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YK 517.9
FO. M. Ilepectiok (Knischkuii nar. yo-1 im. T. [TleBuyenka)
ITPO KO/JIMBAHHA MAATHUKA B CEPEJIOBUIIII 3 OITOPOM

Bceryn. B Gararbox 3ajiadax Teopii KOJIMBaHb IPUXOJAUTHCH JIOC/ILIZKYBATH KOJIU-
BaHHs MasTHUKA I JI€I0 IMIYJIbCHUX CUJI. Bararo KOHKpeTHUX MPHUKJIAJIB TaKUX
3aJa9 MOXKHA 3HaiiTu B Bimomux monorpadisx [1-3]. Maremarnauono MomesIo Ta-
KHUX 3314 € PO3pUBHA JUHAMIYHA CUCTEeMa, PyX (Pa30BOl TOUKH B dKiil BiIOYBAa€TbCs
[0 TPAEKTOPIfAX JIiHIHOTO JudepeHialbHOT0 PIBHAHHS JAPYTOr0 MOPAIKY
52
¥+ 0k 4wl =0, Z<w2,

1 mijgaerbest il iMIyJIbCHOT CUJTH TIPU TPOXOJIZKEHHI (DA30BOK0 TOYKOW (T, T) meB-
HUX MHOXKMH Ha (a3osiil wiomuni (x0f) HAIPUKJIAL, OPH IPOXOIZKEHHI TOYKOIO
(x(t), (t)) 3amanoi npsamol x = xg, abo kK npamol & = 0. Ps1 mikaBux pe3yabTaris
JIOCJIJIZKEHHSI TAKOTO OCHUJIsITOpa Micrurbest B MoHorpadisx |1 — 3|. B uux pobo-
Tax MPUILYCKAETHCS, 1110 B pe3y/bTaTi /il iMIyJIbCHOI CUJIM B CHCTEMI 301/1bIIYETHCs
KIJIBKICTh pyXy a00 K KiHEeTHYHA €HepTris OCIUISITOpPA Ha JIeKY CTAJLy BEJUIUHY.
Bceranossieni ymMoBE icCHyBaHHS PO3PUBHUX IUKJIIB B TaKUX CHUCTEMaX, TOCTIIZKYE-
ThCs MUTAHHS CTIAKOCTI TAKUX IMUKJIIB.

OcHoBuuii pe3yapbrart. [[pogoBKy0UIN JOCTIIKEHHS iICHYBAaHHSA PO3PUBHUX IH-
KJIIB B PO3PUBHUX JIMHAMIYHUX CHUCTEMaX Ha IJIONIMHI, PO3IVISHEMO TaKy CHCTEMY

F4 0t 4+wier =0, &0, (1)

. o _]0, T > 07 2 62
Ax’f”:(’{ 0, z<0, Y71

st cucrema piBHSHB ONUCYE PYX OCIHUISATOPA B CEPEIOBHII 3 OMOPOM, TPUIOMY
CUJIa OTOPY HE BBAXKAETHCS MaJIoio. 3po3ymiio, mo koau Iy = 0, TO ocruasTop
3 vacom 3aryxae. KoqmBauus B Takiil cucremi moxkausi, axmo Iy # 0. 3’sacyemo
3B’30K MizK IapaMeTpaM# CUCTeMH, SKuil 3a0e31edye KOJIUBAHHS B Il CHCTeMI.

Banposaaumo Ha dbazosiii wiomusi (202) ammaiTyauo-da3osi KoopauuaTu (a, @)
3a bopmysiamu

) 52
T = acosp, $:a<—5008¢+98ing0), QQ:wz—Z. (2)

B nux xoopjaumHaTax BuXijgHa cucremMa HaOyBae BULJISLY

da ) d_(p__Q

0
% - _5&7 dt ) t.g % 7é Ea (3)

COS Py

Aa|s@=soo+km = ( - 1) a, A90’¢=soo+k7r =" — ¥o.

BayBaknumo, 10 3MiHHI @ 1 ¢ 3 £ 1 & TOB’sI3aHi CIIBBIIHOIEHHSIMA

Cos p*
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, 1L/ &N , & ¢
x—l—@(x—l—im) =a”, ;:—5—1—925990.

[Tisnpsma immnysibenoi gii © = 0, x > 0 € mpomiub ¢ = @y = arctg%.

