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ÏÎÂÍI ÑÈÑÒÅÌÈ ÒÎÒÎÆÍÎÑÒÅÉ Â ÎÄÍÎÌÓ ÊËÀÑI
ÀËÃÅÁÐ

The class of universal algebras, which are defined under binary square matrices of order n is
considered. The algebra’s signature consists of two binary operations and a set of unary operations
which determines the rotation of matrix elements. In this class the standard canonical forms based
on complete identities systems were created.

Ó ðîáîòi ðîçãëÿäà¹òüñÿ êëàñ óíiâåðñàëüíèõ àëãåáð, ÿêi çàäàíi íàä áiíàðíèìè êâàäðàòíèìè
ìàòðèöÿìè ïîðÿäêó n i ñèãíàòóðîþ, ùî ñêëàäà¹òüñÿ ç äâîõ áiíàðíèõ îïåðàöié max, min i
ìíîæèíè óíàðíèõ îïåðàöié Ti, i = 1, 2, . . . , 8, ÿêi çàäàþòü ïîâîðîò åëåìåíòiâ ìàòðèöi, êðà-
òíèõ 90◦ âiäíîñíî îñåé àáî öåíòðà ñèìåòði¨. Ó äàíîìó êëàñi àëãåáð îïèñàíi ïîâíi ñèñòåìè
òîòîæíîñòåé, íà îñíîâi ÿêèõ ïîáóäîâàíi ñòàíäàðòíi êàíîíi÷íi ôîðìè.

1. Âñòóï. Ó ðîáîòàõ [1,2] àëãåáðó U âèçíà÷àþòü ÿê âïîðÿäêîâàíó ïàðó ìíîæèí
(A, Ω), äå A � äåÿêà ìíîæèíà, íà ÿêié çàäàíi îïåðàöi¨ ç Ω.

Íåõàé U � äåÿêà àëãåáðà, à T (U)� ìíîæèíà âñiõ ¨¨ òîòîæíîñòåé. Ïîçíà÷èìî
÷åðåç S (H) ñèñòåìó âñiõ òîòîæíîñòåé, ÿêi îòðèìó¹ìî ç H ⊂ T (U) íà îñíîâi
òàêèõ ïðàâèë âèâîäó [3]: Π1 :

∅
χi=χi

, äå ∅ � ïîðîæíÿ ìíîæèíà, Π2 :
ϕ(η1)=ψ; η1=η2

ϕ(η2)=ψ
,

Π3 :
ϕ(...χi...)=ψ(...χi...)
ϕ(...ηi...)=ψ(...ηi...)

.

Ñèñòåìà òîòîæíîñòåé H íàçèâà¹òüñÿ ïîâíîþ â àëãåáði U , ÿêùî S (H) =
T (U). Äâi îäíîòèïíi àëãåáðè U1 i U2 íàçèâàþòüñÿ åêâàöiîíàëüíî åêâiâàëåíòíè-
ìè, ÿêùî T (U1) = T (U2) (äèâ. [3]).

Àëãåáðà U íàçèâà¹òüñÿ åêâàöiîíàëüíî ïîâíîþ â êëàñi àëãåáð M, ÿêùî äëÿ
âñÿêî¨ àëãåáðè Ui ∈ M, i = 1, 2, . . . , n, T (U) ̸= T (Ui) ⇔ T (U) ⊂ T (Ui) (äèâ.
[3]).

