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ÏÅÐÅÄÌÎÂÀ

Öi ìåòîäè÷íi âêàçiâêè ïðèçíà÷àþòüñÿ ñòóäåíòàì ìàòåìàòè÷íîãî
ôàêóëüòåòó äåííî¨ òà çàî÷íî¨ ôîðì íàâ÷àííÿ, ÿêi ïîâèííi âèâ÷èòè
êóðñ "Ëiíiéíà àëãåáðà". Äëÿ ãëèáîêîãî ðîçóìiííÿ òåîðåòè÷íîãî ìà-
òåðiàëó öüîãî êóðñó òà ïðàêòè÷íîãî çàñòîñóâàííÿ âàæëèâå çíà÷åííÿ
ìà¹ ðîçâ'ÿçóâàííÿ çàäà÷ òà ïðèêëàäiâ. Ñàìå öèì êåðóâàëèñÿ àâòîðè
ïðè íàïèñàííi äàíèõ ìåòîäè÷íèõ âêàçiâîê.

Ïîñiáíèê ñêëàäà¹òüñÿ iç äâîõ ÷àñòèí, â ïåðøié iç ÿêèõ ïðèâîäÿ-
òüñÿ ïðèêëàäè ðîçâ'ÿçóâàííÿ çàäà÷, à â äðóãié � çàâäàííÿ äëÿ ií-
äèâiäóàëüíî¨ ðîáîòè. Âiäçíà÷èìî, ùî ó çâ'ÿçêó ç îáìåæåíèì îáñÿãîì
äàíîãî ìåòîäè÷íîãî ïîñiáíèêà çðàçêè ðîçâ'ÿçóâàííÿ çàäà÷ íàâîäÿ-
òüñÿ ëèøå ç íàéáiëüø âàæëèâèõ ïèòàíü íàâ÷àëüíî¨ ïðîãðàìè.

Ìåòîäè÷íi âêàçiâêè ìàþòü íà ìåòi äîïîìîãòè ñòóäåíòó ìàòåìà-
òèêó â ñàìîñòiéíié ðîáîòi ïî âèâ÷åííþ êóðñó "Ëiíiéíà àëãåáðà", ó
ïiäãîòîâöi äî ñêëàäàííÿ âiäïîâiäíèõ çàëiêiâ òà iñïèòiâ.

Àâòîðè ùèðî âäÿ÷íi çàâiäóâà÷ó êàôåäðè àëãåáðè Óæãîðîäñüêîãî
äåðæàâíîãî óíiâåðñèòåòó ïðîôåñîðó Ï. Ì. Ãóäèâêó çà ïîñòiéíó óâàãó
òà äîïîìîãó, ïðîÿâëåíó ïðè íàïèñàííi öèõ ìåòîäè÷íèõ âêàçiâîê.
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ÇÐÀÇÊÈ ÐÎÇÂ'ßÇÓÂÀÍÍß ÇÀÄÀ×

Ïðèêëàä 1. Äîâåñòè, ùî ñèñòåìà âåêòîðiâ a1 = (1, 1, 1, 1), a2 =
= (1, 0, 1, 1), a3 = (1, 1, 0, 1), a4 = (1, 1, 1, 0) ¹ áàçèñîì âåêòîðíîãî ïðî-
ñòîðó R4 íàä ïîëåì äiéñíèõ ÷èñåë R. Çíàéòè ôîðìóëè äëÿ êîîðäèíàò
âåêòîðà x = (χ1, χ2, χ3, χ4) ∈ R4 ó öüîìó áàçèñi. ßêèìè ¹ êîîðäèíàòè
âåêòîðà c = (−1, 0,−1, 0) â áàçèñi a1, a2, a3, a4?

Ðîçâ'ÿçàííÿ. Ñèñòåìà âåêòîðiâ a1, a2, a3, a4 âåêòîðíîãî ïðîñòî-
ðó R4 íàä ïîëåì äiéñíèõ ÷èñåë R ¹ áàçèñîì òîäi i òiëüêè òîäi, êîëè
äåòåðìiíàíò ∆, ñêëàäåíèé iç êîìïîíåíò äàíèõ âåêòîðiâ âiäìiííèé âiä
íóëÿ. Îá÷èñëèìî öåé äåòåðìiíàíò.

∆ =

∣∣∣∣∣∣∣∣

1 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣

1 1 1 1
0 −1 0 0
0 0 −1 0
0 0 0 −1

∣∣∣∣∣∣∣∣
= −1 6= 0.

Îòæå, ñèñòåìà âåêòîðiâ a1, a2, a3, a4 ¹ áàçèñîì ïðîñòîðó R4.
Íåõàé κ1, κ2, κ3, κ4 � êîîðäèíàòè, äàíîãî â óìîâi âåêòîðà x, ó

áàçèñi a1, a2, a3, a4. Òîáòî x = κ1a1 + κ2a2 + κ3a3 + κ4a4. Òîäi ìàþòü
ìiñöå ðiâíîñòi 




κ1 + κ2 + κ3 + κ4 = χ1,
κ1 + κ3 + κ4 = χ2,
κ1 + κ2 + κ4 = χ3,
κ1 + κ2 + κ3 = χ4.

(1)

Òàêèì ÷èíîì äëÿ âèçíà÷åííÿ êîîðäèíàò âåêòîðà x ó áàçèñi a1,
a2, a3, a4 íåîáõiäíî ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ ðiâíÿíü (1) ç íåâi-
äîìèìè κ1, κ2, κ3, κ4. Äëÿ öüîãî âèêîíà¹ìî íàñòóïíi ïåðåòâîðåííÿ
íàä ðîçøèðåíîþ ìàòðèöåþ îäåðæàíî¨ ñèñòåìè.




1 1 1 1 χ1

1 0 1 1 χ2

1 1 0 1 χ3

1 1 1 0 χ4


 →




1 1 1 1 χ1

0 −1 0 0 χ2 − χ1

0 0 −1 0 χ3 − χ1

0 0 0 −1 χ4 − χ1


 →

→




1 0 0 0 χ2 + χ3 + χ4 − 2χ1

0 −1 0 0 χ2 − χ1

0 0 −1 0 χ3 − χ1

0 0 0 −1 χ4 − χ1


 .
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Çâiäñè κ1 = −2χ1+χ2+χ3+χ4, κ2 = χ1−χ2, κ3 = χ1−χ3, κ4 = χ1−χ4.
Äëÿ âåêòîðà c = (−1, 0,−1, 0) îäåðæó¹ìî íàñòóïíi çíà÷åííÿ êîîðäè-
íàò ó öüîìó áàçèñi: κ1 = 1, κ2 = −1, κ3 = 0, κ4 = −1, òîáòî

c = 1 · a1 − 1 · a2 + 0 · a3 − 1 · a4.