[ITo6 3’sacyBaru, Un MOXKJUBI B Takiil IMIYJbCHIl cucTemi He3aTyXaiodi KOJIH-
BaHHs, JIOCUTH JIOCTiInTH Bimobpaxkenus [lyankape miBnpsamoi © = 0 B cebe, KOu
HOJISIDHUI KYT (0 110 TPAEKTOPIsIM BUXIJIHOI cucTeMu HaOy/ie IPUpicT 27 Bl HOYaTKY
pyxy dazosoi rouku. Hexaii (pazoBa Touka nounnae pyx npu t = —0 3 Toukn (g, 0)
npsmoi, xg > 0. B meit momenT mig mgiero immyabcHol cuym BoHa 'mepeckakye' B
TOYKY 3 Koopauuaramu (zg, —Ip). Jlani Boa pyxaerbes mo Jorapudmiuniii croipai

alp) = aoe%w
IO MPOXOJUTH Y€epe3 10 TOUYKY, 0 MOMEHTY HePEeTUHY II€l CripaJi 3 MiBIPSIMOIO
z =0, x > 0. Pyx da3oBoi Touku Oyjie MnepiouuHuM, sKIO BKa3aHa CIipaJjb
IepeTHe M0 miBIpaMy B Touni (g, 0). Touka g i € HEPYXOMOIO TOYKOIO OMUCAHOIO
BijoOpazkenns Ilyankape h : x — h(z).
Banumiemo sBHO Bupa3 1ist yukmii h(z). Touka (xg,0) B 3miHHEX (p,a) Mae
koopauuaru (g, ag), T = g COS Yo, a TouKa (g, —Ip) - KOOpUHATH

1 5 \° 1/6 I
* 2 e > * -z _ =
%, \/930—1- o ( I+ 2930) , © arcth (2 xo), (4)

a ToMy ¢a3oBa TOUYKA, BUUIIOBIIN 3 IIE€] TOUYKH JIa/i PyXa€ThCs 10 CIipaJii

(p) = 2+i f—l-é i 20 (P—¢")
alp) =(/Tot 5z | — %0 | €

JIOTH, TIOKY 3MiHa ¢ HabyjIe 3HaUeHHsT — 27 + (g, TOOTO ClipaJb nepeTHe NpoMiHb
=0, z>0.
B MomenT mporo meperuny

1 5 2 )
a(=2m + o) = \/xg + Oz (—I + 5:&3) 36 (—2m+0—¢")

Taxum unnoM, BigoOpaxenus [Tyankape h(x) mae Bursi

1 5 \? .
h:z— h(z) = \/902 + e (—I + 596) e~ 2a (2 —00) L g ©o. (5)
Hepyxomi Touku 115010 BijIoOpazkeHHsT — 1€ PO3B’SI30K PIBHSIHHS
cos® g - | 2% + = -1+ é:c 2 = en(@mHe" o) . 52 (6)
° 02 2 '

[IpoanamizyeMo 1ie piBHAHHS JAeTaabHille, MepemucaBlIid HOro B BUTJISI

1 (6 I\ “SaretaL (81 5 (9 5\’
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88 10. M. TIEPECTIOK

[To3HauUBIIY JIiBY YaCTUHY 1HOIO PiBHSHHSA Yepe3 ¢(x), 6auumo, 1mo g(r) MOHO-
TOHHO cnajua npu « > 0 dbyukiis, npuaomy g(z) — +o00, Koau x — 0+ i

T—r00

2
lim g(m) — 1 —+ (%) @_%arctg %o

[TopiBHIOIOYH 1€ rpaHUYHE 3HAYEHHS 3 IIPABOIO YaCTUHOIO PiBHSIHHS, 6ATNMO, 110
BOHO MeHIIIE Bi/l TPaBOl YaCTUHU, & TOMY JaHe PIBHIHHS 3aB¥K/IM MA€ OJTUH JTOTATHHI
Kopiab. O1ike, /st Oy1b-sKOro (PiKCOBAHOIO JIOAATHOIO 3Ha4YeHHs [ BigoOpakeHHst
[Tyauxape h(z) mae eauny mepyxomy touky x* > 0, h(x*) = x*, a Tomy Buxigna
CUCTeMa Ma€ €IUHUN PO3ZPUBHUN IUKJI:

Wl
|
8
% "“
N—
N—
—~
co
=

5 2 ]. 1 5 2 [ 1
2 . 2 56 (p—arctgs
€T + (x_|_§$) ._2 $*+_2 <_I_|_§$) 629(‘19 gﬂ( ,

Yo < <21+ ",

Posrnguemo Temep Toii e JHIAHAH MAgTHAK i1 TI€I0 IMITYIHCHOT CHJTA 33 YMO-
BU, 110 BOHaA ﬂle B MOMEHT IPOXOA2KEHHA HUM I1OJIO2KEHHA 3 HYJIBOBOIO IHBI/I,ZLKiCTIO, a
i1 BeJiIMYMHA MIPOIOPIIHHA TTOJIOKEHHIO MASITHUKA B 1eifl MOMEHT, TOOTO PO3IJISTHEMO
PO3DUBHY JUHAMIUHY CHUCTEMY

F+0r+wr?=0, 1#0,

i _ [ oz, x>0, (9)
A””'M‘{o, <0, a<0.