Àëãåáðà U íàçèâà¹òüñÿ ôóíêöiîíàëüíî ïîâíîþ, ÿêùî ìíîæèíà ¨¨ îïåðàöié
óòâîðþ¹ ôóíêöiîíàëüíî ïîâíó ñèñòåìó ôóíêöié. Ïðîáëåìà îïèñàííÿ åêâàöiî-
íàëüíèõ ïiäêëàñiâ àëãåáð ÷àñòî çâîäèòüñÿ äî çàäà÷i çíàõîäæåííÿ ñêií÷åííèõ
ïîâíèõ ñèñòåì òîòîæíîñòåé. Ïèòàííÿ ÷è ìà¹ àëãåáðà ñêií÷åííi ïîâíi ñèñòåìè
òîòîæíîñòåé, çàëèøà¹òüñÿ âiäêðèòèì íàâiòü äëÿ ñêií÷åííèõ àëãåáð. Â [4] Ëií-
äîí ïîêàçàâ, ùî âñi äâîçíà÷íi àëãåáðè ìàþòü ñêií÷åííi ïîâíi ñèñòåìè òîòîæíî-
ñòåé. Ìóðñüêèé [5, 6] ïîáóäóâàâ 3-çíà÷íó ëîãiêó, ÿêà íå ìà¹ ñêií÷åííèõ ïîâíèõ
ñèñòåì òîòîæíîñòåé, òà äîâiâ, ùî �ìàéæå âñi� ñêií÷åííi àëãåáðè ìàþòü ñêií-
÷åííi ïîâíi ñèñòåìè òîòîæíîñòåé. Ñêií÷åííi ïîâíi ñèñòåìè òîòîæíîñòåé ìîæíà
ïîáóäóâàòè â àëãåáðàõ, ôîðìóëè ÿêèõ ìîæåìî ïðèâåñòè äî êàíîíi÷íîãî âèãëÿ-
äó, àíàëîãi÷íîìó äîñêîíàëié äèç'þíêòèâíié (êîí'þíêòèâíié) íîðìàëüíié ôîðìi
áóëåâî¨ àëãåáðè [7], àáî ÿêi â ñâî¹ìó ñêëàäi ìiñòÿòü õàðàêòåðèñòè÷íi ôóíêöi¨ [8].

Íà ïî÷àòêó 70-èõ ðîêiâ XX ñò. I.Â.Âiòåíüêîì áóëà ïîñòàâëåíà çàäà÷à åêâà-
öiîíàëüíîãî îïèñàííÿ àëãåáðè äå Ìîðãàíà, ÿêà áóëà ðîçâ'ÿçàíà äëÿ äåÿêèõ êëà-
ñiâ [9].

2. Ïîâíi ñèñòåìè òîòîæíîñòåé òà çàìêíåíi êëàñè îïåðàöié ïîâîðî-
òiâ â àëãåáði Ð. Âèçíà÷èìî êëàñ àëãåáð P = {Un = (An, Ω)}, äå An � ìíîæèíà
âñiõ áiíàðíèõ êâàäðàòíèõ ìàòðèöü ïîðÿäêó n, Ω = {∨, ∧, Ti, i = 1, 2, . . . , k},
X ∨ Y = max (X, Y ), X ∧ Y = min (X, Y ), Ti � ìíîæèíà óíàðíèõ îïåðàöié,
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ÿêi â äàíié ðîáîòi çàäàþòü ïåðåñòàíîâêó åëåìåíòiâ ìàòðèöi, ùî åêâiâàëåíòíî
ïîâîðîòàì êðàòíèì 90◦ âiäíîñíî îñåé àáî öåíòðà ñèìåòði¨ êâàäðàòà.

Ðîçãëÿíåìî àëãåáðó U4 = (A4, Ω) ∈ P. Áiíàðíi ìàòðèöi A4 ïðåäñòàâëÿþòü ñî-
áîþ áóëåâi çîáðàæåííÿ, ÿêi çðó÷íî ðîçãëÿäàòè íà ìíîæèíi ïiêñåëiâ (êëiòèíîê),
ÿêi ìàþòü òàêó íóìåðàöiþ

T0 =

1 2 3 4

5 6 7 8

9 10 11 12

13 14 15 16

Ó áiíàðíîìó çîáðàæåííi çíàêîì ïîçíà÷åíi ïiêñåëi, â ÿêèõ çíà÷åííÿ âiäïî-
âiäíî¨ êëiòèíè áiíàðíî¨ ìàòðèöi ðiâíå îäèíèöi i ïîðîæíi êëiòèíêè � ó ïðîòè-
ëåæíîìó âèïàäêó. Îïåðàöi¨ äèç'þíêöi¨ i êîí'þíêöi¨ íà áiíàðíèõ çîáðàæåííÿõ â
àëãåáðàõ êëàñó P åêâiâàëåíòíi îïåðàöiÿì ïåðåòèíó i îá'¹äíàííÿ.

