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BIHAPHI AJITOPUTMMU IIOIIIVYKY JIEKCUNKOI'PA®IYHUX
EKCTPEMYMIB MHO2KINH V¥V 3AJAYAX ITPO IIOKPUTTA TA
VIIAKOBKY CKIHYEHHOI MHOYKINHI.

One of the possibilities to find the solutions to the problems of covering and packing of the set are
the algorithms of lexicographical search. A key component of these algorithms is the search for
the lexicographical extrema of sets that are subsets of feasible solutions set of the problem. The
coefficients of the constraint matrix in the problems of covering and packing are boolean. That is
why the columns of the constraint matrix are boolean vectors which can be considered as the whole
numbers written in binary notation. The paper describes and justifies the search algorithms of the
lexicographical extrema set for the above mentioned problems in which, in contrast to standard
lexicographic search algorithms, all actions are binary operations ”and” and ”or” over the columns
of the constraint matrix of the corresponding problem. The analysis of the effectiveness of the
proposed algorithm demonstrates a significant advantage compared with the standard algorithms
of lexicographical search.

Onni€ro 3 MOXKJIUBOCTEH BiAIIyKaHHS PO3B’A3KiB 3a71a9 PO MOKPUTT T YIAKOBKY MHOXKWHU €
AJITOPUTMHU JIEKCUKOTpadidHOTO mOImyKy. KIF0U0BOW CKIAIOBOK y TAKUX AJTOPUTMAX € MOIMIYK
JIEKCUKOTPA(GIYHUX €KCTPEMYMIB MHOXKWH, SKi € MIMHOXKXKWHAMA MHOXWHU JTOMYCTUMUX DPO3B’si3-
kiB 3ama4i. Koedinientn marpuiii odMexkeHb y 3a/1a9ax PO MOKPUTTT Ta yIaKOBKY — Oysesi. Tomy
CTOBIII MATPHUIl 0OMEKeHb 337a4i 1e OyaeBl BEKTOPH, dKi MOXKHA PO3IVISIATH AK Il 9HCTA,
3anucani y ABifikosiit cucremi uncsenns. Y pobOTI ONUCYIOTHCA TA OOIPYHTOBYIOTHCH AJITOPUTMHU
MIOTIYKY JIEKCUKOTPAMIYHUX eKCTPEeMyMiB MHOXKWH JIJIST BUINEBKA3AHUX 337a49 y SKUX, Ha BiAMIHY
BiJ[ CTAHIAPTHUX AJTOPUTMIB JIEKCUKOrPadigHOro MOIIyKy, yci mii — nopo3psiaai omeparii “and” i
“or” HaJI CTOBIIISMH MaTPUL 0OMeXKeHb BiAmoBiaHOI 3a0a4i. Ananis epeKTUBHOCTI pOOOTH 3aIIPOIIO-
HOBAHUX AJITOPUTMIB CBIIYUTH TIPO 3HAYHY MEPEBAry y MOPIBHAHHI 3 CTAHIAPTHUMHI AJITOPUTMAMHU
JIEKCHKOTPadiIHOrO MOIIYKY.

1. Beryn. /lo 3a1a9 mpo 3BaKeHe TMOKPUTTS Ta YIAKOBKY CKIHYEHHOI MHOKWHUI
3BOJIUTHCS Oararo NMpUKJIAJIHUX 3aja4d. Ha chborojHinmHiii jieHb pO3MIpHICTH TaKUX
3aja4 € jayxke Bejinkoo. BpaxoByioun NP - ckiaagnicTs nux 3a1a4, siki BiIHOCSITHCS
JI0 33724 OyJIeBOTO JIHIHHOTO TporpaMyBaHHs, Ha MEPITHi MJIaH BUXOAATH THTAHHS
PO3POOKHN HOBHUX AJTOPUTMIB IOMIYKY IX pO3B’g3KiB, ab0 IMiABHINEHHS €(pEeKTUBHO-
cTi poOOTH BKe iCHYI0UnX MeTo/1iB. OTHIEI0 3 MOK/INBOCTEl BiIIIYKaHHS PO3B’A3KiB
3a/1a4 PO IIOKPHUTTs Ta YIAKOBKY € aJrOpuTMH JieKcukorpadiunoro momryky |[1].
Ki11010B0OI0 CKJI/10BOI0 Yy TaKUX aJrOPUTMaxX € MOIIYK JIEKCHKOrpadidHUX eKCTpe-
MyMiB MHOKHH, TII0 € MAMHOKHHAME MHOKHHH JIOIMYCTHMUX PO3B’sI3KiB 3a1a4i [2,3].
KoedimienTn maTpuii oOMezKeHb Ta BEKTOPY BUIBHUX YJIEHIB Y 3a/1a9ax PO MOKPH-
TTs Ta YIaKOBKYy € OyjeBuMu. Tomy CTOBHII MaTpuii oOMexKeHb 3ajadi 1me Oy/eBi
BEKTOPH, AKi MOYKHA PO3TJISIATH K ILT YNCIa, 3aMucaHl y JABIHKOBIi cucTeMi am-
cjaenHst. Y pobOTi ONUCYIOTHCS Ta OOTPYHTOBYIOTHCS AJTOPUTMHU IOIIYKY JIEKCHKO-
rpadgivyHuX eKCTpeMyMiB MHOYKWH JIJIsSI BUIIIEBKA3aHUX 33/1a4, y sIKUX, HA BIAMIHY BiJl
CTAHJIAPTHUX AJTOPUTMIB JIEKCUKOIpahiIHOro MOMIyKY, yci il — mopo3psui (6inap-
i) oneparii “and” Ta “or” Haj cTOBHIEMHI MaTpHUIl 0OMeKeHb BiIIOBIIHOI 3a/1a4i.
Anani3 edeKTHBHOCTI pOOOTH 3AIPOMOHOBAHUX AJTOPUTMIB CBIIYATHL PO 3HAUHY
nepeBary Ha/l CTaHAAPTHUME aJIrOPUTMAME JIEKCHKOTPaiIHOTO HOIIYKY.