Ïðèêëàä 2. Äîâåñòè, ùî ñèñòåìè âåêòîðiâ a1 = (1, 1, 1), a2 = (2,
1, 1), a3 = (3, 2, 3) òà b1 = (0, 1, 0), b2 = (1, 1, 2), b3 = (1, 2, 1) ¹ áàçèñà-
ìè âåêòîðíîãî ïðîñòîðó R3. Çíàéòè ìàòðèöþ ïåðåõîäó òà ôîðìóëè
ïåðåòâîðåííÿ êîîðäèíàò ïðè ïåðåõîäi âiä ïåðøîãî äî äðóãîãî áàçèñó.
Çíàéòè áåçïîñåðåäíüî êîîðäèíàòè âåêòîðà c = (1, 2, 3) â îáîõ áàçè-
ñàõ i ïîòiì ïåðåâiðèòè îäåðæàíèé ðåçóëüòàò çà äîïîìîãîþ ôîðìóë
ïåðåòâîðåííÿ êîîðäèíàò.

Ðîçâ'ÿçàííÿ. Àíàëîãi÷íî, ÿê ó ïîïåðåäíüîìó ïðèêëàäi, îá÷è-
ñëèìî äåòåðìiíàíòè, ñêëàäåíi âiäïîâiäíî iç êîìïîíåíò âåêòîðiâ a1,
a2, a3 òà b1, b2, b3.

∣∣∣∣∣∣

1 2 3
1 1 2
1 1 3

∣∣∣∣∣∣
= −1,

∣∣∣∣∣∣

0 1 1
1 1 2
0 2 1

∣∣∣∣∣∣
= 1.

Îñêiëüêè îáèäâà äåòåðìiíàíòè íå äîðiâíþþòü íóëþ, òî ñèñòåìè âå-
êòîðiâ a1, a2, a3 òà b1, b2, b3 ¹ áàçèñàìè ïðîñòîðó R3.

Çíàéäåìî ìàòðèöþ ïåðåõîäó âiä ïåðøîãî äî äðóãîãî áàçèñó. Äëÿ
öüîãî ïîòðiáíî ðîçêëàñòè âåêòîðè äðóãîãî áàçèñó ïî ïåðøîìó áàçèñó,
òîáòî çíàéòè êîîðäèíàòè âåêòîðiâ äðóãîãî áàçèñó ó ïåðøîìó áàçèñi.
Íåõàé τ1j , τ2j , τ3j � êîîðäèíàòè âåêòîðà bj ó áàçèñi a1, a2, a3 (j =
1, 2, 3), òîäi

b1 = τ11a1 + τ21a2 + τ31a3, b2 = τ12a1 + τ22a2 + τ32a3,

b3 = τ13a1 + τ23a2 + τ33a3.
(2)

Ïåðåéøîâøè âiä ðiâíîñòåé âåêòîðiâ (2) äî ðiâíîñòåé âiäïîâiäíèõ êîì-
ïîíåíò, îòðèìà¹ìî òðè ñèñòåìè ëiíiéíèõ ðiâíÿíü





τ11 + 2τ21 + 3τ31 = 0,
τ11 + τ21 + 2τ31 = 1,
τ11 + τ21 + 3τ31 = 0;





τ12 + 2τ22 + 3τ32 = 1,
τ12 + τ22 + 2τ32 = 1,
τ12 + τ22 + 3τ32 = 2;





τ13 + 2τ23 + 3τ33 = 1,
τ13 + τ23 + 2τ33 = 2,
τ13 + τ23 + 3τ33 = 1.
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Òàê ÿê ìàòðèöi öèõ ñèñòåì ïîïàðíî ðiâíi, òî ðîçâ'ÿæåìî öi ñèñòåìè
îäíî÷àñíî, âèêîíóþ÷è íàñòóïíi ïåðåòâîðåííÿ íàä ìàòðèöåþ, ñêëà-
äåíîþ ç êîìïîíåíò âåêòîðiâ a1, a2, a3, b1, b2, b3.




1 2 3 0 1 1
1 1 2 1 1 2
1 1 3 0 2 1


 →




1 2 3 0 1 1
0 −1 −1 1 0 1
0 −1 0 0 1 0


 →

→



1 2 3 0 1 1
0 −1 −1 1 0 1
0 0 1 −1 1 −1


 →




1 0 1 2 1 3
0 −1 −1 1 0 1
0 0 1 −1 1 −1


 →

→



1 0 1 2 1 3
0 −1 0 0 1 0
0 0 1 −1 1 −1


 →




1 0 0 3 0 4
0 1 0 0 −1 0
0 0 1 −1 1 −1


 .

Òàêèì ÷èíîì,

T =




τ11 τ12 τ13

τ21 τ22 τ23

τ31 τ32 τ33


 =




3 0 4
0 −1 0

−1 1 −1




� ìàòðèöÿ ïåðåõîäó âiä áàçèñó a1, a2, a3 äî áàçèñó b1, b2, b3. Íåõàé
κ1, κ2, κ3 òà κ′1, κ′2, κ′3 � êîîðäèíàòè âåêòîðà x ∈ R3 âiäïîâiäíî ó
áàçèñàõ a1, a2, a3 òà b1, b2, b3, òîáòî

x = κ1a1 + κ2a2 + κ3a3 = κ′1b1 + κ′2b2 + κ′3b3.

Òîäi 


κ1

κ2

κ3


 =




3 0 4
0 −1 0

−1 1 −1







κ′1
κ′2
κ′3


 .

Ïåðåâiðèìî öþ ðiâíiñòü ó âèïàäêó âåêòîðà c = (1, 2, 3). Çíàéäåìî
ñïî÷àòêó êîîðäèíàòè âåêòîðà c ó áàçèñi a1, a2, a3, à ïîòiì ó áàçèñi
b1, b2, b3.



