ)|2α̃ dF (λ)

m

dF (u)


1
m

6 sup
m>1

 ∞w
λM

 ∞w

λM

|t(u− λ)|2α̃ dF (λ)

m

dF (u)


1
m

6 sup
m>1

 ∞w

λM

∞w

λM

t2mα̃(u− λ)2mα̃dF (λ)dF (u)

 1
m

6
∞w

λM

∞w

λM

t2α̃(u− λ)2α̃dF (λ)dF (u).

Àíàëîãi÷íî îòðèìà¹ìî

τ2

(
∞r

λM

(sinλt− sin ζM t)dη2(λ)

)
6
∞r

λM

∞r

λM

t2α̃(u− λ)2α̃dF (λ)dF (u),

äå 0 6 α̃ 6 1.

Ñïiâñòàâèâøè (4.51) i (4.52), âèêîðèñòàâøè îñòàííi íåðiâíîñòi, ìàòè-

ìåìî

τ2(ηΛ(t)) 6
M−1∑
k=0

τ2

λk+1w

λk

(cosλt− cos ζkt)dη1(λ)+

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)


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+τ2

 ∞w

λM

(cosλt− cos ζkt)dη1(λ) +

∞w

λM

(sinλt− sin ζkt)dη2(λ)


6
M−1∑
k=0

τ
λk+1w

λk

(cosλt− cos ζkt)dη1(λ)

+τ

λk+1w

λk

(sinλt− sin ζkt)dη2(λ)

2

+

τ
 ∞w

λM

(cosλt− cos ζkt)dη1(λ)

+ τ

 ∞w

λM

(sinλt− sin ζkt)dη2(λ)

2

6
M−1∑
k=0

4Ik + 4

∞w

λM

∞w

λM

t2α̃(u− λ)2α̃dF (λ)dF (u).

ßêùî ïîêëàäåìî λk+1 − λk = Λ
M , òî

τ(ηΛ(t)) 6 2

M−1∑
k=0

4
ln2γ

(
eα−1 + Λ

M

)
ln2γ

(
eα−1 + 2

t

) b2k+∞w
λM

∞w

λM

(t(u− λ))2α̃dF (λ)dF (u)

1/2

= 2

(
4

ln2γ
(
eα−1 + Λ

M

)
ln2γ

(
eα−1 + 2

t

) F (Λ) +

∞w

Λ

∞w

Λ

(t(u− λ))2α̃dF (λ)dF (u)

)1/2

.

Ïðèêëàä. Ðîçãëÿíåìî ÷àñòêîâèé âèïàäîê: F (λ) = 1− e−λ, α̃ = 0.5,
γ = 0.5, α = 1.

Óìîâè òåîðåìè âèêîíóþòüñÿ, îòæå,

τ(ηΛ(t)) 6 2

√√√√4
ln(1 + Λ

M )

ln(1 + 2
t )

(1− e−Λ) +

∞w

Λ

∞w

Λ

t(u− λ)e−λe−udλdu =

= 4

√
ln(1− Λ

M )

ln(1 + 2
t )

(1− e−Λ).

Äëÿ ∀t, s ∈ T

ηΛ(t)− ηΛ(s) =

M−1∑
k=0

λk+1w

λk

(cosλt− cos ζkt− cosλs+ cos ζks)dη1(λ)
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+

λk+1w

λk

(sinλt− sin ζkt− sinλs+ sin ζks)dη2(λ)

 (4.53)

+

∞w

λM

(cosλt− cos ζM t− cosλs+ cos ζMs)dη1(λ)

+

∞w

λM

(sinλt− sin ζM t− sinλs+ sin ζMs)dη2(λ).

Òåîðåìà 4.19. ßêùî âèêîíóþòüñÿ óìîâè òåîðåìè 4.18, òî ∀t, s ∈
[0, T ], α > 1, 0 6 γ 6 α, 0 < α̃ 6 1 ìà¹ ìiñöå òàêà îöiíêà

τ(ηΛ(t)− ηΛ(s)) 6 8

F (Λ)
ln2γ

(
eα−1 + Λ

M

)
ln2γ

(
eα−1 + 2

|s−t|

) (1 +
lnγ
(
eα−1 + Λ

)
lnγ
(
eα−1 + 2

T

))2

+(s− t)2α̃

(∞w
Λ

∞w

Λ

(u− λ))2α̃dF (λ)dF (u) + (1− F (Λ))

∞w

Λ

u2α̃dF (u)

))1/2

.

(4.54)

Äîâåäåííÿ. Ââåäåìî ïîçíà÷åííÿ:

ωk1 =

λk+1w

λk

(cosλt− cos ζkt− cosλs+ cos ζks)dη1(λ),

ωk2 =

λk+1w

λk

(sinλt− sin ζkt− sinλs+ sin ζks)dη2(λ),

ωM1 =

∞w

λM

(cosλt− cos ζkt− cosλs+ cos ζks)dη1(λ),

ωM2 =

∞w

λM

(sinλt− sin ζkt− sinλs+ sin ζks)dη2(λ).

Ç (4.53) òà âëàñòèâîñòi ñóáãàóññîâîãî ñòàíäàðòó âèïëèâà¹ ñïðàâåäëè-
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âiñòü îöiíîê:

τ(ηΛ(t)− ηΛ(s)) 6
M−1∑
k=0

(τ(ωk1) + τ(ωk2))
2

+ (τ(ωM1) + τ(ωM2))
2

6 2

M−1∑
k=0

(
τ2(ωk1) + τ2(ωk2)

)
+ 2τ2(ωM1) + 2τ2(ωM2).

Àíàëîãi÷íèìè äî ïîïåðåäíüî¨ òåîðåìè îöiíêàìè, îäåðæèìî:

τ2(ωk1) 6 16 sup
m>1

E
λk+1w

λk

(∣∣∣∣sin (s− t)(λ− ζk)

4

∣∣∣∣
+

∣∣∣∣sin (s− t)ζk
2

∣∣∣∣ · ∣∣∣∣sin (s+ t)(λ− ζk)

4

∣∣∣∣)2

dF (λ)

)m) 1
m

616

 lnγ(eα−1+λk+1−λk)

lnγ
(
eα−1 + 2

|s−t|

) +
lnγ(eα−1+λk+1)

lnγ
(
eα−1 + 2

|s−t|

) lnγ(eα−1 + λk+1 − λk)

lnγ
(
eα−1 + 4

s+t

)
2

×

× (F (λk+1)− F (λk))

616(F (λk+1)−F (λk))
ln2γ(eα−1+λk+1−λk)

ln2γ
(
eα−1 + 2

|s−t|

) (
1 +

lnγ(eα−1 + λk+1)

lnγ
(
eα−1 + 2

T

) )2

=Jk.

Àíàëîãi÷íî τ2(ωk2) 6 Jk.

τ2(ωM1) 6 θ2
1(ωM1) 6 16 sup

m>1

E
 ∞w

λM

(∣∣∣∣sin (s− t)(λ− ζM )

4

∣∣∣∣
+

∣∣∣∣sin (s− t)ζM
2

∣∣∣∣ · ∣∣∣∣sin (s+ t)(λ− ζM )

4

∣∣∣∣)2

dF (λ)

)m) 1
m
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6 16 sup
m>1

 ∞w

λM

∞w

λM

(∣∣∣∣sin (s− t)(λ− u)

4

∣∣∣∣+

∣∣∣∣sin (s− t)ζM
2

∣∣∣∣
×
∣∣∣∣sin (s+ t)(λ− u)

4

∣∣∣∣)2m

dF (λ)dF (u)

) 1
m

6 16 sup
m>1

 ∞w

λM

∞w

λM

(
|s− t|α̃|λ− u|α̃

2
+
|u(s− t)|α̃

2

)2m

dF (λ)dF (u)

 1
m

6 16

∞w

λM

∞w

λM

(s− t)2α̃

2

(
|λ− u|α̃ + uα̃

)2
dF (λ)dF (u)

6 16(s− t)2α̃

 ∞w

λM

∞w

λM

(λ− u)2α̃dF (λ)dF (u) + (1− F (λM ))

∞w

λM

u2α̃dF (u)

 ;

τ2(ωM2) 6 θ2
1(ωM2)

6 16(s−t)2α̃

 ∞w

λM

∞w

λM

(λ− u)2α̃dF (λ)dF (u) + (1− F (λM ))

∞w

λM

u2α̃dF (u)

 .

Òîäi

τ(ηΛ(t)− ηΛ(s)) 6 4

M−1∑
k=0

Jk+

+64(s−t)2α̃

 ∞w

λM

∞w

λM

(λ− u)2α̃dF (λ)dF (u) + (1− F (λM ))

∞w

λM

u2α̃dF (u)

 .

ßêùî ïîêëàñòè λk+1 − λk = Λ
M , òî îäåðæèìî (4.54).

Ïðèêëàä 4.5. Ðîçãëÿíåìî ÷àñòêîâèé âèïàäîê: F (λ) = 1 − e−λ, α̃ = 0.5,

γ = 0.5, α = 1.
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Óìîâè òåîðåìè 4.19 âèêîíóþòüñÿ, îòæå,

τ(ηΛ(t)− ηΛ(s)) 6 8

(1− e−Λ)
ln(1 + Λ

M )

ln(1 + 2
|s−t| )

(
1 +

√
ln(1 + Λ)

ln(1 + 2
T )

)2

+

+ |s− t|

(∞w
Λ

∞w

Λ

|u− λ|e−λe−udλdu+ e−Λ
∞w

Λ

ue−udu

)) 1
2

=

= 8

(1− e−Λ)
ln(1 + Λ

M )

ln(1 + 2
|s−t| )

(
1 +

√
ln(1 + Λ)

ln(1 + 2
T )

)2

+ |s− t|e−2Λ (1 + Λ)

 1
2

. ♦

Òåîðåìà 4.20. ßêùî âèïàäêîâèé ïðîöåñ XM
Λ (t) ìà¹ ðîçáèòòÿ Λ òàêå,

ùî âèêîíó¹òüñÿ íåðiâíiñòü:

2exp

{
− 1

2ε2
0

(δ −
√

8δI(ε0))2

}
6 β (4.55)

ïðè δ > 8I(ε0), äå

I(ε0) =
1√
2

ε0w

0

(
ln

[
T

4

(
exp

{(
64G

ε2 − 64K

) 1
2γ

}
− eα−1

)
+ 1

])1/2

dε

G = F (Λ) ln2γ(eα−1 +
Λ

M
)

(
1 +

lnγ(eα−1 + Λ)

lnγ(eα−1 + 2
T )

)2

,

K = (s−t)2α̃

(∞w
Λ

∞w

Λ

(λ− u)2α̃dF (λ)dF (u) + (1− F (Λ))

∞w

Λ

u2α̃dF (u)

)1/2

,

òîäi ìîäåëü íàáëèæàòèìåòüñÿ äî ãàóññîâîãî âèïàäêîâîãî ïðîöåñó X(t)

ó ïðîñòîði C([0, T ]) ç íàäiéíiñòþ 1− β, 0 < β < 1 òà òî÷íiñòþ δ > 0.

Äîâåäåííÿ. Ç åíòðîïiéíî¨ õàðàêòåðèñòèêè âèïàäêîâèõ ïðîöåñiâ ìàòè-

ìåìî:

P

{
sup

06t6T

∣∣X(t)−XM
Λ (t)

∣∣ > δ

}
6 2exp

{
− 1

2ε2
0

(δ −
√

8δI(ε0))2

}
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Ç òåîðåìè 4.19 âèïëèâà¹, ùî

σ(h) = sup
|t−s|<h

τ(ηΛ(t)− ηΛ(s)) 6 8

(
G

ln2γ(eα−1 + 2
h )

+K

)1/2

,

äå

G = F (Λ) ln2γ(eα−1 +
Λ

M
)

(
1 +

lnγ(eα−1 + Λ)

lnγ(eα−1 + 2
T )

)2

,

K = (s− t)2α̃

(∞w
Λ

∞w

Λ

(λ− u)2α̃dF (λ)dF (u) + (1− F (Λ))

∞w

Λ

u2α̃dF (u)

)1/2

.

Òîäi

σ(−1)(h) =
2

exp

{(
64G

h2−64K

) 1
2γ

}
− eα−1

.

À, îòæå,

I(ε0) =
1√
2

ε0w

0

(
ln

(
T

2σ(−1)(ε)
+ 1

))1/2

dε,

äå ε0 = sup
06t6T

τ(ηΛ(t)) âèçíà÷åíî ó òåîðåìi 4.18.

Çãiäíî îçíà÷åííÿ íàáëèæåííÿ ìîäåëi ïðîöåñó ç çàäàíèìè òî÷íiñòþ i

íàäiéíiñþ ó íîðìi ïðîñòîðó C([0, T ]), ìîäåëü XM
Λ (t) íàáëèæàòèìåòüñÿ

äî ãàóññîâîãî âèïàäêîâîãî ïðîöåñóX(t) ó ïðîñòîði C([0, T ]) ç íàäiéíiñòþ

1 − β, 0 < β < 1 òà òî÷íiñòþ δ > 0, ÿêùî âèêîíóâàòèìåòüñÿ óìîâà

(4.55).

Òàêèì ÷èíîì, â äàíîìó ïiäðîçäiëi, ìàþ÷è îöiíêè ñóáãàóññîâîãî ñòàí-
äàðòó, îäåðæàíi ó òåîðåìàõ 4.18 i 4.19, òà âèêîðèñòîâóþ÷è åíòðîïiéíi
õàðàêòåðèñòèêè âèïàäêîâèõ ïðîöåñiâ ïîáóäîâàíî ìîäåëü ãàóññîâîãî ñòà-
öiîíàðíîãî âèïàäêîâîãî ïðîöåñó ç çàäàíîþ òî÷íiñòþ òà íàäiéíiñòþ â
C([0, T ]).

4.4.3. Îöiíêè ìîäåëþâàííÿ ãàóññîâèõ ñòàöiîíàðíèõ

ïðîöåñiâ ïðè íåâèñîêié òî÷íîñòi

Íåõàé X = {X(t), t ∈ T} � ãàóññiâ ñòàöiîíàðíèé äiéñíèé öåíòðîâàíèé
íåïåðåðâíèé â ñåðåäíüîìó êâàäðàòè÷íîìó âèïàäêîâèé ïðîöåñ ç êîâàði-
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àöiéíîþ ôóíêöi¹þ

EX(t+ τ)X(t) = r(τ) =

∞w

0

cosλτdF (λ),

äå F (λ) � íåïåðåðâíà ñïåêòðàëüíà ôóíêöiÿ ïðîöåñó.
Âèïàäêîâèé ïðîöåñ X(t) ìà¹ çîáðàæåííÿ

X(t) =

∞w

0

cosλtdη1(λ) +

∞w

0

sinλtdη2(λ),

äå η1(λ), η2(λ) òàêi íåçàëåæíi öåíòðîâàíi ãàóññîâi ïðîöåñè, ùî

E(ηi(λ2)− ηi(λ1))2 = F (λ2)− F (λ1), λ1 < λ2, i = 1, 2.

X(t) = XΛ(t) +XΛ(t),

äå XΛ(t) =
Λr

0

cosλtdη1(λ) +
Λr

0

sinλtdη2(λ)

ç êîâàðiàöiéíîþ ôóíêöi¹þ

rΛ(τ) = EXΛ(t+ τ)XΛ(t) =

Λw

0

cosλτdF (λ),

XΛ(t) =

∞w

Λ

cosλtdη1(λ) +

∞w

Λ

sinλtdη2(λ)

ç êîâàðiàöiéíîþ ôóíêöi¹þ

rΛ(τ) = EXΛ(t+ τ)XΛ(t) =

∞w

Λ

cosλτdF (λ).

Çà ìîäåëü ïðîöåñó X(t) âiçüìåìî ìîäåëü òèïó (3.4), òîáòî

XM
Λ (t) =

M∑
k=0

(ηk1 cos ζkt+ ηk2 sin ζkt),

äå Λ = {λ0, . . . , λM} òàêå ðîçáèòòÿ ìíîæèíè [0,∞], ùî λ0 = 0, λk <
λk+1, λM+1 =∞, ηk1, ηk2, ζk � âèçíà÷åíi ó ïîïåðåäíüîìó ïiäðîçäiëi.

Âèêîðèñòîâóþ÷è äåùî iíøi ó ïîðiâíÿííi ç ïîïåðåäíiì ïiäðîçäiëîì
éìîâiðíiñíi îöiíêè, ïîêàæåìî ïðè ÿêèõ óìîâàõ òðåáà âèáèðàòè ðîçáèò-
òÿ Λ, ùîá äëÿ ìîäåëi XM

Λ iñíóâàâ öåíòðîâàíèé ãàóññîâèé ïðîöåñ X(t),
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ÿêèé áè âîíà íàáëèæàëà â ïðîñòîði C([0, T ]) iç çàäàíèìè òî÷íiñòþ òà
íàäiéíiñòþ.

Òåîðåìà 4.21. ßêùî âèïàäêîâèé ïðîöåñ XM
Λ (t) ìà¹ ðîçáèòòÿ Λ òàêå,

ùî âèêîíó¹òüñÿ ðÿä íåðiâíîñòåé:

∞w

0

ln2γ(1 + λ)dF (λ) <∞ , 0 < γ 6 1,

ïðè δ > 8 max
(
I1(ε01), I2(ε02)

)
,

2 exp

{
− 1

2ε2
01

(
α1δ −

√
8α1δI1(ε01)

)2
}

+ 2 exp

{
− 1

2ε2
02

(
α2δ −

√
8α2δI2(ε02)

)2
}

+
1

αα3δ
√
π

exp

{
− (αα3δ)

2

2b2M

}
+

1

(1− α)α3δ
√
π

exp

{
− ((1− α)α3δ)

2

2b2M

}
6 β

(4.56)

äå 0 < α < 1, α1 + α2 + α3 = 1, αi > 0, i = 1, 2, 3, ε01 = sup
06t6T

τ(XΛ(t)−

XM−1
Λ (t)), ε02 = sup

06t6T
τ(XΛ(t)),

I1(ε01)=
1√
2

ε01w

0

ln

T4 exp


8
√
F (Λ) lnγ

(
1 + Λ

M

)(
1 + lnγ(1+Λ)

lnγ(1+ 2
T )

)
ε


1
γ


−T

4
+ 1

)) 1
2

dε,

I2(ε02)=
1√
2

ε02w

0

ln

T4 exp


2

∞r

Λ

ln2γ(1 + λ)dF (λ)

ε

1
γ

−
T

4
+1




1
2

dε,

òîäi iñíó¹ ãàóññiâ âèïàäêîâèé ïðîöåñ X(t), äî ÿêîãî öÿ ìîäåëü XM
Λ (t)
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íàáëèæàòèìåòüñÿ â ïðîñòîði C([0, T ]) ç íàäiéíiñòþ 1− β, 0 < β < 1

òà òî÷íiñòþ δ > 0.

Äîâåäåííÿ. Çà òåîðåìîþ 1.12 òà ïðèêëàäîì 1.6 ìà¹ìî

P

{
sup

06t6T
|XM

Λ (t)−X(t)| > δ

}
6 P

{
sup

06t6T
|XM−1

Λ (t)−XΛ(t)| > α1δ

}
+ P

{
sup

06t6T
|XΛ(t)| > α2δ

}
+ P

{
sup

06t6T
|ηM1 cos ζM t+ ηM2 sin ζM t| > α3δ

}
6 2 exp

{
− 1

2ε2
01

(
α1δ −

√
8α1δI1(ε01)

)2
}

+2 exp

{
− 1

2ε2
02

(
α2

√
8α2δI2(ε02)

)2
}

+ P {|ηM1|+ |ηM2| > α3δ} ,

äå α1 + α2 + α3 = 1, αi > 0, i = 1, 2, 3. Â ðîçäiëi 4.4 ó òåîðåìi 4.17 âåëè-

÷èíè ε01, I1(ε01), ε02, I2(ε02) îöiíåíi, òîìó çàëèøà¹òüñÿ îöiíèòè òðåòié

äîäàíîê.

I3 = P {|ηM1|+ |ηM2| > α3δ} 6 P {|ηM1| > αα3δ}+ P {|ηM2| > (1− α)α3δ} ,

äå 0 < α < 1.

Îñêiëüêè ηM1, ηM2 � öå ãàóññîâi âèïàäêîâi âåëè÷èíè ç ïàðàìåòðàìè

(0, bM ), äå b2M = F (+∞)− F (λM ), F (λ) � ñïåêòðàëüíà ôóíêöiÿ , òîäi

I3 6 2
1

bM
√

2π

∞w

αα3δ

e
− t2

2b2
M dt+ 2

1

bM
√

2π

∞w

(1−α)α3δ

e
− t2

2b2
M dt

6

√
2

π

1

bM
exp

{
− (αα3δ)

2

2b2M

}
bM

αα3δ
√

2

+

√
2

π

1

bM
exp

{
− ((1− α)α3δ)

2

2b2M

}
bM

(1− α)α3δ
√

2

6
1

αα3δ
√
π

exp

{
− (αα3δ)

2

2b2M

}
+

1

(1− α)α3δ
√
π

exp

{
− ((1− α)α3δ)

2

2b2M

}
.

Ç òåîðåìè 4.17 òà îñòàííüî¨ íåðiâíîñòi âèïëèâà¹ òâåðäæåííÿ òåîðåìè.
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Ðîçäië 5

ÌÎÄÅËÞÂÀÍÍß ÂÈÏÀÄÊÎÂÈÕ

ÏÐÎÖÅÑIÂ ÊÎÊÑÀ

Â äàíîìó ðîçäiëi ââîäÿòüñÿ âèïàäêîâi ïðîöåñè Êîêñà òà îïèñóþòüñÿ
äâà ïiäõîäè äî ¨õíüîãî ìîäåëþâàííÿ ç ïåâíîþ òî÷íiñòþ òà íàäiéíiñòþ,
çàäàíèìè íåïåðåä. Ðîçãëÿäà¹òüñÿ ðÿä âèïàäêiâ, à ñàìå, êîëè iíòåíñèâ-
íiñòü âèïàäêîâèõ ïðîöåñiâ Êîêñà ïîðîäæó¹òüñÿ ëîãàðèôìi÷íî ãàóññî-
âèìè òà êâàäðàòè÷íî ãàóññîâèìè ÿê îäíîðiäíèìè òàê i íåîäíîðiäíèìè
ïðîöåñàìè òà ïîëÿìè.

5.1. Âèïàäêîâi ïðîöåñè Êîêñà

Â ïiäðîçäiëi ðîçãëÿäàþòüñÿ âèïàäêîâi ïðîöåñè Êîêñà êåðîâàíi âèïàä-
êîâîþ iíòåíñèâíiñòþ. Íàâåäåíi âñi íåîáõiäíi îçíà÷åííÿ òà âëàñòèâîñòi,
ÿêi âèêîðèñòîâóâàòèìóòüñÿ ïðè ¨õ ìîäåëþâàííi.