2. ITocranoBka 3amadvi. Hexaii V = {v1,...,v,,} — ckinyeHHa MHOXKHHA eJjie-
MeHTiB JoBiabHOT npupomn Ta VI C V., j = 1,...,n — cimeiicTBO MiIMHOKIH
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134 C. B. UVIIOB

vuoxxuan V. Koxkny muoxxuny V7, j = 1,...,n MOXKHA OJHO3HAYHO IPe/ICTABIATH
; v, e VI
3a gonomoromw Oyiesoro sekropy A’ € B™, ne a;; = { O’ vl ¢ Vj’
s U .

Y TakoMmy mpejicTaBJIeHHI MaTeMaTHIHA MOJE/b KJIACUIHOT 33/1a4i PO 3BaKeHe
HOKPHUTTs (YIAKOBKY) CKIHY€HHOI MHOKUHU (DOPMYJIIOETHCS HACTYIIHUM YHHOM:
MiHiMi3yBaTn(MaKcuMi3yBaTh)

n
Ty = ijl’j, (1)
j=1
3a YMOB

Zaijsz(g)Li:la'“ama (2)
j=1

z;€{0,1},j=1,...,n, (3)

e a;; €{0,1}, w; >0, i=1,...,m, j=1,...,n.
MHOXKHUHY JOIYCTUMUX PO3B’S3KiB 331441 PO HOKPHUTTS, KA BUSHAYAECTHCH yMO-
Bamu (2), (3), mosHauarumemo uepes X C0ver:

n
XCover — xeB”|E aijg(;jZLi:l,...,m s
Jj=1

MHOKIHY JOIMYCTIMUX PO3B 3KiB 3a71a4i Ipo ymakoBry — Xk

n
XPaCk = xEB"|Za,~jxj§1,i:1,...,m

=1

Y pobOTi pO3TIgIaI0THCS TUTAHHS MiIBUIEHHS e(DeKTUBHOCTI MOIIYKY JEKCHKOIPa-
¢pidHOro MiHIMYMY MHOXKHHU {x eX COw"| x>t j} JIJId 33141 PO TOKPUTTS Ta
HOIIYKY JIEKCUKOT'PAIIHOIO MAKCUMYMy MHOYKUHU {x S XP“C’“’ r <t f} y 3ajadi
PO YIAKOBKY, jie T € B™ — ¢ikcoBanuii BEeKTOP.
3. Buactusocti momycrumux po3s’saskis. Cucremy nepiBaocreii (2) s 3a-
n
Jadi Ipo MOKPUTTS MPEJICTABUMO Y BEKTODHIiil dhopmi: » Aj:cj > 1, ne AV € B™,
j=1
j=1,...,n,— Gynesi BekTopu po3mipHocTi m, 1 € B™ — BeKTop, yci KOOpHHATI
axoro pismi 1. ¥V raxiit gopwmi Gymesnit sBexTop A7, j = 1,...,n MOXKHa POBI/s-
JIaTU SIK IIiJIe 9uca0 0e3 3HaKy, 10 3anucaHe y JABIHKOBiil cucremi aucaenns. [Lis
JIOBLIBHOTO OyJIeBOr0 BEKTOPY  depe3 ST mo3HAYaTHMEMO MHOKHUHY iH/IEKCIB IIHOTO
po3B’a3ky s gkux v; = 1, ST ={j € {1,...,n}|z; = 1}.

Teopema 1. V 3adaui npo noxkpumms pose’ssox x € B™ donycmumuis modi i

miavky modi xoau Vo AI =1.
jEST

Jlosedenns. 3nakom “V”’ mo3HaveHO MOPO3PsaHy onepaitito “or’. Hexait x — momy-
n
crumuii po3p’a3ok. e oznauae, mo y, Alz; = > A’ > 1. JIng nOBiTbHEX JBOX
j=1 jEST
OyneBux 3HadeHb by Ta by Takux, mo by + by > 1 Bumnmsae by V by = 1. Ile dakr
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3a/IUIIAETHCA BIPHUM 1 IpH JOBLIbHIN KiTbKOCTI Oy/eBuUX 3HadYeHb. OTKe, s KO-

KHOrO @ = 1,...,m, 3 Toro, mo . a;; > 1 ciixye 'V _a;; = 1. 3 immoro Goky,
JEST JEST
wexait V A’ = 1. Toui pst xoxuoro ¢ = 1,...,m maemo V. a;; = 1. Buxogsiuu 3
JEST JESYT

BJIACTUBOCTEH TOPO3PsTHOT oreparlii “or’, ocTaHHS PIBHICTH Ma€ Micie TiIbKH TOJ1

n
kon Y. a;; > 1. Tomy mae Bukonmysatuch », Al = > Alx; > 1, abo x € X 7o,
JEST JEST j=1

Cucremy HepiBHOCTEl (2) JuIst 3318491 PO YINIAKOBKY TAKOXK MOYKHA HPEJICTABHTH
n

Y BUTISAL: Y ijj < 1. Kpim Toro, uepes n, mo3HadnMo HOTYKHICThL MHOKIUHA ST,
Jj=1
— €T
n, = |ST|.