1 2 3 1
1 1 2 2
1 1 3 3


 →




1 2 3 1
0 −1 −1 1
0 −1 0 2


 →




1 2 3 1
0 −1 −1 1
0 0 1 1


 →

→



1 0 1 3
0 −1 −1 1
0 0 1 1


 →




1 0 1 3
0 −1 0 2
0 0 1 1


 →




1 0 0 2
0 1 0 −2
0 0 1 1


 .
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Îòæå, κ1 = 2, κ2 = −2, κ3 = 1.



0 1 1 1
1 1 2 2
0 2 1 3


 →




1 1 2 2
0 1 1 1
0 2 1 3


 →




1 1 2 2
0 1 1 1
0 0 −1 1


 →

→



1 0 1 1
0 1 1 1
0 0 −1 1


 →




1 0 1 1
0 1 0 2
0 0 −1 1


 →




1 0 0 2
0 1 0 2
0 0 1 −1


 .

Îòæå, κ′1 = 2, κ′2 = 2, κ′3 = −1. Äàëi ïåðåêîíó¹ìîñÿ ó âiðíîñòi ðiâíîñòi



2
−2

1


 =




3 0 4
0 −1 0

−1 1 −1







2
2

−1


 .

Ïðèêëàä 3. Çíàéòè ðîçìiðíîñòi é áàçèñè ñóìè L1 + L2, à òàêîæ
ïåðåòèíó L1∩L2 ëiíiéíèõ ïiäïðîñòîðiâ L1 òà L2 ïðîñòîðó R5, äå L1 �
ïðîñòið ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü





x1 − x2 + 2x3 + 3x4 + x5 = 0,
x1 + 2x2 + x3 + 3x5 = 0,

2x1 + 2x2 + 3x3 − x4 + 5x5 = 0,
3x1 + x2 + 5x3 + 2x4 + 6x5 = 0,

(3)

à L2 = 〈a1, a2〉 � ëiíiéíà îáîëîíêà, íàòÿãíóòà íà ñèñòåìó âåêòîðiâ
a1 = (7, 2,−4, 1, 1), a2 = (10,−1, 0,−2,−6).

Ðîçâ'ÿçàííÿ. Çíàéäåìî ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ äà-
íî¨ â óìîâi ñèñòåìè ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü




1 −1 2 3 1
1 2 1 0 3
2 2 3 −1 5
3 1 5 2 6


 →




1 −1 2 3 1
0 3 −1 −3 2
0 4 −1 −7 3


 →

→



1 −1 2 3 1
0 3 −1 −3 2
0 1 0 −4 1


→




1 −1 2 3 1
0 1 0 −4 1
0 0 −1 9 −1


→




1 0 0 17 0
0 1 0 −4 1
0 0 1 −9 1


.

Òàêèì ÷èíîì, b1 = (−17, 4, 9, 1, 0), b2 = (0,−1,−1, 0, 1) � ôóíäàìåí-
òàëüíà ñèñòåìà ðîçâ'ÿçêiâ, à îòæå, áàçèñ ïiäïðîñòîðó L1.
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Òåïåð, ùîá çíàéòè ðîçìiðíiñòü é áàçèñ ïiäïðîñòîðó L1 + L2, çíà-
éäåìî ðàíã ìàòðèöi

A =




−17 4 9 1 0
0 −1 −1 0 1
7 2 −4 1 1

10 −1 0 −2 −6


 ,

ðÿäêè ÿêî¨ âiäïîâiäíî ñïiâïàäàþòü iç âåêòîðàìè b1, b2, a1, a2. Ïîñ-
êiëüêè ∣∣∣∣

7 2
10 −1

∣∣∣∣ = −27 6= 0,

òî 2 ≤ rankA ≤ 4. Îá÷èñëèìî ìiíîð
∣∣∣∣∣∣

0 −1 −1
7 2 −4

10 −1 0

∣∣∣∣∣∣
=

∣∣∣∣∣∣

0 0 −1
7 6 −4

10 −1 0

∣∣∣∣∣∣
= (−1)1+3(−1)

∣∣∣∣
7 6

10 −1

∣∣∣∣ = 67 6=0. (4)

Òîìó 3 ≤ rankA ≤ 4. Îá÷èñëèìî äàëi ìiíîðè ÷åòâåðòîãî ïîðÿäêó,
ùî ìiñòÿòü ìiíîð (4).

∣∣∣∣∣∣∣∣

−17 4 9 1
0 −1 −1 0
7 2 −4 1

10 −1 0 −2

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣

−17 4 9 1
0 −1 −1 0

24 −2 −13 0
−24 7 18 0

∣∣∣∣∣∣∣∣
=

= (−1)1+4

∣∣∣∣∣∣

0 −1 −1
24 −2 −13

−24 7 18

∣∣∣∣∣∣
= −

∣∣∣∣∣∣

0 0 −1
24 11 −13

−24 −11 18

∣∣∣∣∣∣
= 0;

∣∣∣∣∣∣∣∣

−17 4 9 0
0 −1 −1 1
7 2 −4 1

10 −1 0 −6

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣

−17 4 9 0
0 −1 −1 1
7 3 −3 0

10 −7 −6 0

∣∣∣∣∣∣∣∣
=

= (−1)2+4

∣∣∣∣∣∣

−17 4 9
7 3 −3

10 −7 −6

∣∣∣∣∣∣
=

∣∣∣∣∣∣

−17 4 9
−10 7 6

10 −7 −6

∣∣∣∣∣∣
= 0.

Òàêèì ÷èíîì, rankA = 3. Òîìó ðîçìiðíiñòü ïiäïðîñòîðó L1 + L2

äîðiâíþ¹ 3, à ñèñòåìà âåêòîðiâ b1, b2, a1 ¹ áàçèñîì öüîãî ïiäïðîñòîðó.
Íåõàé c ∈ L1 ∩ L2. Òîäi ç îäíîãî áîêó iñíóþòü òàêi äiéñíi ÷èñëà

α1, α2, ùî

c = α1a1 + α2a2 = (7α1 + 10α2, 2α1 − α2,−4α1, α1 − 2α2, α1 − 6α2),
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à ç iíøîãî áîêó êîìïîíåíòè âåêòîðà c çàäîâîëüíÿþòü ñèñòåìó (3).
Ïiäñòàâëÿþ÷è êîìïîíåíòè âåêòîðà c ó êîæíå ðiâíÿííÿ öi¹¨ ñèñòåìè,
îäåðæèìî íàñòóïíó ñèñòåìó ðiâíÿíü





α1 − α2 = 0,
10α1 − 10α2 = 0,
10α1 − 10α2 = 0,
11α1 − 11α2 = 0.