Íàïðèêëàä, ÿêùî

, ,

òî

A1 ∨ A2 = , A1 ∧ A2 = .

Óíàðíi îïåðàöi¨ Ti, i = 1, 2, . . . , 8, ÿêi âèêîíóþòü ïîâîðîò çîáðàæåííÿ A,
áóäåìî ïîçíà÷àòè ÷åðåç ATi . Âèçíà÷èìî öi îïåðàöi¨ íàñòóïíèì ÷èíîì.

1. Îïåðàöiÿ T1 çàäà¹ ïîâîðîòAT0 íà 180◦ íàâêîëî ãîëîâíî¨ äiàãîíàëi êâàäðàòà
(îïåðàöiÿ òðàíñïîíóâàííÿ): ïåðøèé ðÿäîê AT0 çàïèñó¹òüñÿ â ïåðøèé ñòîâï÷èê
AT1 ; äðóãèé ðÿäîê � â äðóãèé ñòîâï÷èê i ò.ä. Íàïðèêëàä, ÿêùî

.

2. Îïåðàöiÿ T2 çàäà¹ ïîâîðîò AT0 íà 90◦ çà ãîäèííèêîâîþ ñòðiëêîþ âiäíîñíî
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öåíòðà ñèìåòði¨ êâàäðàòà: ïåðøèé ðÿäîê AT0 çàïèñó¹òüñÿ â îñòàííié ñòîâï÷èê
AT2 , äðóãèé � â ïåðåäîñòàííié i ò.ä.

3. Îïåðàöiÿ T3 çàäà¹ ïîâîðîò AT0 íà 90◦ ïðîòè ãîäèííèêîâî¨ ñòðiëêè âiäíîñíî
öåíòðà ñèìåòði¨ êâàäðàòà: ïåðøèé ðÿäîê AT0 çàïèñó¹òüñÿ ó ïåðøèé ñòîâï÷èê
AT3 ó çâîðîòíîìó ïîðÿäêó; äðóãèé ðÿäîê � ó äðóãèé ñòîâï÷èê ó çâîðîòíîìó
ïîðÿäêó i ò.ä.

4. Îïåðàöiÿ T4 çàäà¹ ïîâîðîò AT0 íà 180◦ âiäíîñíî äîïîìiæíî¨ äiàãîíàëi
êâàäðàòà: ïåðøèé ðÿäîê AT0 çàïèñó¹òüñÿ â îñòàííié ñòîâï÷èê AT4 iç çâîðîòíiì
çàïèñîì åëåìåíòiâ i ò.ä.

5. Îïåðàöiÿ T5 çàäà¹ ïîâîðîò AT0 íà 180◦ âiäíîñíî îñi ñèìåòði¨ êâàäðàòà
ïàðàëåëüíî îñi OX : ïåðøèé ðÿäîê AT0 çàïèñó¹òüñÿ â îñòàííié ðÿäîê AT5 i ò.ä.

6. Îïåðàöiÿ T6 çàäà¹ ïîâîðîò AT0 íà 180◦ âiäíîñíî îñi ñèìåòði¨ êâàäðàòà
ïàðàëåëüíî îñi OY : ïåðøèé ðÿäîê AT0 çàïèñó¹òüñÿ ÿê ïåðøèé ðÿäîê AT6 ó
çâîðîòíîìó ïîðÿäêó i ò.ä.

7. Îïåðàöiÿ T7 çàäà¹ ïîâîðîò AT0 íà 180◦ âiäíîñíî öåíòðà ñèìåòði¨ êâàäðàòà:
ïåðøèé ðÿäîê AT0 çàïèñó¹òüñÿ â îñòàííié ðÿäîê AT7 ó çâîðîòíîìó ïîðÿäêó i ò.ä.