Teopema 2. V 3adaui npo ynaxosry poss’asox x € B"™ donycmumud modi i

. . _ k=1 qo . _
MIALKY 00T KOAU OAdA yeix k =2, ... Ny 8UKOHYEMBCA < Vv ASLJ) A ATk = 0.
Jj=1

Josederna. 3uakom “A” MO3HAUEHO TOPO3PsAAHY omepamio “and”, 0 € B™

n
. . . ’ j
— mymnpoBuii BekTop . Hexait # — gomycrumuit po3s’asok. Lle o3nagae, mo ) Alx;
=1
= > Al < 1. JIna noBiabaux aBox OyseBux 3Hauenb by ta by ymosu by + by < 1 Ta
jese
b1 A by = 0 € exBiBasenTHEMHA. JI7151 OLIBIIOI KiTbKOCTI Oy/IeBUX 3HAUEHDb IIe HE TaK.

K K
3 Toro, mo Y b; <1 (K > 2) Bumiusae, 1o A b; = 0, ane HaBmaku Hi. YMOBa

K
A b; = 0 BKasye juIIe Ha Te, IO cepef| 3Ha4eHb by, ..., bk € Xo4a 6 ozHe, gKe piBHE
J=1

0. /Insg Toro mob cepeji 3HAYEHb by, ...,bx Oys0 He OLIbIIEe OJHOrO i3 3HAYEHHSIM

1 moTpibHO, mObK AJIg yCixX map iHAEKCIiB j Ta §, TAKHX IO j # S, BUKOHYBAJIOCSI
K ~1
60, Ab, =0 a60 vV bAb =0 Aue vV biAb = V (V) Ab
(J,s) (J,s) TEANE

J#s J#s
K K s—1
Takum qusom ymosun » b; < 1 ra V V b; | Nbs) = 0 — exsiBasenrni. Ha
— =2 \ \j=1
j=1 s J
miZCTaBl IHOrO MOXKHA Ka3aTH IO, CHCTeMa HepiBHOCTeRH Y, a;; < 1,i=1,...,m,
Jjesy
n ; = . . Nz k=1 Sz Sz = .
abo > A'x; < 1 exsiBajenrHa yMOBi V ‘\/1 A°1i ) N APtk ) =0, mo 1 10BOAUTD
=1 = =

TeopeMy.

Teopemu 1 Ta 2 103BOIAI0TH MOOYAYBATH HOBI CXeMH MEpPEBIPKU PO3B’SI3KiB HA
JIOIYCTUMICTD Y 3a/la4ax PO MOKPUTTs Ta YIAKOBKY CKiHuYeHHOl MHOKuHu. Ha puc.
1 ra puc. 2 mpeacTaBaeH] BiIMOBIIHI aJrOPUTMHU.

4. ITomyk JjiekcnkorpadigyHOro MiHIMyMYy MHOXXWHU y 3a4ad4i PO I0-
KpuTTda. OCHOBHOIO CKJIAJ0BOIO aJrOPUTMIB JIEKCUKOTPA(ITHOrO MOIIYyKY € BiIIIy-
KaHHS JIEKCUKOTPa(IIHUX eKCTPEMYMIB MHOXKHH, 9Ki € MiIMHOXKHHAMH MHOZKIHI
JIOIYCTUMUX PO3B’S3KiB 3aJia4il onruMizamii. Y craHJIapTHOMY aJrOpUTMI HONIYKY
nekcukorpadiunoro minimymy muOXKWHE 2| Ha KoxkHOMY Kpomi k, k = 1,...,n,
3IHCHIOETHCS TIPOIEC CKAJISIPHOI MiHiMi3alii 3Ha4veHnHs 3MiHHOl Tp. B pesyabrarti
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[ bool PackFeasible(x € B"){

[ bool CoverFeasible(z € B"){ s =0;

s = 0; for(int j = 1;5 < n;j++)

for(int j = 1,7 <n;j ++) [ if(z; == 1){
if(z; ==1)s = s V AJ; if(s A Al == 0)

return s == 1; s=s5V A;

} else
) return false;

L}

return true;

}

Puc. 1. Anroput™m nepesipkn Puc. 2. Anropur™ nepesipku
JIOIYCTUMOCTI PO3B’S3KY y 3a/ia4i 1po JIOILYCTHMOCTI PO3B’SI3KY Yy 3aJ1a4i PO
MOKPUTTSI. YIAKOBKY.

k—1 n
OTPHMYEMO 3HaUeHHd Op— max ¢ 1 — > a;;25 — > ag|ay =1 p raxy = max {0, 4}
j=1 j=k+1
Kpiwm Toro, caizg 3ayBazkuru, mo 3axam 0 < 1 [2].
BukopucroByioun BKa3aHi BJIaCTHBOCTI JIOMYCTUMEIX PO3B’SI3KIB Y 3a/adi IIpo IMo-
KPUTTS 3 TMONEPEeTHLOT0 MYHKTY, BUHUKAE MOXKJIUBICTD MOOY/yBaTH HOBY CXeMY TIO-
HIYKY JIEKCHKOIPAMI4HOrO MiHIMyMYy MHOXKHHH JIONYCTUMUX PO3B’43KiB 3a/ia4i PO

n .
MOKPUTTS CKiHUeHHOI MHOXKIHU. BusnaumMo Oyiesi sexropm: UF = V AJ k =
Jj=k

1,...,n, U =0,Y*" =0, k=0,1,...,n. Ha mogarky momyky z* = 1. Ha ko-
xuomy Kpori k, k = 1,...,n, nonryky jiekcukorpadiaHoro MiHiMymy mnepeBipsieTbCst
ymoBa: un Bektop Y * 1V UM pignmit 1 . JIKIo yMOBa BUKOHYETLCS, TO/1 3HAYCHHS
2y, crae piBEnM (, 9KIIO Hi, TOAI 3HAYEHHS T}, 3aJumaeThed pisaUM 1. IIpnm mpomy,
AKIIO YMOBa BHKOHYeThcd, Tomai Y* = Y*~1 jmakme Y% = Yr-1 v A%,

Teopema 3. Busnauenns sexmopy Y"1 UMY wa woocnomy k-my wpoui, k =
1,...,n, eK6IBAACHMHO 0OYUCAEHHIO SHAUEHHSA O Y CMAHIAGDMHOMY GA20PUMMIE NO-
WYKY NEKCUKO2PAPIUH020 MIHIMYMY MHONCUHU OAL 300a4T NPO NOKPUMMA.