[Tokazkemo, 110 B Taxiit iMIyJIbCHIN CHCTEM] TTPYU TEBHUX 3HAYEHHSAX TapaMeTpiB
BCI PO3B’I3KH MOXKYTb OYTH IMEpiOJUYHHMHU a IX TPAEKTOpil — Ie OIHOIMITYJIHCHI
PO3pUBHI IMUK/IH. 3ayBaxKuMo, 1o (a3oBa Touka (z,T) ae § He TMOUMHAIA CBiil pyX
110 TPAEKTOPIT JindepeHiajibHOrO PIBHAHHSA CUCTEMU, 3 4aCOM IIePETUHATUME LIPAMY
iMiysibenol i © = 0, a TOMy J0CTaTHHO PO3IVISHYTH MOXKJIUBI pyxu (pa30BOi TOUYKH,
K1 TTOYMHAIOTHCS 3 TOYOK ITIET TPSIMOI.

I[Tepeiimosmu B cucremi (9) 1o 3minuux (a,p) 3a dopmyramu (2) MaTuMeMo
CUCTEMY PIBHAHD

da __ ) de __
= —5a, ar _Qv

)
dt 2 t tg@?'éma

_ [cospo + 1 g
Aa|tg @:% - <Cos<p* 1) a, tg ¥ |tg s0=% - Q (a + 2)’

B gKii

o . 1 )
Yo = arctgﬁ, p = arctgﬁ (a + 5) .
[ITo6 mobyayBaTu Bignosiane Bimobpazkenus [lyankape, po3MipkoByeMoO, 4K 1 B
nomepeIHLOMY BUIAJKY, Tak: Hexail dazosa Touka (x(t),(t)) mounnae cBiii pyx
t = 0— 3 rouku npsamoi & = 0, xg > 0. (x9,0) 3pasy x Bona "nepeckakye"s TOUKy 3
KoopauHaTamu (o, o) i Jaji PyXaeThest 0 TPAECKTOPIl AudepeHIiagibHol CucTemMu
i3 (3) 10 MOMEHTY HepeTnHy M€l TpaeKTOpil 3 J10JATHOW miBBicCiO oci abenuc: & =
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I[TPO KOJIMBAHHA MAATHNKA B CEPEJOBHUIII 3 OIIOPOM. .. 89

0, z > 0. dkmo Takuii neperun BinOymerbcs B Touri (zo,0), T0 pyx dazosoi
TOYKH CTa€ MHEPIOJMYHHM, a 11 TPAEKTOpPid — Ie IIMATOK BiIIIOBIIHOI TpaeKTOpil
nudepeniiaabaol cucremu i3 (3).

Banumremo Bignosigne Bimodpaxkenns [lyankape. B ammiityano-gaszoBux koop-
qunarax (@, a) Touni (xg,0) Bianmosigae 3amuc (@o,ap), To = agCOS Py, & TOUKA

Cos o
cos p*

(o, axp) B IUX 3MIHHUX Ma€ KOOpJAUHATH (O™, ag

Buitimosnin 3 1niei Touku azoBa TOUYKA PYyXAEThCs JAJI 38 3aKOHOM:

COSQ0 (o)

a = ap - €29 11

() cos " 0 (11)

JIO THX Hip, HOKHU ¢ HaOyJe 3Ha4YeHHs ¢ = —2T + (py, TOOTO BKa3aHa CIipaJib

nepetHe miBnpamy ¢ = 0, z > 0. B MoMmeHnT nmepetuny

CoS (g
a(=27 + o) = cos "

a TOMY BKa3aHa cllipaib ¢ = a(p) nepeTuHae JoJaTHY Bich abCIMC B TOYIN
1 = a(—27 + pg) - €os @, abo K

25 (—2m+po—¢*)
ao - 620 s

cos 9009: . ea0 (2T +po—¢") (12)

T = "
COS

Taxum ynnowm, Bijodopazkenns [lyankape mae BurJIsi

coS @y

h:x— e20(Z2mHeo=¢") g 1 > 0. (13)