Ðîçãëÿíåìî âèìiðíèé ïðîñòið {T,B, µ} , µ (T) <∞.
Îçíà÷åííÿ 5.1. [136] Íåõàé {Z (t) , t ∈ T} , T ⊂ R � íåâiä'¹ìíèé âè-

ïàäêîâèé ïðîöåñ. ßêùî {ν (B) , B ∈ B} ïðè ôiêñîâàíié ðåàëiçàöi¨ Z (t)

¹ ïóàññîíiâñüêèì ïðîöåñîì ç ôóíêöi¹þ iíòåíñèâíîñòi µ (B) =
r

B

Z(·, t)dt,

òî ν (B) íàçèâà¹òüñÿ âèïàäêîâèì ïðîöåñîì Êîêñà êåðîâàíèì ïðîöåñîì

Z (t) .

Íåõàé {Y (t) , t ∈ T} , T ⊂ R � ñòàöiîíàðíèé, ãàóññîâèé, íåïåðåðâ-
íèé â ñåðåäíüîìó êâàäðàòè÷íîìó âèïàäêîâèé ïðîöåñ, EY (t) = 0, EY (t)
×Y (s) = B (t− s). ßêùî Z (t) = exp {Y (t)} , òî ν (B) áóäåìî íàçèâàòè
ëîãàðèôìi÷íî ãàóññîâèì ïðîöåñîì Êîêñà àáî ïðîöåñîì Êîêñà êåðîâàíèì
ëîãàðèôìi÷íî ãàóññîâèì ïðîöåñîì exp {Y (t)} . ßêùî æ Z (t) = Y 2 (t) ,
òî ν (B) áóäåìî íàçèâàòè êâàäðàòè÷íî ãàóññîâèì ïðîöåñîì Êîêñà àáî
ïðîöåñîì Êîêñà êåðîâàíèì êâàäðàòè÷íî ãàóññîâèì ïðîöåñîì Y 2 (t) .

ßêùî T ⊂ Rn, òî ν (B) áóäåìî íàçèâàòè âèïàäêîâèì ïðîöåñîì Êîêñà
êåðîâàíèì ïîëåì.

Îçíà÷åííÿ 5.2. [97] Ïóàññîíiâñüêèì àíñàìáëåì N íà {T,B} íàçèâà-
¹òüñÿ òàêèé òî÷êîâèé ïðîöåñ, ùî äëÿ áóäü-ÿêèõ Bk ∈ B, k = 1,m, m ∈
N òàêèõ, ùî Bi ∩ Bj = ∅ ÿêùî i 6= j, âèïàäêîâi âåëè÷èíè N (Bk) , k =

1,m ¹ íåçàëåæíèìè â ñóêóïíîñòi òà ìàþòü ïóàññîíiâñüêèé ðîçïîäië
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ç ïàðàìåòðîì µ (Bk) ,

P {N (Bk) = l} =
(µ (Bk))

l

l!
exp {−µ (Bk)} .

Íåõàé ξi, i = 1, 2, . . . íåçàëåæíi îäíàêîâî ðîçïîäiëåíi âèïàäêîâi åëå-

ìåíòè òàêi, ùî äëÿ áóäü-ÿêî¨ ìíîæèíè B ∈ B, P {ξi ∈ B} = µ(B)
µ(T) .

Íåõàé Θ ïóàññîíiâñüêà âèïàäêîâà âåëè÷èíà, ùî íå çàëåæèòü âiä

ξi. Ðîçãëÿíåìî ñiì'þ âèïàäêîâèõ åëåìåíòiâ ξ1, ξ2, . . . , ξΘ. Ïîçíà÷èìî

Π (B) � ÷èñëî åëåìåíòiâ ç ξ1, ξ2, . . . , ξΘ, ùî ïîïàëè â B ∈ B.

Òåîðåìà 5.1. Π (B) , B ∈ B ¹ ïóàññîíiâñüêèì àíñàìáëåì ç ôóíêöi¹þ

iíòåíñèâíîñòi µ (B) .

Äîâåäåííÿ. ÍåõàéB1, B2, . . . , Bm ∈ B, Bi∩Bj = ∅ êîëè i 6= j.Îñêiëüêè

ñóìiñíèé ðîçïîäië âèïàäêîâèõ âåëè÷èí Π (B1) , Π (B2) , . . . , Π (Bm) çà

óìîâè, ùî Θ = n ¹ ïîëiíîìiàëüíèì, òî çà ôîðìóëîþ ïîâíî¨ éìîâiðíîñòi

P {Π (B1) = k1,Π (B2) = k2, . . . ,Π (Bm) = km}

=

∞∑
n=
∑m
i=1 ki

P {Π (B1)=k1,Π (B2)=k2, . . . ,Π (Bm)=km/Θ = n}P {Θ = n}

=

∞∑
n=
∑m
i=1 ki

n!

k1! . . . km! (n−
∑m
i=1 ki)!

m∏
i=1

(
µ (Bi)

µ (T)

)ki

×
(

1−
∑m
i=1 µ (Bi)

µ (T)

)n−∑m
i=1 ki

e−µ(T) (µ (T))
n

n!

=

(
m∏
i=1

(µ (Bi))
ki

ki! (µ (T))
ki

)
e−µ(T)

×
∞∑

n=
∑m
i=1 ki

1

(n−
∑m
i=1 ki)!

(µ (T)−
∑m
i=1 µ (Bi))

n−
∑m
i=1 ki

(µ (T))
n−
∑m
i=1 ki

(µ (T))
n

=

(
m∏
i=1

(µ (Bi))
ki

ki!

)
e−µ(T)

∞∑
n=
∑m
i=1 ki

1

(n−
∑m
i=1 ki)!

(
µ (T)−

m∑
i=1

µ (Bi)

)n−m∑
i=1

ki

=

(
m∏
i=1

(µ (Bi))
ki

ki!

)
e−µ(T)

∞∑
s=0

1

s!

(
µ (T)−

m∑
i=1

µ (Bi)

)s
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=

m∏
i=1

exp {−µ (Bi)}
(µ (Bi))

ki

ki!
.

Òàêèì ÷èíîì, ïðè ôiêñîâàíié ðåàëiçàöi¨ ïðîöåñó Y (t) ëîãàðèôìi÷íî
ãàóññîâèé ïðîöåñ Êîêñà ν (B) ¹ ïóàññîíiâñüêèì àíñàìáëåì. Öåé ðåçóëü-
òàò ñóòò¹âî âèêîðèñòîâóâàòèìåòüñÿ ïðè ìîäåëþâàííi ïðîöåñiâ Êîêñà.

5.2. Ìîäåëþâàííÿ ëîãàðèôìi÷íî ãàóññîâîãî

ïðîöåñó Êîêñà ÿê ïðîöåñó íàäõîäæåííÿ âèìîã â

àêòóàðíié ìàòåìàòèöi

Â äàíîìó ïiäðîçäiëi îïèñó¹òüñÿ îäèí ç ìîæëèâèõ ìåòîäiâ ìîäåëþâà-
ííÿ ïðîöåñó Êîêñà, iíòåíñèâíiñòü ÿêîãî ¹ ïîðîäæåíîþ ëîãàðèôìi÷íî ãà-
óññîâèì ïðîöåñîì (µ(B) =

r

B

exp {Y (t)} dt, {Y (t) , t ∈ T} � öåíòðîâàíèé,

ñòàöiîíàðíèé, ãàóññîâèé). Öåé ìåòîä ìîæå áóòè âèêîðèñòàíèé ÿê ìå-
òîä ìîäåëþâàííÿ ïðîöåñó íàäõîäæåííÿ âèìîã â àêòóàðíié ìàòåìàòèöi,
îñêiëüêè íàäõîäæåííÿ âèìîã [145] ÷àñòî ìîæíà ââàæàòè ëîãàðèôìi÷íî
ãàóññîâèì ïðîöåñîì Êîêñà. Ìîäåëü áóäó¹òüñÿ íà ïåâíîìó ñêií÷åííîìó
ïðîìiæêó, òîáòî T = [0, T ] , T ∈ R.

Ìîäåëü ëîããàóññîâîãî ïðîöåñó Êîêñà áóäó¹ìî â òðè êðîêè. Íà ïåðøî-
ìó êðîöi ìîäåëþ¹ìî öåíòðîâàíèé, ñòàöiîíàðíèé, ãàóññîâèé âèïàäêîâèé
ïðîöåñ Y (t) . Íà äðóãîìó êðîöi ïóàññîíiâñüêó âèïàäêîâó âåëè÷èíó ç ií-

òåíñèâíiñòþ µ̃ (T) =
Tr

0

exp
{
Ỹ (t)

}
, äå Ỹ (t) � ìîäåëü Y (t) . Â ðåçóëüòàòi

îòðèìà¹ìî çíà÷åííÿ ν̃ (T) . Îñêiëüêè, â ñèëó òåîðåìè 5.1, ïðè ðåàëiçàöi¨
ïðîöåñó, ÿêèé ïîðîäæó¹ iíòåíñèâíiñòü, ëîããàóññîâèé ïðîöåñ Êîêñà ν̃ (T)
¹ ïóàññîíiâñüêèì àíñàìáëåì, òî íà òðåòüîìó êðîöi íàì ïîòðiáíî çìî-
äåëþâàòè ν̃ (T) íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí ç ôóíêöi¹þ ðîçïîäiëó

G̃ (x) =
r x
0

exp{Ỹ (t)}dt
r
T

exp{Ỹ (u)}du .
Îñêiëüêè, ìîäåëëþ íåïåðåðâîíî¨ âèïàäêîâî¨ âåëè÷èíè ç ôóíêöi¹þ

ðîçïîäiëó G (x) ¹ G−1 (ζ) , äå G−1 (·) � óçàãàëüíåíà îáåðíåíà äî G (·)
ôóíêöiÿ, ζ � ðiâíîìiðíî ðîçïîäiëåíà íà [0, 1] âèïàäêîâà âåëè÷èíà, à

ìîäåëü ëîãàðèôìi÷íî ãàóññîâîãî ïðîöåñó Êîêñà ïîòðiáíî áóäóâàòè òà-

êèì ÷èíîì, ùîá âîíà ÿêîìîãà ìåíøå âiäðiçíÿëàñÿ âiä ñïðàâæíüîãî ïðî-

öåñó, òî çðîçóìiëî, ùî ìîäåëü ïðîöåñó áóäå �õîðîøîþ�, ÿêùî ðiçíèöÿ∣∣∣G(−1) (ζ)− G̃(−1) (ζ)
∣∣∣ ïðè áóäü-ÿêîìó çíà÷åííi ζ áóäå ÿêîìîãà ìåíøîþ.

Iíøèìè ñëîâàìè ðîçìiùåííÿ êîæíî¨ îêðåìî¨ òî÷êè ëîãàðèôìi÷íî ãà-
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óññîâîãî ïðîöåñó âiä ¨¨ çìîäåëüîâàíîãî àíàëîãà ïîâèííî ìàëî âiäðiçíÿ-

òèñü.

Îçíà÷åííÿ 5.3. Ñêàæåìî, ùî ìîäåëü ïðîöåñó Êîêñà {ν (B) , B ∈ B} ,
êåðîâàíîãî ëîãàðèôìi÷íî ãàóññîâèì ïðîöåñîì exp {Y (t)} , íàáëèæà¹ éî-

ãî ç òî÷íiñòþ α, 0 < α < 1 òà íàäiéíiñòþ 1 − γ, 0 < γ < 1, ÿêùî

âèêîíó¹òüñÿ íåðiâíiñòü

P

{
sup

06ζ61

∣∣∣G(−1) (ζ)− G̃(−1) (ζ)
∣∣∣ > α

}
< γ.

Ëåìà 5.1. Íåõàé Y (t) ñòàöiîíàðíèé, öåíòðîâàíèé, íåïåðåðâíèé â ñå-

ðåäíüîìó êâàäðàòè÷íîìó, ãàóññîâèé ïðîöåñ çi ñïåêòðàëüíîþ ôóíêöi¹þ

F (λ), à ðîçáèòòÿ DΛ âiäðiçêó [0,Λ] , Λ ∈ R òàêå, ùî λk+1 − λk = Λ
N ,

N ∈ N, òîäi äëÿ áóäü-ÿêîãî p > 1 ìà¹ ìiñöå îöiíêàE ∣∣∣∣∣
Tw

0

eY (u)−Y (t)du−
Tw

0

eỸ (u)−Ỹ (t)du

∣∣∣∣∣
p
 1

p

6 2
1
p
√
v1AN, tp

1
2 exp

{
2pv2B (0)− 1

2

}
,

äå

AN, t =

(
T 2

2
+ Tt

)√
2F (Λ)

Λ

N
+ 2T

√
2 (F (∞)− F (Λ)),

v1 òà v2 òàêi äîäàòíi ÷èñëà, ùî 1
v1

+ 1
v2

= 1.

Äîâåäåííÿ. Â ñèëó óçàãàëüíåíî¨ íåðiâíîñòi ÌiíêîâñüêîãîE ∣∣∣∣∣
Tw

0

eY (u)−Y (t)du−
Tw

0

eỸ (u)−Ỹ (t)du

∣∣∣∣∣
p
 1

p

6
Tw

0

(
E
∣∣∣eY (u)−Y (t) − eỸ (u)−Ỹ (t)

∣∣∣p) 1
p

du. (5.1)

Çàñòîñîâóþ÷è ñïî÷àòêó íåðiâíiñòü |ex − ey| 6 |x− y| emax(x,y), à ïîòiì
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íåðiâíiñòü Ãåëüäåðà

E
∣∣∣eY (u)−Y (t) − eỸ (u)−Ỹ (t)

∣∣∣p
6 E

(∣∣∣Y (u)− Y (t)− Ỹ (u) + Ỹ (t)
∣∣∣p epmax(Y (u)−Y (t),Ỹ (u)−Ỹ (t))

)
6
(
E
∣∣∣Y (u)− Y (t)− Ỹ (u) + Ỹ (t)

∣∣∣pv1
) 1
v1

(
Eepv2 max(Y (u)−Y (t),Ỹ (u)−Ỹ (t))

) 1
v2
, (5.2)

1
v1

+ 1
v2

= 1, v1 > 1. Îöiíèìî îêðåìî êîæåí iç ìíîæíèêiâ ïðàâî¨ ÷à-

ñòèíè îñòàííüî¨ íåðiâíîñòi. Äëÿ îöiíêè ïåðøîãî ìíîæíèêà äîâåäåìî

äîïîìiæíå ñïiââiäíîøåííÿ. Íåõàé ξ íîðìàëüíî ðîçïîäiëåíà âèïàäêîâà

âåëè÷èíà ç ïàðàìåòðàìè 0 i σ2, òîäi

E|ξ|p =
1√
2πσ

∞w

−∞
|x|p exp

{
− x2

2σ2

}
dx =

∣∣∣x
σ

= t, dx = σdt
∣∣∣

=σp
1√
2π

∞w

−∞
|t|p exp

{
− t

2

2

}
dt = cp

(
σ2
) p

2 ,

cp =

√
2

π

∞w

0

up exp

{
−u

2

2

}
du =

∣∣∣∣u2

2
= v, du =

dv√
2v

∣∣∣∣
=

√
2

π

∞w

0

(2v)
p
2 exp {−v} 1√

2v
dv

=
2
p
2

√
π

∞w

0

v
p+1

2 −1 exp {−v} dv =
2
p
2

√
π

Γ

(
p+ 1

2

)
.

Âèêîðèñòîâóþ÷è ôîðìóëó Ñòiðëiíãà, 0 < θ < 1

Γ

(
p+ 1

2

)
=
√

2π

(
p+ 1

2

) p+1
2 −

1
2

exp

{
−p+ 1

2

}
exp

{
θ

12p+1
2

}

6
√

2π
(p

2

) p
2

(
1 +

1

p

) p
2

exp

{
−1

2
+

1

6(p+ 1)

}
exp

{
−p

2

}
.

Äîñëiäèâøè ln f(p), äå f(p) =
(

1 + 1
p

) p
2

exp
{
− 1

2 + 1
6(p+1)

}
íà ìàêñè-
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ìóì, ìîæíà ïåðåêîíàòèñü, ùî ïðè p > 1 f(p) < 1. Îòæå, äëÿ ãàóññîâî¨

âèïàäêîâî¨ âåëè÷èíè ìà¹ìî

E|ξ|p = cp
(
σ2
) p

2 , (5.3)

ïðè÷îìó

cp 6
√

2p
p
2 exp

{
−p

2

}
. (5.4)

Çà äîïîìîãîþ ùîéíî îòðèìàíîãî ñïiââiäíîøåííÿ, ìîæåìî çàïèñàòè

E
∣∣∣Y (u)− Y (t)− Ỹ (u) + Ỹ (t)

∣∣∣pv1

= cpv1

(
E
∣∣∣Y (u)− Y (t)− Ỹ (u) + Ỹ (t)

∣∣∣2)pv1
2

.

Âðàõîâóþ÷è çîáðàæåííÿ (3.3) ïðîöåñó Y (t) òà (3.8) éîãî ìîäåëi, ìà¹ìî

E
∣∣∣Y (u)− Y (t)− Ỹ (u) + Ỹ (t)

∣∣∣2
=E

∣∣∣∣∣∣
N−1∑
k=0

λk+1w

λk

(cosλu− cosλku− cosλt+ cosλkt) dξ (λ)

+

N−1∑
k=0

λk+1w

λk

(sinλu− sinλku− sinλt+ sinλkt) dη (λ)

+

∞w

Λ

(cosλu− cosλt) dξ (λ) +

∞w

Λ

(sinλu− sinλt) dη (λ)

∣∣∣∣∣
2

=

N−1∑
k=0

λk+1w

λk

(cosλu− cosλku− cosλt+ cosλkt)
2
dF (λ)

+

N−1∑
k=0

λk+1w

λk

(sinλu− sinλku− sinλt+ sinλkt)
2
dF (λ) +

+

∞w

Λ

(cosλu− cosλt)
2
dF (λ) +

∞w

Λ

(sinλu− sinλt)
2
dF (λ)
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64
N−1∑
k=0

λk+1w

λk

(∣∣∣∣sin u(λ+ λk)

2
sin

u(λ− λk)

2

∣∣∣∣
+

∣∣∣∣sin t(λk + λ)

2
sin

t(λ− λk)

2

∣∣∣∣)2

dF (λ)

+ 4

N−1∑
k=0

λk+1w

λk

(∣∣∣∣sin u(λ− λk)

2
cos

u(λ+ λk)

2

∣∣∣∣
+

∣∣∣∣sin t(λ− λk)

2
sin

t(λk + λ)

2

∣∣∣∣)2

dF (λ) +

+ 4

∞w

Λ

(
sin

λ (u+ t)

2
sin

λ (u− t)
2

)2

dF (λ)

+ 4

∞w

Λ

(
sin

λ (u− t)
2

cos
λ (u+ t)

2

)2

dF (λ)

68

N−1∑
k=0

λk+1w

λk

(
u(λ− λk)

2
+
t(λ− λk)

2

)2

dF (λ) + 8 (F (∞)− F (Λ))

62
Λ2

N2
(u+ t)

2
F (Λ) + 8 (F (∞)− F (Λ)) ,

(5.5)

îñêiëüêè íà êîæíîìó ïðîìiæêó [λk, λk+1] , λ − λk 6 λk+1 − λk = Λ
N .

Îòæå, (
E
∣∣∣Y (u)−Y (t)−Ỹ (u)+Ỹ (t)

∣∣∣pv1
) 1
v1

6 c
1
v1
pv1A

p
2

N, u, t, (5.6)

äå

AN, u, t = 2
Λ2

N2
(u+t)

2
F (Λ) + 8 (F (∞)−F (Λ)) . (5.7)

Îöiíèìî Eepv2 max(Y (u)−Y (t),Ỹ (u)−Ỹ (t)). Âiäçíà÷èìî, ùî äëÿ ãàóññîâî¨ âè-

ïàäêîâî¨ âåëè÷èíè ξ = N(0, σ2) ìà¹ ìiñöå ðiâíiñòüE exp {λξ} = exp
{
λ2σ2

2

}
.

Âèêîðèñòîâóþ÷è öåé ôàêò, ìîæåìî çàïèñàòè

E exp
{
pv2 max

(
Y (u)− Y (t) , Ỹ (u)− Ỹ (t)

)}
6 E exp {pv2 (Y (u)− Y (t))}+E exp

{
pv2

(
Ỹ (u)− Ỹ (t)

)}
= exp

{
(pv2)

2

2
E (Y (u)− Y (t))

2

}
+

{
(pv2)

2

2
E
(
Ỹ (u)− Ỹ (t)

)2
}
.
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E (Y (u)− Y (t))
2

= B (0)− 2EY (u)Y (t) +B (0)

= 2B (0)− 2B (t− u) = 2

∞w

0

(1− cosλ (t− u)) dF (λ)

= 4

∞w

0

sin2 λ (t− u)

2
dF (λ) 6 4B (0) .

Íå âàæêî ïåðåêîíàòèñÿ, ùî é E
∣∣∣Ỹ (u)− Ỹ (t)

∣∣∣2 6 4B (0). Òîäi

Eepv2 max(Y (u)−Y (t),Ỹ (u)−Ỹ (t)) 6 2e2(pv2)2B(0).

Òàêèì ÷èíîì, âèêîðèñòîâóþ÷è îöiíêó (5.6) òà îñòàííþ íåðiâíiñòü iç

(5.2) âèïëèâà¹, ùî

E
∣∣∣eY (u)−Y (t) − eỸ (u)−Ỹ (t)

∣∣∣p 6 c
1
v1
pv1A

p
2

N, u, t2
1
v2 e2p2v2B(0),

äå AN, u, t âèçíà÷åíî â (5.7). Òåïåð áåðó÷è äî óâàãè ùîéíî îòðèìàíó,

íàâåäåíó â (5.4) äëÿ cp îöiíêè

Tw

0

(
E
∣∣∣eY (u)−Y (t) − eỸ (u)−Ỹ (t)

∣∣∣p) 1
p

du

6
Tw

0

(√
2 (pv1)

pv1
2 exp

{
−pv1

2

}) 1
pv1

A
1
2

N, u, t2
1
pv2 e2pv2B(0)du.

Îöiíèâøè ïiäiíòåãðàëüíèé âèðàç ç äîïîìîãîþ íåðiâíîñòi
√
x+ y 6

√
x+

√
y, ïîòiì ïðîiíòåãðóâàâøè òà âèêîíàâøè åëåìåíòàðíi ïåðåòâîðåííÿ,

ëåãêî áà÷èòè, ùî òâåðäæåííÿ ëåìè âèïëèâà¹ iç (5.1).