Zlosedenns. 3HadeHHs 0, € MIHIMAJBHO MOXKJIHBHM 3HAYEHHAM I[PH SKOMY
PO3B’ 430K (f{, e X 0y 1 1) 3aJ10BOJIbHSE YMOBY (2). st JIOmycTHMOCTI
PO3B’g3KY 1le 3HAYEHHs KOPUI'YEThCS TaK, 11100 BOHO OyJi0 OysieBuM. B pemnri pernr,
MOYKHA Ka3aTH, [0 3HAYEHHS Of J03BOJISIE BUHAYUTH YU € JIOMYCTUMHUM PO3B’si-

30K (:1:’{, o xio,0,1, 00 1). He Bakko momiTuTH, M0 Ha KOXKHOMY KpoIi k, k =
k—1 . 4
1,...,n, po3smIgRyTHX Bume fiif, Y+~ 1 = VoA, UM = V Al taYEly
=1 j=k+1
J =
*x __
r; =1
k+1 v j oA Ak k * *
Urt = v oAV Vv A= VAl e :(:z:l,...,xk_l,O,l,...,l).HKmo
j =1 j=k+1 7=1
=1
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Al :vf =1, Tozi, 3rizHo Teopemu 1, e o3navae, 1Mo Po3B’A30K T

— JIOILyCTUMHUIL.

Cnix BiA3HAYUTH, IO KOTH Ha JedKOMy Kpomi k, k = 1,...,n, 3Ha4YeHHS T} =
0, Toai Bextop Y* ne 3mintoerncs. Tomy st migsuiienns edekTHBHOCTI pobOTH
3aIPOIIOHOBAHOTO OIHAPHOTO AJITOPUTMY TOIIYKY JIEKCUKOTPpapidIHOrO MiHIMyMY Y
337a4i Mpo MOKPHTTH, 3aMiTh TOrO 10O KOJKEH pa3 BH3HAYaTH BeKTop Y, wmo-
JKe BUKOPHCTOBYBATHCH MAaCUB IHJEKCIB Yy, Y AKOMY KOXKHe 3HAYEeHHS 1Y MICTHTH
OCTaHHill HOMep KPOKY Ha fKOMY BimOyBasacd 3MiHa BekTOpy Y % T0OOTO i1 —
max {j € {1,...,k—1}|Y7 =YJI~! v A7}, Hexaii uizounciose snadenus lastK wi-
CTHTL HOMED OCTAHHLOTO KPOKY, Ha SKOMY Bijbysasacs 3mina sexTopy Y*. Ha mo-
qaTKy pobotu ajaroputmy 3HadeHHs lastK = (.

[Ipu TakoMy yTO4YHEHHi, HA KOXKHOMY Kpori k, £ = 1,...,n, HOMYKY JEKCUKO-
rpadivHOro MiHIMyMY:

1) iy = lastK;

2) TepeBipgeThCA YMOBa: UH J0piBHIOE BekTop Y F 1V UFFL exropy 1;
3) gKmo Tak, Toxi 3HaveHHda T = 0;

4) sxmo ui, Tomi Y* = YWstE Ak astK = k.

Ha puc. 3 npeacraBiena cTpyKTypHa cxeMa aJrOPUTMY IMONIYKY JeKCuKorpadi-
YHOI'O MiHIMYMY MHOYKUHU JIONYCTUMEX 3Ha4eHb 3314l 1po nokpurrs Lex MinCover.

[ int[] LexMinCover(){
int[] z* = 1; int lastK = 0;
[ for(int k= 1;k <njk+ +){
W = lastK;
if(ylastK v Uk+1 N i)
xy = 0;
Puc. 3. Anropurwm momyxy else
nekcuKorpadidHoro MimiMyMy y {Yk = YlastK\y Ak lastK = k; }
3aJa4i Mpo TTOKPUTTS. }
return x*;
|}

Anropurm Lex MinCover mpu3HadeHuii s MOIIYKY JeKCHKOrpadidHoro mimi-
Mymy 2* mMuOKmHE X OOV 2* = min® X©°U" Aje, BpaxoByouH Te, IO B IPO-
Hecl MoyKy JIeKCUKOTIpadiyHOro MiHIMyMy yCl 3MiHU Yy HOCJIJIOBHOCTI BEKTOPIB
Y* k = 1,...,n, dikcyorses, aaropur™ LexMinCover Moxe GyTH BHKOPHCTa-
HU IS TIOTMTYKY JIEKCUKOTPaiaHOTO MIHIMyMYy MHOYKUHU {I € XC°”6T| x>t :Z},
ne T € B"™ — dikcoBanuii O6yieBuit BeKTOp. /s 1bOTO MUKJI TOMIYKY Y aJropH-
m™i LexMinCover ciij HOYMHATH He 3 IePIIOl KOOPAMHATH, a 13 KOOPJAUHATH, IO
3abe31euye BUKOHAHHS IPSMOTo JleKcuKorpadiunoro obmekenns r >L 7.