Çâiäñè α1 = α2 i, îòæå, c = α1(a1 + a2). Òîìó âåêòîð c0 = a1 + a2 =
= (17, 1,−4,−1,−5) ¹ áàçèñîì ïåðåòèíó L1 ∩ L2 ïiäïðîñòîðiâ L1 òà
L2 ïðîñòîðó R5.

Ïðèêëàä 4. Âiäîáðàæåííÿ ϕ : R3 → R3 êîæíèé âåêòîð x =
= (χ1, χ2, χ3) ïåðåâîäèòü ó âåêòîð ϕ(x) = (χ1 + χ2 + χ3, 2χ1 − χ3,
3χ2−χ1). Äîâåñòè, ùî ϕ ¹ ëiíiéíèì îïåðàòîðîì. Çíàéòè ôîðìóëè äëÿ
êîîðäèíàò îáðàçó âåêòîðà ó êàíîíi÷íîìó áàçèñi e1, e2, e3 ïðîñòîðó
R3; îáðàçè âåêòîðiâ a = (1, 1, 1), e1, e2, e3 òà ìàòðèöþ îïåðàòîðà ϕ ó
öüîìó æ áàçèñi.

Ðîçâ'ÿçàííÿ. Íåõàé x = (χ1, χ2, χ3), y = (γ1, γ2, γ3) � äîâiëüíi
âåêòîðè ïðîñòîðó R3. Òîäi

ϕ(x + y) = ϕ[(χ1 + γ1, χ2 + γ2, χ3 + γ3)] =

= (χ1 + γ1 + χ2 + γ2 + χ3 + γ3, 2(χ1 + γ1)− (χ3 + γ3),

3(χ2 + γ2)− (χ1 + γ1)) = (χ1 + χ2 + χ3, 2χ1 − χ3, 3χ2 − χ1)+

+ (γ1 + γ2 + γ3, 2γ1 − γ3, 3γ2 − γ1) = ϕ(x) + ϕ(y),

ϕ(λx) = ϕ[(λχ1, λχ2, λχ3)] = (λχ1 + λχ2 + λχ3, 2(λχ1)− λχ3,

3(λχ2)− λχ1) = λ(χ1 + χ2 + χ3, 2χ1 − χ3, 3χ2 − χ1) = λϕ(x),

äå λ ∈ R. Îòæå, ϕ � ëiíiéíèé îïåðàòîð.
Íåõàé ϕ(x) = χ′1e1 + χ′2e2 + χ′3e3, äëÿ äåÿêèõ χ′1, χ′2, χ′3 ∈ R.

Îñêiëüêè ϕ(x) = (χ1 + χ2 + χ3, 2χ1 − χ3, 3χ2 − χ1) i êîîðäèíàòè äî-
âiëüíîãî âåêòîðà ó êàíîíi÷íîìó áàçèñi e1, e2, e3 ñïiâïàäàþòü ç éîãî
êîìïîíåíòàìè, òî îäåðæó¹ìî ôîðìóëè äëÿ êîîðäèíàò îáðàçó âåêòî-
ðà ó áàçèñi e1, e2, e3





χ′1 = χ1 + χ2 + χ3,
χ′2 = 2χ1 − χ3,
χ′3 = 3χ2 − χ1,
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àáî â ìàòðè÷íié ôîðìi



χ′1
χ′2
χ′3


 =




1 1 1
2 0 −1

−1 3 0







χ1

χ2

χ3


 .

Î÷åâèäíî

ϕ(a) = (3, 1, 2), ϕ(e1) = (1, 2,−1), ϕ(e2) = (1, 0, 3), ϕ(e3) = (1,−1, 0).

Îñêiëüêè
ϕ(e1) = 1 · e1 + 2 · e2 − 1 · e3,

ϕ(e2) = 1 · e1 + 0 · e2 + 3 · e3,

ϕ(e3) = 1 · e1 − 1 · e2 + 0 · e3,

òî ìàòðèöÿ

Aϕ =




1 1 1
2 0 −1

−1 3 0




¹ ìàòðèöåþ ëiíiéíîãî îïåðàòîðà ϕ ó áàçèñi e1, e2, e3.

Ïðèêëàä 5. Ïîáóäóâàòè ëiíiéíèé îïåðàòîð ϕ âåêòîðíîãî ïðî-
ñòîðó R3 òàêèé, ùî ïåðåâîäèòü âåêòîðè áàçèñó a1 = (1, 1, 1), a2 =
= (1, 0, 0), a3 = (2, 2, 1) öüîãî ïðîñòîðó âiäïîâiäíî ó âåêòîðè b1 =
= (0, 0, 0), b2 = (1, 0, 0), b3 = (1, 1, 0). Çíàéòè ìàòðèöþ îïåðàòîðà ϕ ó
áàçèñi a1, a2, a3.

Ðîçâ'ÿçàííÿ. Íåõàé a = α1a1 + α2a2 + α3a3 � äîâiëüíèé âåêòîð
ïðîñòîðó R3. Ðîçãëÿíåìî âiäîáðàæåííÿ ϕ : R3 → R3, ÿêå êîæíîìó
âåêòîðó a = α1a1+α2a2+α3a3 ñòàâèòü ó âiäïîâiäíiñòü âåêòîð ϕ(a) =
= α1b1 +α2b2 +α3b3. Äîâåäåìî ëiíiéíiñòü öüîãî âiäîáðàæåííÿ. Íåõàé
b = β1a1 + β2a2 + β3a3 � òàêîæ äîâiëüíèé âåêòîð ïðîñòîðó R3. Òîäi

ϕ(a + b) = ϕ[(α1 + β1)a1 + (α2 + β2)a2 + (α3 + β3)a3] =

= (α1 + β1)b1 + (α2 + β2)b2 + (α3 + β3)b3 =

= (α1b1 + α2b2 + α3b3) + (β1b1 + β2b2 + β3b3) = ϕ(a) + ϕ(b),

ϕ(λa) = ϕ[(λα1)a1 + (λα2)a2 + (λα3)a3] = (λα1)b1+

+(λα2)b2 + (λα3)b3 = λ(α1b1 + α2b2 + α3b3) = λϕ(a) (λ ∈ R).