Ëåìà 5.2. Íåõàé Y (t) ñòàöiîíàðíèé, öåíòðîâàíèé, íåïåðåðâíèé â ñåðåä-

íüîìó êâàäðàòè÷íîìó, ãàóññîâèé ïðîöåñ çi ñïåêòðàëüíîþ ôóíêöi¹þ F (λ),

iñíó¹ ñïåêòðàëüíèé ìîìåíò
∞r

0

λ2βdF (λ), 0 < β 6 1, à ðîçáèòòÿ DΛ

âiäðiçêó [0,Λ] , Λ ∈ R òàêå, ùî λk−1 − λk = Λ
N , N ∈ N, òîäi äëÿ
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áóäü-ÿêîãî p > 1 ìà¹ ìiñöå îöiíêà(
E

∣∣∣∣∣
Tw

0

eY (u)−Y (t+h)du−
Tw

0

eỸ (u)−Ỹ (t+h)du

−
Tw

0

eY (u)−Y (t)du+

Tw

0

eỸ (u)−Ỹ (t)du

∣∣∣∣∣
p
 1

p

6 hβGN,t,p,

äå

GN,t,p = 2
1
p

(
T
√

2PN,t +
(
27−2βΛ2βB (0)

) 1
2 AN, t

)
p e16pB(0)− 1

2 ,

PN,t = 25−4β

((
Λ

N

)β
+ 2β−1t

Λβ+1

N

)2

F (Λ) + 23−2β
∞w

Λ

λ2βdF (λ) ,

AN, t =

(
T 2

2
+ Tt

)√
2F (Λ)

Λ

N
+ 2T

√
2 (F (∞)− F (Λ)).

Äîâåäåííÿ.(
E

∣∣∣∣∣
Tw

0

eY (u)−Y (t+h)du−
Tw

0

eỸ (u)−Ỹ (t+h)du

−
Tw

0

eY (u)−Y (t)du+

Tw

0

eỸ (u)−Ỹ (t)du

∣∣∣∣∣
p
 1

p

=

(
E

∣∣∣∣∣
Tw

0

eY (u)−Y (t)dueY (t)−Y (t+h) −
Tw

0

eY (u)−Y (t)dueỸ (t)−Ỹ (t+h)

+

Tw

0

eY (u)−Y (t)dueỸ (t)−Ỹ (t+h) −
Tw

0

eY (u)−Y (t)du

−
Tw

0

eỸ (u)−Ỹ (t)dueỸ (t)−Ỹ (t+h) +

Tw

0

eỸ (u)−Ỹ (t)du

∣∣∣∣∣
p
 1

p
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=

(
E

∣∣∣∣∣
Tw

0

eY (u)−Y (t)du
(
eY (t)−Y (t+h)−eỸ (t)−Ỹ (t+h)

)

+

Tw

0

eY (u)−Y (t)du
(
eỸ (t)−Ỹ (t+h)−1

)
−

Tw

0

eỸ (u)−Ỹ (t)du
(
eỸ (t)−Ỹ (t+h)−1

)∣∣∣∣∣
p
 1

p

6

E ∣∣∣∣∣
Tw

0

eY (u)−Y (t)du
(
eY (t)−Y (t+h) − eỸ (t)−Ỹ (t+h)

)∣∣∣∣∣
p
 1

p

+

E ∣∣∣∣∣(eỸ (t)−Ỹ (t+h) − 1
) Tw

0

(
eY (u)−Y (t) − eỸ (u)−Ỹ (t)

)
du

∣∣∣∣∣
p
 1

p

. (5.8)

Áóäåìî îöiíþâàòè îêðåìî êîæåí iç äâîõ äîäàíêiâ ïðàâî¨ ÷àñòèíè (5.8).

Çàñòîñó¹ìî äî ïåðøîãî ïîñëiäîâíî óçàãàëüíåíó íåðiâíiñòü Ìiíêîâñüêî-

ãî, íåðiâíiñòü |ex − ey| 6 |x− y| emax(x,y) òà íåðiâíiñòü Ãåëüäåðà.E ∣∣∣∣∣
Tw

0

eY (u)−Y (t)du
(
eY (t)−Y (t+h) − eỸ (t)−Ỹ (t+h)

)∣∣∣∣∣
p
 1

p

6
Tw

0

(
E
∣∣∣eY (u)−Y (t)du

(
eY (t)−Y (t+h) − eỸ (t)−Ỹ (t+h)

)∣∣∣p) 1
p

du

6
Tw

0

(
E
∣∣∣eY (u)−Y (t)

∣∣∣Y (t)−Y (t+ h)−Ỹ (t)+Ỹ (t+ h)
∣∣∣

×emax(Y (t)−Y (t+h),Ỹ (t)−Ỹ (t+h))
∣∣∣p) 1

p

du

6
Tw

0

(
(E |∆1 (Y )|pr1)

1
r1 (E |∆2 (Y )|pr2)

1
r2

) 1
p

du,

(5.9)

äå

∆1 (Y ) = Y (t)− Y (t+ h)− Ỹ (t) + Ỹ (t+ h) ,

∆2 (Y ) = eY (u)−Y (t)emax(Y (t)−Y (t+h),Ỹ (t)−Ỹ (t+h)),
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1
r1

+ 1
r2

= 1, r1 > 1. Â ñèëó (5.3)

(E |∆1 (Y ) |pr1) =
(
E |∆1 (Y )|2

)pr1
2

cpr1 .

Ñêîðèñòàâøèñü çîáðàæåííÿìè (3.3) òà (3.8) ïðîöåñó Y (t) òà éîãî ìîäåëi

Ỹ (t) à òàêîæ íåðiâíiñòþ |sinx| 6 |x|β , 0 6 β 6 1, ìàòèìåìî

E |∆1 (Y ) |2 = E
∣∣∣Y (t+ h)− Ỹ (t+ h)− Y (t) + Ỹ (t)

∣∣∣2
=

N−1∑
k=0

λk+1w

λk

(cosλ (t+ h)− cosλk (t+ h)− cosλt+ cosλkt)
2
dF (λ)

+

N−1∑
k=0

λk+1w

λk

(sinλ (t+ h)− sinλk (t+ h)− sinλt+ sinλkt)
2
dF (λ)

+

∞w

Λ

(cosλ (t+ h)− cosλt)
2
dF (λ) +

∞w

Λ

(sinλ (t+ h)− sinλt)
2
dF (λ)

6
N−1∑
k=0

λk+1w

λk

4

(∣∣∣∣sin (t+ h) (λ+ λk)

2

∣∣∣∣ ∣∣∣∣sin (t+ h) (λ− λk)

2
− sin

(λ− λk) t

2

∣∣∣∣
+

∣∣∣∣sin (λ− λk) t

2

∣∣∣∣ ∣∣∣∣sin (t+ h) (λ+ λk)

2
− sin

(λ+ λk) t

2

∣∣∣∣)2

dF (λ)

+

N−1∑
k=0

λk+1w

λk

4

(∣∣∣∣sin (t+ h) (λ− λk)

2

∣∣∣∣ ∣∣∣∣cos
(t+ h) (λ+ λk)

2
− cos

(λ+ λk) t

2

∣∣∣∣
+

∣∣∣∣cos
(λ+ λk) t

2

∣∣∣∣ ∣∣∣∣sin (t+ h) (λ− λk)

2
− sin

(λ− λk) t

2

∣∣∣∣)2

dF (λ)

+

∞w

Λ

4

∣∣∣∣sin λ (2t+ h)

2

∣∣∣∣2 ∣∣∣∣sin λh2
∣∣∣∣2dF (λ)+

∞w

Λ

4

∣∣∣∣cos
λ (2t+ h)

2

∣∣∣∣2∣∣∣∣sin λh2
∣∣∣∣2dF (λ)

6
N−1∑
k=0

λk+1w

λk

4

(∣∣∣∣2 cos
(2t+ h) (λ− λk)

4
sin

(λ− λk)h

4

∣∣∣∣
+

∣∣∣∣sin (λ− λk) t

2

∣∣∣∣ ∣∣∣∣2 cos
(2t+ h) (λ+ λk)

4
sin

(λ+ λk)h

4

∣∣∣∣)2

dF (λ)
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+
N−1∑
k=0

λk+1w

λk

4

(∣∣∣∣sin (t+ h) (λ− λk)

2

∣∣∣∣ ∣∣∣∣2 sin
(2t+ h) (λ+ λk)

4
sin

(λ+ λk)h

4

∣∣∣∣
+

∣∣∣∣2 cos
(2t+ h) (λ− λk)

4
sin

(λ− λk)h

4

∣∣∣∣)2

dF (λ)

+ 23−2βh2β
∞w

Λ

λ2βdF (λ)

6
N−1∑
k=0

λk+1w

λk

16

(
(λ− λk)

β
hβ

4β
+

(λ− λk) t

2

(λ+ λk)
β
hβ

4β

)2

dF (λ)

+

N−1∑
k=0

λk+1w

λk

16

(
(t+ h) (λ− λk)

2

(λ+ λk)
β
hβ

4β
+

(λ− λk)
β
hβ

4β

)2

dF (λ)

+ 23−2βh2β
∞w

Λ

λ2βdF (λ)

632

N−1∑
k=0

λk+1w

λk

((
Λ

N

h

4

)β
+

Λ

N

t

2

(
2Λ

h

4

)β)2

dF (λ) + 23−2βh2β
∞w

Λ

λ2βdF (λ) ,

0 < β 6 1. Îòæå,

E |∆1 (Y )|2 6 h2βPN,t, (5.10)

äå PN,t = 25−4β
((

Λ
N

)β
+ 2β−1tΛβ+1

N

)2

F (Λ) + 23−2β
∞r

Λ

λ2βdF (λ) , 0 < β

6 1. Òàêèì ÷èíîì

(E |∆1 (Y )|pr1)
1
r1 6 c

1
r1
pr1h

pβP
p
2

N,t. (5.11)

Îöiíèìî äàëi E |∆2 (Y )|pr2 . Âíàñëiäîê íåðiâíîñòi Ãåëüäåðà ìà¹ìî

E |∆2 (Y )|pr2 6 (E exp {pr2f1 (Y (u)− Y (t))})
1
f1

×
(
E exp

{
pr2f2 max

(
Y (t)− Y (t+ h) , Ỹ (t)− Ỹ (t+ h)

)}) 1
f2
, (5.12)

1
f1

+ 1
f2

= 1, f1 > 1. Òàê ÿê äëÿ íîðìàëüíî ðîçïîäiëåíî¨ âèïàäêîâî¨ âåëè-

÷èíè ξ = N(0, σ2) ìà¹ ìiñöå ñïiââiäíîøåííÿ E exp {λξ} = exp
{
λ2σ2

2

}
, à

òàêîæ, ÿê áóëî ïîêàçàíî â ïðîöåñi äîâåäåííÿ ëåìè 5.1, E |Y (u)− Y (t)|2
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6 4B (0) , E
∣∣∣Ỹ (u)− Ỹ (t)

∣∣∣2 6 4B (0) , òî

E exp {pr2f1 (Y (u)− Y (t))}

= exp

{
(pr2f1)

2

2
E (Y (u)− Y (u))

2

}
6 exp

{
2 (pr2f1)

2
B (0)

}
.

E exp
{
pr2f2 max

(
Y (t)− Y (t+ h) , Ỹ (t)− Ỹ (t+ h)

)}
6 exp

{
(pr2f2)

2

2
E (Y (t)− Y (t+ h))

2

}

+ exp

{
(pr2f2)

2

2
E
(
Ỹ (t)− Ỹ (t+ h)

)2
}

62 exp
{

2 (pr2f2)
2
B (0)

}
.

Ïîêëàâøè f1 = f2 = 2, çà äîïîìîãîþ äâîõ îñòàííiõ íåðiâíîñòåé òà (5.12)

ëåãêî áà÷èòè, ùî

(E |∆2 (Y )|pr2)
1
r2 6 2

1
2r2 exp

{
8p2r2B (0)

}
.

Îòæå, âðàõîâóþ÷è (5.11), îñòàííþ íåðiâíiñòü, iç (5.9) âèïëèâà¹ íàñòóïíà

îöiíêàE ∣∣∣∣∣
Tw

0

eY (u)−Y (t)du
(
eY (t)−Y (t+h) − eỸ (t)−Ỹ (t+h)

)∣∣∣∣∣
p
 1

p

6
Tw

0

((√
2 (pr1)

pr1
2 exp

{
−pr1

2

}) 1
r1
hpβP

p
2

N,t2
1

2r2 e8p2r2B(0)

) 1
p

du

6 hβ2
1
2pT

√
r1PN,tp

1
2 exp

{
8pr2B (0)− 1

2

}
. (5.13)
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Ïåðåéäåìî äî îöiíþâàííÿ äðóãîãî äîäàíêó ïðàâî¨ ÷àñòèíè (5.8).

E ∣∣∣∣∣(eỸ (t)−Ỹ (t+h) − 1
) Tw

0

(
eY (u)−Y (t) − eỸ (u)−Ỹ (t)

)
du

∣∣∣∣∣
p
 1

p

6
Tw

0

(
E
∣∣∣(eỸ (t)−Ỹ (t+h) − 1

)(
eY (u)−Y (t) − eỸ (u)−Ỹ (t)

)∣∣∣p) 1
p

du

6
Tw

0

((
E
∣∣∣eỸ (t)−Ỹ (t+h) − 1

∣∣∣ps1) 1
s1

(
E
∣∣∣(eY (u)−Y (t) − eỸ (u)−Ỹ (t)

)∣∣∣ps2) 1
s2
) 1
p

du, (5.14)

1
s1

+ 1
s2

= 1. Çàñòîñîâóþ÷è ñïî÷àòêó íåðiâíiñòü |exp (x)− 1| 6 |x| exp {|x|} ,
à ïîòiì çíîâó íåðiâíiñòü Ãåëüäåðà

E
∣∣∣eỸ (t)−Ỹ (t+h) − 1

∣∣∣ps1 6 E
(∣∣∣Ỹ (t)− Ỹ (t+ h)

∣∣∣ e|Ỹ (t)−Ỹ (t+h)|
)ps1

6 E

(∣∣∣Ỹ (t)− Ỹ (t+ h)
∣∣∣ps1l1) 1

l1
(
Eeps1l2|Ỹ (t)−Ỹ (t+h)|

) 1

l2 ,

1
l1

+ 1
l2

= 1. Äàëi, îñêiëüêè

E |∆2 (Y )|2 = E
∣∣∣Ỹ (t+ h)− Ỹ (t)

∣∣∣2
= E

N−1∑
k=0

λk+1w

λk

cosλk (t+ h) dξ (λ) +

N−1∑
k=0

λk+1w

λk

sinλk (t+ h) dη (λ)

−
N−1∑
k=0

λk+1w

λk

cosλkt dξ (λ)−
N−1∑
k=0

λk+1w

λk

sinλktdη (λ)

2

= E

N−1∑
k=0

λk+1w

λk

−2 sin
λk (2t+ h)

2
sin

λkh

2
dξ (λ)+
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+

N−1∑
k=0

λk+1w

λk

2 sin
λkh

2
cos

λk (2t+ h)

2
dη (λ)

2

=

N−1∑
k=0

λk+1w

λk

4 sin2 λk (2t+ h)

2
sin2 λkh

2
dF (λ)

+

N−1∑
k=0

λk+1w

λk

4 sin2 λkh

2
cos2 λk (2t+ h)

2
dF (λ)

6 8

N−1∑
k=0

λk+1w

λk

sin2 λkh

2
dF (λ)

6 8

N−1∑
k=0

λk+1w

λk

(
λkh

2

)2β

dF (λ) 6 23−2βΛ2βh2βF (Λ) , 0 < β 6 1,

òî (
E
∣∣∣Ỹ (t)− Ỹ (t+ h)

∣∣∣ps1l1) 1
l1

6 c
1

l1
ps1l1

(
23−2βΛ2βh2βB (0)

)ps1
2

.

Êðiì òîãî, (
Eeps1l2|Ỹ (t)−Ỹ (t+h)|

) 1
l2 6 2

1

l2 e2(ps1)2l2B(0).

Òàêèì ÷èíîì

E
∣∣∣eỸ (t)−Ỹ (t+h) − 1

∣∣∣ps1 6 c
1

l1
ps1l1

(
23−2βΛ2βh2βB (0)

)ps1
2

2
1

l2 e2(ps1)2l2B(0).

(5.15)

Äàëi îöiíþâàòèìåìî E
∣∣∣eY (u)−Y (t) − eỸ (u)−Ỹ (t)

∣∣∣ps2 .
E
∣∣∣eY (u)−Y (t) − eỸ (u)−Ỹ (t)

∣∣∣ps2
6 E

(∣∣∣Y (u)− Y (t)− Ỹ (u) + Ỹ (t)
∣∣∣ emax(Y (u)−Y (t),Ỹ (u)−Ỹ (t))

)ps2
6
(
E
∣∣∣Y (u)−Y (t)−Ỹ (u)+Ỹ (t)

∣∣∣ps2m1
) 1
m1

(
Eeps2m2 max(Y (u)−Y (t),Ỹ (u)−Ỹ (t))

) 1
m2

,
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1
m1

+ 1
m2

= 1. Îñêiëüêè, ÿê áóëî ïîêàçàíî â ëåìi 5.1,

E
∣∣∣Y (u)− Y (t)− Ỹ (u) + Ỹ (t)

∣∣∣2 6 AN, u, t,

AN, u, t = 2
Λ2

N2
(u+ t)

2
F (Λ) + 8 (F (∞)− F (Λ)) ,

òî (
E
∣∣∣Y (u)− Y (t)− Ỹ (u) + Ỹ (t)

∣∣∣ps2m1
) 1
m1

6 c
1
m1
ps2m1A

ps2
2
N, u, t.

(
Eeps2m2 max(Y (u)−Y (t),Ỹ (u)−Ỹ (t))

) 1
m2 6 2

1
m2 e2(ps2)2m2B(0).

Iç äâîõ îñòàííiõ íåðiâíîñòåé âèïëèâà¹, ùî

E
∣∣∣eY (u)−Y (t) − eỸ (u)−Ỹ (t)

∣∣∣ps2 6 c
1
m1
ps2m1A

ps2
2
N, u, t2

1
m2 e2(ps2)2m2B(0)

Âèêîðèñòîâóþ÷è (5.15) i ïîïåðåäíþ íåðiâíiñòü òà ïîêëàâøè s1 = s2

= l1 = l2 = m1 = m2 = 2 iç (5.14) îòðèìà¹ìî

E ∣∣∣∣∣(eỸ (t)−Ỹ (t+h) − 1
) Tw

0

(
eY (u)−Y (t) − eỸ (u)−Ỹ (t)

)
du

∣∣∣∣∣
p
 1

p

6
Tw

0

(
c

1

l1s1
ps1l1

(
23−2βΛ2βh2βB(0)

) p
2 2

1

l2s1 e2p2s1l2B(0)

c
1

m1s2
ps2m1A

p
2

N, u, t2
1

m2s2 e2p2s2m2B(0)

) 1
p

du

6
Tw

0

((√
2 (ps1l1)

ps1l1
2 e−

ps1l1
2

) 1

l1s1 (
23−2βΛ2βh2βB (0)

) p
2 2

1

l2s1 e2p2s1l2B(0)

×
(√

2 (ps2m1)
ps2m1

2 e−
ps2m1

2

) 1
m1s2

A
p
2

N, u, t2
1

m2s2 e2p2s2m2B(0)

) 1
p

du

6 hβ
Tw

0

(
2

3
4p 4A

1
2

N, u, t

(
23−2βΛ2βB (0)

) 1
2 p e16pB(0)−1

)
du.
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Îöiíèâøè ïiäiíòåãðàëüíèé âèðàç, à ïîòiì îá÷èñëèâøè iíòåãðàë, áóäåìî

ìàòèE ∣∣∣∣∣(eỸ (t)−Ỹ (t+h) − 1
) Tw

0

(
eY (u)−Y (t) − eỸ (u)−Ỹ (t)

)
du

∣∣∣∣∣
p
 1

p

6 hβ2
3
4p 4AN, t

(
23−2βΛ2βB (0)

) 1
2

p e16pB(0)−1,

äå AN, t =
(
T 2

2 + Tt
)√

2F (Λ) Λ
N +2T

√
2 (F (∞)− F (Λ)). Ïîêëàâøè r1 =

r2 = 1 òà âðàõóâàâøè (5.13) i îñòàííþ íåðiâíiñòü, òâåðäæåííÿ ëåìè âè-

ïëèâà¹ ç (5.8).

Ëåìà 5.3. Íåõàé Y (t) ñòàöiîíàðíèé, öåíòðîâàíèé, ñåïàðàáåëüíèé, íå-

ïåðåðâíèé â ñåðåäíüîìó êâàäðàòè÷íîìó, ãàóññîâèé ïðîöåñ çi ñïåêòðàëü-

íîþ ôóíêöi¹þ F (λ), iñíó¹ ñïåêòðàëüíèé ìîìåíò
∞r

0

λ2βdF (λ), 0 < β 6

1, à ðîçáèòòÿ DΛ âiäðiçêó [0,Λ] , Λ ∈ R òàêå, ùî λk−1 − λk = Λ
N ,

N ∈ N. Òîäi, ÿêùî SN < α exp
{
− 64B(0)

β

}
, òî

P

{
sup

06ζ61

∣∣∣G(−1) (ζ)− G̃(−1) (ζ)
∣∣∣ > α

}

6

( ln α
SN

32B (0)

) ln α
SN

64B(0)

+

(
3β

2

) 1
β

T

(
ln α

SN

32B (0)

) ln α
SN

32B(0)
+ 1
β

 exp

{
−

ln2 α
SN

64B (0)

}
,

(5.16)

äå

SN = max {SN,1, SN,2} SN,1 =
4
√

2AN, 0√
7e

,

SN,2 =
6
(
T
√

2PN +
(
27−2βΛ2βB (0)

) 1
2 AN, T

)
√
e

,
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AN, 0 =
T 2

2

√
2F (Λ)

Λ

N
+ 2T

√
2 (F (∞)− F (Λ)),

AN, T =
3T 2

2

√
2F (Λ)

Λ

N
+ 2T

√
2 (F (∞)− F (Λ)),

PN = 25−4β

((
Λ

N

)β
+ 2β−1T

Λβ+1

N

)2

F (Λ) + 23−2β
∞w

Λ

λ2βdF (λ) .

Äîâåäåííÿ. Âiäìiòèìî, ùî
(
G−1 (ζ)

)′
= 1

G′(G−1(ζ)) =
Tr

0

eY (u)due−Y (G−1(ζ)).

Òîäi, çãiäíî ôîðìóëè Ëàãðàíæà

sup
06ζ61

∣∣∣G(−1) (ζ)− G̃(−1) (ζ)
∣∣∣

= sup
06ζ61

∣∣∣∣G−1 (0)− G̃−1 (0) + ζ

((
G−1

(
ζ̂
))′
−
(
G̃−1

(
ζ̂
))′)∣∣∣∣

6 sup
06ζ̂61

∣∣∣∣(G(−1)
(
ζ̂
))′
−
(
G̃(−1)

(
ζ̂
))′∣∣∣∣

= sup
06t6T

∣∣∣∣∣
Tw

0

eY (u)−Y (t)du−
Tw

0

eỸ (u)−Ỹ (t)du

∣∣∣∣∣ .
Îòæå,

P

{
sup

06ζ61

∣∣∣G(−1) (ζ)−G̃(−1) (ζ)
∣∣∣ >α}

6 P

{
sup

06t6T

∣∣∣∣∣
Tw

0

eY (u)−Y (t)du−
Tw

0

eỸ (u)−Ỹ (t)du

∣∣∣∣∣ >α
}
.

