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ÍÅÐÎÇÊËÀÄÍIÑÒÜ ÎÄÍI�� ÌÀÒÐÈÖI ÄÎÂIËÜÍÎÃÎ
ÏÎÐßÄÊÓ ÍÀÄ ËÎÊÀËÜÍÈÌ ÊIËÜÖÅÌ

It has been shown that the product of the permutation matrix of the cycle of length n and the
diagonal matrix diag[1, . . . , 1, t, t] over a commutative local principle ideal ring, the Jacobson radical
of which is generated by the element t ̸= 0, is indecomposable.

Ïîêàçàíî íåpîçêëàäíiñòü äîáóòêó ïiäñòàíîâî÷íî¨ ìàòðèöi öèêëó äîâæèíè n òà äiàãîíàëüíî¨
ìàòðèöi diag[1, . . . , 1, t, t] íàä êîìóòàòèâíèì ëîêàëüíèì êiëüöåì ãîëîâíèõ iäåàëiâ, ðàäèêàë
Äæåêîáñîíà ÿêîãî ïîðîäæó¹òüñÿ åëåìåíòîì t ̸= 0.

1. Âñòóï. Çàäà÷à êëàñèôiêàöi¨ âñiõ, ç òî÷íiñòþ äî ïîäiáíîñòi, êâàäðàòíèõ ìà-
òðèöü íàä êîìóòàòèâíèì êiëüöåì (ùî íå ¹ ïîëåì) äîñèòü ñêëàäíà; â áiëüøîñòi
âèïàäêiâ âîíà �íåðîçâ'ÿçíà� (íàïðèêëàä, ÿê íàä êiëüöåì êëàñiâ ëèøêiâ, ùî ðîç-
ãëÿäàëàñÿ Â. Ì. Áîíäàðåíêîì [1]). Ó òàêèõ âèïàäêàõ âàæëèâèì ¹ âèâ÷åííÿ
íåçâiäíèõ òà íåðîçêëàäíèõ ìàòðèöü.

Ç ðåçóëüòàòiâ äîñëiäæåíü Ï. Ì. Ãóäèâêà òà äðóãîãî àâòîðà [2] âèïëèâà¹ íà-
ñòóïíå òâåðäæåííÿ.

Òåîðåìà 1. Íåõàé K � êîìóòàòèâíå ëîêàëüíå êiëüöå, ðàäèêàë Äæåêîá-
ñîíà ÿêîãî RadK = tK, t ̸= 0. Ìàòðèöi

M(t, 1, n) =


0 0 . . . 0 t
1 0 . . . 0 0
0 1 . . . 0 0
...

...
. . .

...
...

0 0 . . . 1 0

 , M(t, n− 1, n) =


0 0 . . . 0 t
1 0 . . . 0 0
0 t . . . 0 0
...

...
. . .

...
...

0 0 . . . t 0


ïîðÿäêó n > 1 íåçâiäíi íàä êiëüöåì K.

Ó ðîáîòi [3] äëÿ äîñèòü øèðîêîãî êëàñó ìîíîìiàëüíèõ ìàòðèöü íàä ëîêàëü-
íèìè êiëüöÿìè ç'ÿñîâàíî, êîëè ìîíîìiàëüíi ìàòðèöi ¹ çâiäíèìè. Çà ãiïîòåçîþ
Â. M. Áîíäàðåíêà ìàòðèöÿ

M(t,m, n) =



0 . . . 0
1 . . . 0
...

. . .
...

0 . . . 1
0 . . . 0
...

. . .
...

0 . . . 0

m︷ ︸︸ ︷
0 . . . 0 t
0 . . . 0 0
...

. . .
...

...
0 . . . 0 0
t . . . 0 0
...

. . .
...

...
0 . . . t 0


, (1)

ïîðÿäêó n íàä êîìóòàòèâíèì ëîêàëüíèì êiëüöåì K, RadK = tK, t ̸= 0, t2 = 0,
1 ≤ m ≤ n, íåçâiäíà òiëüêè ïðè m = 1, òà n − 1 (äèâ. âèùå òåîðåìó 1) òà äëÿ
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m = 2 ïðè íåïàðíîìó n. Ó îñòàííüîìó âèïàäêó çàëèøàëîñü âiäêðèòèì íàâiòü
ïèòàííÿ íåðîçêëàäíîñòi öi¹¨ ìàòðèöi. Çàóâàæèìî, ùî äëÿ (m,n) > 1 (à çíà÷èòü
i äëÿ m = 2, n � ïàðíå) â [3] ïîêàçàíî, ùî (1) çâiäíà.