Îòæå, ϕ � ëiíiéíèé îïåðàòîð. Î÷åâèäíî ϕ(a1) = b1, ϕ(a2) = b2,
ϕ(a3) = b3.
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Çíàéäåìî ìàòðèöþ îïåðàòîðà ϕ ó áàçèñi a1, a2, a3. Äëÿ öüîãî
îá÷èñëèìî êîîðäèíàòè îáðàçiâ áàçèñíèõ âåêòîðiâ ó öüîìó æ áàçèñi.
Íåõàé

ϕ(a1) = b1 = τ11a1 + τ21a2 + τ31a3,

ϕ(a2) = b2 = τ12a1 + τ22a2 + τ32a3,

ϕ(a3) = b3 = τ13a1 + τ23a2 + τ33a3.

(5)

Ñêëàâøè ìàòðèöþ iç êîìïîíåíò âåêòîðiâ a1, a2, a3, b1, b2, b3 i âèêî-
íàâøè íàñòóïíi åëåìåíòàðíi ïåðåòâîðåííÿ íàä ðÿäêàìè öi¹¨ ìàòðèöi,
ìè îòðèìà¹ìî çíà÷åííÿ êîîðäèíàò τij (i, j = 1, 2, 3), ùî çàäîâîëüíÿ-
þòü ðiâíîñòÿì (5).




1 1 2 0 1 1
1 0 2 0 0 1
1 0 1 0 0 0


 →




1 1 2 0 1 1
0 −1 0 0 −1 0
0 −1 −1 0 −1 −1


 →

→



1 0 2 0 0 1
0 −1 0 0 −1 0
0 0 −1 0 0 −1


 →




1 0 0 0 0 −1
0 1 0 0 1 0
0 0 1 0 0 1


 .

Òàêèì ÷èíîì,

Aϕ =




0 0 −1
0 1 0
0 0 1




� ìàòðèöÿ îïåðàòîðà ϕ ó áàçèñi a1, a2, a3.

Ïðèêëàä 6. Íåõàé ëiíiéíèé îïåðàòîð ϕ âåêòîðíîãî ïðîñòîðó R3

ïåðåâîäèòü âåêòîð x = (χ1, χ2, χ3) ó âåêòîð ϕ(x) = (χ1 − χ2, χ2 − χ3,
χ3 − χ1),

A =




1 2 3
2 3 1
3 1 2




� ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ψ öüîãî æ ïðîñòîðó ó áàçèñi a1 =
= (1,−1, 1), a2 = (2,−1, 1), a3 = (3,−2, 3). Çíàéòè ó êàíîíi÷íîìó
áàçèñi ïðîñòîðó R3 ìàòðèöi ëiíèéíèõ îïåðàòîðiâ ϕ, ψ, ϕ + ψ, ϕ− ψ,
ϕψ, ψϕ.

Ðîçâ'ÿçàííÿ. Îñêiëüêè
ϕ(e1) = (1, 0,−1) = 1 · e1 + 0 · e2 − 1 · e3,

ϕ(e2) = (−1, 1, 0) = −1 · e1 + 1 · e2 + 0 · e3,

ϕ(e3) = (0,−1, 1) = 0 · e1 − 1 · e2 + 1 · e3,
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òî

Aϕ =




1 −1 0
0 1 −1

−1 0 1




� ìàòðèöÿ îïåðàòîðà ϕ ó êàíîíi÷íîìó áàçèñi.
Çíàéäåìî ìàòðèöþ ïåðåõîäó âiä áàçèñó a1, a2, a3 äî êàíîíi÷íîãî

áàçèñó e1, e2, e3. Î÷åâèäíî,

T−1 =




1 2 3
−1 −1 −2

1 1 3




� ìàòðèöÿ ïåðåõîäó âiä áàçèñó e1, e2, e3 äî áàçèñó a1, a2, a3. Îá÷è-
ñëèìî ìàòðèöþ T , îáåðíåíó äî ìàòðèöi T−1.




1 2 3 1 0 0
−1 −1 −2 0 1 0

1 1 3 0 0 1


 →




1 2 3 1 0 0
0 1 1 1 1 0
0 −1 0 −1 0 1


 →

→



1 0 1 −1 −2 0
0 1 1 1 1 0
0 0 1 0 1 1


 →




1 0 0 −1 −3 −1
0 1 0 1 0 −1
0 0 1 0 1 1


 .

Çâiäñè

T =



−1 −3 −1

1 0 −1
0 1 1


 .

Ìàòðèöÿ Aψ îïåðàòîðà ψ ó êàíîíi÷íîìó áàçèñi äîðiâíþâàòèìå

Aψ = T−1AT =



−3 −31 −14

2 19 8
−4 −26 −10


 .

Äàëi çíàõîäèìî ìàòðèöi Aϕ+ψ, Aϕ−ψ, Aϕψ, Aψϕ âiäïîâiäíî îïå-
ðàòîðiâ ϕ + ψ, ϕ− ψ, ϕψ, ψϕ ó áàçèñi e1, e2, e3.

Aϕ+ψ = Aϕ + Aψ =



−2 −32 −14

2 20 7
−5 −26 −9


 ,

Aϕ−ψ = Aϕ −Aψ =




4 30 14
−2 −18 −9

3 26 11


 ,
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Aϕψ = AϕAψ =



−5 −50 −22

6 45 18
−1 5 4


 ,

Aψϕ = AψAϕ =




11 −28 17
−6 17 −11

6 −22 16


 .

Ïðèêëàä 7. Íåõàé

A =




1 2 3 4
−2 1 −1 −3

1 0 1 2
2 1 3 5




� ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ϕ âåêòîðíîãî ïðîñòîðó R4 ó áàçèñi
c1, c2, c3, c4. Çíàéòè áàçèñè i ðîçìiðíîñòi ïiäïðîñòîðiâ Im ϕ òà Ker ϕ.
Ïåðåêîíàòèñÿ ó òîìó, ùî dim Imϕ + dimKer ϕ = dimR4.

Ðîç'ÿçàííÿ. Çíàéäåìî ñïî÷àòêó ðîçìiðíiñòü i áàçèñ îáðàçó Im ϕ
ëiíiéíîãî îïåðàòîðà ϕ. Äëÿ öüîãî îá÷èñëèìî ðàíã ìàòðèöi A.