8. Îïåðàöiÿ T8 : ïåðøèé ðÿäîê AT0 çàïèñó¹òüñÿ â ïåðøèé ñòîâï÷èê AT8 ç
iíâåðñi¹þ i ò.ä. Î÷åâèäíî, ùî T8 = T7.

Îïåðàöi¨ T1−T7 âèçíà÷åíi òàêèì ÷èíîì, ùîá çáåðiãàëàñü ñòðóêòóðà çîáðàæå-
ííÿ A. Íà ðèñ. 1 ïîêàçàíî âèêîíàííÿ îïåðàöié Ti, i = 1, 2, . . . , 8 çà äîïîìîãîþ
ìàòðèöü ïåðåòâîðåíü, à íà ðèñ. 2 � çàñòîñóâàííÿ öèõ îïåðàöié äî çàäàíîãî
çîáðàæåííÿ A.

Ó ïîäàëüøîìó âèêîðèñòà¹ìî ïîçíà÷åííÿ Zk = {0, 1, . . . , k − 1}, k > 2,
çîêðåìà Z8 = {0, 1, . . . , 7}. Ñóïåðïîçèöiþ ïîâîðîòiâ Ti i Tk, i, k ∈ Z8, áóäå-
ìî ïîçíà÷àòè ÿê TiTk, i ATiTk =

(
ATi
)Tk .

Òåîðåìà 1. Ñóïåðïîçèöi¹þ äâîõ îïåðàöié ïîâîðîòó Ti i Tk, i, k ∈ Z8, ¹
îïåðàöiÿ Tj, j ∈ Z8, òîáòî äëÿ ∀ i, k ∈ Z8, ∃ j ∈ Z8 òàêå, ùî TiTk = Tj.

Äîâåäåííÿ. Ðîçãëÿíóâøè ñóïåðïîçèöiþ îïåðàöié ïîâîðîòiâ Ti i Tk, äëÿ âñiõ
i, k ∈ Z8, îòðèìà¹ìî ðiâíîñòi, ÿêi ïðåäñòàâèìî çà äîïîìîãîþ òàáë. 1.

Òàáëèöÿ 1

T0 T1 T2 T3 T4 T5 T6 T7

T0 T0 T1 T2 T3 T4 T5 T6 T7
T1 T1 T0 T6 T5 T7 T3 T2 T4
T2 T2 T5 T7 T0 T6 T4 T1 T3
T3 T3 T6 T0 T7 T5 T1 T4 T2
T4 T4 T7 T5 T6 T0 T2 T3 T1
T5 T5 T2 T1 T4 T3 T0 T7 T6
T6 T6 T3 T4 T1 T2 T7 T0 T5
T7 T7 T4 T3 T2 T1 T6 T5 T0

Òàáë. 1 äîâîäèòü ñïðàâåäëèâiñòü òåîðåìè, îñêiëüêè çàäà¹ 64 ðiâíîñòåé òèïó
TiTk = Tj äëÿ ∀ i, k, j ∈ Z8. Òåîðåìà äîâåäåíà.

Ó êîæíîìó ðÿäêó àáî ñòîâïöi òàáë. 1 îïåðàöiÿ Ti, i ∈ Z8 çóñòði÷à¹òüñÿ òiëüêè
îäèí ðàç. Êîæíó ç öèõ ñåìè îïåðàöié ìîæíà ðåàëiçóâàòè ÿê ñóïåðïîçèöiþ äâîõ
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Ðèñ. 1. Ìàòðèöi îïåðàöié ïîâîðîòó Ti, i = 0, 1, 2, . . . , 8

ïîâîðîòiâ ðiçíèìè ñïîñîáàìè. Íàïðèêëàä:

1) T1 = T3 T5 ; T1 = T4T7 ; T1 = T5 T2 ; T1 = T6 T3 ; T1 = T7T4.

2) T2 = T1 T6 ; T2 = T3 T7 ; T2 = T4 T5 ; T2 = T5 T1 ; T2 = T6 T4 ; T2 = T7 T3 i
ò.ä.