Ñêîðèñòàâøèñü ëåìîþ 5.1, ìàòèìåìî

inf
06t6T

E ∣∣∣∣∣
Tw

0

eY (u)−Y (t)du−
Tw

0

eỸ (u)−Ỹ (t)du

∣∣∣∣∣
p
 1

p
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6 2
1
p
√
v1AN, 0p

1
2 exp

{
2pv2B (0)− 1

2

}
, (5.17)

äå AN, 0 = AN, t|t=0 . Ñêîðèñòàâøèñü ëåìîþ 5.2, îöiíèìî åíòðîïiéíèé

iíòåãðàë, ÿêèé ôiãóðó¹ â âèñíîâêàõ íàñëiäêó 1.4.

θε0w

0

(
T

ϕ(−1) (ε)

) 1
p

dε 6
θε0w

0

(
T

(
GN,p
ε

) 1
β

) 1
p

dε =
θ1− 1

pβ T
1
pGN,p

1− 1
pβ

,

1− 1
pβ > 0, GN,p = GN,t,p|t=T . Âðàõîâóþ÷è, ùî ôóíêöiÿ f (θ) = 1

θ
1
pβ (1−θ)

íàáóâà¹ ìiíiìàëüíîãî çíà÷åííÿ â òî÷öi θ0 = 1
pβ+1 , à òàêîæ θ0 <

ϕ(T2 )
ε0

,

ïiñëÿ åëåìåíòàðíèõ îá÷èñëåíü ìàòèìåìî

inf
0<θ<1

1

θ
1
pβ (1− θ)

T βGN,p

1− 1
pβ

6 T
1
pGN,p

(pβ + 1)
1+ 1

pβ

pβ − 1
.

Âçÿâøè äî óâàãè (5.17), ùîéíî îòðèìàíó îöiíêó òà íåðiâíiñòü (a+ b)
p 6

2p−1 (ap + bp), íà îñíîâi íàñëiäêó 1.4 ìîæåìî çàïèñàòè

P

{
sup

06t6T

∣∣∣∣∣
Tw

0

eY (u)−Y (t)du−
Tw

0

eỸ (u)−Ỹ (t)du

∣∣∣∣∣ > α

}

6
2p−1

(
2

1
p
√
v1AN, 0p

1
2 exp

{
2pv2B (0)− 1

2

})p
αp

+

2p−1

(
T

1
pGN,p

(pβ+1)
1+ 1

pβ

(pβ−1)

)p
αp

.

Ðîçïèñàâøè GN,p, à òàêîæ âðàõóâàâøè, ùî ïðè pβ > 2
(

p
pβ−1

)p
6 2p

βp i

(pβ + 1)
p+ 1

β 6 (pβ)
p+ 1

β
(

3
2

)p+ 1
β òà ïîêëàâøè v2 = 8, ïiñëÿ åëåìåíòàðíèõ

ïåðåòâîðåíü îòðèìà¹ìî íàñòóïíó îöiíêó

P

{
sup

06t6T

∣∣∣∣∣
Tw

0

eY (u)−Y (t)du−
Tw

0

eỸ (u)−Ỹ (t)du

∣∣∣∣∣ > α

}
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6
SpN,1p

p
2 exp

{
2p2v2B (0)

}
αp

+
TSpN,2

(
3β
2

) 1
β

pp+
1
β e16p2B(0)

αp

6
SpN

(
p
p
2 +

(
3β
2

) 1
β

Tpp+
1
β

)
exp

{
16p2B (0)

}
αp

,

äå SN = max {SN,1, SN,2} , SN,1 =
4
√

2AN, 0√
7e

, SN,2 =
6

(
(27−2βΛ2βB(0))

1
2AN, T

)
√
e

+
6(T
√

2PN)√
e

, PN = PN,t |t=T , AN = AN,t |t=T . Îá÷èñëèâøè çíà÷åííÿ

ïðàâî¨ ÷àñòèíè îñòàííüî¨ îöiíêè â òî÷öi p0 =
ln α
SN

32B(0) , áëèçüêié äî òî-

÷êè ìiíiìóìó ôóíêöi¨
SpN

(
p
p
2 +( 3β

2 )
1
β Tp

p+ 1
β

)
exp{16p2B(0)}

αp i âðàõóâàâøè,

ùî óìîâà pβ > 2 çàáåçïå÷ó¹ âèêîíàííÿ óìîâè 1− 1
pβ > 0, â ñèëó íàñëiä-

êó 1.4 îòðèìà¹ìî (5.16), ùî é äîâîäèòü ëåìó.

Òåîðåìà 5.2. Íåõàé Y (t) ñòàöiîíàðíèé, öåíòðîâàíèé, ñåïàðàáåëüíèé,

íåïåðåðâíèé â ñåðåäíüîìó êâàäðàòè÷íîìó, ãàóññîâèé ïðîöåñ çi ñïåêòðàëü-

íîþ ôóíêöi¹þ F (λ) . Íåõàé iñíó¹ ñïåêòðàëüíèé ìîìåíò
∞r

0

λ2βdF (λ),

0 < β 6 1, à ðîçáèòòÿ DΛ âiäðiçêó [0,Λ] , Λ ∈ R òàêå, ùî λk−1 − λk =
Λ
N , N ∈ N, òîäi ìîäåëü ïðîöåñó Êîêñà {ν̃ (B) , B ∈ B} , êåðîâàíîãî
ëîãàðèôìi÷íî ãàóññîâèì ïðîöåñîì exp

{
Ỹ (t)

}
, íàáëèæà¹ éîãî ç òî-

÷íiñòþ α òà íàäiéíiñòþ 1− γ ÿêùî âèêîíóþòüñÿ óìîâè:

SN < α exp

{
−64B (0)

β

}
,( ln α

SN

32B (0)

) ln α
SN

64B(0)

+

(
3β

2

) 1
β

T

(
ln α

SN

32B (0)

) ln α
SN

32B(0)
+ 1
β

 exp

{
−

ln2 α
SN

64B (0)

}
6 γ,

äå SN âèçíà÷åíî â óìîâi ëåìè 5.3.

Äîâåäåííÿ. Òâåðäæåííÿ òåîðåìè ¹ î÷åâèäíèì íàñëiäêîì îçíà÷åííÿ 5.3

òà ëåìè 5.3.
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5.3. Ñïðîùåíèé ìåòîä ìîäåëþâàííÿ

ëîãàðèôìi÷íî ãàóññîâèõ ïðîöåñiâ Êîêñà

Ìåòîä ìîäåëþâàííÿ, ðîçãëÿíóòèé â ïîïåðåäíüîìó ïiäðîçäiëi, ç òî÷-
êè çîðó éîãî òåõíi÷íî¨ ðåàëiçàöi¨ íà êîìï'þòåði ìîæå âèêëèêàòè òðóäíî-
ùi. ßêùî ìîäåëü ëîãàðèôìi÷íî ãàóññîâîãî ïðîöåñó Êîêñà íàáëèæàòèìå
éîãî ïðè äîñèòü âåëèêèõ N(ÿê öå ÷àñòî áóâà¹ ïðè õîðîøié òî÷íîñòi òà
âåëèêié íàäiéíîñòi), òî ìîäåëþâàííÿ âèïàäêîâèõ âåëè÷èíè ç ôóíêöi¹þ

ðîçïîäiëó G̃ (x) =
r x
0

exp{Ỹ (t)}dt
r
T

exp{Ỹ (u)}du (ÿêùî íå âäà¹òüñÿ çíàéòè àíàëiòè÷íå

çàäàííÿ îáåðíåíî¨) ¹ äîñèòü òðóäîìiñòêèé çà ÷àñîì ïðîöåñ. Òîìó, â äà-
íîìó ïiäðîçäiëi ïðîïîíó¹òüñÿ äåùî iíøèé ïiäõiä äî ìîäåëþâàííÿ, ÿêèé
íå âèìàãàòèìå ìîäåëþâàòè âèïàäêîâi âåëè÷èíè ç âèùå çãàäàíîþ ôóí-
êöi¹þ ðîçïîäiëó.

Ìîäåëü ëîããàóññîâîãî ïðîöåñó Êîêñà áóäó¹ìî â äâà êðîêè. Ñïî÷àòêó
ìîäåëþ¹ìî ãàóññîâèé ïðîöåñ Y (t) . Äàëi ðîçãëÿäà¹ìî ðîçáèòòÿ âiäðiç-
êó T = [0, T ] íà k âiäðiçêiâ äîâæèíîþ d = T

k : 0 = t0 < t1 < . . . <

tk = T , ti+1 − ti = d, i = 0, k − 1. Íåõàé Bi = [ti, ti+1] , µ̃ (Bi) =
r

Bi

exp
{
Ỹ (t)

}
dt, Ỹ (t) � ìîäåëü Y (t) . Íà äðóãîìó êðîöi äëÿ êîæíîãî

i = 0, k − 1 áóäó¹ìî ìîäåëü ëîããàóññîâîãî ïðîöåñó Êîêñà ν̃ (Bi), òîáòî
ìîäåëü ïóàññîíiâñüêî¨ âèïàäêîâî¨ âåëè÷èíè ç ñåðåäíiì µ̃ (Bi). Îñêiëüêè
ν̃ (Bi) öå ÷èñëî òî÷îê ìîäåëi, ùî íàëåæàòü îáëàñòi Bi, à ìè íå çíà¹-
ìî ñïðàâæíüîãî ¨õíüîãî ðîçòàøóâàííÿ, òî ðîçìiùó¹ìî ¨õ â Bi äîâiëüíî.
ßêùî æ ν̃ (Bi) = 1, òî òî÷êó ðîçìiùó¹ìî â öåíòði îáëàñòi.

Çðîçóìiëî, ùî ìîäåëü ìîæíà ââàæàòè äîïóñòèìîþ, ÿêùî óìîâíi

éìîâiðíîñòi pkY (Bi)=P
{
ν(Bi) = k/ Y (t) , t ∈ T

}
òà p̃kY (Bi)=P

{
ν̃ (Bi)

= k/Ỹ (t) , t ∈ T
}
âiäðiçíÿþòüñÿ ìàëî, à òàêîæ éìîâiðíiñòü òîãî, ùî ÷è-

ñëî òî÷îê ν (Bi) (âiäïîâiäíî i ν̃ (Bi)) áóäå áiëüøå îäèíèöi òàêîæ ìàëà.
Îòæå, çàäà÷à ìîäåëþâàííÿ ëîããàóññîâîãî ïðîöåñó Êîêñà ïîëÿãà¹ â âè-
áîði ðîçáèòòÿ îáëàñòi ìîäåëþâàííÿ òà ïîáóäîâè ñàìî¨ ìîäåëi íà âæå
âèáðàíîìó ðîçáèòòi.

Ðîçáèòòÿ îáëàñòi T (òîáòî d àáî k) âèáèðà¹ìî òàê, ùîá âèêîíóâàëàñü
íåðiâíiñòü

P {ν (Bi) > 1} < δ, (5.18)

äå δ ïåâíå íàïåðåä çàäàíå ÷èñëî (íàïðèêëàä, δ = 0, 01).

Òåîðåìà 5.3. Íåõàé {ν (B) , B ⊂ B} ïðîöåñ Êîêñà, êåðîâàíèé ëîãàðèô-

ìi÷íî ãàóññîâèì ñòàöiîíàðíèì ïðîöåñîì exp {Y (t)} . Äëÿ òîãî, ùîá
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âèêîíóâàëàñü íåðiâíiñòü (5.18) äîñèòü âèáðàòè d = T
k òàê, ùîá âèêî-

íóâàëàñü íåðiâíiñòü

d 6 [2δ exp {−2B (0)}]
1
2 (5.19)

Äîâåäåííÿ. Îñêiëüêè

P {ν (Bi) > 1} = E (1− exp {−µ (Bi)} − µ (Bi) exp {−µ (Bi)} ) ,

òî ïîòðiáíî çíàéòè òàêå ðîçáèòòÿ, ùîá âèêîíóâàëàñü íåðiâíiñòü

E (1− exp {−µ (Bi)} − µ (Bi) exp {−µ (Bi)} ) < δ.

Òàê ÿê ïðè x > 0 1− exp {−x} (1 + x) 6 x2

2 , òî äëÿ âèêîíàííÿ ïîïåðå-

äíüî¨ íåðiâíîñòi äîñèòü ùîá âèêîíóâàëàñü íåðiâíiñòü

E [µ (Bi)]
2
< 2δ. (5.20)

ßê âæå áóëî çàçíà÷åíî, äëÿ âèïàäêîâèõ âåëè÷èí ξ = N
(
0, σ2

)
ìà¹ ìiñöå

ñïiââiäíîøåííÿ E exp {λξ} = exp
{
λ2σ2

2

}
, òîìó

E [µ (Bi)]
2

= E

w

Bi

exp {Y (t)} dt

2

= E
w

Bi

exp {Y (t)} dt
w

Bi

exp {Y (s)} ds

=
x

Bi×Bi

E exp {Y (t) + Y (s)} dtds

=
x

Bi×Bi

exp

{
E (Y (t) + Y (s))

2

2

}
dtds

=
x

Bi×Bi

exp

{
E (Y (t))

2

2
+EY (t)Y (s) +

E (Y (s))
2

2

}
dtds
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=
x

Bi×Bi

exp {B (0) +B (t− s)} dtds

= exp {B (0)}
x

Bi×Bi

exp {B (t− s)} dtds

6 d2 exp {2B (0)} .

Îòæå, äëÿ òîãî ùîá âèêîíóâàëàñü íåðiâíiñòü (5.20), à ÿê íàñëiäîê i

(5.18), äîñèòü ùîá âèêîíóâàëàñü íåðiâíiñòü (5.19).

Îñêiëüêè ïîòðiáíî áóäóâàòè ìîäåëü ïðîöåñó Y (t) òàê, ùîá óìîâíi

éìîâiðíîñòi pkY òà p̃kY äëÿ áóäü-ÿêîãî i = 0, k − 1 ç éìîâiðíiñòþ áëèçü-

êîþ äî îäèíèöi âiäðiçíÿëèñü ìàëî, òî ïðèðîäíiì ¹ íàñòóïíå îçíà÷åííÿ.

Îçíà÷åííÿ 5.4. Ñêàæåìî, ùî ìîäåëü ïðîöåñó Êîêñà {ν̃ (B) , B ∈ B} ,
êåðîâàíîãî ëîãàðèôìi÷íî ãàóññîâèì ïðîöåñîì exp

{
Ỹ (t)

}
, íàáëèæà¹ éî-

ãî ç òî÷íiñòþ α, 0 < α < 1 òà íàäiéíiñòþ 1 − γ, 0 < γ < 1, ÿêùî

âèêîíó¹òüñÿ íåðiâíiñòü

P

{
max

Bi∈B i=0, k−1
| pkY (Bi)− p̃kY (Bi) | > α

}
< γ.

Ëåìà 5.4. Íåõàé Y (t) ñòàöiîíàðíèé, öåíòðîâàíèé, íåïåðåðâíèé â ñåðåä-

íüîìó êâàäðàòè÷íîìó, ãàóññîâèé ïðîöåñ çi ñïåêòðàëüíîþ ôóíêöi¹þ F (λ) ,

à ðîçáèòòÿ DΛ âiäðiçêó [0,Λ] , Λ ∈ R òàêå, ùî λk−1−λk = Λ
N , N ∈ N,

òîäi äëÿ áóäü-ÿêîãî p > 1 ìà¹ ìiñöå îöiíêà(
E

∣∣∣exp {Y (t)} − exp
{
Ỹ (t)

}∣∣∣p) 1
p

6 2
1
p Â

1
2

N,t (pv1)
1
2 exp

{
pv2

2
B (0)− 1

2

}
,

äå

ÂN,t = B (0)− F (Λ) + 22−2bt2b
(

Λ

N

)2b

F (Λ) ,

b ∈ [0, 1] , v1 òà v2 òàêi ÷èñëà, ùî 1
v1

+ 1
v2

= 1.

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ïîñëiäîâíî íåðiâíîñòi |exp {x} − exp {y}|
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6 |x− y| exp {max (x, y)} òà Ãåëüäåðà, ìàòèìåìî

(
E
∣∣∣exp {Y (t)} − exp

{
Ỹ (t)

}∣∣∣p) 1
p

6
(
E
∣∣∣Y (t)− Ỹ (t)

∣∣∣p exp
{
p max

(
Y (t) , Ỹ (t)

)}) 1
p

6
(
E
∣∣∣Y (t)− Ỹ (t)

∣∣∣pv1
) 1
pv1
(
E exp

{
pv2 max

(
Y (t) , Ỹ (t)

)}) 1
pv2

,

(5.21)

1
v1

+ 1
v2

= 1. Â ñèëó ñïiââiäíîøåííÿ (5.3), äîâåäåíîãî â ëåìi 5.1

E
∣∣∣Y (t)− Ỹ (t)

∣∣∣pv1

=

(
E
∣∣∣Y (t)− Ỹ (t)

∣∣∣2)pv1
2

cpv1
.

Îñêiëüêè äëÿ ãàóññîâèõ, ñòàöiîíàðíèõ, öåíòðîâàíèõ âèïàäêîâèõ ïðîöå-

ñiâ ìàþòü ìiñöå ðiâíîñòi E (Y (t))
2

= B (0), E
(
Ỹ (t)

)2

= F (Λ), òî

E
∣∣∣Y (t)− Ỹ (t)

∣∣∣2 = B (0) + F (Λ)− 2EY (t) Ỹ (t) .

EY (t) Ỹ (t) =E

N−1∑
k=0

λk+1w

λk

cosλt dξ (λ) +

N−1∑
k=0

λk+1w

λk

sinλt dη (λ)

+

∞w

Λ

cosλt dξ (λ) +

∞w

Λ

sinλt dη (λ)

)

×

N−1∑
k=0

λk+1w

λk

cosλkt dξ (λ) +

N−1∑
k=0

λk+1w

λk

sinλkt dη (λ)


=

N−1∑
k=0

λk+1w

λk

cosλt cosλkt dF (λ)+

N−1∑
k=0

λk+1w

λk

sinλt sinλkt dF (λ)

=

N−1∑
k=0

λk+1w

λk

cos t (λ− λk) dF (λ) .
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Òîìó

E
∣∣∣Y (t)− Ỹ (t)

∣∣∣2
=B (0)− F (Λ) + 2F (Λ)− 2

N−1∑
k=0

λk+1w

λk

cos t (λ− λk) dF (λ)

=B (0)− F (Λ) + 2

N−1∑
k=0

λk+1w

λk

2 sin2

(
t (λ− λk)

2

)
dF (λ)

6B (0)− F (Λ) + 4

N−1∑
k=0

λk+1w

λk

t2b (λ− λk)
2b

22b
dF (λ) , 0 < b < 1.

Òàê ÿê λ− λk 6 λk+1 − λk = Λ
N , k = 0, N − 1, òî

E
∣∣∣Y (t)− Ỹ (t)

∣∣∣2 6 ÂN,t,

ÂN,t = B (0)− F (Λ) + 22−2bt2b
(

Λ

N

)2b

F (Λ) , b ∈ [0, 1] .

(5.22)

Òàêèì ÷èíîì (
E
∣∣∣Y (t)− Ỹ (t)

∣∣∣pv1
) 1
pv1

6 Â
1
2

N,tc
1
pv1
pv1 . (5.23)

Îöiíèìî exp
{
p v2 max

(
Y (t) , Ỹ (t)

)}
. Âðàõîâóþ÷è, ùî äëÿ âèïàäêîâî¨

âåëè÷èíè ξ = N
(
0, σ2

)
âèêîíó¹òüñÿ ðiâíiñòü E exp {λξ} = exp

{
λ2σ2

2

}
,

E exp
{
p v2 max

(
Y (t) , Ỹ (t)

)}
6 E exp {p v2Y (t)}+E exp

{
p v2Ỹ (t)

}
= exp

{
(p v2)

2

2
B (0)

}
+ exp

{
(p v2)

2

2
F (Λ)

}
6 2 exp

{
(p v2)

2

2
B (0)

}
.

Òàêèì ÷èíîì, âèêîðèñòîâóþ÷è îñòàííþ íåðiâíiñòü, (5.23) à òàêîæ îöií-

êó (5.4) äëÿ cp, òâåðäæåííÿ ëåìè âèïëèâà¹ iç (5.21).

Ëåìà 5.5. Íåõàé Y (t) ñòàöiîíàðíèé, öåíòðîâàíèé, íåïåðåðâíèé â ñåðåä-

íüîìó êâàäðàòè÷íîìó, ãàóññîâèé ïðîöåñ çi ñïåêòðàëüíîþ ôóíêöi¹þ F (λ),
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iñíó¹ ñïåêòðàëüíèé ìîìåíò
∞r

0

λ2βdF (λ), 0 < β 6 1, à ðîçáèòòÿ DΛ

âiäðiçêó [0,Λ] , Λ ∈ R òàêå, ùî λk−1 − λk = Λ
N , N ∈ N, òîäi äëÿ

áóäü-ÿêîãî p > 1 ìà¹ ìiñöå îöiíêà(
E

∣∣∣exp {Y (t+ h)} − exp
{
Ỹ (t+ h)

}
−
(

exp {Y (t)} − exp
{
Ỹ (t)

})∣∣∣p ) 1
p

6 hβĜN,t,p,

äå

ĜN,t,p = 2
1
p p exp

{
pr2

2

(
f1ÂN,t + f2B (0)

)
− 1

2

}
K̂N,t,

K̂N,t =

√
r1P̂N,t +

√
23−2βs1s2Λ2βF (Λ) ÂN,t,

P̂N,t = 25−4β

((
Λ

N

)β
+ 2β−1t

Λβ+1

N

)2

F (Λ) + 23−2β
∞w

Λ

λ2βdF (λ) ,

ÂN,t = B (0)− F (Λ) + 22−2bt2b
(

Λ

N

)2b

F (Λ) ,

b ∈ [0, 1] , f1, f2, s1, s2, s3, r1, r2 òàêi ÷èñëà, ùî r2 = s3,
1
f1

+ 1
f2

= 1,
1
s1

+ 1
s2

+ 1
s3

= 1, 1
r1

+ 1
r2

= 1.