Cos p*

e miniiine ogHopiaHe BimoOparkeHHs, KOXKHA TOUKa Lo > 0 /11 IKOTO € HEPYXO-
MOIO TOYKOIO, SIKIIIO TLIbKU HapaMeTpu BUXiJAHOI cucTeMu piBHsiHb (9) Taki, mio

COSP) -amten—e") _ 1, (14)
cos p*

SamnumneMo 1e piBHAHHA Y BUIVISII

1 1 5\ 2 —Sarctgg (a+3) _ (1 52 5 (2n—arctg 5 5
—l-@ 04—1-5 e = +@ e 7 (15)

BPaxXOBYIOUH, IO

cos? = 1 1 —1+i Oz—i—é :
Yo = 1+%7 C082Q0* — 02 5 .

[To3HAUUBINY JIBY YACTHHY IIOTO PIBHSAHHS, K (DYHKI0 3MIHHOT «, Yepes3 g(a),
pocaiaumo 11 s a < 0. Besnocepeaubo nepekonyemocs, mo g(a) — 400, Kom
a— —0o0 1

_9

5\’ ;
gla) = | 1+ (E) ST Qg

kosin o« — —0, 1 OCKLJIbKY IIpaBa 4aCcTUHA PIBHSHHS cTaJja i Olibma Big lim g(a),
a——0

TO poOUMO BHUCHOBOK, 1110 piBHAHHS Ma€ npu « < 0 eaunuil po3B’sa30K, AKUil Mu
MO3HAYNUMO Yepe3 o = .

Hayk. Bicuuk Y:kropox ya-ry, 2016, un. Ne2 (29)



90 10. M. TIEPECTIOK

JUYIHAMHA, a TPAEKTOPil KOXKHOTO 3 HUX € PO3PUBHUMH ITUKJIAMH.
Posrisinemo tenep 30ypeHunii ocuuJisiTOp i1 J€I0 Ti€l 2K iMITyJIbCHOT CHJIn

401+ wir =cef(zx, ), 1 #0,

. o'z, x>0, 16
Ax|¢:0:{0 x <0. 1o

Tyt f(x,2) - 3apana GyHKIisg 3MIHHUX T, £, BBAXKaTUMEMO 11 HerlepepBHO ude-
PEHIIIOBHOO, £ - MaJuii goJaTHuil mapaMerp o - KOpiub piBHsHHA (14).

To6TO MU PO3LJISTAEMO BUIIAJIOK, KOJH BCl pO3B’A3KU cucreMu piBHsHD (16) mpu
¢ = 0 e mepiognuanmu. BeTaHOBUMO TOCTaTHI YMOBHU iICHYBAHHS 130 TbOBAHUX PO3-
puBHEX 1UKIiB B cucremi (16), kouu € # 0.

BanpoBaausnmi B piBHsHHAX (16) 3aminy 3minHuX (2), nepeiigemMo Big mux pis-
HAHb JI0 CHCTEMU DiBHIHD

o= —ga+%f (acosgp,a(—%cosgp—I—Qsin(p))singp, 5

e o (17

‘Z—f = —Q+ 5 f (acosp, a (=2 cos+ Qsing)) cosy,
_ [ €os5¥o + _ 1 £ 0

Aa]tw:% = (cosgp* — 1) a, tgp ‘t9¢=% =9 (04 + 5) (18)

B fdKWX, SK 1 paHirie,

= arct 0 t = tl *+5 (19)
@o—arCQQQ, ) —arch o 5]

s cuporennst 3anucy Hajgamo pisasans (17) y Bursii

= o+ 5o g)sing, }
d e # o (20)
E%) = -0 + QiafO(aa (10) COS @,
IO3HAUBINH
) :
fola, ) = f | acosp, a —5C08 + Qsing | |,
a B Momentn uacy, komn tg @(t) = 5, cosp(t) > 0, Maemo Ti X BesUUMHT

CKAYKiB, 10 OMHUCYIOThCsT piBHAHHAME (18).
[Tozuauumo vepe3 V (a, ) dyukiiio

_5
Via, @) = ae 27,
LIOBHA LOXi/JiHA SKOI 110 t, CKJajeHa B cuity cucremu piBasiab (20) upu € = 0,

d s da 0 _s, dp
—V —e 20¥— — — e 209 .
T R
Ha NPOMIKKax HenepepBHOCTI dyHKII a = a(t) i ¢ = p(t), To6ro 1pu tgp(t) #

%, cos (t) > 0 ng dyukiis craa.