∣∣∣∣
1 2

−2 1

∣∣∣∣ = 5 6= 0 ⇒ 2 ≤ rankA ≤ 4;

∣∣∣∣∣∣

1 2 3
−2 1 −1

1 0 1

∣∣∣∣∣∣
=

∣∣∣∣∣∣

1 0 0
−2 5 5

1 −2 −2

∣∣∣∣∣∣
=

∣∣∣∣
5 5

−2 −2

∣∣∣∣ = 0,

∣∣∣∣∣∣

1 2 4
−2 1 −3

1 0 2

∣∣∣∣∣∣
=

∣∣∣∣∣∣

1 0 0
−2 5 5

1 −2 −2

∣∣∣∣∣∣
=

∣∣∣∣
5 5

−2 −2

∣∣∣∣ = 0,

∣∣∣∣∣∣

1 2 3
−2 1 −1

2 1 3

∣∣∣∣∣∣
=

∣∣∣∣∣∣

1 0 0
−2 5 5

2 −3 −3

∣∣∣∣∣∣
=

∣∣∣∣
5 5

−3 −3

∣∣∣∣ = 0,

∣∣∣∣∣∣

1 2 4
−2 1 −3

2 1 5

∣∣∣∣∣∣
=

∣∣∣∣∣∣

1 0 0
−2 5 5

2 −3 −3

∣∣∣∣∣∣
=

∣∣∣∣
5 5

−3 −3

∣∣∣∣ = 0.

Îòæå, rankA = 2. Òîìó dim Imϕ = 2 i ñèñòåìà âåêòîðiâ ϕ(c1),
ϕ(c2) ¹ áàçèñîì ïiäïðîñòîðó Im ϕ.
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Çíàéäåìî òåïåð áàçèñ ïiäïðîñòîðó Ker ϕ. Íåõàé x = χ1c1+χ2c2+
+χ3c3 +χ4c4 � äîâiëüíèé âåêòîð ÿäðà Ker ϕ ëiíiéíîãî îïåðàòîðà ϕ.
Òîäi äëÿ êîîðäèíàò χ1, χ2, χ3, χ4 öüîãî âåêòîðà ìà¹ ìiñöå ðiâíiñòü




1 2 3 4
−2 1 −1 −3

1 0 1 2
2 1 3 5







χ1

χ2

χ3

χ4


 =




0
0
0
0


 . (6)

Ðîçâ'ÿæåìî ñèñòåìó (6) ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü âiäíîñíî íåâi-
äîìèõ χ1, χ2, χ3, χ4. Îñêiëüêè

∣∣∣∣
1 2

−2 1

∣∣∣∣

� ìiíîð ìàòðèöi A ìàêñèìàëüíîãî ïîðÿäêó, âiäìiííèé âiä íóëÿ, òî
ñèñòåìà (6) åêâiâàëåíòíà ñèñòåìi ðiâíÿíü

{
χ1 + 2χ2 = −3χ3 − 4χ4,

−2χ1 + χ2 = χ3 + 3χ4.

Çâiäñè {
χ1 = −χ3 − 2χ4,
χ2 = −χ3 − χ4.

Îòæå, Ker ϕ = {χ3u1 + χ4u2 | χ3, χ4 ∈ R}, äå u1 = −c1 − c2 + c3,
u2 = −2c1 − c2 + c4). Òîìó dimKer ϕ = 2 i ñèñòåìà âåêòîðiâ u1, u2 ¹
áàçèñîì ïiäïðîñòîðó Ker ϕ.

Ïðèêëàä 8. Íåõàé

A =




1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1




� ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ϕ âåêòîðíîãî ïðîñòîðó R4 ó êàíîíi-
÷íîìó áàçèñi. Çíàéòè ó öüîìó áàçèñi ìàòðèöi ëiíiéíèõ îïåðàòîðiâ ϕ2,
ϕ3, ϕ4 i ïåðåêîíàòèñÿ ó òîìó, ùî f(ϕ) = 0, äå f � õàðàêòåðèñòè÷íèé
ìíîãî÷ëåí îïåðàòîðà ϕ. Çíàéòè âñi âëàñíi çíà÷åííÿ i âëàñíi âåêòîðè
îïåðàòîðà ϕ.
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Ðîçâ'ÿçàííÿ. Íåõàé Aϕ2 , Aϕ3 , Aϕ4 � ìàòðèöi âiäïîâiäíî îïåðà-
òîðiâ ϕ2, ϕ3, ϕ4 ó êàíîíi÷íîìó áàçèñi. Òîäi

Aϕ2 = A2 = 4




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


, Aϕ3 = Aϕ2A = 4




1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1


,

Aϕ4 = Aϕ3A = 16




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 .

Çíàéäåìî õàðàêòåðèñòè÷íèé ìíîãî÷ëåí f(λ) îïåðàòîðà ϕ

∣∣∣∣∣∣∣∣

1− λ 1 1 1
1 1− λ −1 −1
1 −1 1− λ −1
1 −1 −1 1− λ

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣

0 2− λ 2− λ 1− (1− λ)2

0 2− λ 0 −2 + λ
0 0 2− λ −2 + λ
1 −1 −1 1− λ

∣∣∣∣∣∣∣∣
=

= −(2− λ)3

∣∣∣∣∣∣

1 1 λ
1 0 −1
0 1 −1

∣∣∣∣∣∣
= (λ− 2)3(λ + 2).

Îá÷èñëèìî f(A).

(A− 2E)3 =




−1 1 1 1
1 −1 −1 −1
1 −1 −1 −1
1 −1 −1 −1




3

= 16




−1 1 1 1
1 −1 −1 −1
1 −1 −1 −1
1 −1 −1 −1


 ;

(A + 2E) =




3 1 1 1
1 3 −1 −1
1 −1 3 −1
1 −1 −1 3


 ;

f(A) = (A− 2E)3(A + 2E) = 0.

Çâiäñè òà iç çâ'ÿçêó ìiæ äiÿìè íàä îïåðàòîðàìè òà äiÿìè íàä ¨õ ìà-
òðèöÿìè ñëiäó¹, ùî f(ϕ) = 0.

Î÷åâèäíî, λ1 = 2, λ2 = −2 � âëàñíi çíà÷åííÿ îïåðàòîðà ϕ. Çíà-
éäåìî âëàñíi âåêòîðè, ùî íàëåæàòü öèì âëàñíèì çíà÷åííÿì. Ðîçãëÿ-
íåìî ñïî÷àòêó âèïàäîê λ1 = 2. Ðîçâ'ÿæåìî íàñòóïíó ñèñòåìó ðiâíÿíü
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



(1− 2)x1 + x2 + x3 + x4 = 0,
x1 + (1− 2)x2 − x3 − x4 = 0,
x1 − x2 + (1− 2)x3 − x4 = 0,
x1 − x2 − x3 + (1− 2)x4 = 0.