Äîâåäåííÿ. Ëåãêî áà÷èòè, ùî

(
E
∣∣∣ eY (t+h) − eỸ (t+h) −

(
eY (t) − eỸ (t)

)∣∣∣p ) 1
p

=
(
E
∣∣∣(eY (t+h)−Ỹ (t+h) − eY (t)−Ỹ (t)

)
eỸ (t+h)

+
(
eỸ (t+h) − eỸ (t)

)(
eY (t)−Ỹ (t) − 1

)∣∣∣p) 1
p

6 (E |∆1 (Y ) V1|p)
1
p + (E |∆2 (Y ) ∆3 (Y ) V2|p)

1
p ,

äå

∆1 (Y ) =
∣∣∣Y (t+ h)− Ỹ (t+ h)− Y (t) + Ỹ (t)

∣∣∣ ,
V1 = exp

{
max

(
Y (t+ h)− Ỹ (t+ h) , Y (t)− Ỹ (t)

)}
exp

{
Ỹ (t+ h)

}
,
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∆2 (Y ) =
∣∣∣ Ỹ (t+ h)− Ỹ (t)

∣∣∣ ,
∆3 (Y ) =

∣∣∣Y (t)− Ỹ (t)
∣∣∣ ,

V2 = exp
{

max
(
Ỹ (t+ h) , Ỹ (t)

)}
exp

{∣∣∣Y (t)− Ỹ (t)
∣∣∣} .

Íåõàé 1
r1

+ 1
r2

= 1, 1
s1

+ 1
s2

+ 1
s3

= 1, çàñòîñîâóþ÷è íåðiâíiñòü Ãåëüäåðà

E |∆1 (Y ) V1|p 6 (E |∆1 (Y ) |pr1)
1
r1 (E |V1|pr2)

1
r2 ,

E |∆2 (Y ) ∆3 (Y ) V2|p 6 (E |∆2 (Y )|ps1)
1
s1 (E |∆3 (Y )|ps2)

1
s2 (E |V2|ps3)

1
s3 .

Â ñèëó (5.3) E |∆1 (Y ) |pr1 =
(
E |∆1 (Y )|2

)pr1
2

cpr1 . ßê áóëî ïîêàçàíî ïðè

äîâåäåííi ëåìè 5.2

E |∆1 (Y )|2 = E
∣∣∣Y (t+ h)− Ỹ (t+ h)− Y (t) + Ỹ (t)

∣∣∣2 6 h2βP̂N,t,

äå

P̂N,t = 25−4β

((
Λ

N

)β
+ 2β−1t

Λβ+1

N

)2

F (Λ) + 23−2β
∞w

Λ

λ2βdF (λ) ,

0 < β 6 1. Òàêèì ÷èíîì

E |∆1 (Y )|pr1 6 hpr1β P̂
pr1

2

N,t cpr1 . (5.24)

Îöiíèìî E |V1|p r2 . Íåõàé 1
f1

+ 1
f2

= 1, âèêîðèñòîâóþ÷è íåðiâíiñòü Ãåëü-

äåðà

E |V1|pr2 =E
∣∣∣emax(Y (t+h)−Ỹ (t+h), Y (t)−Ỹ (t)) exp

{
Ỹ (t+ h)

}∣∣∣pr2
6
(
E exp

{
p r2f1 max

(
Y (t+ h)− Ỹ (t+ h) , Y (t)− Ỹ (t)

)}) 1
f1

×
(
E exp

{
p r2f2 Ỹ (t+ h)

}) 1
f2
.

(5.25)
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E exp
{
p r2f1 max

(
Y (t+ h)− Ỹ (t+ h) , Y (t)− Ỹ (t)

)}
6 exp

{
(p r2f1)

2

2
E
∣∣∣Y (t+ h)− Ỹ (t+ h)

∣∣∣2}

+ exp

{
(p r2f1)

2

2
E
∣∣∣Y (t)− Ỹ (t)

∣∣∣2} .
Ïîâòîðèâøè ìiðêóâàííÿ çàñòîñîâàíi äëÿ îòðèìàííÿ ôîðìóëè (5.22),

ëåãêî áà÷èòè, ùî

E
∣∣∣Y (t+ h)− Ỹ (t+ h)

∣∣∣2 6 ÂN,t,

äå ÂN,t âèçíà÷à¹òüñÿ â (5.22). Òîäi(
E exp

{
p r2f1 max

(
Y (t+ h)−Ỹ (t+ h) , Y (t)−Ỹ (t)

)}) 1
f1

6 2
1
f1 exp

{
(p r2)

2
f1

2
ÂN,t

}
.

(
E exp

{
p r2f2Ỹ (t+ h)

}) 1
f2 6

(
exp

{
(p r2f2)

2

2
F (λ)

}) 1
f2

= exp

{
(p r2)

2
f2

2
F (λ)

}
.

Âðàõîâóþ÷è äâi ïîïåðåäíi íåðiâíîñòi, iç (5.25) îòðèìó¹ìî

E |V1|pr2 6 2
1
f1 exp

{
(p r2)

2

2

(
f1ÂN,t + f2B (0)

)}
. (5.26)

Îöiíèìî E |∆2 (Y )|ps1 . Âíàñëiäîê (5.3)

|∆2 (Y )|ps1 =
(
E |∆2 (Y )|2

)ps1
2

cps1 .
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ßê áóëî ïîêàçàíî ïðè äîâåäåííi ëåìè 5.2

E |∆2 (Y )|2 = E
∣∣∣Ỹ (t+ h)− Ỹ (t)

∣∣∣2 6 23−2βΛ2βh2βF (Λ) , 0 < β 6 1.

Îòæå,

E |∆2 (Y )|ps1 6
(
23−2βΛ2βh2βF (Λ)

)ps1
2 cps1 . (5.27)

Îöiíèìî E |∆3 (Y )|ps2 . Òàê ÿê E |∆3 (Y )|2 = E
∣∣∣Y (t)− Ỹ (t)

∣∣∣2 6 ÂN,t, à

E |∆3 (Y )|ps2 =
(
E |∆3 (Y )|2

)ps2
2

cps2 , òî

E |∆3 (Y )|ps2 6 Â
ps2

2

N,t cps2 . (5.28)

Îöiíèìî E |V2|ps3 . Íåõàé 1
e1

+ 1
e2

= 1, âèêîðèñòîâóþ÷è íåðiâíiñòü Ãåëü-

äåðà

E |V2|ps3 =E
∣∣∣ exp

{
max

(
Ỹ (t+ h) , Ỹ (t)

)}
exp

{∣∣∣Y (t)− Ỹ (t)
∣∣∣}∣∣∣ps3

6
(
E exp

{
ps3e1 max

(
Ỹ (t+ h) , Ỹ (t)

)}) 1
e1

×
(
E exp

{
ps3e2

∣∣∣Y (t)−Ỹ (t)
∣∣∣}) 1

e2
.

E exp
{
ps3e1 max

(
Ỹ (t+ h) , Ỹ (t)

)}
6 2 exp

{
(ps3e1)

2

2
F (Λ)

}
.

Îñêiëüêè äëÿ íîðìàëüíî ðîçïîäiëåíî¨ âèïàäêîâî¨ âåëè÷èíè ξ ç ïàðà-

ìåòðàìè 0, σ2 E exp {λ |ξ|} 6 E exp {λξ} + E exp {−λξ} = 2 exp
{
λ2σ2

2

}
,

òî

E exp
{
ps3e2

∣∣∣Y (t)− Ỹ (t)
∣∣∣} 6 2 exp

{
(ps3e2)

2

2
ÂN,t

}
.

Îòæå,

E |V2|ps3 6 2 exp

{
(ps3)

2

2

(
e2ÂN,t + e1B (0)

)}
. (5.29)
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Òàêèì ÷èíîì, âèêîðèñòîâóþ÷è (5.24), (5.26) � (5.29), (5.4), îòðèìà¹ìî

(
E
∣∣∣ exp {Y (t+ h)}−exp

{
Ỹ (t+ h)

}
−
(

exp {Y (t)}−exp
{
Ỹ (t)

})∣∣∣p) 1
p

6 (E |∆1 (Y )|pr1)
1
pr1 (E |V1|pr2)

1
pr2

+ (E |∆2 (Y )|ps1)
1
ps1 (E |∆3 (Y )|ps2)

1
ps2 (E |V2| ps3)

1
ps3

6 hβ P̂
1
2

N,t c
1
pr1
pr1 2

1

pr2f1 exp
{p r2

2

(
f1ÂN,t + f2B (0)

)}
+
(
23−2βΛ2βh2βF (Λ)

) 1
2 c

1
ps1
ps1 Â

1
2

N,t c
1
ps2
ps2 2

1
ps3 exp

{ps3

2

(
e2ÂN,t + e1B (0)

)}
= hβ

[
P̂

1
2

N,t 2
1

2pr1 (pr1)
1
2 e−

1
2 2

1

pr2f1 exp
{pr2

2

(
f1ÂN,t + f2B (0)

)}
+
(

23−2βΛ2βF (Λ) ÂN,t

) 1
2

2
1

2ps1 (ps1)
1
2 e−

1
2 2

1
2ps2 (ps2)

1
2 e−

1
2 2

1
ps3

× exp
{ps3

2

(
e2ÂN,t + e1B (0)

)}]
.

Ïîêëàâøè f1 = e2, f2 = e1, r2 = s3, à òàêîæ âðàõóâàâøè, ùî 2
1

2pr1

×2
1

pr2f1 6 2
1
p , 2

1
2ps1 2

1
2ps2 2

1
ps3e1 6 2

1
p , áóäåìî ìàòè

(
E
∣∣∣ exp {Y (t+ h)}−exp

{
Ỹ (t+ h)

}
−
(

exp {Y (t)}−exp
{
Ỹ (t)

})∣∣∣p) 1
p

6 hβ
[
P̂

1
2

N,t 2
1
p (pr1)

1
2 exp

{
pr2

2

(
f1ÂN,t + f2B (0)

)
− 1

2

}
+
(

23−2βΛ2βF (Λ) ÂN,t

) 1
2

2
1
p (ps1)

1
2 (ps2)

1
2

× exp
{pr2

2

(
f1ÂN,t + f2B (0)

)
− 1
}]

,

çâiäêè ïiñëÿ äåÿêèõ åëåìåíòàðíèõ ïåðåòâîðåíü i âèïëèâà¹ òâåðäæåííÿ

ëåìè.

Ëåìà 5.6. Íåõàé Y (t) ñòàöiîíàðíèé, öåíòðîâàíèé, ñåïàðàáåëüíèé, íå-

ïåðåðâíèé â ñåðåäíüîìó êâàäðàòè÷íîìó, ãàóññîâèé ïðîöåñ çi ñïåêòðàëü-

íîþ ôóíêöi¹þ F (λ), iñíó¹ ñïåêòðàëüíèé ìîìåíò
∞r

0

λ2βdF (λ), 0 < β

6 1, à ðîçáèòòÿ DΛ âiäðiçêó [0,Λ] , Λ ∈ R òàêå, ùî λk−1 − λk = Λ
N ,
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N ∈ N. Òîäi, ÿêùî

ŜN < α exp

−2r2

(
f1ÂN + f2B (0)

)
β

 ,

òî

P

{
max

Bi∈B i=0, k−1
| pkY (Bi)− p̃kY (Bi) | > α

}

6

(
p
p
2 + T

(
3β

2

) 1
β

pp+
1
β

)
exp

−r2

(
f1ÂN + f2B (0)

)
2

p2

 , (5.30)

äå

p =
ln α

ŜN

r2

(
f1ÂN + f2B(0)

) , ŜN = max
{
ŜN,1, ŜN,2

}
,

ŜN,1 =
2d
√
v1 (B (0)− F (Λ))√

e
,

ŜN,2 =
6d√
e

(√
r1P̂N +

√
23−2βs1s2Λ2βF (Λ) ÂN

)
,

P̂N = 25−4β

((
Λ

N

)β
+ 2β−1T

Λβ+1

N

)2

F (Λ) + 23−2β
∞w

Λ

λ2βdF (λ) ,

ÂN = B (0)− F (Λ) + 22−2bT 2b

(
Λ

N

)2b

F (Λ) ,

b ∈ [0, 1] , f1, f2, s1, s2, s3, r1, r2 òàêi ÷èñëà, ùî r2 = s3 = v2,
1
f1

+ 1
f2

= 1,
1
s1

+ 1
s2

+ 1
s3

= 1, 1
r1

+ 1
r2

= 1.

Äîâåäåííÿ. Îöiíèìî ðiçíèöþ | pkY (Bi)− p̃kY (Bi) | çàñòîñóâàâøè ôîð-

ìóëó Ëàãðàíæà ñêií÷åííèõ ïðèðîñòiâ.

| pkY (Bi)−p̃kY (Bi) |=

∣∣∣∣∣exp {−µ (Bi)} (µ (Bi))
k

k!
− exp {−µ̃ (Bi)} (µ̃ (Bi))

k

k!

∣∣∣∣∣
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= |µ (Bi)− µ̃ (Bi)|
1

k!
exp {−µ̂ (Bi)} (µ̂ (Bi))

k−1 |k − µ̂ (Bi)|

=


|µ (Bi)− µ̃ (Bi)|

1

(k − 1)!
e−µ̂(Bi) (µ̂ (Bi))

k−16|µ (Bi)−µ̃ (Bi)| , k> µ̂(Bi) ;

|µ (Bi)− µ̃ (Bi)|
1

k!
e−µ̂(Bi) (µ̂ (Bi))

k 6 |µ (Bi)− µ̃ (Bi)| , k < µ̂ (Bi) .

Ïðè k = 0

|p 0Y (Bi)− p̃ 0Y (Bi)| = |exp {−µ (Bi)} − exp {−µ̃ (Bi)}|

6 |µ (Bi)− µ̃ (Bi)| |exp {−µ̂ (Bi)}| 6 |µ (Bi)− µ̃ (Bi)| .

Òàêèì ÷èíîì îöiíêà |pkY (Bi)−p̃kY (Bi)| çâîäèòüñÿ äî îöiíêè |µ(Bi)−µ̃(Bi)|
i âèêîíó¹òüñÿ íåðiâíiñòü

P { |pkY (Bi)− p̃kY (Bi)| > α} 6 P {|µ (Bi)− µ̃ (Bi)| > α} , (5.31)

i = 0, k − 1. Íå ñêëàäíî ïåðåêîíàòèñü, ùî ñïðàâåäëèâîþ ¹ íàñòóïíà

íåðiâíiñòü

P

{
max

Bi∈B, i=0, k−1
|µ (Bi)− µ̃ (Bi)| > α

}

= P

 max
Bi∈B, i=0, k−1

∣∣∣∣∣∣
w

Bi

exp {Y (t)} dt−
w

Bi

exp
{
Ỹ (t)

}
dt

∣∣∣∣∣∣ > α


6 P

 max
Bi∈B, i=0, k−1

w

Bi

sup
t∈T

∣∣∣ exp {Y (t)} − exp
{
Ỹ (t)

}∣∣∣ dt > α


= P

 max
Bi∈B, i=0, k−1

w

Bi

dt · sup
t∈T

∣∣∣exp {Y (t)} − exp
{
Ỹ (t)

}∣∣∣ > α


= P

{
sup
t∈T

∣∣∣exp {Y (t)} − exp
{
Ỹ (t)

}∣∣∣ > α

d

}
. (5.32)
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Â ñèëó ëåìè 5.4

inf
06t6T

(
E
∣∣∣exp {Y (t)} − exp

{
Ỹ (t)

}∣∣∣p) 1
p

6 2
1
p (B (0)− F (Λ))

1
2 (pv1)

1
2 exp

{
pv2

2
B (0)− 1

2

}
. (5.33)

Çà äîïîìîãîþ ëåìè 5.5 îöiíèìî åíòðîïiéíèé iíòåãðàë, ÿêèé ôiãóðó¹ â

âèñíîâêàõ íàñëiäêó 1.4.

θε0w

0

(
T

ϕ(−1) (ε)

) 1
p

dε 6
θε0w

0

T ( ĜN,p
ε

) 1
β


1
p

dε =
θ1− 1

pβ T
1
p ĜN,p

1− 1
pβ

,

1 − 1
pβ > 0, ĜN,p = ĜN,t,p

∣∣∣
t=T

. Íå âàæêî ïåðåêîíàòèñü, ùî ôóíêöiÿ

f (θ) = 1

θ
1
pβ (1−θ)

íàáóâà¹ ìiíiìàëüíîãî çíà÷åííÿ â òî÷öi θ0 = 1
pβ+1 òà

θ0 <
ϕ(T2 )
ε0

. Ïiñëÿ åëåìåíòàðíèõ îá÷èñëåíü ìàòèìåìî

inf
0<θ<1

1

θ
1
pβ (1− θ)

T βĜN,p

1− 1
pβ

6 T
1
p ĜN,p

(pβ + 1)
1+ 1

pβ

pβ − 1
.

Âçÿâøè äî óâàãè (5.32), (5.33), ùîéíî îòðèìàíó îöiíêó òà íåðiâíiñòü

(a+ b)
p 6 2p−1 (ap + bp), íà îñíîâi íàñëiäêó 1.4 ìîæåìî çàïèñàòè

P

{
max

Bi∈B, i=0, k−1
|µ (Bi)− µ̃ (Bi)| > α

}
2p (B (0)− F (Λ))

p
p
p
2 v

p
2
1 exp

{
pv2

2 B (0)− p
2

}(
α
d

)p +
2p−1TĜpN,p

(pβ+1)
p+ 1

β

(pβ−1)p(
α
d

)p .

Ðîçïèñàâøè ĜN,p, à òàêîæ âðàõóâàâøè, ùî ïðè pβ > 2
(

p
pβ−1

)p
6 2p

βp ,

(pβ + 1)
p+ 1

β 6 (pβ)
p+ 1

β
(

3
2

)p+ 1
β òà ïîêëàâøè v2 = r2, ïiñëÿ åëåìåíòàðíèõ
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ïåðåòâîðåíü îòðèìà¹ìî íàñòóïíó îöiíêó

P

{
max

Bi∈B, i=0, k−1
|µ (Bi)− µ̃ (Bi)| > α

}

6
ŜpN,1p

p
2 exp

{
pv2

2 B (0)
}

αp
+
T ŜpN,2

(
3β
2

) 1
β

pp+
1
β exp

{
p2r2

2

(
f1ÂN + f2B (0)

)}
αp

6
ŜpN

(
p
p
2 + T

(
3β
2

) 1
β

pp+
1
β

)
exp

{
p2r2

2

(
f1ÂN + f2B (0)

)}
αp

,

äå ŜN = max
{
ŜN,1, ŜN,2

}
, ŜN,1 =

2d
√
v1(B(0)−F (Λ))√

e
, ŜN,2 = 6d√

e

√
r1P̂N +

6d√
e

√
23−2βs1s2Λ2βF (Λ) ÂN .Îá÷èñëèâøè çíà÷åííÿ ïðàâî¨ ÷àñòèíè îñòàí-

íüî¨ îöiíêè â òî÷öi p0 =
ln α

ŜN

r2(f1ÂN+f2B(0))
, áëèçüêié äî òî÷êè ìiíiìóìó

ôóíêöi¨
ŜpN

(
p
p
2 +T( 3β

2 )
1
β p

p+ 1
β

)
exp

{
p2r2

2 (f1ÂN,t+f2B(0))
}

αp òà âðàõóâàâøè, ùî

óìîâà pβ > 2 çàáåçïå÷ó¹ âèêîíàííÿ óìîâè 1 − 1
pβ > 0, â ñèëó íàñëiäêó

1.4 îòðèìà¹ìî (5.30), ùî é äîâîäèòü ëåìó.

Òåîðåìà 5.4. Íåõàé Y (t) ñòàöiîíàðíèé, öåíòðîâàíèé, ñåïàðàáåëüíèé,

íåïåðåðâíèé â ñåðåäíüîìó êâàäðàòè÷íîìó, ãàóññîâèé ïðîöåñ çi ñïåêò-

ðàëüíîþ ôóíêöi¹þ F (λ) . Íåõàé iñíó¹ ñïåêòðàëüíèé ìîìåíò
∞r

0

λ2βdF (λ),

0 < β 6 1, à ðîçáèòòÿ DΛ âiäðiçêó [0,Λ] , Λ ∈ R òàêå, ùî λk−1 − λk
= Λ

N , N ∈ N, òîäi ìîäåëü ïðîöåñó Êîêñà {ν̃ (B) , B ∈ B} , êåðîâàíîãî
ëîãàðèôìi÷íî ãàóññîâèì ïðîöåñîì exp

{
Ỹ (t)

}
, íàáëèæà¹ éîãî ç òî÷íi-

ñòþ α òà íàäiéíiñòþ 1− γ ÿêùî âèêîíóþòüñÿ óìîâè:

ŜN < α exp

−2r2

(
f1ÂN + f2B (0)

)
β

 ,

(
p
p
2 + T

(
3β

2

) 1
β

pp+
1
β

)
exp

−r2

(
f1ÂN + f2B (0)

)
2

p2

 < γ,
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äå p =
ln α

ŜN

r2(f1ÂN+f2B(0))
, ŜN , ÂN âèçíà÷åíî â óìîâàõ ëåìè 5.6, b ∈ [0, 1] ,

f1, f2, s1, s2, s3, r1, r2 òàêi ÷èñëà, ùî r2 = s3,
1
f1

+ 1
f2

= 1, 1
s1

+ 1
s2

+ 1
s3

=

1, 1
r1

+ 1
r2

= 1.

Äîâåäåííÿ. Òâåðäæåííÿ òåîðåìè âèïëèâà¹ ç îçíà÷åííÿ 5.4 òà ëåìè 5.6.

Çàïðîïîíîâàíèé ìåòîä ïîáóäîâè ìîäåëåé ëîãàðèôìi÷íî ãàóññîâèõ
ïðîöåñiâ Êîêñà ç òåõíi÷íî¨ ñòîðîíè ¹ ïðîñòiøèì â ïîðiâíÿííi ç ïîïå-
ðåäíiì. Çðîçóìiëî, ùî âií ¹ äåùî �ãiðøèì� â ðîçóìiííi òî÷íîñòi, îñî-
áëèâî ÿêùî â äåÿêó ç îáëàñòåé Bi ïîïàäà¹ áiëüøå îäíi¹¨ òî÷êè, àëå éîãî
âèêîðèñòàííÿ ïðèéíÿòíiøå â ñèëó øâèäêîñòi îòðèìàííÿ ìîäåëi.

5.4. Ìîäåëþâàííÿ ïðîöåñó Êîêñà ó âèïàäêó êîëè

éîãî iíòåíñèâíiñòü ïîðîäæåíà îäíîðiäíèì

ëîãàðèôìi÷íî ãàóññîâèì ïîëåì

Â äàíîìó ïiäðîçäiëi, ìåòîä ìîäåëþâàííÿ âèïàäêîâèõ ïðîöåñiâ Êîêñà,
ùî áóâ çàïðîïîíîâàíèé â ïîïåðåäíüîìó, ïîøèðþ¹òüñÿ íà âèïàäîê, êîëè
éîãî iíòåíñèâíiñòü ïîðîäæó¹òüñÿ îäíîðiäíèì âèïàäêîâèì ïîëåì.