0
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O6uncaumvo nmoBHy noxiany no ¢ Big dyukmii V (e, a) B cuiy cucreMu piBHSHb
(20), komu @ # @o + 2km i € # 0. Maemo:

d £ _ 0
= — _7@ 3 —_
abo K

d € . 1)
——Vﬁuw)=:56‘$@{ﬁ@%w)ﬁnw-—gﬁﬁxm¢ﬂam¢}X

1
X .
—Q 4 5 fola, ) cosp

3BigcH BUMINBAE, IO 3 TOUHICTIO 0 BEJNUNHN TMOPSIKY MAJOCTi £2

V(0 9) = e | la, psing = 2 fla, p)eosg ]

3po3ymisio, mo Ha Bijaminy Big Bunajgky € = 0, npu € # 0 dasoBa Kpua MO-
JKe He TOPOJIXKYBATH PO3PUBHUI ITUKJ BOHA MOXKE 3 POCTOM (p, HAOJIUKATUCS JIO
NOYaTKy KOOpAWHAT a00 K BiJ HbOro Biaxunadaruck. 1106 3’dacyBatn gxwmii 3 nux BU-
MaJIKiB HACIPABJI Ma€ Micie po3riagHeMo npupict dyskiii V(a, @) 3a oqun obeprt
HABKOJIO 110o4YaTKy Koopjunar. Hac mikaBurume 3nak nporo npupocty. Ha cripadi,
IO PO3KPYUYETHCs, MPUPICT JOJATHIN, a Ha cripaJi, IO CTUCKYETHCS 3 POCTOM (0,
BiH BiJI’€MHWIl, a HA MUKJI el TPUPICT JOPIBHIOE HYJIIO.

[I106 o6uuncauTu npupict dbysknil V(a, @) 3a oaqun obepr, Tpeda 10 HYHKIIO
OPOIHTErpyBaTH B3J0BK HellepepBHOI YaCTHHU TPAECKTOPIl, KA Ha Kajb, HEBIIOMA.
Aste B cuy Teopemu Tpo audepeHIiioBHICT PO3B’A3Ky 3a MapaMerpoM (JIuB. Ha-
npukJaj 6], reopema 5.12) npu J0CTaTHRO MAJINX 3HAYEHHSIX TapaMerpa £ (po3B’s-
30K cucremu 1ipu € # 0 (Ha CKiHYEHOMY MTPOMIKKY 9acy) BiAPI3HSETHCSI TTOMPABKOIO
HOPAJIKY € BiJl BiamoBijHOro po3B’a3Ky cuctemu npu € = 0. Tomy inTerpyBaHHs
MOYKHA, IPOBECTH 3 TOYHICTIO 70 BeJHYHHE TOPAIKY €2 MO KyCKy CIipai

a(p) = aoe%“’, 0o < < 2T+ ",

Haramaemo, mo KoyKeH TaKuil KyCcOK CIipaJii y BUMaJAKy & = & € TPAEKTOPIEIo
ePioUIHOTO PO3B 3Ky cucremu piBHgAHb (20) mpu € = 0.
Orxe, npupict dbyukiii V(a, p) € Bernanna

9 It 5

0 . e 2a¥ {fo (ae%‘o, gp) (singp — 2(; cosg0>] dp+e*...,

IO 3 TOYHICTIO 70 £2 BU3HAYAETHCS BUPA3OM

€ 52 /2ﬂ‘+§0 ,i 5
= — 4[24+ 209 fy (ae22?, ¢ ) cos(p + V)dp,
AR (acthe. )

Jie ¢ = arcsin

52 "

1+@
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92 10. M. TIEPECTIOK

3a BaacTuBocTsaMu GYHKINT F'(a) MOKEMO CyIUTH PO MOBEIIHKY PO3B A3KiB CH-
cremn (16) (mpm mocTaTHRO MaNUX 3HAYEHHSX Mapamerpa € > 0). fkmo dbynkmisa
JIoJIaTHA, TO B BUX1/IHIH cUCTEeMi KOJIMBAHHSI HAPOCTAIOTh, & SKIIO Bi/I'€MHa, TO BiJ0y-
BaIOThCH 3racaiodi KoJiuBanus. MoK/MBuii BUNIQJI0K, KOJIH 115 (DYHKITisl 3MIHIOE 3HAK.
Hexait a = a* - npocruii gonarauit kopinb byskiii F(a) @ F(a*) =01 F'(a*) # 0.
Tomi mpu gocTaTHbO MaIuUX 3HaUYeHHAX € > () TOUKa @ = a* HMOPOJZKY€ Y BUXIiTHIii
cuCTeMIi OTHOIMITYTHLCHUN PO3PUBHUI TTHK.T.