5. Iomyk JjgekcukorpadivyHOTO0 MAKCUMYMY MHOXKHUHH Yy 33a/1a4i TpPO
YIAKOBKY. Y CTaHJIAPTHOMY aJrOPUTMI MONIYKY JIEKCUKOTPa(pITHOr0 MaKCUMyMYy
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mMHOKuHHY [3|, BpaxoBytoun cruenudivnicTb KoedilieHTiB 00MeKeHb 3a1a4i Ipo yna-
KOBKY, Ha KOXKHOMY Kpori k, k= 1,..., n, 3AiliCHIOETbCS TPOIEC CKATAPHOI MAKCH-
k—1
N . . . . -
Mizamnii 3a 3MiHHOIO 74, B pesynbrari axoro obuncmoersed 6, — min ¢ 1 — > a;;2% | ay = 1
Jj=1

ta xj = min {1, 0 }. Cxig 3ayBakuTu, 1m0 3HAYEHHS 0} 3aBXKIU HeBi emue, 0 > 0
3].

Cumpaio4uuch HA BIACTUBICTD JOIYCTUMEUX PO3B’A3KIB y 3a/a4i PO YIIAKOBKY, 10
OOT'PYHTOBYETHCS TEOPEMOIO 2, OINHUIIEMO CXeMy OIHApPHOrO IMONIYKY JIeKCUKOrpadi-
YHOTO MAKCHMyMY MHOMKHHHI JOIYCTHMIX PO3B’SI3KiB 337a4i mpo ynakosky X 7ok,
Ha mowarky nomyky z* = 0, Y* =0, k = 0,1,...,n. Ha Ko:xkHOMY KpOIIi HOIIYKY
JIeKcuKorpadiaHoro Mmakcumymy k, k= 1,...,n nepeBipsgeTbcsa yMOBa: 9U € HYJIbO-
BUM BekTop Y * ! A AF. SIKImo yMOBa BUKOHYETLCS, TOMi 3HAYECHHS T}, cTa€ PIBHUM
1, akmo Hi, ToAl 3HadeHHs ) 3ajumtactbed piBHuM 0. IIpm mpomy, fkmo ymosa
BUKOHYeThCs, Tomi YV = YA 1 v A* inmakme YF = YF-1,

Teopema 4. Busnauenns sexmopy Y1 A AF na xoorcromy k-my wpoui, k =
1,...,n, eK6IBAAEHMHO 0OYUCAEHHIO 3HA%EHHA O Y CMAHIAGDMHOMY AA20PUMMIL NO-
WYKY AEKCUK02PAPINHO20 MAKCUMYMY MHOACUHY OAA 360a4%E NPO YNAKOBKY.

Zlosedenns. 3uadenns 0, € MaKCHUMAJIbHO MOMK/JIMBHM 3HAYCHHIM IPH SIKOMY
PO3B’ 430K (ac*l‘, e X150k, 0, ,0) 3aJI0BOJIbHSE YMOBY (2) JJIs 3a71a4i mpo yra-
KOBKY. /19 JOIMyCTHMOCTI PO3B’43Ky II¢ 3HAYeHHs KOPUTYETLCA TaK, 100 BOHO HE
IepeBuiLy BaJio 1 TaKI/IM YMHOM, 3HAYCHHA (5k J103BOJIA€ BU3HAYUTHU ,ZLOHyCTI/IMiCTb

PO3B’SI3KY (x*{, oo Tro1, 1,0, O). He Bakko momituTH, 110 HA KOXKHOMY KpPO-
~1 . k=1
ui k, k = 1,...,n, posranyrux sume i, Y ! = v o A=V ijg‘? Ta
j=1 =1
i =1

j
k=1 .

YFIA AP = (j\_/1 Ajarf) NAF, e oF — (w*{, oo xioq, 1,0, ,O). Yci po3B’sI3Ku BH-
TS LY (x"{, cos @, 0, ,0), p=1,...,k—1e€ gonycrumum, Tomy Y* 1 < 1. dkmo
YFIANAF £ 0, Tozi 3HaiineThea Taka KoopauHaTa q > k, 11 Kol Y;k*l =1, A’; =1
Ta, Y;]k’l A A’; = 1, TO6TO OOMeKeHHH 33,1341 3 HOMEepOM ¢ JIJT PO3B’A3KY o MicTHTb
JIBA He HYJIbOBI 3HAYEHHH, MO MOPYIIYE JOIMYCTUMICTb NMBOIO PO3B’A3KYy. ZKIMOo XK
YF LA AF =0, Tozi poss’a3ok ¥ — momycTumuii.

[To amasiorii 3 GiHAPHUM AJTOPUTMOM MOIIYKY JEKCHKOIpadidHOr0o MiHIMyMY Y
3a/1a4l HPO MOKPUTTH, JIJIS MJIBUIEHHS eeKTUBHOCTI poOOTH ODIHAPHOIO aJIrOPUTMY
HOIIYKY JIEKCUKOTPpahidHOrO MAKCUMYMY Y 3aJadi [P0 YIIaKOBKY, BAKOPUCTAEMO Ma-
CUB IHJEKCIB 1y y IKOMY KOKHe 3HAYeHHS 1Y;, MICTUTH OCTaHHII HOMep KPOKY Ha KO-
My BimbyBasaca svina sekropy Y, iy, — max{j € {1,...,k — 1} |[YI =YIi"tv A7}
Hexait nmisiouncioBe 3HaveHHda [astK MICTUTH HOMEP OCTaHHBOI'O KPOKY Ha AKOMY
Bi 10y Bas1acs 3mina sexropy Y. Ha nouarky po6oru ajsropurmy 3uadenus lasti =
0.