Êðiì òîãî, ìàþòü ìiñöå òàêi ðiâíîñòi:

1) T 2
1 = T0;

2) T1T2 = T6; T2T1 = T5; T2T5 = T4; T1T5 = T3; T
2
2 = T7;

3) T2 (T2T1) = T1 (T2T1).

Âèêîðèñòîâóþ÷è ñóïåðïîçèöiþ îïåðàöié T1 i T2 ìîæåìî ðåàëiçóâàòè äîâiëüíó
îïåðàöiþ Ti, i ∈ Z8. Íåõàé T = {T0, T1, . . . , T7}.

Îçíà÷åííÿ 1. Ìíîæèíó îïåðàöié ïîâîðîòó Mk = {Tj1 , Tj2 , . . . , Tjk} ⊂ T,
j1, j2, . . . , jk ∈ Z8 áóäåìî íàçèâàòè ïîâíîþ, ÿêùî â ðåçóëüòàòi ñóïåðïîçèöi¨
îïåðàöié öi¹¨ ìíîæèíè ìîæåìî îòðèìàòè âñi îïåðàöi¨ T .

Òîòîæíîñòi T 2
1 = T 2

4 = T 2
6 = T 2

7 = T0; T 2
2 = T7; T 3

2 = T3; T 4
2 = T0; T 2

3 = T7;
T 3
3 = T2; T 4

3 = T0 âêàçóþòü íà òå, ùî ñèñòåìè, ÿêi ñêëàäàþòüñÿ ç îäíi¹¨ óíàðíî¨
îïåðàöi¨ Ti, i ∈ Z8 íå óòâîðþþòü ïîâíó ñèñòåìó.
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Ðèñ. 2. Ïðèêëàä ïîâîðîòó ATi , i = 0, 1, 2, . . . , 8

Òâåðäæåííÿ 1. Ìíîæèíè îïåðàöié {T1, T2}, {T1, T6}, {T2, T6}, {T2, T4},{T2, T5},
{T4, T5}, {T3, T4}, {T3, T6}, {T4, T6},{T1, T3}, {T3, T5}, {T1, T5} ¹ ïîâíèìè.

Äîâåäåííÿ. Ðîçãëÿíåìî êîæíèé âèïàäîê îêðåìî.

1) Ïîâíîòà ñèñòåìè îïåðàöié {T1, T2} âèïëèâà¹ ç ðiâíîñòåé, ÿêi âêàçóþòü ÿê ç
T1 i T2 ìîæíà îòðèìàòè âñi îïåðàöi¨ Ti, i ∈ Z8: T1T2 = T6; T2T1 = T5; T

2
2 =

T7;T2T5 = T4; T1T5 = T3;T
2
1 = T0.

2) Çãiäíî ïóíêòó 1 ìíîæèíà îïåðàöié {T1, T2} ïîâíà. Íà îñíîâi òîòîæíîñòi
T1T6 = T2 îòðèìà¹ìî ïîâíîòó ìíîæèíè {T1, T6}.

3) Ìíîæèíà îïåðàöié {T2, T6} ïîâíà. Ðiâíiñòü T2T6 = T1 çâîäèòü ïîâíîòó öi¹¨
ìíîæèíè äî ïîïåðåäíüîãî âèïàäêó.

4) Ðiâíiñòü T2T4 = T6 çâîäèòü ïîâíîòó ìíîæèíè {T2, T4} äî ïîâíîòè ìíîæèíè
{T2, T6}.

5) Àíàëîãi÷íî ðiâíiñòü T2T5 = T4 çâîäèòü ïîâíîòó ñèñòåìè {T2, T5} äî ïîâíî-
òè {T2, T4}.

6) Ç ïîâíîòè ñèñòåìè {T4, T5} íà îñíîâi ðiâíîñòi T4T5 = T2 îòðèìà¹ìî ïîâíîòó
ñèñòåìè {T2, T5}.