Ó öié ñòàòòi ìè äîâîäèìî íåðîçêëàäíiñòü ìàòðèöi M(t, 2, n) äëÿ äîâiëüíîãî
n > 2.

2. Íåðîçêëàäíiñòü ìàòðèöi M(t, 2, n).

Òåîðåìà 2. Íåõàé K � êîìóòàòèâíå ëîêàëüíå êiëüöå, RadK = tK, t ̸= 0.
Ìàòðèöÿ M(t, 2, n) ïîðÿäêó n > 2 ¹ íåðîçêëàäíîþ íàä K.

Äîâåäåííÿ. Ðîçãëÿíåìî ìàòðèöþ

M =M(t, 2, n) =



0 0 . . . 0 0 t
1 0 . . . 0 0 0
0 1 . . . 0 0 0
...

...
. . .

...
...

...
0 0 . . . 1 0 0
0 0 . . . 0 t 0


i âñi òàêi ìàòðèöi C = (cij)1≤i,j≤n, ùî

MC = CM (2)

àáî â ðîçãîðíóòîìó âèãëÿäi

0 0 . . . 0 0 t
1 0 . . . 0 0 0
0 1 . . . 0 0 0
...

...
. . .

...
...

...
0 0 . . . 1 0 0
0 0 . . . 0 t 0


·



c11 c12 . . . c1n−2 c1n−1 c1n
c21 c22 . . . c2n−2 c2n−1 c2n
c31 c32 . . . c3n−2 c3n−1 c3n
...

...
. . .

...
...

...
cn−1 1 cn−1 2 . . . cn−1n−2 cn−1n−1 cn−1n

cn1 cn2 . . . cnn−2 cnn−1 cnn


=

=



c11 c12 . . . c1n−2 c1n−1 c1n
c21 c22 . . . c2n−2 c2n−1 c2n
c31 c32 . . . c3n−2 c3n−1 c3n
...

...
. . .

...
...

...
cn−1 1 cn−1 2 . . . cn−1n−2 cn−1n−1 cn−1n

cn1 cn2 . . . cnn−2 cnn−1 cnn


·



0 0 . . . 0 0 t
1 0 . . . 0 0 0
0 1 . . . 0 0 0
...

...
. . .

...
...

...
0 0 . . . 1 0 0
0 0 . . . 0 t 0


.

Òîäi 

tcn1 tcn2 . . . tcnn−2 tcnn−1 tcnn
c11 c12 . . . c1n−2 c1n−1 c1n
c21 c22 . . . c2n−2 c2n−1 c2n

...
...

. . .
...

...
...

cn−2 1 cn−2 2 . . . cn−2n−2 cn−2n−1 cn−2n

tcn−1 1 tcn−1 2 . . . tcn−1n−2 tcn−1n−1 tcn−1n


=
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=



c12 c13 . . . c1n−1 tc1n tc11
c22 c23 . . . c2n−1 tc2n tc21
c32 c33 . . . c3n−1 tc3n tc31
...

...
. . .

...
...

...
cn−1 2 cn−1 3 . . . cn−1n−1 tcn−1n tcn−1 1

cn2 cn3 . . . cnn−1 tcnn tcn1


.

Ïîçíà÷èìî ÷åðåç (i, j) ñêàëÿðíó ðiâíiñòü (MC)ij = (CM)ij. Ìà¹ìî:

(2, 1) : c11 = c22,

(3, 2) : c22 = c33,

. . . . . .

(n− 1, n− 2) : cn−2n−2 = cn−1n−1,

(n, n− 1) : tcn−1n−1 = tcnn.

Îñêiëüêè t ̸= 0, òî çâiäñè îäåðæó¹ìî

c11 ≡ c22 ≡ · · · ≡ cnn (mod tK). (3)

Îñêiëüêè ðÿäêè ìàòðèöi MC ç íîìåðàìè 1, n ñêëàäàþòüñÿ ç åëåìåíòiâ ç tK, òî
ç (2) îäåðæèìî cij ≡ 0 (mod tK) (i = 1, n, j = 2, . . . , n− 1). Òîáòî

C ≡



c11 0 . . . 0 0 c1n
c21 c22 . . . c2n−2 c2n−1 c2n
c31 c32 . . . c3n−2 c3n−1 c3n
...

...
. . .

...
...