[ligBogsgan miaCYMOK, MOKHA c(POPMYTIOBATH TaKe TBEPIZKEHHSI.

Teopema 1. Hezali 6 cucmemi pishans (16) dynruia f(x, 1) e nenepepsno du-
Ppepenyitiosnorn 6 deaxomy wpysi 2 + 2 < r? i napamempu cucmemu mari, w0
a = a* e 6id’ emnum kopenem pishsanns (15). dxwo pienanns F(a) = 0 mae i3oavo-
sanuti dodamnuli kopine a = a* makud, wo F'(a*) # 0, mo npu docmamnvo masus
aHauennAr napamempa € > 0 cucmema Pi8HAHL MAE POPUSHUT 0OHOIMNYNDCHUT

yura. Llet yuka e acumnmomuyno cmitixum, axuo F'(a*) < 0 i necmitixum, axuo
F'(a*) > 0.

Pozriisinemo Terep BUTAI0K, KOJW OCIHUJISITOP MiIAAETHCS il IMITYJILCHOI CUJIN
KOXKHUI pa3 Koiu (a30Ba TOUKA MPOXOTUTH MOJ0KeHHd & = () 1 BeITMInHA IMITYJIbCY
B Ileifi MOMEHT IpOHOPIliiiHa MOJIOKEeHHIO, ToOTO axr, « < (. Cucrema piBHSHD, IO
OIUCYE PYX TAKOI'O OCIUJISTOPA MA€E BULJISAL

I+ 0t +wir =cef(zx, ), 1#0,

. 21
Atz = ax|,_,. (21)
gk 1 panime, 3anpoBaauBIIl 3MiHHI (@, ©) 3a hopMmyTaMu
; 0 ~ 2 s O
T = acos ¢y, T=a —écosgojt@smap ) " =w —
nepeiIeMo 10 CUCTEMHU PiBHSHD
%z—%a—i—%f (acos<p, a(—gcosgo—i—ﬂsin(p))sin(p, (22)

C(li_f:_Q+aiQf <acosg0, a(—%cosgo%—ﬂsingp))cosgp, tg @7&%

_ [ cos o e
Aa’|t_(] s@:% - (m - 1) a’ A90|tg s@:% - (ID QDO

CrnovyaTky BCTAaHOBUMO YMOBH, NIPW BUKOHAHHI SKUX B BUXIi/IHiil CHCTeMi Y BH-
nagky € = 0 Bci po3B’I3KH € MepioguIHUMHU, TOOTO KOKHA TPAECKTOPIS MOPOIXKYE
JIBOIMITYJIbCHU PO3pUBHUI UKL [J1s1 1IbOTO, 5K 1 IIPU JIOC/Ii/I2KeHH] iCHYBaHHS OJIHO-
IMITyJIbCHUX IUKJIB, TOOY/1yeMO BinosiiHe BijgoOparkenus [lyankape.

®azoBa Touka (x, ), mouasmu pyx npu t = —0 3 nojoxenns (xg, 0), uig giero
IMITYJIbCHOT CHJIM MUTTEBO TEPECKAKYE B TOUKY (Tg, ). Jdaui mix miero Hemepeps-
HOTO 3aKOHY PyXy BOHA momajae B Touky (1, 0), 1 < 0, 3BiAKH MUTTEBO TIONATAE
B TOUKY (z71, ary). 3 1i€l TOUKY Wi JI€I0 HEIEPEPBHOIO 3aKOHY PYXy BOHA 3 YACOM
nomnajae B Touky npsamoi & = 0, x > 0. [losnauumo 1o touky (z*, 0). dxkuio

T* = X9, TO e il 0O3HAYAE, IO TPAEKTOPIEI0 PYXy (Pa30BOI TOUKH € JIBOIMITYIHCHUM
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I[TPO KOJIMBAHHA MAATHNKA B CEPEJOBHUIII 3 OIIOPOM. .. 93

po3puBHUiI UK. Touka x(, IO MOPOIKYE Tell pO3PUBHUI MUK, € HEPYXOMOIO TO-
YKOIO ONUCAHOrO BimoOpaxkenus Ilyankape: h : xo — z*.