Íåõàé
{
Y
(
~t
)
,~t ∈ T

}
� öåíòðîâàíå, îäíîðiäíå, ãàóññîâå ïîëå, òðà¹-

êòîði¨ ÿêîãî ¹ âèìiðíèìè íà T. Àíàëîãi÷íî, ÿê i â ïîïåðåäíüîìó ïiäðîç-
äiëi, ñïî÷àòêó ìîäåëþ¹ìî ïîëå Y

(
~t
)
, äàëi ðîçãëÿäà¹ìî äåÿêå ðîçáèòòÿ

DT îáëàñòi T i íà êîæíîìó åëåìåíòi ðîçáèòòÿ DT áóäó¹ìî ìîäåëü ïó-
àññîíiâñüêî¨ âèïàäêîâî¨ âåëè÷èíè ç âiäïîâiäíèì ñåðåäíiì.

Íåõàé T = [0, T ] × . . . × [0, T ], T ∈ R+, ðîçáèòòÿ DT âèáèðà¹ìî
íàñòóïíèì ÷èíîì:

Bi1,...,in =
{[
ti11 , t

i1+1
1

)
× . . .×

[
tinn , t

in+1
n

) ∣∣ timm < tim+1
m ,

tim+1
m − timm = d =

T

k
, k ∈ N, m = 1, n, im = 0, k − 1

}
.

Ïîçíà÷èìî Ỹ
(
~t
)
� ìîäåëü ïîëÿ Y

(
~t
)
, µ̃ (Bi1,...,in) =

r

Bi1,...,in

exp
{
Ỹ
(
~t
)}
d~t,

ν̃ (Bi1,...,in) � ìîäåëü ν (Bi1,...,in), òîáòî ìîäåëü ïóàññîíiâñüêî¨ âèïàäêîâî¨
âåëè÷èíè ç ñåðåäíiì µ̃ (Bi1,...,in) .

Îñêiëüêè ν̃ (Bi1,...,in) öå ÷èñëî òî÷îê ìîäåëi, ùî íàëåæàòü îáëàñòi
Bi1,...,in , òî ðîçìiùó¹ìî öi òî÷êè â Bi1,...,in äîâiëüíî. ßêùî ν̃ (Bi1,...,in) =
1, òî òî÷êó ðîçìiùó¹ìî â öåíòði îáëàñòi.

Ðîçáèòòÿ îáëàñòi T (òîáòî d àáî k) âèáèðà¹ìî òàê, ùîá âèêîíóâàëàñü

153



íåðiâíiñòü
P {ν (Bi1,...,in) > 1} < δ, (5.34)

äå δ, ïåâíå íàïåðåä çàäàíå ÷èñëî.

Òåîðåìà 5.5. Íåõàé {ν (Bi1,...,in) , Bi1,...,in ⊂ B} ïðîöåñ Êîêñà, êåðîâà-
íèé ëîãàðèôìi÷íî ãàóññîâèì îäíîðiäíèì ïîëåì exp

{
Y
(
~t
)}
. Äëÿ òîãî,

ùîá âèêîíóâàëàñü íåðiâíiñòü (5.34) äîñèòü âèáðàòè d = T
k òàê, ùîá

âèêîíóâàëàñü íåðiâíiñòü

d 6
[
2δ exp

{
−2B(~0)

}] 1
2n

.

Äîâåäåííÿ. Ïîâíiñòþ ïîâòîðþ¹ äîâåäåííÿ òåîðåìè 5.3.

Îçíà÷åííÿ 5.5. Ñêàæåìî, ùî ìîäåëü ïðîöåñó Êîêñà {ν (Bi1,...,in) ,

Bi1,...,in ⊂ B} , êåðîâàíîãî ëîãàðèôìi÷íî ãàóññîâèì îäíîðiäíèì ïîëåì

exp
{
Y
(
~t
)}
, íàáëèæà¹ éîãî ç òî÷íiñòþ α, 0 < α < 1 òà íàäiéíiñòþ

1− γ, 0 < γ < 1, ÿêùî âèêîíó¹òüñÿ íåðiâíiñòü

P

{
max

Bi1,...,in∈B
| pkY (Bi1,...,in)− p̃kY (Bi1,...,in) | > α

}
< γ.

Ëåìà 5.7. Íåõàé Y
(
~t
)
� îäíîðiäíå, öåíòðîâàíå, íåïåðåðâíå â ñåðåäíüî-

ìó êâàäðàòè÷íîìó ãàóññîâå ïîëå, òîäi ∀p > 1 ìà¹ ìiñöå îöiíêà

P

{
max

Bi1,...,in∈B
|µ (Bi1,...,in)−µ̃ (Bi1,...,in)| > α

}

6
2knW p

Np
p
2 exp

{
p2v2

2 B
(
~0
)
− p

2

}
αp

,

äå

WN =
√
v1d

nJ
1
2

N ,

JN = 22−2an2a d
2aΛ2a

N2a
ν (Λn) +B

(
~0
)
− ν (Λn) ,

v2 = v1

v1−1 , v1 � áóäü-ÿêå äîäàòíå äiéñíå ÷èñëî áiëüøå îäèíèöi, a ∈ [0, 1].
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Äîâåäåííÿ.

P

{
max

Bi1,...,in∈B
|µ (Bi1,...,in)− µ̃ (Bi1,...,in)| > α

}
6

k∑
i1,...,in=0

P {|µ (Bi1,...,in)−µ̃ (Bi1,...,in)| > α}

6 kn max
Bi1,...,in∈B

P {|µ (Bi1,...,in)−µ̃ (Bi1,...,in)| > α} .

Âèêîðèñòîâóþ÷è íåðiâíiñòü ×åáèøåâà

P {|µ (Bi1,...,in)− µ̃ (Bi1,...,in) | > α} 6 E |µ (Bi1,...,in)− µ̃ (Bi1,...,in)|p

αp
.

Â ñèëó óçàãàëüíåíî¨ íåðiâíîñòi Ìiíêîâñüêîãî

E |µ (Bi1,...,in)− µ̃ (Bi1,...,in)|p

6 E

 w

Bi1,...,in

∣∣∣exp
{
Y
(
~t
)}
− exp

{
Ỹ
(
~t
)}∣∣∣ d~t

p

6

 w

Bi1,...,in

(
E
∣∣∣exp

{
Y
(
~t
)}
− exp

{
Ỹ
(
~t
)}∣∣∣p) 1

p

d~t

p

Òàêèì ÷èíîì, iç îñòàííiõ òðüîõ íåðiâíîñòåé âèïëèâà¹ íàñòóïíà

P

{
max

Bi1,...,in∈B
|µ (Bi1,...,in)− µ̃ (Bi1,...,in)| > α

}

6

kn

(
r

Bi1,...,in

(
E
∣∣∣exp

{
Y
(
~t
)}
− exp

{
Ỹ
(
~t
)}∣∣∣p) 1

p

d~t

)p
αp

.

(5.35)

Îöiíèìî E
∣∣∣ exp

{
Y
(
~t
)}
− exp

{
Ỹ
(
~t
)}∣∣∣p. Íåõàé 1

v1
+ 1

v2
= 1, âèêîðèñòî-

âóþ÷è ñïî÷àòêó íåðiâíiñòü |exp {x} − exp {y}| 6 |x− y| exp {max (x, y)},
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à ïîòiì íåðiâíiñòü Ãåëüäåðà, îòðèìà¹ìî

E
∣∣∣ exp

{
Y
(
~t
)}
− exp

{
Ỹ
(
~t
)}∣∣∣p

6 E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣p exp

{
p max

(
Y
(
~t
)
, Ỹ
(
~t
))}

6
(
E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣pv1

) 1
v1
(
E exp

{
p v2 max

(
Y
(
~t
)
, Ỹ
(
~t
))}) 1

v2
.

(5.36)

Â ñèëó ñïiââiäíîøåííÿ (5.3)

E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣pv1

= cpv1

(
E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣2)pv1

2

.

Îñêiëüêè äëÿ ãàóññîâèõ, îäíîðiäíèõ, öåíòðîâàíèõ âèïàäêîâèõ ïîëiâ ìà-

þòü ìiñöå ðiâíîñòi E
(
Y
(
~t
))2

= B
(
~0
)
, E
(
Ỹ
(
~t
))2

= Φ (Λn), òî

E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣2 = B

(
~0
)

+ Φ (Λn)− 2 EY
(
~t
)
Ỹ
(
~t
)
.

Ñêîðèñòàâøèñü çîáðàæåííÿì (3.9) ïîëÿ Y
(
~t
)
òà éîãî ìîäåëi (3.10)

EY
(
~t
)
Ỹ
(
~t
)

= E

 N−1∑
i1,...,in=0

w

∆(i1,...,in)

cos
(
~t, ~λ
)
dZ1

(
~λ
)

+

N−1∑
i1,...,in=0

w

∆(i1,...,in)

sin
(
~t, ~λ
)
dZ2

(
~λ
)

+
w

Rn\Λn
cos
(
~t, ~λ
)
dZ1

(
~λ
)

+
w

Rn\Λn
sin
(
~t, ~λ
)
dZ2

(
~λ
)

×

 N−1∑
i1,...,in=0

w

∆(i1,...,in)

cos
(
~t, ~λ

(
λi11 , . . . , λ

in
n

))
dZ1

(
~λ
)
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+

N−1∑
i1,...,in=0

w

∆(i1,...,in)

sin
(
~t, ~λ

(
λi11 , . . . , λ

in
n

))
dZ2

(
~λ
)

=

N−1∑
i1,...,in=0

w

∆(i1,...,in)

cos
(
~t, ~λ
)

cos
(
~t, ~λ

(
λi11 , . . . , λ

in
n

))
dΦ
(
~λ
)

+

N−1∑
i1,...,in=0

w

∆(i1,...,in)

sin
(
~t, ~λ
)

sin
(
~t, ~λ

(
λi11 , . . . , λ

in
n

))
dΦ
(
~λ
)

=

N−1∑
i1,...,in=0

w

∆(i1,...,in)

cos
(
~t, ~λ− ~λ

(
λi11 , . . . , λ

in
n

))
dΦ
(
~λ
)
.

Òàêèì ÷èíîì, áåðó÷è äî óâàãè ùîéíî îòðèìàíå ñïiââiäíîøåííÿ

E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣2 = 2 Φ (Λn)− 2 EY

(
~t
)
Ỹ
(
~t
)

+B
(
~0
)
− Φ (Λn)

=2

N−1∑
i1,...,in=0

w

∆(i1,...,in)

(
1−cos

(
~t, ~λ−~λ

(
λi11 , . . . , λ

in
n

)))
dΦ
(
~λ
)

+B
(
~0
)
−Φ (Λn)

=4

N−1∑
i1,...,in=0

w

∆(i1,...,in)

sin2

(
~t, ~λ− ~λ

(
λi11 , . . . , λ

in
n

))
2

dΦ
(
~λ
)

+B
(
~0
)
−Φ (Λn)

64

N−1∑
i1,...,in=0

w

∆(i1,...,in)

(
~t, ~λ− ~λ

(
λi11 , . . . , λ

in
n

)
2

)2a

dΦ
(
~λ
)

+B
(
~0
)
−Φ (Λn) ,

a ∈ [0, 1] . Âèêîðèñòîâóþ÷è íåðiâíiñòü
(
~e, ~f

)
6

(
n∑
i=1

e2
i

) 1
2
(

n∑
i=1

f2
i

) 1
2

à

157



òàêîæ âðàõóâàâøè, ùî λm − λimm 6 λim+1
m − λimm = Λ

N ,

E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣2

64

N−1∑
i1,...,in=0

w

∆(i1,...,in)

(
n∑

m=1
t2m

)a( n∑
m=1

(
λm−λimm

)2)a
22a

dΦ
(
~λ
)

+B
(
~0
)
− Φ (Λn)

= 22−2a
N−1∑

i1,...,in=0

w

∆(i1,...,in)

(
nd2
)a(

n
Λ2

N2

)a
dΦ
(
~λ
)

+B
(
~0
)
− Φ (Λn)

= 22−2an2a d
2aΛ2a

N2a
Φ (Λn) +B

(
~0
)
− Φ (Λn) .

Îòæå,

E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣pv1

6 cpv1
J
pv1

2

N ,

JN = 22−2an2a d
2aΛ2a

N2a
Φ (Λn) +B

(
~0
)
− Φ (Λn) . (5.37)

Äàëi îöiíèìî E exp
{
p v2 max

(
Y
(
~t
)
, Ỹ
(
~t
))}

.

E exp
{
p v2 max

(
Y
(
~t
)
, Ỹ
(
~t
))}

6 E exp
{
p v2Y

(
~t
)}

+ E exp
{
p v2Ỹ

(
~t
)}

= exp

{
(p v2)

2

2
B
(
~0
)}

+exp

{
(p v2)

2

2
Φ (Λn)

}

6 2 exp

{
(p v2)

2

2
B
(
~0
)}

. (5.38)

Áåðó÷è äî óâàãè (5.37), (5.38), iç (5.36) ìàòèìåìî

E
∣∣∣ exp

{
Y
(
~t
)}
− exp

{
Ỹ
(
~t
)}∣∣∣p 6 c

1
v1
pv1 J

p
2

N 2
1
v2 exp

{
p2v2

2
B
(
~0
)}

. (5.39)

Âðàõîâóþ÷è îöiíêè (5.39), (5.4) ïiñëÿ åëåìåíòàðíèõ ïåðåòâîðåíü òâåð-
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äæåííÿ ëåìè âèïëèâà¹ iç (5.35).

Ëåìà 5.8. Íåõàé Y
(
~t
)
� îäíîðiäíå, öåíòðîâàíå, íåïåðåðâíå â ñåðåäíüî-

ìó êâàäðàòè÷íîìó ãàóññîâå ïîëå. ßêùî WN < α exp
{

1
2 − v2B

(
~0
)}

, òî

ìà¹ ìiñöå íàñòóïíà îöiíêà

P

{
max

Bi1,...,in∈B
| pkY (Bi1,...,in)− p̃kY (Bi1,...,in) | > α

}

6 2kn

 1
2 − ln WN

α

v2B
(
~0
)


1
2
−ln

WN
α

2v2B(~0)

exp

−
(

1
2 − ln WN

α

)2
2v2B

(
~0
)

 ,

äå WN âèçíà÷åíî â óìîâi ëåìè 5.7, v2 = v1

v1−1 , v1 � áóäü-ÿêå äîäàòíå

äiéñíå ÷èñëî áiëüøå îäèíèöi.

Äîâåäåííÿ. ßê áóëî ïîêàçàíî ïðè äîâåäåííi ëåìè 5.6

P

{
max

Bi1,...,in∈B
|pkY (Bi1,...,in)−p̃kY (Bi1,...,in)| > α

}
6 P

{
max

Bi1,...,in∈B
|µ (Bi1,...,in)−µ̃ (Bi1,...,in)| > α

}
.

Â ñèëó ëåìè 5.7

P

{
max

Bi1,...,in∈B
|pkY (Bi1,...,in)−p̃kY (Bi1,...,in)| > α

}

6
2knW p

Np
p
2 exp

{
p2v2

2 B
(
~0
)
− p

2

}
αp

.

Çíàéøîâøè çíà÷åííÿ ïðàâî¨ ÷àñòèíè îñòàííüî¨ íåðiâíîñòi â òî÷öi p0 =
1
2−ln

WN
α

v2B(~0)
áëèçüêié äî ¨¨ òî÷êè ìiíiìóìó òà çàáåçïå÷èâøè, ùî p0 ïîâèííî

áóòè áiëüøå îäèíèöi, îòðèìà¹ìî òâåðäæåííÿ ëåìè.

Òåîðåìà 5.6. Íåõàé Y
(
~t
)
� îäíîðiäíå, öåíòðîâàíå, íåïåðåðâíå â ñå-

ðåäíüîìó êâàäðàòè÷íîìó âèïàäêîâå ïîëå, òîäi ìîäåëü ïðîöåñó Êîêñà

{ν̃ (Bi1,...,in) , Bi1,...,in ⊂ B} , êåðîâàíîãî ëîããàóññîâèì îäíîðiäíèì ïî-

ëåì exp
{
Ỹ
(
~t
)}
, íàáëèæà¹ éîãî ç òî÷íiñòþ α òà íàäiéíiñòþ 1 − γ,
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ÿêùî âèêîíóþòüñÿ óìîâè:

WN < α exp

{
1

2
− v2B

(
~0
)}

,

2kn

 1
2 − ln WN

α

v2B
(
~0
)


1
2
−ln

WN
α

2v2B(~0)

exp

−
(

1
2 − ln WN

α

)2
2v2B

(
~0
)

 < γ,

äå WN âèçíà÷à¹òüñÿ â óìîâi ëåìè 5.7, v2 = v1

v1−1 , v1 � áóäü-ÿêå äîäàòíå

äiéñíå ÷èñëî áiëüøå îäèíèöi.

Äîâåäåííÿ. Òåîðåìà ¹ ïðÿìèì íàñëiäêîì îçíà÷åííÿ 5.5 òà ëåìè 5.8.

Ïðèêëàä 5.1. Íåõàé âèïàäêîâå ïîëå
{
Y
(
~t
)
,~t ∈ T

}
, T = [0, T ] × [0, T ],

T ∈ R çàäîâîëüíÿ¹ óìîâàì òåîðåìè 5.6 i ìà¹ ñïåêòðàëüíó ùiëüíiñòü

f (λ1, λ2) = exp
{
−β
(
λ2

1 + λ2
2

)}
. Â òàáëèöi 6.1 íàâåäåíi çíàéäåíi çíà÷å-

ííÿ N äëÿ òàêîãî ïðîöåñó ïðè çàäàíèõ òî÷íîñòi α òà íàäiéíîñòi 1 − γ.
Âñi ìîäåëi áóäóþòüñÿ â îáëàñòi T = [0, 10]× [0, 10] .

Òàáëèöÿ 6.1

×èñëîâi ðåçóëüòàòè ìîäåëþâàííÿ ëîããàóññîâîãî ïðîöåñó Êîêñà

δ α 1− γ β d N

0.01 0.01 0.99 1 0,253928 12386

0.01 0.01 0.97 1 0,253928 9736

0.01 0.03 0.97 1 0,253928 3015

0.01 0.05 0.95 1 0,253928 1552

0.01 0.03 0.97 10 0,361579 95

0.01 0.05 0.95 10 0,361579 54

0.02 0.03 0.97 10 0.429992 156

0.02 0.05 0.95 10 0.429992 87

♦

Íà ðèñ. 6.1 çîáðàæåíî ðåàëiçàöi¨ ìîäåëåé ãàóññîâîãî ïîëÿ Y
(
~t
)
òà

êåðîâàíîãî íèì ëîããàóññîâîãî ïðîöåñó ν (B) ïðè δ, α, 1 − γ çàäàíèõ â

îñòàííiõ ÷îòèðüîõ ðÿäêàõ òàáëèöi 1.
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Ðèñ. 6.1. Ðåàëiçàöi¨ ìîäåëåé ãàóññîâîãî ïîëÿ òà êåðîâàíîãî íèì ëîã-

ãàóññîâîãî ïðîöåñó Êîêñà.

5.5. Ìîäåëþâàííÿ ëîãàðèôìi÷íî ãàóññîâîãî

ïðîöåñó Êîêñà ó âèïàäêó êîëè éîãî

iíòåíñèâíiñòü ïîðîäæåíà íåîäíîðiäíèì ïîëåì

Â äàíîìó ïiäðîçäiëi ñïðîùåíèé ìåòîä ìîäåëþâàííÿ ïîøèðþ¹òüñÿ íà
âèïàäîê, êîëè iíòåíñèâíiñòü ¹ íå îáîâ'ÿçêîâî îäíîðiäíèì ïîëåì. Òàêèì
÷èíîì, âiä âèïàäêó îäíîðiäíîñòi ïîëÿ, ïðîöåñ ìîäåëþâàííÿ âiäðiçíÿòè-
ìåòüñÿ ëèøå ñïîñîáîì ïîáóäîâè ìîäåëi ïîëÿ Y

(
~t
)
. Òîìó, íå îïèñóþ÷è

ïîâòîðíî ïðîöåäóðó ìîäåëþâàííÿ, ïåðåéäåìî äî ôîðìóëþâàííÿ ðåçóëü-
òàòiâ. Íåõàé

{
Y
(
~t
)
,~t ∈ T

}
� öåíòðîâàíå, ãàóññîâå ïîëå, òðà¹êòîði¨ ÿêîãî

¹ âèìiðíèìè íà T. Ðîçáèòòÿ îáëàñòi T òà âñi ïîçíà÷åííÿ çàëèøàþòüñÿ
òàêi ñàìi ÿê i â ïîïåðåäíüîìó ïiäðîçäiëi.

Òåîðåìà 5.7. Íåõàé {ν (Bi1,...,in) , Bi1,...,in ⊂ B} ïðîöåñ Êîêñà, êåðîâà-
íèé ëîãàðèôìi÷íî ãàóññîâèì íåîäíîðiäíèì ïîëåì exp

{
Y
(
~t
)}
, âëàñíi

ôóíêöi¨ iíòåãðàëüíîãî ðiâíÿííÿ (3.11) îáìåæåíi,∣∣φk (~t)∣∣ 6 L, ∀~t ∈ T,∀k ∈ N.

Äëÿ òîãî, ùîá âèêîíóâàëàñü íåðiâíiñòü

P {ν (Bi1,...,in) > 1} < δ, (5.40)

äîñèòü âèáðàòè d = T
k òàê, ùîá âèêîíóâàëàñü íåðiâíiñòü

d 6

[
2δ exp

{
−2L2

∞∑
k=1

1

λk

}] 1
2n

.

Äîâåäåííÿ. Îñêiëüêè

P{ν (Bi1,...,in)>1}

=E (1−exp{−µ (Bi1,...,in)} −µ (Bi1,...,in) exp{−µ (Bi1,...,in)})

òà ïðè x > 0 1− exp {−x} (1 + x) 6 x2

2 , òî äëÿ âèêîíàííÿ (5.40) äîñèòü
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ùîá âèêîíóâàëàñü íåðiâíiñòü

E [µ (Bi1,...,in)]
2
< 2δ.

Â ñèëó òîãî, ùî äëÿ ξ=N
(
0, σ2

)
ìà¹ ìiñöå ñïiââiäíîøåííÿ E exp {λξ}=

exp
{
λ2σ2

2

}
, òî

E[µ (Bi1,...,in)]
2

= E
w

Bi1,...,in

exp
{
Y
(
~t
)}
d~t

w

Bi1,...,in

exp {Y (~s)} d~s

=
x

Bi1,...,in×Bi1,...,in

E exp
{
Y
(
~t
)
+Y (~s)

}
d~td~s

=
x

Bi1,...,in×Bi1,...,in

exp

{
E
(
Y
(
~t
)
+Y (~s)

)2
2

}
d~td~s

=
x

Bi1,...,in×Bi1,...,in

exp

{
E
(
Y
(
~t
))2

2
+ EY

(
~t
)
Y (~s) +

E (Y (~s))
2

2

}
d~td~s.