...
cn−1 1 cn−1 2 . . . cn−1n−2 cn−1n−1 cn−1n

cn1 0 . . . 0 0 cnn


(mod tK).

Îñêiëüêè ñòîâïöi ìàòðèöi CM ç íîìåðàìè n − 1, n ñêëàäàþòüñÿ ç åëåìåíòiâ ç
tK, òî ç (2) îäåðæèìî cij ≡ 0 (mod tK) (i = 1, . . . , n− 2, j = n− 1, n). Òîáòî

C ≡



c11 0 . . . 0 0 0
c21 c22 . . . c2n−2 0 0
...

...
. . .

...
...

...
cn−2 1 cn−2 2 . . . cn−2n−2 0 0
cn−1 1 cn−1 2 . . . cn−1n−2 cn−1n−1 cn−1n

cn1 0 . . . 0 0 cnn


(mod tK).

Êðiì òîãî, ç (2) ìà¹ìî
(2, 2) : c12 = c23,

(3, 3) : c23 = c34,

. . . . . .

(n− 2, n− 2) : cn−3n−2 = cn−2n−1,
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Çâiäêè
c12 = c23 = · · · = cn−2n−1. (4)

Äàëi, ç (2) òàêîæ ìà¹ìî
(2, 3) : c13 = c24,

(3, 4) : c24 = c35,

. . . . . .

(n− 3, n− 2) : cn−4n−2 = cn−3n−1,

Çâiäêè
c13 = c24 = · · · = cn−3n−1. (5)

Ïðîäîâæóþ÷è àíàëîãi÷íî, çðåøòîþ îäåðæèìî

c1n−3 = c2n−2 = c3n−1. (6)

Àëå êðàéíi ÷àñòèíè â ðiâíîñòÿõ (4)�(6) êîíãðóåíòíi 0 çà ìîäóëåì tK, òîìó

C ≡



c11 0 0 . . . 0 0 0
c21 c22 0 . . . 0 0 0
c31 c32 c33 . . . 0 0 0
...

...
...

. . .
...

...
...

cn−2 1 cn−2 2 cn−2 3 . . . cn−2n−2 0 0
cn−1 1 cn−1 2 cn−1 3 . . . cn−1n−2 cn−1n−1 cn−1n

cn1 0 0 . . . 0 0 cnn


(mod tK).

Âðàõóâàâøè (3) òà çìiíèâøè äâà îñòàííi ñòîâïöi ìiñöÿìè ç îäíî÷àñíîþ çìi-
íîþ äâîõ îñòàííiõ ðÿäêiâ ìiñöÿìè ó ìàòðèöi C, îäåðæèìî, ùî C (ÿêà êîìóòó¹
ç M) ïîäiáíà íàä êiëüöåì K äî ìàòðèöi n-ãî ïîðÿäêó C ′, äå

C ′ ≡



c11 0 0 . . . 0 0 0
c21 c11 0 . . . 0 0 0
c31 c32 c11 . . . 0 0 0
...

...
...

. . .
...

...
...

cn−2 1 cn−2 2 cn−2 3 . . . c11 0 0
cn1 0 0 . . . 0 c11 0
cn−1 1 cn−1 2 cn−1 3 . . . cn−1n−2 cn−1n c11


(mod tK).

Ñåðåä òàêèõ ìàòðèöü C ′, à, îòæå, i ¨ì ïîäiáíèõ ìàòðèöü C, íåìà¹, î÷åâèäíî,
òàêèõ iäåìïîòåíòiâ, ÿêi çàëèøàþòüñÿ âiäìiííèìè âiä îäèíè÷íî¨ i íóëüîâî¨ ìà-
òðèöi ïiñëÿ ðåäóêöi¨ çà ìîäóëåì iäåàëà tK, ÿêi ¹ ñåðåä ìàòðèöü, ùî êîìóòóþòü
ç ðîçêëàäíèìè. Òîìó ìàòðèöÿ M íåðîçêëàäíà. Òåîðåìà äîâåäåíà.