BpaxoBytoun Buiie ckaszane, Ha KOKHOMY Kpori k, k= 1,..., n, MONIyKy JIeKCHU-
KOrpapivHOro MaKCUMYMY BHUKOHAEMO JIii:

1) iy = lastK;

2) TepeBipsIETHCST YMOBA: YU € BEKTOP YF1 A AF nynanosum;
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3) gKmo Tak, Tofi 3Havennsa x = 1, Y* = Yt v AR ast K = k.

Ha puc. 4 npejcrasiiena cCTpyKTypHa cXeMa aJrOPUTMY IOHIYKY JIEeKCUKOTpadi-
YHOTO MaKCUMYMYy MHOXKWHHU JOTYCTUMUX 3HAYEHb 33/1a49l TPO YITAKOBKY CKIHYEeHHOI
muoxkuuau LexMaxPack.

[ int[] LexMaxPack(){
int[] z* = 0; int lastK = 0;
for(int k = 1;k < n; k + +){

W = lastK;
if (YlastE A AF == ()
Puc. 4. Anropurm nomyky {z; = 1; Yk = ylastK Ak; lastK = k; }
JIEKCUKOIpadhigHOr0 MaKCUMyMy Y }
381841 IPO YIAKOBKY. return x*;

}

Agnropurm Lex M ax Pack npusnadenunii 1jist TIOMIYKY JIEKCUKOTPadiaHOTO MaKCH-
mymy ¥ mpoxuan X P9 o* = max? XP* Bpaxosyioun Te, mo B mpomeci momry-
Ky JIeKCHKOrpadiTHOro MaKCHMYMy yci 3MiHH y mocigoBrHocTi BekTopiB Y*, k =
1,...,n, dikcyorbes, aaropur™m LexMaxPack takoxK moxKke OyTH BHKOPUCTAHUM
JIJISE TIOHIYKY JIEKCUKOrPa(idHOr0 MaKCUMyMy MHOXKUHU {ZE e XFP ‘wk| x <t f}, e
T € B"™ — ikcoBannii OysieBuit BekTop. /[71s1 MBOro IUKJI TMONIYKY y aJrOPUTMI
LexMax Pack ciin noanHaT He 3 mepiiol KOOpARHATH, a i3 KoopanHaTu start K, mo
3abe31etdye BHKOHAHHS IIPSIMOTO JeKCHKorpaditHoro obMeskenns © < Z. [i 3naden-

: _ - -1
HsI JIETKO BIIIIYKY€Thed 32 mpaBuaoM: startK =max < j € {1,...,n}| z; = 1; '\/1 Az, <13+
1=

1.

6. AnaJi3 e(dpbeKTUBHOCTI OiHADHUX AJITOPUTMIB HOIIYKY JieKCuKorpadgi-
YHUX €KCTPEMYMIB y 3a/a4aX HpPO HOKPUTTA Ta ymakoBKy. CydacHi mporie-
COpPH MAIOTh MOXKJIHUBICTE 3I1HCHIOBATHA MOPO3PAIHI omepalrii 3 128-u, 256-u i HaBITh
512-u po3psaHuME JABITKOBUMHU 4YuC/JIaMUA. Y PeaJibHUX 3aj@dax PO MOKPUTTHA abo
YHAKOBKY CKIHY€HHOI MHOXKWHU KiJIbKICTb JIIHIHHUX 00MeKeHb KOJIMBAETHCS BiJI Jie-
KLITBKOX COTEHb JI0 JeKITbKOX THCAY. TOMY 7714 mpecTaBIeHHs OTHOTO CTOBIIIS Ma-
TPUII 0OOMezKeHb Y JIBIHKOBOMY BUIVISIII OJTHOIO OIHAPHOI'O YHC/Ia HABITH MAKCAMAJIb-
HOI PO3MIPHOCTI MOKe BUSIBHUTHCH HE JTOCTATHLO. Y TMPOrpaMHiil peasizallii CTOBIEIH
MaTpuill 00MeXkKeHb 3a/a4i NPeJACTaBISIEThCS K MOCJIIOBHICTD JBIIKOBUX YHCeI,
PO3MIPHICTH SKUX MIATPUMY€ETHCs HporiecopoM. Hanpukiia, Ko KiJabKicTh 06Me-
KeHb 331491 m = 500, a mporecop Ma€ MOXKJIUBICTb MPaNOBATH 3 128-1 PO3PSIIHIMEI
qUCTaMH, TOJI CTOBIEIb MATPHIL obMeKeHb 3a1adi A* Moxke GyTH npecraBaeHnii
K TOCJITOBHICTD 3 4-X 128-u po3psa HUX IBIfIKOBUX YHCE:

k _
AT = (Gum ooy 128 ks 129 ks - - - 5 A256,ky A25T ks - - - 5 U384 k> 4385k + - - 5 @500,k 0, - - - 7())
N ~ s \\ ~~ A ~~ A ~~
128bit 128bit 128bit 128bit