(7)

Ëåãêî âèäíî, ùî ñèñòåìà (7) åêâiâàëåíòíà ðiâíÿííþ

−x1 + x2 + x3 + x4 = 0.

Òîìó âåêòîðè u1 = (1, 1, 0, 0), u2 = (1, 0, 1, 0), u3 = (1, 0, 0, 1) óòâî-
ðþþòü ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ ñèñòåìè (7). Îòæå, áóäü-
ÿêèé íåíóëüîâèé ðîçâ'ÿçîê x öi¹¨ ñèñòåìè ìîæíà ïðåäñòàâèòè ó âè-
ãëÿäi

x = γ1u1 + γ2u2 + γ3u3, (8)
äå γ1, γ2, γ3 � äåÿêi äiéñíi ÷èñëà, ÿêi íå äîðiâíþþòü îäíî÷àñíî íóëþ.
Òàêèì ÷èíîì, âëàñíi âåêòîðè îïåðàòîðà ϕ, ùî íàëåæàòü âëàñíîìó
çíà÷åííþ λ1 = 2, âè÷åðïóþòüñÿ âåêòîðàìè âèãëÿäó (8).

Çíàéäåìî òåïåð âëàñíi âåêòîðè îïåðàòîðà ϕ, ùî íàëåæàòü âëà-
ñíîìó çíà÷åííþ λ2 = −2. Äëÿ öüîãî ðîçâ'ÿæåìî ñèñòåìó ðiâíÿíü





3x1 + x2 + x3 + x4 = 0,
x1 + 3x2 − x3 − x4 = 0,
x1 − x2 + 3x3 − x4 = 0,
x1 − x2 − x3 + 3x4 = 0.

(9)

Âèêîíà¹ìî íàñòóïíi ïåðåòâîðåííÿ íàä ðÿäêàìè ìàòðèöi ñèñòåìè (9)



3 1 1 1
1 3 −1 −1
1 −1 3 −1
1 −1 −1 3


 →




0 4 4 −8
0 4 0 −4
0 0 4 −4
1 −1 −1 3


 →

→




1 −1 −1 3
0 1 1 −2
0 0 −1 1
0 0 1 −1


 →




1 0 0 1
0 1 0 −1
0 0 1 −1


 .

Çâiäñè âèïëèâà¹, ùî v = (−1, 1, 1, 1) � ôóíäàìåíòàëüíà ñèñòåìà
ðîçâ'ÿçêiâ ñèñòåìè (9). Òîìó áóäü-ÿêèé íåíóëüîâèé ðîçâ'ÿçîê ñèñòå-
ìè (9) ïðåäñòàâëÿ¹òüñÿ ó âèãëÿäi

x = γ(−1, 1, 1, 1) (γ ∈ R, γ 6= 0).
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Ïðèêëàä 9. Íåõàé

A1 =



−2 −1 2
−4 1 2
−9 −3 7


, A2 =




0 −1 1
−1 0 1
−3 −3 4


, A3 =




1 2 −1
0 3 −1
1 5 −2




� ìàòðèöi âiäïîâiäíî ëiíiéíèõ îïåðàòîðiâ ϕ1, ϕ2, ϕ3 âåêòîðíîãî ïðî-
ñòîðó R3 ó êàíîíi÷íîìó áàçèñi ïðîñòîðó R3. Äîâåñòè, ùî ïðîñòið R3

ìà¹ äâà áàçèñè, êîæåí ç ÿêèõ ñêëàäà¹òüñÿ ç âëàñíèõ âåêòîðiâ âiä-
ïîâiäíî îïåðàòîðiâ ϕ1 i ϕ2. Çíàéòè öi áàçèñè i ìàòðèöi âiäïîâiäíèõ
îïåðàòîðiâ ó öèõ áàçèñàõ. Äîâåñòè, ùî â ïðîñòîði R3 íåìà¹ áàçèñó,
ÿêèé ñêëàäà¹òüñÿ ç âëàñíèõ âåêòîðiâ îïåðàòîðà ϕ3.

Ðîçâ'ÿçàííÿ. Çíàéäåìî õàðàêòåðèñòè÷íèé ìíîãî÷ëåí îïåðàòî-
ðà ϕ1

∣∣∣∣∣∣

−2− λ −1 2
−4 1− λ 2
−9 −3 7− λ

∣∣∣∣∣∣
=

∣∣∣∣∣∣

0 −1 0
λ2 + λ− 6 1− λ 4− 2λ
−3 + 3λ −3 1− λ

∣∣∣∣∣∣
=

=
∣∣∣∣

(λ− 2)(λ + 3) −2(λ− 2)
3(λ− 1) −(λ− 1)

∣∣∣∣ = (λ− 2)(λ− 1)
∣∣∣∣

λ + 3 −2
3 −1

∣∣∣∣ =

= (λ− 2)(λ− 1)(−λ + 3).

Çâiäñè îäåðæó¹ìî âëàñíi çíà÷åííÿ îïåðàòîðà ϕ1:

λ1 = 1, λ2 = 2, λ3 = 3.

Çíàéäåìî âëàñíi âåêòîðè îïåðàòîðà ϕ1, ùî íàëåæàòü âëàñíîìó
çíà÷åííþ λ1 = 1. Äëÿ öüîãî ðîçâ'ÿæåìî ñèñòåìó




−3x1 − x2 + 2x3 = 0,
−4x1 + 2x3 = 0,
−9x1 − 3x2 + 6x3 = 0.

Âèêîíà¹ìî åëåìåíòàðíi ïåðåòâîðåííÿ íàä ðÿäêàìè ìàòðèöi öi¹¨ ñè-
ñòåìè



−3 −1 2
−4 0 2
−9 −3 6


 →

( −3 −1 2
−4 0 2

)
→

( −1 1 0
−2 0 1

)
.
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Îòæå, äîâiëüíèé âëàñíèé âåêòîð îïåðàòîðà ϕ1, ùî íàëåæèòü âëàñíî-
ìó çíà÷åííþ λ1, ìà¹ âèãëÿä αf1, äå f1 = (1, 1, 2), α ∈ R, α 6= 0.