3. Çàñòîñóâàííÿ â òåîði¨ çîáðàæåíü. Ç ðåçóëüòàòiâ Ãóäèâêà Ï. Ì., ×ó-
õðàÿ I. Á. [4] âèïëèâà¹, ùî ñêií÷åííà p-ãðóïà G ïîðÿäêó |G| > 2, íàä êîìóòàòèâ-
íèì ëîêàëüíèì êiëüöåì õàðàêòåðèñòèêè ps (s ≥ 1), ÿêå íå ¹ ïîëåì (RadK ̸= 0),
ìà¹ íååêâiâàëåíòíi íåðîçêëàäíi ìàòðè÷íi çîáðàæåííÿ äîâiëüíîãî ñòåïåíÿ n > 1
íå ìåíøå, íiæ åëåìåíòiâ â ïîëi K/RadK ëèøêiâ êiëüöÿ K.
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Òåîðåìà 3. Íåõàé K � êîìóòàòèâíå ëîêàëüíå êiëüöå õàðàêòåðèñòèêè
ps (s ≥ 1), RadK = tK, t � íiëüïîòåíòíèé åëåìåíò ñòåïåíÿ m > 1. Äëÿ
äåÿêî¨ ñêií÷åííî¨ öèêëi÷íî¨ p-ãðóïà G äîñòàòíüî âåëèêîãî ïîðÿäêó |G|, iñíó¹
ïðèíàéìíi 3 íååêâiâàëåíòíèõ íåðîçêëàäíèõ ìàòðè÷íèõ K-çîáðàæåííÿ äîâiëü-
íîãî ñòåïåíÿ n ≥ 4.

Äîâåäåííÿ. Íåõàé u = tm−2. Ëåãêî áà÷èòè, ùî up2 = 0 â êiëüöi K. Íåõàé E
� îäèíè÷íà ìàòðèöÿ ïîðÿäêó n i S � äîâiëüíà ìàòðèöÿ ïîðÿäêó n íàä êiëüöåì
K, ÿêà íiëüïîòåíòíà ïiñëÿ ðåäóêöi¨ çà ìîäóëåì iäåàëó RadK = tK. Íåâàæêî
ïåðåâiðèòè, ùî Sn ≡ 0 (mod tK), S2n ≡ 0 (mod t2K) i âiäîáðàæåííÿ Γ âèãëÿäó:

a→ Γ(a) = E + uS

¹ K-çîáðàæåííÿì öèêëi÷íî¨ ãðóïè G = ⟨a⟩ ïîðÿäêó |G| = pr òàêî¨, ùî pr ≥ 2n,
r ≥ 2. Âîíî ¹ ðîçêëàäíèì òîäi i òiëüêè òîäi, êîëè ¹ ðîçêëàäíîþ ìàòðèöÿ S
ïiñëÿ ðåäóêöi¨ çà ìîäóëåì iäåàëó Annu = Ann tm−2 = {x ∈ K|tm−2x = 0} = t2K
â êiëüöi K, à ìàòðèöÿì S, S ′ ïîðÿäêó n íàä êiëüöåì K, íiëüïîòåíòíèì ïiñëÿ
ðåäóêöi¨ çà ìîäóëåì iäåàëó tK, âiäïîâiäàþòü åêâiâàëåíòíi çîáðàæåííÿ òîäi i
òiëüêè òîäi, êîëè ìàòðèöi S, S ′ ïîäiáíi ïiñëÿ ðåäóêöi¨ çà ìîäóëåì iäåàëó t2K.

Îñêiëüêè Rad(K/Ann tm−2) = Rad(K/t2K) ãîëîâíèé iäåàë ïîðîäæåíèé t +
+t2K, t+t2K ̸= t2K, òî çà òåîðåìàìè 1, 2 ìàòðèöiM(t, 1, n),M(t, 2, n),M(t, n−
− 1, n) íåðîçêëàäíi ïiñëÿ ðåäóêöi¨ çà ìîäóëåì iäåàëó t2K. Òîìó

a→ Γ(a) = E + uM(t, 1, n),

a→ Γ(a) = E + uM(t, 2, n),

a→ Γ(a) = E + uM(t, n− 1, n)

� íåðîçêëàäíi K-çîáðàæåííÿ ãðóïè G. Îñêiëüêè n ≥ 4, òî ìàòðèöi M(t, 1, n),
M(t, 2, n),M(t, n−1, n) ìàþòü ðiçíèé ðàíã ïiñëÿ ðåäóêöi¨ çà ìîäóëåì iäåàëó tK.
Òîäi ðîçãëÿíóòi 3 íåðîçêëàäíi K-çîáðàæåííÿ ãðóïè G íååêâiâàëåíòíi. Òåîðåìà
äîâåäåíà.

Äîñëiäæåííÿ çäiéñíþâàëèñÿ ïiä êåðiâíèöòâîì Â. Ì. Áîíäàðåíêà.
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