Beranosumo suriisin byukuii b = h(xg). Ko e = 0, To 3miuni a i ¢ 3a1exarnb
BiJ[ { TAKUM YHHOM

a=a(t) = a(te)e 2070, = o(t) = p(ty) — Qt — to)

Juis Beix ¢, rakux mo tg p(t) # %, T06T0 KON (1) # o + km, a upu p(t) =
o + k7 1i 3MiHHI 3a3HAIOTH PO3PUBIB MEPIIOrO poiy 3rigHo cucremu (22).

OT:ke, HA MPOMIXKKaAX HEMEPEPBHOCTI 3MiHU ¢ @ —T < @ — @y < ¢* — o i
2T <p—o < T+ " =g

a(p) = ao—ﬁgzjfe%(“"w*% T+ o < @ < %
(23)
a(p) = mZERemE+T¢) I 4 gy < p < T+,
zie
a; = ag COSP0 s (—m0—¢").
cos p*
Taxum gyuHOM
COSQQD[) —i(ﬂ"i‘ *_ )
a(po — 2m) = ag——5— € 2T ¥,
cos® p*
a 3HaYuTh, byHKIIA h = h(x) Bigobpazkae MOYATKOBY TOUYKY Z( B TOUKY
COS® 00 5 (ripr )
x = a(po — 2m) cos pg = Tg——y—— - € 2 THF TR0
cos® p*
TOOTO
2
oS .
h=h(r)=2—; LA ) (24)
cos” p*

Hepyxowmi Touku Bimo6pazkenus [lyankape h : © — h(x) - 11e po3B’si3Ku piBHSIHHS

2
COS™ ©o s *_
— eg(ﬂ—"'ﬂa ‘PO) . .I',

cos? p*
3 FKOr0 poOMMO BHCHOBOK, IO KOKHA TOYKa T > ( € HepyXOMOM TOYKOIO BijI-

obpaxkeHHst h, AKIIO TiIBKA BUKOHYETbCsI PIBHICTH

2
Cos Yo _ e & (" —¢0) (25)

cos? p*
SKY 1€ MOYKHA IOJATH B TAKOMY BHIJIsII
[

_ e%(w+arct9é(a+§)—amt9%) (26)

Y

2
1+ (35)
abo
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94 10. M. TIEPECTIOK

In (1 + o (a+ g)2> — Sarctgs (a+13) =
=In (1 + (%)2> + % (7T — arctg%) .

Jlocsiijiumo 1110 piBHICTD, K piBHgHHS 11010 o < 0. [lo3nauusiium JiiBy 4acTuny
pPiBHSHHS Yepe3

() =1 14—i —I—é2 —é tl +é (28)
gla) =1n g \ets garctgg e+ 35 ).

DaunMo, 110

(27)

. I\ 0 5
alirgog(a) =1In (1 + (@> ) - §arctg%,

TOOTO, 11 BEJUYMHA 3aBXK/JIM MEHIIA BiJl MpaBol YacTUHU piBHAHHA. OCKIIbKH
IpaBa YacTHHA PIBHSHHSA cTana, a JjiBa g(a) — +00, Koau o — —00, TO PiBHSH-
Ha (26) Mae Big'eMHUN KOpiHb, kUil Mu nozHaunmo o = o < 0. Takum duHOM,
CIpaBe/INBE TaKe TBEeP/2KEHHSI.

Teopema 2. drwo 6 cucmemi pishans (21) a = a* < 0 - € Kopins pisHAHHA
(26), mo npu € = 0 6ci PO36°A3KU YUT PIBHAHD € NEPIOOUNHUMU, G MPLEKMOPILA
KOAHCHO020 3 HUL € 080tMNYAbchull po3pushul yukas. Lled yuka 3adaemovcs 6 napa-
MEMPUUHOMY BULAADT PIGHAHHAMU:

Zo

T = e30(P=%0) . cos g, (29)

COS g

Zo

)
T = e (P=%0) <——cosgo+Qsingo) , Yo < < T+ T,
COs g 2

1 PIBHAHHAMU

xo
cos p*

S (o
T = e2a(P7T%0) . cos @,

(30)

= %0 a5 (p—m—p0) (_5 cos ¢ + 2 sin 90) ,

cos p* 2

AKWO T+ Yo < @ < 27 + ©*.