7) Àíàëîãi÷íî, ç ïîâíîòè ìíîæèíè {T3, T4} íà îñíîâi ðiâíîñòi T3T4 = T5 îòðè-
ìà¹ìî ïîâíîòó ñèñòåìè {T4, T5}.
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8) Ðiâíiñòü T3T6 = T4 çâîäèòü ïîâíîòó ñèñòåìè {T3, T6} äî ïîâíîòè {T3, T4}.

9) Àíàëîãi÷íî, íà îñíîâi ðiâíîñòi T4T6 = T3 ç ïîâíîòè ñèñòåìè {T4, T6} îòðè-
ìà¹ìî ïîâíîòó ñèñòåìè {T3, T4}.

10) Ç ïîâíîòè ìíîæèíè {T1, T3} íà îñíîâi ðiâíîñòi T3T1 = T6 îòðèìà¹ìî ïîâ-
íîòó {T3, T6}.

11) Àíàëîãi÷íî, ðiâíiñòü T3T5 = T1 çâîäèòü ïîâíîòó ìíîæèíè îïåðàöié {T3, T5}
äî ïîâíîòè ìíîæèíè {T1, T3}.

12) I íà êiíåöü, ïîâíîòà ñèñòåìè {T1, T5} íà îñíîâi ðiâíîñòi T1T5 = T3 äîâîäèòü
ïîâíîòó ñèñòåìè {T1, T3}.

Òâåðäæåííÿ 2. ßêùî äî êëàñiâ ôîðìóë {T1, T4, T7}, {T2, T3, T7}, {T5, T6, T7}
äîäàòè äîâiëüíó ôîðìóëó Ti, i = 1, ..., 7, ÿêà éîìó íå íàëåæèòü, òî îòðèìà-
íèé êëàñ ôîðìóë áóäå ïîâíèì.

Ñïðàâåäëèâiñòü òâåðäæåííÿ âèïëèâà¹ ç òàáë. 1 òà òâåðäæåííÿ 1.

Òåîðåìà 2. 1) Äëÿ îïåðàöié ïîâîðîòó Ti, i ∈ Z8 íå iñíó¹ ïîâíî¨ ñèñòåìè,
ÿêà ñêëàäà¹òüñÿ ç îäíi¹¨ îïåðàöi¨.

2) Iñíó¹ 12 ïàð ïîâíèõ ñèñòåì îïåðàöié ïîâîðîòó {T1, T2}, {T1, T3}, {T1, T5},
{T1, T6}, {T2, T4}, {T2, T5}, {T2, T6}, {T3, T4}, {T3, T5},{T3, T6}, {T4, T5},{T4, T6}.

3) Iñíó¹ òiëüêè òðè íå ïîâíèõ ñèñòåìè, ÿêi ñêëàäàþòüñÿ ç òðüîõ îïåðàöié
ïîâîðîòó: {T1, T4, T7}, {T2, T3, T7}, {T5, T6, T7}.

Äîâåäåííÿ òåîðåìè âèïëèâà¹ ç íàâåäåíèõ âèùå òîòîæíîñòåé òà òâåðäæåíü
1, 2.

Òåîðåìà 3. ×èñëî ïîâíèõ ñèñòåì îïåðàöié ïîâîðîòó Ti, i ∈ Z8 ðiâíå 108.

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ïóíêòè 2, 3 òåîðåìè 2, îòðèìà¹ìî

12 +
(
C3

7 − 3
)
+ C4

7 + C5
7 + C6

7 + C7
7 = 12 + (35− 3) + 35 + 21 + 7 + 1 = 108,

ùî äîâîäèòü ñïðàâåäëèâiñòü òåîðåìè.

Îçíà÷åííÿ 2. Ìíîæèíó îïåðàöiéMk = {Tj1 , Tj2 , . . . , Tjk} ⊂ T, j1, j2, . . . , jk ∈
Z8 áóäåìî íàçèâàòè çàìêíåíîþ, ÿêùî â ðåçóëüòàòi ñóïåðïîçèöi¨ îïåðàöié öi¹¨
ìíîæèíè îòðèìó¹ìî òiëüêè îïåðàöi¨ ìíîæèíè Mk.