Âèêîðèñòîâóþ÷è çîáðàæåííÿ (3.12) êîâàðiàöiéíî¨ ôóíêöi¨ ïîëÿ Y
(
~t
)
,

E[µ (Bi1,...,in)]
2

6
x

Bi1,...,in×Bi1,...,in

exp

{
1

2

∞∑
k=1

1

λk

(
ϕ2
k

(
~t
)

+ 2ϕk
(
~t
)
ϕk (~s) + ϕ2

k (~s)
)}

d~t~s

=
x

Bi1,...,in×Bi1,...,in

exp

{
1

2

∞∑
k=1

1

λk

(
ϕk
(
~t
)

+ ϕk (~s)
)2}

d~t~s

6 d2n exp

{
2L2

∞∑
k=1

1

λk

}
.

Îñòàííÿ íåðiâíiñòü é äîâîäèòü òåîðåìó.

Ëåìà 5.9. Íåõàé Y
(
~t
)
� ãàóññîâå, öåíòðîâàíå, íåïåðåðâíå â ñåðåäíüî-

ìó êâàäðàòè÷íîìó âèïàäêîâå ïîëå, âëàñíi ôóíêöi¨ iíòåãðàëüíîãî ðiâ-
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íÿííÿ (3.11) îáìåæåíi∣∣φk (~t)∣∣ 6 L ∀~t ∈ T, k ∈ N,

òîäi ∀p > 1 ìà¹ ìiñöå îöiíêà

P

{
max

Bi1,...,in∈B
|µ (Bi1,...,in)−µ̃ (Bi1,...,in)| > α

}

6

2knŴ p
Np

p
2 exp

{
−p2 + p2v2L

2

2

∞∑
k=1

1
λk

}
αp

,

äå

ŴN = Ldn v
1
2
1

( ∞∑
k=N+1

1

λk

) 1
2

,

v2 = v1

v1−1 , v1 � áóäü-ÿêå äîäàòíå äiéñíå ÷èñëî áiëüøå îäèíèöi.

Äîâåäåííÿ. ßê âæå áóëî ïîêàçàíî ïðè äîâåäåííi ëåìè 5.7

P

{
max

Bi1,...,in∈B
|µ (Bi1,...,in)− µ̃ (Bi1,...,in)| > α

}
6

kn

(
r

Bi1,...,in

(
E
∣∣∣exp

{
Y
(
~t
)}
− exp

{
Ỹ
(
~t
)}∣∣∣p) 1

p

d~t

)p
αp

.

(5.41)

E
∣∣∣ exp

{
Y
(
~t
)}
− exp

{
Ỹ
(
~t
)}∣∣∣p

6
(
E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣pv1

) 1
v1
(
E exp

{
p v2 max

(
Y
(
~t
)
, Ỹ
(
~t
))}) 1

v2
,

(5.42)

1
v1

+ 1
v1

= 1. Â ñèëó ñïiââiäíîøåííÿ (5.4)

E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣pv1

= cpv1

(
E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣2)pv1

2

.
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Âðàõóâàâøè, ùî â çîáðàæåííi (3.13) ïîëÿ Y
(
~t
)

Eξkξl = δkl, äå δkl �

ñèìâîë Êðîíåêåðà, ìàòèìåìî

E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣2 = E

∣∣∣∣∣
∞∑
k=1

ξk√
λk

φk
(
~t
)
−

N∑
k=1

ξk√
λk

φk
(
~t
)∣∣∣∣∣

2

= E

∣∣∣∣∣
∞∑

k=N+1

ξk√
λk

φk
(
~t
)∣∣∣∣∣

2

=

∞∑
k=N+1

φ2
k

(
~t
)

λk
6 L2

∞∑
k=N+1

1

λk
.

Îòæå,

E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣pv1

6 cpv1
Lpv1

( ∞∑
k=N+1

1

λk

)pv1
2

Äàëi îöiíèìî E exp
{
p v2 max

(
Y
(
~t
)
, Ỹ
(
~t
))}

.

E exp
{
pv2 max

(
Y
(
~t
)
, Ỹ
(
~t
))}

6 exp

 (pv2)
2

2
E

( ∞∑
k=1

ξk√
λk

φk
(
~t
))2


+ exp

 (p v2)
2

2
E

(
N∑
k=1

ξk√
λk

φk
(
~t
))2


6 2 exp

{
(pv2)

2

2

∞∑
k=1

φ2
k

(
~t
)

λk

}
6 2 exp

{
(pv2L)

2

2

∞∑
k=1

1

λk

}
.

Áåðó÷è äî óâàãè äâi îñòàííi íåðiâíîñòi, iç (5.42) ìàòèìåìî

E
∣∣∣ exp

{
Y
(
~t
)}
− exp

{
Ỹ
(
~t
)}∣∣∣p

6 c
1
v1
pv1 L

p

( ∞∑
k=N+1

1

λk

) p
2

2
1
v2 exp

{
p2v2L

2

2

∞∑
k=1

1

λk

}
.

Âðàõîâóþ÷è îöiíêó (5.4), òâåðäæåííÿ ëåìè âèïëèâà¹ iç (5.41).
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Ëåìà 5.10. Íåõàé Y
(
~t
)
� ãàóññîâå, öåíòðîâàíå, íåïåðåðâíå â ñåðåäíüî-

ìó êâàäðàòè÷íîìó âèïàäêîâå ïîëå, âëàñíi ôóíêöi¨ iíòåãðàëüíîãî ðiâíÿ-

ííÿ (3.11) îáìåæåíi ∣∣φk (~t)∣∣ 6 L ∀~t ∈ T, k ∈ N.

ßêùî ŴN < α exp

{
1
2 − v2 L

2
∞∑
k=1

1
λk

}
, òîäi

P

{
max

Bi1,...,in∈B
|pkY (Bi1,...,in)−p̃kY (Bi1,...,in)| > α

}

6 2kn

 1− 2 ln ŴN

α

2v2L2
∞∑
k=1

1
λk


1−2 ln

ŴN
α

4v2L
2
∞∑
k=1

1
λk

exp

−
(

1− 2 ln ŴN

α

)2

8v2L2
∞∑
k=1

1
λk

 ,

äå ŴN âèçíà÷åíî â óìîâi ëåìè 5.9, v2 = v1

v1−1 , v1 � áóäü-ÿêå äîäàòíå

äiéñíå ÷èñëî áiëüøå îäèíèöi.

Äîâåäåííÿ. Îñêiëüêè, ÿê âæå áóëî ïîêàçàíî â ïðîöåñi äîâåäåííÿ ëåìè

5.6

P

{
max

Bi1,...,in∈B
|pkY (Bi1,...,in)−p̃kY (Bi1,...,in)| > α

}
6 P

{
max

Bi1,...,in∈B
|µ (Bi1,...,in)−µ̃ (Bi1,...,in)| > α

}
,
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òî â ñèëó ëåìè 5.9

P

{
max

Bi1,...,in∈B
|pkY (Bi1,...,in)−p̃kY (Bi1,...,in)| > α

}

6

2knŴ p
Np

p
2 exp

{
−p2 + p2v2L

2

2

∞∑
k=1

1
λk

}
αp

Çíàéøîâøè çíà÷åííÿ ïðàâî¨ ÷àñòèíè îòðèìàíî¨ îöiíêè â òî÷öi p0 =
1−2 ln

ŴN
α

2v2 L2
∞∑
k=1

1
λk

áëèçüêié äî ¨¨ òî÷êè ìiíiìóìó òà çàáåçïå÷èâøè, ùî p0 ïî-

âèííî áóòè áiëüøå îäèíèöi, îòðèìà¹ìî òâåðäæåííÿ ëåìè.

Òåîðåìà 5.8. Íåõàé Y
(
~t
)
� ãàóññîâå, öåíòðîâàíå, íåïåðåðâíå â ñåðå-

äíüîìó êâàäðàòè÷íîìó âèïàäêîâå ïîëå, âëàñíi ôóíêöi¨ iíòåãðàëüíîãî

ðiâíÿííÿ (3.11) îáìåæåíi∣∣φk (~t)∣∣ 6 L ∀~t ∈ T, k ∈ N,

òîäi ìîäåëü ïðîöåñó Êîêñà {ν̃ (Bi1,...,in) , Bi1,...,in ⊂ B} , êåðîâàíîãî ëîãà-
ðèôìi÷íî ãàóññîâèì îäíîðiäíèì ïîëåì exp

{
Ỹ (~t)

}
, íàáëèæà¹ éîãî ç

òî÷íiñòþ α òà íàäiéíiñòþ 1− γ, ÿêùî âèêîíóþòüñÿ óìîâè:

ŴN < α exp

{
1

2
− v2 L

2
∞∑
k=1

1

λk

}
,

2kn

 1− 2 ln ŴN

α

2v2L2
∞∑
k=1

1
λk


1−2 ln

ŴN
α

4v2L
2
∞∑
k=1

1
λk

exp

−
(

1− 2 ln ŴN

α

)2

8v2L2
∞∑
k=1

1
λk

 < γ,

äå ŴN âèçíà÷åíî â óìîâi ëåìè 5.9, v2 = v1

v1−1 , v1 � áóäü-ÿêå äîäàòíå

äiéñíå ÷èñëî áiëüøå îäèíèöi.

Äîâåäåííÿ. Ëåãêî áà÷èòè, ùî òâåðäæåííÿ òåðåìè ¹ íàñëiäêîì ëåìè 5.10,

òà îçíà÷åííÿ 5.5.
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5.6. Ìîäåëþâàííÿ ïðîöåñó Êîêñà ó âèïàäêó êîëè

éîãî iíòåíñèâíiñòü ïîðîäæåíà êâàäðàòè÷íî

ãàóññîâèì âèïàäêîâèì ïðîöåñîì

Äàíèé ïiäðîçäië ¹ ëîãi÷íèì ïðîäîâæåííÿì ïiäðîçäiëó 5.3. Âèêîðè-
ñòîâó¹òüñÿ ñïðîùåíèé ïiäõiä äî ìîäåëþâàííÿ. Âiäìiííiñòü ïîëÿãà¹ â
òîìó, ùî iíòåíñèâíiñòü ïðîöåñó Êîêñà µ (·) â äàíîìó âèïàäêó ïîðî-
äæó¹òüñÿ âèïàäêîâèì êâàäðàòè÷íî ãàóññîâèì ïðîöåñîì, òîáòî µ (B) =r
B
Y 2 (t) dt, äå Y (t) � öåíòðîâàíèé, ñòàöiîíàðíèé, ãàóññîâèé âèïàäêîâèé

ïðîöåñ.

Îñêiëüêè ïðîöåäóðà ìîäåëþâàííÿ âæå áóëà îïèñàíà â ïiäðîçäiëi 5.3,

ñôîðìóëþ¹ìî çðàçó ðåçóëüòàòè. Âñi ïîçíà÷åííÿ òà ðîçáèòòÿ îáëàñòi T

çàëèøàþòüñÿ òàêi ñàìi.

Òåîðåìà 5.9. Íåõàé {ν (Bi) , Bi ∈ B} ïðîöåñ Êîêñà, êåðîâàíèé êâàäðà-

òè÷íî ãàóññîâèì ïðîöåñîì Y 2 (t) . Äëÿ òîãî, ùîá âèêîíóâàëàñü íåðiâ-

íiñòü

P {ν (Bi) > 1} < δ,

äîñèòü âèáðàòè d = T
k òàê, ùîá âèêîíóâàëàñü íåðiâíiñòü

d 6

(
2δ

3B2 (0)

) 1
2

.

Äîâåäåííÿ. ßê áóëî âæå ïîêàçàíî ïðè äîâåäåííi òåîðåìè 5.3,

P {ν (Bi) > 1} 6 E [µ (Bi)]
2

2
. (5.43)

E [µ (Bi)]
2

= E

w

Bi

Y 2 (t) dt

2

= E
w

Bi

Y 2 (t) dt
w

Bi

Y 2 (s) ds

= E
x

Bi×Bi

Y 2 (t)Y 2 (s) dtds =
x

Bi×Bi

EY 2 (t)Y 2 (s) dtds.

(5.44)
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Â ñèëó ôîðìóë Iññåðëiñà

EY 2 (t)Y 2 (s) = EY 2 (t) EY 2 (s) + 2 (EY (t)Y (s))
2

= B2 (0) + 2B2 (t− s) 6 3B2 (0) .

Áåðó÷è äî óâàãè îñòàííþ îöiíêó, òâåðäæåííÿ òåîðåìè âèïëèâà¹ ç (5.43)

òà (5.44).

Ëåìà 5.11. Íåõàé Y (t) ñòàöiîíàðíèé, öåíòðîâàíèé, íåïåðåðâíèé â

ñåðåäíüîìó êâàäðàòè÷íîìó, ãàóññîâèé ïðîöåñ çi ñïåêòðàëüíîþ ôóíêöi-

¹þ F (λ) , à ðîçáèòòÿ DΛ âiäðiçêó [0,Λ] , Λ ∈ R òàêå, ùî λk−1−λk = Λ
N ,

N ∈ N, òîäi(
Var

(
Y 2 (t)− Ỹ 2 (t)

)) 1
2

6 8
4
√

2 exp {−1}B 1
2 (0) Â

1
2

N,t,

äå

ÂN,t = B (0)− F (Λ) + 22−2bt2b
(

Λ

N

)2b

F (Λ) , b ∈ [0, 1] .

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è íåðiâíiñòü Ãåëüäåðà,

(
Var

(
Y 2 (t)− Ỹ 2 (t)

)) 1
2

=

(
E
∣∣∣Y 2 (t)− Ỹ 2 (t)

∣∣∣2) 1
2

=

(
E
∣∣∣Y (t)− Ỹ (t)

∣∣∣2 ∣∣∣Y (t) + Ỹ (t)
∣∣∣2) 1

2

6

(
E
∣∣∣Y (t)− Ỹ (t)

∣∣∣2v1
) 1

2v1
(

E
∣∣∣Y (t) + Ỹ (t)

∣∣∣2v2
) 1

2v2

, (5.45)

1
v1

+ 1
v2

= 1. Â ñèëó ñïiââiäíîøåííÿ (5.3) äîâåäåíîãî â ëåìi 5.1

E
∣∣∣Y (t)− Ỹ (t)

∣∣∣2v1

= c2v1

(
E
∣∣∣Y (t)− Ỹ (t)

∣∣∣2)v1

,

E
∣∣∣Y (t) + Ỹ (t)

∣∣∣2v2

= c2v2

(
E
∣∣∣Y (t) + Ỹ (t)

∣∣∣2)v2
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Â ïðîöåñi äîâåäåííÿ ëåìè 5.4 áóëî ïîêàçàíî, ùî

E
∣∣∣Y (t)− Ỹ (t)

∣∣∣2 6 ÂN,t,

äå ÂN,t = B (0)−F (Λ)+22−2bt2b
(

Λ
N

)2b
F (Λ) , b ∈ [0, 1] . Ïîâòîðèâøè õiä

ìiðêóâàíü, çàñòîñîâàíèõ äëÿ îòðèìàííÿ îñòàííüî¨ íåðiâíîñòi, íå âàæêî

ïåðåêîíàòèñü, ùî

E
∣∣∣Y (t) + Ỹ (t)

∣∣∣2 6 4B (0) .

Òàêèì ÷èíîì, îöiíþþ÷è c2v1
òà c2v2

çà äîïîìîãîþ ñïiââiäíîøåííÿ 5.4 iç

(5.45) âèïëèâà¹, ùî

(
Var

(
Y 2 (t)− Ỹ 2 (t)

)) 1
2

=
(
c2v1Â

v1

N,t

) 1
2v1

(c2v2 (4B (0))
v2)

1
2v2

6
(√

2 (2v1)
v1 exp {−v1}

) 1
2v1

Â
1
2

N,t

(√
2 (2v2)

v2 exp {−v2}
) 1

2v2
2
√
B (0)

= 4
4
√

2 (v1v2B (0))
1
2 exp {−1} Â

1
2

N,t.

Ïîêëàâøè v1 = v2 = 2, îòðèìà¹ìî òâåðäæåííÿ ëåìè.

Ëåìà 5.12. Íåõàé Y (t) ñòàöiîíàðíèé, öåíòðîâàíèé, íåïåðåðâíèé â

ñåðåäíüîìó êâàäðàòè÷íîìó, ãàóññîâèé ïðîöåñ çi ñïåêòðàëüíîþ ôóíêöi-

¹þ F (λ), iñíó¹ ñïåêòðàëüíèé ìîìåíò
∞r

0

λ2βdF (λ), 0 < β 6 1, à ðîçáè-

òòÿ DΛ âiäðiçêó [0,Λ] , Λ ∈ R òàêå, ùî λk−1 − λk = Λ
N , N ∈ N, òîäi

ìà¹ ìiñöå íàñòóïíà îöiíêà(
Var

(
Y 2 (t+ h)− Ỹ 2 (t+ h)−

(
Y 2 (t)− Ỹ 2 (t)

))) 1
2

6 HN,th
β ,
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äå

HN,t = 23 1
4 exp {−1}

√
B (0)

(√
PN,t +

(
Λ

2

)β√
RN

)
,

PN,t = 25−4β

((
Λ

N

)β
+ 2β−1t

Λβ+1

N

)2

F (Λ) + 23−2β
∞w

Λ

λ2βdF (λ) ,

RN = 8T 2 Λ2

N2
F (Λ) + 8 (F (∞)− F (Λ)) .

Äîâåäåííÿ.(
Var

(
Y 2 (t+ h)− Ỹ 2 (t+ h)−

(
Y 2 (t)− Ỹ 2 (t)

))) 1
2

=

(
E
∣∣∣(Y (t+ h)− Y (t)) (Y (t+ h) + Y (t))

−
(
Ỹ (t+ h)− Ỹ (t)

)(
Ỹ (t+ h) + Ỹ (t)

)∣∣∣2) 1
2

=

(
E
∣∣∣[ Y (t+ h)− Y (t)−

(
Ỹ (t+ h)− Ỹ (t)

)]
(Y (t+ h) + Y (t))

+
(
Ỹ (t+ h)− Ỹ (t)

)
(Y (t+ h) + Y (t))

−
(
Ỹ (t+ h)− Ỹ (t)

)(
Ỹ (t+ h) + Ỹ (t)

)∣∣∣2) 1
2

6

(
E
∣∣∣( Y (t+ h)− Ỹ (t+ h)−

(
Y (t)− Ỹ (t)

)) [
Y (t+ h) + Y (t)

]∣∣∣2) 1
2

+

(
E
∣∣∣( Y (t+ h)− Ỹ (t+ h) +

(
Y (t)− Ỹ (t)

)) [
Ỹ (t+ h)− Ỹ (t)

]∣∣∣2) 1
2

.

(5.46)

Îöiíèìî ïî ÷åðçi êîæåí ç äâîõ äîäàíêiâ ïðàâî¨ ÷àñòèíè ùîéíî îòðèìà-
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íîãî ñïiââiäíîøåííÿ. Äëÿ v1, v2 òàêèõ, ùî
1
v1

+ 1
v2

= 1 ìà¹ìî

E
∣∣∣( Y (t+ h)− Ỹ (t+ h)−

(
Y (t)− Ỹ (t)

)) [
Y (t+ h) + Y (t)

]∣∣∣2
6

(
E
∣∣∣ Y (t+ h)− Ỹ (t+ h)−

(
Y (t)− Ỹ (t)

)∣∣∣2v1
) 1
v1

×
(

E
∣∣∣Y (t+ h) + Y (t)

∣∣∣2v2
) 1
v2

. (5.47)

Îñêiëüêè, ÿê áóëî ïîêàçàíî ïðè äîâåäåííi ëåìè 5.2

E
∣∣∣ Y (t+ h)− Ỹ (t+ h)−

(
Y (t)− Ỹ (t)

)∣∣∣2 6 h2βPN,t,

äå PN,t = 25−4β
((

Λ
N

)β
+ 2β−1tΛβ+1

N

)2

F (Λ) + 23−2β
∞r

Λ

λ2βdF (λ) , 0 < β

6 1, òîìó(
E
∣∣∣ Y (t+ h)− Ỹ (t+ h)−

(
Y (t)− Ỹ (t)

)∣∣∣2v2
) 1
v1

6 c
1
v1
2v1
h2βPN,t (5.48)

Òàê ÿê E |Y (t+ h) + Y (t)|2 6 4B (0) , òîìó(
E |Y (t+ h) + Y (t)|2v2

) 1
v2

6 c
1
v2
2v2

4B (0) . (5.49)

Ïîêëàâøè v1 = v2 = 2 òà âçÿâøè äî óâàãè (5.48), (5.49) iç (5.47) ïiñëÿ

äåÿêèõ ñïðîùåíü ìàòèìåìî

E
∣∣∣( Y (t+ h)− Ỹ (t+ h)−

(
Y (t)− Ỹ (t)

)) [
Y (t+ h) + Y (t)

]∣∣∣2
6 26 1

2B (0) exp {−2}PN,th2β . (5.50)

Ïðîâiâøè ìiðêóâàííÿ àíàëîãi÷íi äî òèõ, ÿêi áóëè çàñòîñîâàíi äëÿ îòðèìàí-

íÿ ôîðìóëè (5.5), íå âàæêî ïåðåêîíàòèñÿ, ùî

E
∣∣∣ Y (t+ h)− Ỹ (t+ h) +

(
Y (t)− Ỹ (t)

)∣∣∣2 6 RN ,

RN = 8T 2 Λ2

N2
F (Λ) + 8 (F (∞)− F (Λ)) .
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Âèêîðèñòîâóþ÷è çîáðàæåííÿ ïðîöåñà Y (t) , ëåãêî òàêîæ áà÷èòè, ùî

E
∣∣∣Ỹ (t+ h)− Ỹ (t)

∣∣∣2 = 2F (Λ)− 2

N−1∑
k=0

λk+1w

λk

cosλkh dF (λ)

= 4

N−1∑
k=0

λk+1w

λk

sin2 λkh

2
dF (λ) 6 22−2βΛ2βF (Λ) h2β , 0 < β 6 1.

Â ñèëó äâîõ îñòàííiõ íåðiâíîñòåé ìîæåìî ñòâåðäæóâàòè, ùî

E
∣∣∣( Y (t+ h)− Ỹ (t+ h) +

(
Y (t)− Ỹ (t)

)) [
Ỹ (t+ h)− Ỹ (t)

]∣∣∣2
6 26 1

2−2β exp {−2}Λ2βF (Λ)RN h
2β . (5.51)

Âðàõîâóþ÷è (5.50) i (5.51), òâåðäæåííÿ ëåìè âèïëèâà¹ iç (5.46).