Ty, gk i panite, @y = arctg%, a "= arctg% (a* + %)

3’sicyeMo Terep MOXKJIMBICTH iCHYBaHHSI DO3PUBHUX IUKJIB B cucremi (22) mpu
e # 0y Bumagky o = o,

BgiBmn mo3navennsa

fola, @)= f (acosgp, a (—gcosg0+ﬂsingp)) ,

110/1aMO 11 B BUIVISIIL

da ) € :
% = —s5a+ g fola, p)sine, ¢ 0 31
fe — 0+ = fola, p)eosy, BT o (31)
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Y Y ok
Aa|t9 p=o <cos<p* 1) a, A@‘tg o= = ¥ ¥o,

2Q

) 1
= arctgﬁ, p* = arctgﬁ <a* + —> ,

Je o - Bl emunit Kopinb piBusinns (26).
¢k i npu gociKeHHl MTUTaHH ICHYBaHHS OJHOIMITYJIbCHUX IUKJIB, PO3TJISTHEMO
dyHKIIII0

Via, ) =a- e 3%,

[l dbyukuis € cranoo B310BK po3’a3kis cucremu (31) nupu € =0, a upu € # 0
noxiHa 1iel GyHKIil 1o ¢, ckiagena B cuity pisasiab (31), €

av

- ~5pda
dt

20 7w

I o %0 (g€ _
e l 5@+ ewola, p)sing QQ( 0+ 5 fola, 90)60890”

é
g @’ﬁ‘f’ .

Q2o

[fo(a, @) sinp — %fg(a, ©) cos go] ,

% = —%6_%9" [fo(a, @) sing — %fo(a, ©) cosgo} +e%...

[To6 3’sicysaTn, sikuii npupict ojgep:kye dbyHukiisg V(a, @), KOJIu @ OIepKye
npupict 27w, Tpeba i1 nmpo iHTterpyBaTu B Mexkax Bia 0 70 27 B3JI0OBXK TpaeKTOpil
cucremu piBHgAHB (31). Ha »Kaub, i€l TpackTopii HaM HeBioMo. Ajie MU BiKe 3HAEMO,
[0 KOYKHA TaKa TPAECKTOPIS JIEXKUTH B jIessKoMy OKOJI1 Uz PO3PUBHOIO MUKJIY CHCTEMUI
(31) mpu € = 0, piBusiansg (29),(30) sikoro HaMm BzKe BiJOMI.

[HTerpyroun oCTaHHIO PIBHICTH 110 MUK/, MaeMo upupict GyHkiii V(a, ¢) 3a
oJInH 0OOPOT ¢ 3 ypaxXyBaHHAM CKAYKIB JIJId 3MIHHUX @ 1 ¢:

€ S £ (o—0)
14— e 20% f, (aem $=vo) go) cos(p + U)do+
©

~ o T 0
27 +p*
+/ e_%@fo <COS 902 qe36 (P—T=¢0) cos(y + 19)) d(p] L2
T+%0 cos @
52
:% 1+ZF(a)+52...,

e

Tty ) )
F(a) = —/ e 2% . fy (aem(“”“’O) - cos(p + 19)) dp+
®
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*

T+
+/ eT30% . (COS 20 gedalemm0) . cos(ip + 19)) dp. (32)
T+po cos ¢

[lizcymoBytoun HaBejeHi BUINE BUKJIAJIKUA, MOXKEMO c(HOPMYJIIOBATH TaKe TBEP-
JIZKeHH.

Teopema 3. Hezali 6 pisnannar (21) gynkuia f(x, &) e nenepepero dugepen-
YitiosHo0 6 dearomy Kpy3si

2?4 1% < r?
aa=a* <0 e 6id’ emmrum kopernem pienanna (26).
Sxwo pienanna F(a) = 0 mae isoavosanutd dodamnut kopins a = a*, maxud,
wo F'(a*) # 0, mo ichye maxe 9 > 0, wo das koocrnozo €, 0 < e < gy cucmema

piehans (21) mae dsoimnysvcrudl pospusrud yuka. Iled yuka e emitikum, K0
F'(a*) < 0 i neemitixum, axwo F'(a*) > 0.

BayBaxKuMo, 10 Teii POIPUBHUI UK 3HAXOUTHCA B JAesdkomy U (g)-0KoJii KyCKiB
KPUBOI, dKIIO Ha (a30Biil MJIOIMHI B HTAPAMETPUYHOMY BHIJISA/I 33/]a€ThC PIBHSH-
HAMU

5
r = a*ex (P70 . cos g, i = q*eaa(P—0) (—5 cos ¢ + ()sin gp) )

AKIIO @ < @ < T+ ¢* 1 pIBHAHHAMA

z = a* 2P0 s em—v0) . gog ©,
cos p*
o
cos p* 2

AKIIO T + @ < @ < 271 + ™.
Pyx dazoBoi To4Yk#u 110 bOMY HHUKJIY € HEPIOAUIHUM 3 HEePIOIOM II0/I0

Qt piBauM 2(7 4+ ©* — o).
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