Ðîçãëÿíåìî çàìêíåíi êëàñè ôîðìóë âiäíîñíî îïåðàöi¨ ñóïåðïîçèöi¨, ÿêi çà-
äàþòüñÿ äâîìà îïåðàöiÿìè Ti, Tj, i, j ∈ Z8.

Òâåðäæåííÿ 3. 1) Ìíîæèíè îïåðàöié {T1, T7}, {T1, T4}, {T4, T7} âiäíî-
ñíî ñóïåðïîçèöi¨ îïåðàöié T1, T4, T7 óòâîðþþòü çàìêíåíèé êëàñ {T1, T4, T7};

2) Ìíîæèíè îïåðàöié {T2, T3}, {T2, T7}, {T3, T7} âiäíîñíî ñóïåðïîçèöi¨ îïå-
ðàöié T2, T3, T7 óòâîðþþòü çàìêíåíèé êëàñ {T2, T3, T7};

3) Ìíîæèíè îïåðàöié {T5, T6}, {T5, T7}, {T6, T7} âiäíîñíî ñóïåðïîçèöi¨ îïå-
ðàöié T5, T6, T7 óòâîðþþòü çàìêíåíèé êëàñ {T5, T6, T7}.
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Äîâåäåííÿ. Ñïðàâåäëèâiñòü òâåðäæåííÿ 3 âèïëèâà¹ ç òîòîæíîñòåé:

1) T1T7 = T7T1 = T4, T1T4 = T4T1 = T7, T4T7 = T7T4 = T1,

2) T2T3 = T3T2 = T0, T 2
2 = T7, T2T7 = T7T2 = T3, T3T7 = T7T3 = T2,

3) T5T6 = T6T5 = T7, T5T7 = T7T5 = T6, T6T7 = T7T6 = T5.

Òåîðåìà 4. Âiäíîñíî îïåðàöié ïîâîðîòó Ti, i ∈ Z8 iñíóþòü òàêi çàìêíå-
íi êëàñè ôîðìóë: {T0, T1}, {T0, T4}, {T1, T2}, {T0, T6}, {T0, T7}, {T0, T2, T3, T7},
{T0, T1, T4, T7}, {T0, T5, T6, T7}, {T0, T1, T2, T3, T4, T5, T6, T7}.

Ñïðàâåäëèâiñòü òåîðåìè áåçïîñåðåäíüî âèïëèâà¹ ç îçíà÷åííÿ 2 òà òâåðäæå-
ííÿ 3.

3. Ñòàíäàðòíi ôîðìè ôîðìóë àëãåáðè P. Íåõàé A, B, C � ôîðìóëè
àëãåáðè P. Òîäi:

1) ATi , i ∈ Z8 � ôîðìóëà;

2) A ∨B � ôîðìóëà;

3) A ∧B � ôîðìóëà.

Ôîðìóëè àëãåáðè P çàäîâîëüíÿþòü òàêi òîòîæíîñòi:

1) A ∧ A = A; A ∨ A = A.

2) A ∧B = B ∧ A; A ∨B = B ∨ A.

3) (A ∧B) ∧ C = A ∧ (B ∧ C) ; (A ∨B) ∨ C = A ∨ (B ∨ C) .

4) A ∧ (B ∨ C) = A ∧B ∨ A ∧ C; A ∨B ∧ C = (A ∨B) ∧ (A ∨ C) .

5) A ∨B ∧ A = A; A ∧ (B ∨ A) = A.

6) ATiTj = ATk , i, j, k ∈ Z8 (òîòîæíîñòi, ùî çàäàþòüñÿ òàáë.1).

7) (A ∨B)Ti = ATi ∨BTi , i ∈ Z8.

8) (A ∧B)Ti = ATi ∧BTi , i ∈ Z8.