Y TakoMy lipeJiCcTaB/IeHH] OJ[HA IOPO3Psi/IHA Ollepallis Ha/l CTOBIIAMYI MATPUIl 0OMe-
JKEHb Peasli3yeThCs sK MOC/IIIOBHICTD 3 4-X TOpO3psAHuX orepariit Hai 128-u pos-
PATHUMHA JIBINKOBUMH YHMCJIAMU.
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Y poboTi po3pobIeHO ABa CIIOCOOH IIPeCTaBIACHH CTOBIIIIB MAaTPHUIl OOMEZKEHb
3a/1a4i, K MOCTIIOBHICTh 128-11 po3psiiHux ABifikoBux uucen (Binl28) ta sk 256-u
po3psiinux JBifikoBux unces (Bin256). Binapuuii nomyk sekcukorpadidnux exc-
TPEeMyMiB MHOXKHMH Y IUX HPEJCTABJICHHSIX MOPIBHIOBABC 3 POOOTOIO CTAHIAPTHOIO
asnropurmy nomyky (Std) [2,3]. Ockinbkn anropurmu Lex M ax Pack ta Lex MinCover
0a3yI0ThCSA Ha OJHUX 1 TUX CaMHUX IPHUHIUIIAX, TO e(PeKTUBHICTD X POOOTHU s Ma-
TPHUIb 0OMEKeHb 3 OJHAKOBOIO CTPYKTYPOIO Y MOPIBHSHHI i3 CTaHIAPTHUM aJTrOpH-
TMOM TeXK OJTHAKOBa. ToMy aHaJi3 pe3yabTaTiB MPeICTaBICHO TIMTbKH I aarOpH-
™y LexMinCover. JlociiazKeHnHst IPOBOAMIOCS JIIs 3324 PO MOKPUTTS 3 BUIIA/I-
KOBO TOOY/IOBAHOIO MATPHUIECIO 0OMEYKeHb, NIJIbHICTh He HYJIHOBUX €JIEMEHTIB KOl
cranosuiaa 5%. I oTpEMaHHs CepeIHBOrO 4acy poOOTH aJrOPUTMIB, T€HepYBaJIo-
ca 10 3agaqa oxmiel posmiprocti. ¥ KoxkHii 3 10 3aga1 1000 pa3iB BUKIUKaBCSI KOKEH
3 3-X aJrOPUTMIB MOIIYKY JIEKCUKOTPahiTHOrO0 MIiHIMyMY MHOYKUHU: CTAHIAPTHU
(Std), LexMinCover 3 128-u po3spsauoio peasizanicio (Binl28) ra LexMinCover
3 256-u pospsiaHo0 peanizamiero (Bin256). TakuM anHOM /1JIs1 KOKHOT PO3MIPHOCTI
KOXKeH 3 3-x ajroputmin Bukankascs 10000 pasis.

Ha puc. 5 npeacrapieno rpadik 3a1eKHOCTI 4acy poOOTH aJropuTMiB BiJl Kijib-
KOCTi oOMexkeHb 3aadi. [Ipu 1mboMy KiTbKiCTh 0OMeKeHb Y 3ajadi PO MOKPUTTS
aminioBagack Bij 50 0 2000 3 kpokom H0. KinbkicTs 3minHux 1 3a1a4i Oysa dikco-
BaHoI0 1 mopiBaOBasa 20000, n = 20000.

N = 20000

I t,5ec.

80,00

70,00

60,00 4

50,00 4

40,00 - #—5td

Bin256
30,00 4
——Binl28

20,00 -

10,00

0,00 +

Puc. 5. BajexuicTs Mixk KiJbKIiCTIO 0OMEKEHb 3a/1a4i PO HOKPUTTS Ta, CEPEIHIM
qacoM poboTH cTaHIapTHOTO ajaroputmy ta ajaropurmy LexMinCover.

Jlerko 6auuTu, 1o i3 30LIbIIEHHSIM KLJILKOCTI 0OMEKeHb 4ac poOOTH CTaH1[apTHO-
ro aJITOPUTMY MONIYKY JIEKCHKOrpapidHOro MiHIMyMy MHOXKHUHH JIIHIITHO 3pocTae i
npu m = 2000 cranoButh 72,71 cex. B Toit ke 4yac, y MOpiBHSHHI i3 CTaHIAPTHUM
aaropuTMoM, eeKTUBHICTL OIHAPHUX AJTOPUTMIB 3MIHIOETHCS He 3HAYIHO. s Olib-
moi Jerasizalii, Ha puc. 6 npeacTapiaeHo rpadik 3a7eKHOCTI dacy poOOTH TLTHKH
OGiHApHUX AJITOPUTMIB IOIIYKY BiJI KIJIBKOCTI OOMeXKeHb 3a/1a4i.

Yac poboru amaropurmy LexMinCover y peanizamisix Bin256 ta Binl28 i3
30LIBITEHHSM M TeXK 3pOCTae MaiizKe JIHIITHO, aJie 3HAYHO MOBLILHIIIE Y MOPIBHIHHI
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N = 20000

t,5ec.

i 1 .
*_"'/‘. —4—Bin256
4 ¥
' /’""v' Binl2g

0,10 -c““‘.—'—/\( e

0,00

Puc. 6. 3amexuicTs MixK KiIbKICTIO 0OMeXKeHb 331241 PO MOKPUTTSI Ta, CEPETHIM
gacoMm poboru aaropurmy LexMinCover ans pi3sHHX IpeacTaB/IeHb CTOBIIIIB
MAaTpPHUIl 00OMeKeHb.