Ëåìà 5.13. Íåõàé Y (t) ñòàöiîíàðíèé, öåíòðîâàíèé, ñåïàðàáåëüíèé,

íåïåðåðâíèé â ñåðåäíüîìó êâàäðàòè÷íîìó, ãàóññîâèé ïðîöåñ çi ñïåêò-

ðàëüíîþ ôóíêöi¹þ F (λ), iñíó¹ ñïåêòðàëüíèé ìîìåíò
∞r

0

λ2βdF (λ), 1
2 <

β 6 1, à ðîçáèòòÿ DΛ âiäðiçêó [0,Λ] , Λ ∈ R òàêå, ùî λk−1 − λk = Λ
N ,

N ∈ N, òîäi

P

{
max

Bi∈B i=0, k−1
| pkY (Bi)− p̃kY (Bi) | > α

}

6
24+ 1

2β β2

(2β − 1)2

(
1− (

√
2− 1)α

UN

)− 1
2

× exp

{
−

(√
2− 1

)2
α2

2dmax (δ0,N , t0,N )UN
− (
√

2− 1)α

2UN

}
,
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äå

UN = dmax (δ0,N , t0,N ) + (
√

2− 1)α,

δ0,N = 8
4
√

2 exp {−1}B 1
2 (0) Â

1
2

N ,

t0,N = 23 1
4−βT β exp {−1}

√
B (0)

(√
PN,T2

+

(
Λ

2

)β√
RN

)
,

ÂN = B (0)− F (Λ) + 22−2bT 2b

(
Λ

N

)2b

F (Λ) , b ∈ [0, 1] ,

PN,T2
= 25−4β

((
Λ

N

)β
+ 2β−2T

Λβ+1

N

)2

F (Λ) + 23−2β
∞w

Λ

λ2βdF (λ) ,

RN = 8T 2 Λ2

N2
F (Λ) + 8 (F (∞)− F (Λ)) .

Äîâåäåííÿ. ßê áóëî ïîêàçàíî ïðè äîâåäåííi ëåìè 5.6

P

{
max

Bi∈B i=0, k−1
|pkY (Bi)− p̃kY (Bi)| > α

}
6 P

{
max

Bi∈B i=0, k−1
|µ (Bi)− µ̃ (Bi)| > α

}
,

îòæå, äëÿ êâàäðàòè÷íî ãàóññîâîãî ïðîöåñó Êîêñà ìàòèìåìî

P

{
max

Bi∈B i=0, k−1
|pkY (Bi)− p̃kY (Bi)| > α

}
6 P

{
sup
t∈T

∣∣∣Y 2 (t)− Ỹ 2 (t)
∣∣∣ > α

d

}
. (5.52)

Îöiíèìî åíòðîïiéíèé iíòåãðàë, ùî ôiãóðó¹ â âèñíîâêàõ íàñëiäêó 2.1.

Îñêiëüêè N
(
ϕ(−1) (ε)

)
6 T

ϕ(−1)(ε)
, òî ïîêëàâøè r(x) =

√
x òà ñêîðèñòàâ-

øèñü ëåìîþ 5.12

t0pw

0

r
(
N
(
ϕ(−1)(v)

))
dv 6

t0pw

0

T H 1
β

N

v
1
β

 1
2

dv =
T

1
2H

1
2β

N (t0p)
− 1

2β+1

− 1
2β + 1

,

− 1
2β + 1 > 0, HN = HN,t|t=T

2
. Òàêèì ÷èíîì, ïiñëÿ åëåìåíòàðíèõ ïåðå-
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òâîðåíü îòðèìà¹ìî

r(−1)

(
1

t0p

t0pw

0

r
(
N
(
ϕ(−1)(v)

))
dv

)
6

8β2

(2β − 1)2p
1
β

,

β > 1
2 . Âçÿâøè äî óâàãè ëåìó 5.11, ëåìó 5.12 (îöiíêè äëÿ δ0 i t0), îñòàííþ

íåðiâíiñòü òà ïîêëàâøè p = 1√
2
, òâåðäæåííÿ ëåìè âèïëèâà¹ iç ñïiââiä-

íîøåííÿ 5.52 òà íàñëiäêó 2.1.

Òåîðåìà 5.10. Íåõàé Y (t) ñòàöiîíàðíèé, öåíòðîâàíèé, ñåïàðàáåëü-

íèé, íåïåðåðâíèé â ñåðåäíüîìó êâàäðàòè÷íîìó, ãàóññîâèé ïðîöåñ çi ñïå-

êòðàëüíîþ ôóíêöi¹þ F (λ) . Iñíó¹ ñïåêòðàëüíèé ìîìåíò
∞r

0

λ2βdF (λ),

1
2 < β 6 1, à ðîçáèòòÿ DΛ âiäðiçêó [0,Λ] , Λ ∈ R òàêå, ùî λk−1− λk =
Λ
N , N ∈ N, òîäi ìîäåëü ïðîöåñó Êîêñà {ν̃ (B) , B ∈ B}, êåðîâàíîãî êâà-
äðàòè÷íî ãàóññîâèì ïðîöåñîì Ỹ 2 (t) , íàáëèæà¹ éîãî ç òî÷íiñòþ α òà

íàäiéíiñòþ 1− γ ÿêùî

24+ 1
2β β2

(2β − 1)2

(
1− (

√
2− 1)α

UN

)− 1
2

× exp

{
−

(√
2− 1

)2
α2

2dmax (δ0,N , t0,N )UN
− (
√

2− 1)α

2UN

}
< γ, (5.53)

äå UN , δ0,N , t0,N , âèçíà÷àþòüñÿ â óìîâi ëåìè 5.13.

Äîâåäåííÿ. Òâåðäæåííÿ òåîðåìè âèïëèâà¹ ç îçíà÷åííÿ 5.4 òà ëåìè 5.13.

5.7. Ìîäåëþâàííÿ êâàäðàòè÷íî ãàóññîâîãî

ïðîöåñó Êîêñà, êîëè éîãî iíòåíñèâíiñòü

ïîðîäæåíà îäíîðiäíèì ïîëåì

Â äàíîìó ïiäðîçäiëi ðîçãëÿäàþòüñÿ êâàäðàòè÷íî ãàóññîâi ïðîöåñè

Êîêñà êîëè iíòåíñèâíiñòü µ (·) ïîðîäæó¹òüñÿ îäíîðiäíèì âèïàäêîâèì

ïîëåì
(
µ (B) =

r
B
Y 2
(
~t
)
d~t, äå Y

(
~t
)
� ãàóññîâå, îäíîðiäíå âèïàäêîâå

ïîëå ) . Âèêîðèñòîâó¹òüñÿ ñïðîùåíèé ìåòîä ìîäåëþâàííÿ îïèñàíèé â

ïiäðîçäiëi 5.3. Ïåðåéäåìî äî ôîðìóëþâàííÿ ðåçóëüòàòiâ.
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Òåîðåìà 5.11. Íåõàé {ν (Bi1,...,in) , Bi1,...,in ⊂ B} ïðîöåñ Êîêñà, êåðî-

âàíèé êâàäðàòè÷íî ãàóññîâèì îäíîðiäíèì ïîëåì Y 2
(
~t
)
. Äëÿ òîãî, ùîá

âèêîíóâàëàñü íåðiâíiñòü

P {ν (Bi1,...,in) > 1} < δ,

äîñèòü âèáðàòè d = T
k òàê, ùîá âèêîíóâàëàñü íåðiâíiñòü

d 6

 2δ

3B2
(
~0
)
 1

2n

.

Äîâåäåííÿ. Ïîâíiñòþ ïîâòîðþ¹ äîâåäåííÿ òåîðåìè 5.9.

Ëåìà 5.14. Íåõàé Y
(
~t
)
� îäíîðiäíå, öåíòðîâàíå, íåïåðåðâíå â ñåðå-

äíüîìó êâàäðàòè÷íîìó ãàóññîâå ïîëå, òîäi ∀p > 1 ìà¹ ìiñöå îöiíêà

P

{
max

Bi1,...,in∈B
|µ (Bi1,...,in)−µ̃ (Bi1,...,in)| > α

}

6

√
2kndnp

(
4B
(
~0
)
v1v2

) p
2

J
p
2

Np
p exp {−p}

αp
,

äå

JN = 22−2an2a d
2aΛ2a

N2a
Φ (Λn) +B

(
~0
)
− Φ (Λn) ,

a ∈ [0, 1] , v1, v2 � òàêi ÷èñëà, ùî 1
v1

+ 1
v2

= 1.

Äîâåäåííÿ. Ïîâòîðèâøè ìiðêóâàííÿ, çàñòîñîâàíi â ëåìi 5.7 äëÿ îòðè-

ìàííÿ ñïiââiäíîøåííÿ (5.35), îòðèìà¹ìî íåðiâíiñòü

P

{
max

Bi1,...,in∈B
|µ (Bi1,...,in)− µ̃ (Bi1,...,in)| > α

}

6

kn

(
r

Bi1,...,in

(
E
∣∣∣Y 2

(
~t
)
− Ỹ 2

(
~t
)∣∣∣p) 1

p

d~t

)p
αp

. (5.54)
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Â ñèëó íåðiâíîñòi Ãåëüäåðà äëÿ v1 i v2 òàêèõ, ùî
1
v1

+ 1
v2

= 1,

E
∣∣∣Y 2

(
~t
)
− Ỹ 2

(
~t
)∣∣∣p 6 (E ∣∣∣Y (~t)− Ỹ (~t)∣∣∣pv1

) 1
v1
(
E
∣∣∣Y (~t)+ Ỹ

(
~t
)∣∣∣pv2

) 1
v2
.

(5.55)

Îñêiëüêè E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣pv1

= cpv1

(
E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣2)pv1

2

, òî âèêîðè-

ñòàâøè âæå îòðèìàíó íàìè â ëåìi 5.7 îöiíêó äëÿ E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣2 , ìà-

òèìåìî

E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣pv1

6 cpv1
J
pv1

2

N ,

JN = 22−2an2a d
2aΛ2a

N2a
Φ (Λn) +B

(
~0
)
− Φ (Λn) , (5.56)

a ∈ [0, 1] . Ïðîâiâøè ìiðêóâàííÿ àíàëîãi÷íi äî òèõ, ÿêi áóëè çàñòîñîâàíi

äëÿ îòðèìàííÿ îñòàííüî¨ íåðiâíîñòi, íå âàæêî ïåðåêîíàòèñÿ, ùî

E
∣∣∣Y (~t)+ Ỹ

(
~t
)∣∣∣pv2

6 cpv2

(
4B
(
~0
))pv2

2

. (5.57)

Âðàõîâóþ÷è (5.56) òà (5.57) à òàêîæ îöiíêó (5.4) äëÿ cpv1 i cpv2 ïiñëÿ

åëåìåíòàðíèõ ïåðåòâîðåíü iç (5.55) âèïëèâà¹, ùî

E
∣∣∣Y 2

(
~t
)
− Ỹ 2

(
~t
)∣∣∣p 6 √2

(
4B
(
~0
)
v1v2

) p
2

pp exp {−p} J
p
2

N .

Âçÿâøè äî óâàãè ùîéíî îòðèìàíå ñïiââiäíîøåííÿ, òâåðäæåííÿ ëåìè

âèïëèâà¹ iç (5.54).

Ëåìà 5.15. Íåõàé Y
(
~t
)
� îäíîðiäíå, öåíòðîâàíå, íåïåðåðâíå â ñåðå-

äíüîìó êâàäðàòè÷íîìó ãàóññîâå ïîëå, òîäi ÿêùî α > 2dn
(
B
(
~0
)
JN

) 1
2

,

òî ìà¹ ìiñöå îöiíêà

P

{
max

Bi1,...,in∈B
| pkY (Bi1,...,in)− p̃kY (Bi1,...,in) | > α

}
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6
√

2kn exp

− α

2dn
(
B
(
~0
)
JN

) 1
2

 ,

äå JN âèçíà÷åíî â óìîâi ëåìè 5.14.

Äîâåäåííÿ. Ñïî÷àòêó ñêîðèñòà¹ìîñü âæå äîâåäåíîþ íàìè â ëåìi 5.6 íå-

ðiâíiñòþ

P

{
max

Bi1,...,in∈B
|pkY (Bi1,...,in)−p̃kY (Bi1,...,in)| > α

}
6 P

{
max

Bi1,...,in∈B
|µ (Bi1,...,in)−µ̃ (Bi1,...,in)| > α

}
. (5.58)

Äàëi, ìiíiìiçóâàâøè ôóíêöiþ
√

2kndnp(4B(~0)v1v2)
p
2 J

p
2
N p

p exp{−p}
αp ïî çìiííié

p òà ïîêëàâøè v1 = v2 = 2, ëåãêî áà÷èòè, ùî äàíà ëåìà ¹ íàñëiäêîì

ëåìè 5.14.

Òåîðåìà 5.12. Íåõàé Y
(
~t
)
� îäíîðiäíå, öåíòðîâàíå, íåïåðåðâíå â ñåðåä-

íüîìó êâàäðàòè÷íîìó ãàóññîâå ïîëå, òîäi ìîäåëü âèïàäêîâîãî ïðîöåñó

Êîêñà {ν (Bi1,...,in) , Bi1,...,in ⊂ B} , êåðîâàíîãî êâàäðàòè÷íî ãàóññîâèì

îäíîðiäíèì ïîëåì Ỹ 2
(
~t
)
, íàáëèæà¹ éîãî ç òî÷íiñòþ α òà íàäiéíiñòþ

1− γ, ÿêùî âèêîíóþòüñÿ óìîâè:

α > 2dn
(
B
(
~0
)
JN

) 1
2

,

√
2kn exp

− α

2dn
(
B
(
~0
)
JN

) 1
2

 < γ,

äå JN âèçíà÷à¹òüñÿ â óìîâi ëåìè 5.14.

Äîâåäåííÿ. Î÷åâèäíî, ùî òåîðåìà ¹ ïðÿìèì íàñëiäêîì îçíà÷åííÿ 5.5 òà

ëåìè 5.15.
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5.8. Ìîäåëþâàííÿ êâàäðàòè÷íî ãàóññîâîãî

ïðîöåñó Êîêñà êîëè éîãî iíòåíñèâíiñòü

ïîðîäæåíà íåîäíîðiäíèì ïîëåì

Â äàíîìó âèïàäêó àëãîðèòì ìîäåëþâàííÿ êâàäðàòè÷íî ãàócñîâîãî

ïðîöåñó Êîêñà âiäðiçíÿòèìåòüñÿ ëèøå ñïîñîáîì ïîáóäîâè ìîäåëi íåîä-

íîðiäíîãî ïîëÿ
{
Y
(
~t
)
,~t ∈ T

}
.

Òåîðåìà 5.13. Íåõàé {ν (Bi1,...,in) , Bi1,...,in ⊂ B} ïðîöåñ Êîêñà, ïîðî-

äæåíèé êâàäðàòè÷íî ãàóññîâèì íåîäíîðiäíèì ïîëåì Y 2
(
~t
)
, âëàñíi ôóí-

êöi¨ iíòåãðàëüíîãî ðiâíÿííÿ (3.11) îáìåæåíi,∣∣φk (~t)∣∣ 6 L, ∀~t ∈ T,∀k ∈ N.

Äëÿ òîãî, ùîá âèêîíóâàëàñü íåðiâíiñòü

P {ν (Bi1,...,in) > 1} < δ,

äîñèòü âèáðàòè d = T
k òàê, ùîá âèêîíóâàëàñü íåðiâíiñòü

d 6

 δ exp {2}

8
√

2
(
L2
∑∞
k=1

1
λk

)2


1

2n

.

Äîâåäåííÿ. Ïðè äîâåäåííi òåîðåìè 5.9 äëÿ êâàäðàòè÷íî ãàóññîâîãî ïðî-

öåñó Êîêñà íàìè áóëà îòðèìàíà îöiíêà

P {ν (Bi1,...,in) > 1} 6
x

Bi1,...,in×Bi1,...,in

EY 2
(
~t
)
EY 2 (~s)

2
d~td~s.

Âíàñëiäîê íåðiâíîñòi Ãåëüäåðà äëÿ u1, u2 òàêèõ, ùî
1
u1

+ 1
u2

= 1

P {ν (Bi1,...,in) > 1} 6
x

Bi1,...,in×Bi1,...,in

(
EY 2u1

(
~t
)) 1
u1
(
EY 2u2 (~s)

) 1
u2

2
d~td~s.

(5.59)
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Îñêiëüêè, ñêîðèñòàâøèñü çîáðàæåííÿì (3.14),

EY 2
(
~t
)

= E

( ∞∑
k=1

ξk√
λk
φk
(
~t
))2

=

∞∑
k=1

φ2
k

(
~t
)

λk
6 L2

∞∑
k=1

1

λk
,

òî â ñèëó (5.3),

EY 2u1
(
~t
)

= c2u1

(
L2

∞∑
k=1

1

λk

)u1

.

Àíàëîãi÷íî é EY 2u2 (~s) = c2u2

(
L2
∑∞
k=1

1
λk

)u2

. Ðîçïèñàâøè c2u1
òà c2u2

çà äîïîìîãîþ ñïiââiäíîøåííÿ (5.4), òà ïîêëàâøè u1 = u2 = 2, òâåðäæå-

ííÿ òåîðåìè âèïëèâà¹ ç (5.59).

Ëåìà 5.16. Íåõàé Y
(
~t
)
� öåíòðîâàíå, íåïåðåðâíå â ñåðåäíüîìó êâàäðà-

òè÷íîìó âèïàäêîâå ïîëå, âëàñíi ôóíêöi¨ iíòåãðàëüíîãî ðiâíÿííÿ (3.11)

îáìåæåíi, ∣∣φk (~t)∣∣ 6 L, ∀~t ∈ T,∀k ∈ N.

òîäi ∀p > 1 ìà¹ ìiñöå îöiíêà

P

{
max

Bi1,...,in∈B
|µ (Bi1,...,in)−µ̃ (Bi1,...,in)| > α

}

6

√
2kndnp(v1v2)

p
2

2L2

√√√√( ∞∑
k=N+1

1
λk

)( ∞∑
k=1

1
λk

)p

pp exp {−p}

αp
,

äå v1, v2 � òàêi ÷èñëà, ùî 1
v1

+ 1
v2

= 1.

Äîâåäåííÿ. Â ïðîöåñi äîâåäåííÿ ëåìè 5.14 äëÿ v1, v2 òàêèõ, ùî
1
v1

+ 1
v2

=

1, ìè îáãðóíòóâàëè íàñòóïíå ñïiââiäíîøåííÿ

P

{
max

Bi1,...,in∈B
|µ (Bi1,...,in)− µ̃ (Bi1,...,in)| > α

}

6

kn

(
r

Bi1,...,in

(
E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣pv1

) 1
pv1
(
E
∣∣∣Y (~t)+ Ỹ

(
~t
)∣∣∣pv2

) 1
pv2

d~t

)p
αp

.

(5.60)
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Òàê ÿê E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣pv1

= cpv1

(
E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣2)pv1

2

, òî âèêîðè-

ñòàâøè âæå îòðèìàíó â ëåìi 5.9 îöiíêóE
∣∣∣Y (~t)− Ỹ (~t)∣∣∣2 6 L2

∞∑
k=N+1

1
λk
,

ìàòèìåìî

E
∣∣∣Y (~t)− Ỹ (~t)∣∣∣pv1

6 cpv1
Lpv1

( ∞∑
k=N+1

1

λk

)pv1
2

. (5.61)

Âèêîðèñòîâóþ÷è çîáðàæåííÿ (3.13) i (3.14) ïîëÿ òà éîãî ìîäåëi,

E
∣∣∣Y (~t)+ Ỹ

(
~t
)∣∣∣2 = E

∣∣∣∣∣
∞∑
k=1

ξk√
λk

φk
(
~t
)

+

N∑
k=1

ξk√
λk

φk
(
~t
)∣∣∣∣∣

2

= E

∣∣∣∣∣2
N∑
k=1

ξk√
λk

φk
(
~t
)

+

∞∑
k=N+1

ξk√
λk

φk
(
~t
)∣∣∣∣∣

2

= 4

N∑
k=1

φ2
k

(
~t
)

λk
+

∞∑
k=N+1

φ2
k

(
~t
)

λk
6 4L2

∞∑
k=1

1

λk
.

Áåðó÷è äî óâàãè îñòàííþ íåðiâíiñòü,

E
∣∣∣Y (~t)+ Ỹ

(
~t
)∣∣∣pv2

= cpv2

(
E
∣∣∣Y (~t)+ Ỹ

(
~t
)∣∣∣2)pv2

2

6 cpv2 (2L)
pv2

( ∞∑
k=1

1

λk

)pv2
2

. (5.62)

Âðàõîâóþ÷è (5.61) òà (5.62) à òàêîæ îöiíêó (5.4) äëÿ cpv1
i cpv2

ïiñëÿ

åëåìåíòàðíèõ ïåðåòâîðåíü òâåðäæåííÿ ëåìè âèïëèâà¹ iç (5.60).

Ëåìà 5.17. Íåõàé Y
(
~t
)
� öåíòðîâàíå, íåïåðåðâíå â ñåðåäíüîìó êâàäðà-

òè÷íîìó âèïàäêîâå ïîëå, âëàñíi ôóíêöi¨ iíòåãðàëüíîãî ðiâíÿííÿ (3.11)

îáìåæåíi ∣∣φk (~t)∣∣ 6 L ∀~t ∈ T, k ∈ N.
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ßêùî α > 4dnL2

√√√√( ∞∑
k=N+1

1
λk

)( ∞∑
k=1

1
λk

)
, òîäi

P

{
max

Bi1,...,in∈B
|pkY (Bi1,...,in)−p̃kY (Bi1,...,in)| > α

}

6
√

2kn exp

−
α

4dnL2

√(∑∞
k=N+1

1
λk

)(∑∞
k=1

1
λk

)
 .

Äîâåäåííÿ. Ìiíiìiçóþ÷è

√
2kndnp(v1v2)

p
2

(
2L2

√(∑∞
k=N+1

1
λk

)(∑∞
k=1

1
λk

))p
αp

×pp exp {−p} ïî çìiííié p òà ïîêëàâøè v1 = v2 = 2, ëåãêî áà÷èòè, ùî

äàíà ëåìà ¹ íàñëiäêîì ñïiââiäíîøåííÿ (5.58) òà ëåìè 5.16.

Òåîðåìà 5.14. Íåõàé Y
(
~t
)
� öåíòðîâàíå, íåïåðåðâíå â ñåðåäíüîìó êâàä-

ðàòè÷íîìó ãàóññîâå ïîëå, âëàñíi ôóíêöi¨ iíòåãðàëüíîãî ðiâíÿííÿ (3.11)

îáìåæåíi ∣∣φk (~t)∣∣ 6 L ∀~t ∈ T, k ∈ N,

òîäi ìîäåëü ïðîöåñó Êîêñà {ν̃ (Bi1,...,in) , Bi1,...,in ⊂ B} , êåðîâàíîãî êâà-
äðàòè÷íî ãàóññîâèì íåîäíîðiäíèì ïîëåì Ỹ 2

(
~t
)
, íàáëèæà¹ éîãî ç òî-

÷íiñòþ α òà íàäiéíiñòþ 1− γ, ÿêùî âèêîíóþòüñÿ óìîâè:

α > 4dnL2

√√√√( ∞∑
k=N+1

1

λk

)( ∞∑
k=1

1

λk

)
,

√
2kn exp

−
α

4dnL2

√(∑∞
k=N+1

1
λk

)(∑∞
k=1

1
λk

)
 < γ.

Äîâåäåííÿ. Òâåðäæåííÿ òåîðåìè ¹ íàñëiäêîì ëåìè 5.17 òà îçíà÷åííÿ

5.5.
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