Åëåìåíòàðíîþ ôîðìóëîþ áóäåìî íàçèâàòè ôîðìóëè òèïó ATi , i ∈ Z8.
Êîí'þíêöiþ äîâiëüíîãî ÷èñëà åëåìåíòàðíèõ ôîðìóë áóäåìî íàçèâàòè åëå-

ìåíòàðíèì ïåðåòèíîì.
Äèç'þíêöiþ äîâiëüíîãî ÷èñëà åëåìåíòàðíèõ ïåðåòèíiâ áóäåìî íàçèâàòè ñòàí-

äàðòíèì îá'¹äíàííÿì.

Îçíà÷åííÿ 3. Ñòàíäàðòíå îá'¹äíàííÿ íàçèâà¹òüñÿ êàíîíi÷íèì, ÿêùî:

1) êîæíèé åëåìåíòàðíèé ïåðåòèí íå ìà¹ îäíàêîâèõ åëåìåíòàðíèõ ôîðìóë;

2) íiÿêèé åëåìåíòàðíèé ïåðåòèí íå ¹ ïiäôîðìóëîþ iíøîãî.

Ïîáóäó¹ìî àëãîðèòì çâåäåííÿ äîâiëüíî¨ ôîðìóëè äî êàíîíi÷íîãî âèãëÿäó.
Íåõàé çàäàíà äåÿêà ôîðìóëà φ (A1, A2, . . . , Ak) àëãåáðè P.

Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �1 (30)



86 I. À. ÌÈ×, Â. Â. ÍIÊÎËÅÍÊÎ

1) Âèêîðèñòîâóþ÷è ôîðìóëè 7 i 8 äîñÿãà¹ìî òîãî, ùî îïåðàöi¨ ïîâîðîòó Ti,
i ∈ Z8 áóäóòü çíàõîäèòèñü òiëüêè íàä çîáðàæåííÿì Aj, j ∈ Z8.

2) Âèêîðèñòîâóþ÷è ðiâíîñòi 6, íàä êîæíîþ åëåìåíòàðíîþ ôîðìóëîþ îòðè-
ìà¹ìî íå áiëüøå îäíi¹¨ îïåðàöi¨ ïîâîðîòó.

3) Çà äîïîìîãîþ ôîðìóë 4 ðîçêðèâà¹ìî äóæêè.

4) Íà îñíîâi ðiâíîñòåé 5 âèêîíó¹ìî ïîãëèíàííÿ íàäëèøêiâ ôîðìóë.

Ó ðåçóëüòàòi âèêîíàííÿ öüîãî àëãîðèòìó îòðèìà¹ìî êàíîíi÷íó ôîðìó ôîð-
ìóëè φ (A1, A2, . . . , Ak).

Ðîçãëÿíåìî ïðèêëàäè ïîáóäîâè êàíîíi÷íèõ îá'¹äíàíü ôîðìóë àëãåáðè P .

Ïðèêëàä 1.
((
AT2 ∧BT1

)T3T2 ∨ CT1

)T4
=
((
AT2 ∧BT1

)E ∨ CT1

)T4
=

=
(
AT2 ∧BT1 ∨ CT1

)T4
= AT2T4 ∧BT1T4 ∨ CT1T4 = AT6 ∧BT7 ∨ CT7 .

Ïðèêëàä 2.
(((

AT1 ∨BT2
)T6 ∧ AT3T4)T2 ∨ (BT3 ∧ AT1

)T3)T1 =
=
(
AT1T6 ∨BT2T6

)T2 ∧ AT3T4T2 ∨ (BT 2
3 T1 ∧ AT 2

1 T3
)
=

=
(
AT2T2 ∨BT1T2

)
∧ AT 2

5 ∨BT7T1 ∧ AT2 =

=
(
AT7 ∨BT6

)
∧ AT1 ∨BT4 ∧ AT2 = AT1 ∧ AT7 ∨ AT1 ∧BT6 ∨ AT2 ∧BT4 .

Íà îñíîâi îòðèìàíèõ ðåçóëüòàòiâ áóäóþòüñÿ äîñêîíàëi êàíîíi÷íi ôîðìè àë-
ãåáðè Ð.
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