i3 cTanjgapTHUM ajaroputMmoM. Tak, y peasizanii Bin256 naiibiibinmii cepe/niii qac
pobotu cranoBuB 0,548 cex. mpu m = 1800, a y peamizamii Binl28 — 0,633 cek.
upu m = 1950. Bapro Biggnauuru, 1o edeKTuBHiCTh ODIHAPHUX AJTOPUTMIB HOILY-
Ky JIEKCUKOIpapiIHUX eKCTPEMYMiB MHOXKUHH 3aJI€KUTh BiJl (DAKTUIHOI KIJIHKOCTI
JBITKOBUX PO3PS/IiB, MO BUKOPUCTOBYIOTHCS /IS TPEJCTABAEHHS CTOBIIIB MaTPUITL
oOMezKeHb 3aJiadi Ta peasjibHOI KiTbKOCTi, IO BUJLISETbCI JIJIS BMICTY IIOC/IiIOB-
HOCTI JIBINKOBUX 3HAUYeHb Ha PiBHI mporecopy. YuMm Oiiblne ABIRKOBUX PO3PSIiB 3
BUJILJIEHOT KLIBKOCTI BUKOPUCTOBYETHCH, TUM e(eKTUBHIiIIE PALOI0Th aJrOPUTMHU
binapuoro nomryky. Hanpukias, npu m > 1800, y peasizanii Bin256, norpioHo BU-
giantu 8 256-u po3psiAHUX ABIIKOBUX 3HAYEHB JIJIsI 30€PeKeHHs OJHOIO0 CTOBIIIIA
Marpumi oomekenb. Ilpu m = 1800 He BUKOpHCTAHUME JIMIIAIOTHCI 248 po3psiaiB
3 2048, a mpu m = 2000 — 48. Ha rpadiky 3 puc. 6 miga Bin256 BuaHO, 0 IpU
m = 2000 cepejniit yac poboru Ginapuoro ajropurmy cranosus 0,496 cek. B roit
ke 1ac, upu m = 1800 — 0, 548 cexk.

Ha puc. 7 npeacrapiaeno rpadik 3a1e:KHOCTI 4acy poOOTH aJITOPUTMIB Bil KiJib-
KOCTI 3MiHHUX 337a4i. [Ipn mpoMy KiTbKICTh 3MIHHUX y 3a7a49i PO MOKPUTTS 3Mi-
aioBasiach Bij H00 1o 20000 3 kpokom H00. KinbkicTh obMme:keHb m 3ajadi OyJia
dikcosanor i gopisaioBasa 1000, m = 1000.

[3 30libIIeHHSIM KLIBKOCTI 3MIHHMX 4Yac PoOOTU CTAHJIAPTHOIO AJTOPUTMY IO-
MIyKYy JIEKCHKOrpahiuHOro MiHIMyMy MHOXKUHHU JIiHITHO 3pocTtae i npu n = 20000
cranoBuTh 37, 1 cek. B Toii ke gac, y MOpiBHSHHI i3 cTaHIAPTHAM aJITOPUTMOM, Cepe-
JIHII gac poboTu GIHAPHUX aJTOPUTMIB 3MIHIOEThCA He 3HA4YHO. Tak, mpu n = 20000
cepenHiii uac podoru aaropurmy LexMinCover y 256-u po3psammiii peamisarii cra-
HosuB 0,282 cek., a y 128-u pospsianiii peasizamii — 0,293 cek. 3ayBaxkumo, 1o
30L/IbIIIEHHsT KIJIBKOCTI 3MIHHUX 3a/la4l MeHIe BIJIMBAE Ha e(peKTUuBHICTH podoTH
aJITOPUTMIB MONIYKY JieKcuKorpadiunoro minimymy. [Tpu 3mini KiibkocTi 0OMeKeHb
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M = 1000

t,sec.

40,00

35,00

20,00

25,00

20,00 —Std
Bin256

15,00
—ar—Binl2E

10,00

5,00

0,00 H

]

Puc. 7. BanexuicTs MiK KiJIBKICTIO 3MIHHUX 3314l TTPO TOKPUTTSI Ta CEPETHIM
JacoM poOOTH CTaHIAPTHOTO ajaropurMy ta ajaropurmy LexMinCover.

3a/1a4i JIiHifiHA 3aJ1€KHICTh Yacy y CTaHIapTHOMY aJrOpPUTMi MOxKe OYyTH BHpaKeHa
dopmyor: t = 0.036m—+1y. Koo 2K MiHAE€THCS KITbKICTh 3MIHHUX, TO/Ii 3a/1€2KHICTH
Bupazkaerbes gk t = 0.0018n + tp.

7. BucaHoBku. [1o0y10BaHi Ta /10C/Ii/12KeH] HOBI aJITOPUTMH ITOMYKY JIEKCHKOTDa-
pigHUX eKCTPeMyMiB MHOYKHH, sIKi € T IMHOKUHAMU MHOXKWHU JOMYCTUMUX PO3B 5I3-
KiB 3aJ1a4 IIPO HOKPHUTTS Ta YHAKOBKY CKiHY€HOI MHOXKHHHU. OCOOJUBOCTI MaTPHUIL
oOMeKeHb Ta BEKTOPY BLIBHUX WIEHIB IUX 3a/1a9 JTO3BOJIUJIH MPEJICTABUTH CXEMY
CTAHIAPTHOTO AJTOPUTMY TIOITYKY JIEKCHKOTPaAMhITHOTO €eKCTPEeMyMY MHOKUHHA Y HO-
BHUX TepMiHax — 4yepe3 Oinapui abo mopo3psijiHi oneparii HaJ1| OyJIeBUMU BEKTOPAMHU.
[TopiBusguns edexkTuBHOCTI pOoOOTH OiHAPHUX AJTOPUTMIB 3 CTAHJIAPTHUM AJTOPH-
TMOM IMONIYKY 3/1{CHIOBAJIOCh HA OCHOBI 3a/1a4, OTPUMAHUX BHUIIA/IKOBUM UYHUHOM.
Anasi3 pe3yapTaTiB MOKa3aB, IO B 3a€KHOCTI BijJ pO3MIpHOCTI 3a/adi, B MEpIITy
Yepry BiJ KiTbKOCTI 0OMezKeHb, OiHapHuii aaroputM npaioe y 50 — 150 pa3iB mBuI-
e HiXK craHjapTHuil ajroputM nomyky. [Ipudomy, i3 30iablieHHIM PO3MiIpHOCTI
33124l epeKTUBHICTH poOOTH OIHAPHOTO AJTOPUTMY 3POCTAE.
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