Àíàëîãi÷íî ìîæíà ïîêàçàòè, ùî αf2, αf3 ¹ âëàñíèìè âåêòîðàìè
îïåðàòîðà ϕ1, ùî íàëåæàòü âiäïîâiäíî âëàñíèì çíà÷åííÿì λ2 = 2 i
λ3 = 3, äå f2 = (1, 2, 3), f3 = (1, 1, 3), α ∈ R, α 6= 0.

Õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì îïåðàòîðà ϕ2 áóäå ìíîãî÷ëåí
−(λ− 1)2(λ− 2), âiäïîâiäíî âëàñíèìè çíà÷åííÿìè � λ1 = 1, λ2 = 2.
Ïîäiáíî ïîïåðåäíiì âèïàäêàì îá÷èñëþ¹ìî âëàñíi âåêòîðè îïåðàòî-
ðà ϕ2. Â ðåçóëüòàòi îòðèìà¹ìî, ùî h1 = (−1, 1, 0), h2 = (1, 0, 1) �
âëàñíi âåêòîðè îïåðàòîðà ϕ2, ÿêi íàëåæàòü âëàñíîìó çíà÷åííþ λ1;
h3 = (1, 1, 3) � âëàñíèé âåêòîð, ùî íàëåæèòü âëàñíîìó çíà÷åííþ λ2.

Ñèñòåìà âåêòîðiâ f1, f2, f3 ¹ áàçèñîì ïðîñòîðó R3, îñêiëüêè âîíà
ñêëàäà¹òüñÿ iç âëàñíèõ âåêòîðiâ ëiíiéíîãî îïåðàòîðà, ùî íàëåæàòü
ðiçíèì âëàñíèì çíà÷åííÿì. Ñèñòåìà æ âåêòîðiâ h1, h2, h3 ¹ òàêîæ
áàçèñîì ïðîñòîðó R3, òàê ÿê âëàñíi âåêòîðè h1, h2 òà âëàñíèé âåêòîð
h3 íàëåæàòü ðiçíèì âëàñíèì çíà÷åííÿì, à ñèñòåìà âëàñíèõ âåêòîðiâ
h1, h2 ¹ ëiíiéíî íåçàëåæíîþ.

Äàëi, îñêiëüêè

ϕ1(f1) = 1 · f1 + 0 · f2 + 0 · f3,

ϕ1(f2) = 0 · f1 + 2 · f2 + 0 · f3,

ϕ1(f3) = 0 · f1 + 0 · f2 + 3 · f3;

ϕ2(h1) = 1 · h1 + 0 · h2 + 0 · h3,

ϕ2(h2) = 0 · h1 + 1 · h2 + 0 · h3,

ϕ2(h3) = 0 · h1 + 0 · h2 + 2 · h3,

òî

Aϕ1 =




1 0 0
0 2 0
0 0 3


 , Aϕ2 =




1 0 0
0 1 0
0 0 2




� ìàòðèöi âiäïîâiäíî îïåðàòîðà ϕ1 ó áàçèñi f1, f2, f3 òà îïåðàòîðà
ϕ2 ó áàçèñi h1, h2, h3.

Õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì îïåðàòîðà ϕ3 áóäå ìíîãî÷ëåí
−λ(λ − 1)2. Òîìó λ1 = 0, λ2 = 1 � âëàñíi çíà÷åííÿ îïåðàòîðà ϕ3.
Âñi âëàñíi âåêòîðè îïåðàòîðà ϕ3, ùî íàëåæàòü âëàñíîìó çíà÷åííþ
λ1 = 0, ïðåäñòàâëÿþòüñÿ ó âèãëÿäi

κ(1, 1, 3) (κ 6= 0). (10)

Âëàñíi æ âåêòîðè, ùî íàëåæàòü âëàñíîìó çíà÷åííþ λ2 = 1, ìàþòü
âèãëÿä

κ(1, 1, 2) (κ 6= 0). (11)
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Áóäü-ÿêi òðè âåêòîðè âèãëÿäó (10) àáî (11) óòâîðþþòü ëiíiéíî çàëå-
æíó ñèñòåìó, òàê ÿê çàâæäè ó öié ñèñòåìi ìîæíà çíàéòè äâà ïðîïîð-
öiéíi âåêòîðè. Îòæå, â ïðîñòîði R3 íå iñíó¹ áàçèñà, ÿêèé áè ñêëàäàâñÿ
ç âëàñíèõ âåêòîðiâ îïåðàòîðà ϕ3.

Ïðèêëàä 10. Çíàéòè íîðìàëüíi ôîðìè Æîðäàíà ìàòðèöü

A1 =




5 2 −3
0 1 0
6 4 −4


, A2 =



−1 −1 2
−1 1 1
−4 −2 5


, A3 =



−2 1 0
−1 0 0

2 −2 1


 .

Íåõàé A3 � ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ϕ âåêòîðíîãî ïðîñòîðó R3

ó êàíîíi÷íîìó áàçèñi öüîãî ïðîñòîðó. Çíàéòè ÿêèé-íåáóäü áàçèñ â R3,
ìàòðèöÿ îïåðàòîðà ϕ â ÿêîìó ìà¹ Æîðäàíîâó íîðìàëüíó ôîðìó.

Ðîçâ'ÿçàííÿ. Çíàéäåìî êàíîíi÷íèé âèãëÿä õàðàêòåðèñòè÷íî¨ ìà-
òðèöi A1 − λE (E � îäèíè÷íà ìàòðèöÿ ïîðÿäêó 3). Äëÿ öüîãî âèêî-
íà¹ìî íàñòóïíi åëåìåíòàðíi ïåðåòâîðåííÿ öi¹¨ ìàòðèöi




5− λ 2 −3
0 1− λ 0
6 4 −4− λ


 ∼




2 5− λ −3
1− λ 0 0

4 6 −4− λ


 ∼

∼



−1 5− λ −3
1− λ 0 0
−λ 6 −4− λ


∼



−1 5− λ −3

0 (5− λ)(1− λ) −3(1− λ)
0 λ2 − 5λ + 6 −4 + 2λ


∼

∼



1 0 0
0 (5− λ)(1− λ) −3(1− λ)
0 (λ− 2)(λ− 3) 2(λ− 2)


 ∼




1 0 0
0 (5−λ)(1−λ)

−3 1− λ

0 (λ−2)(λ−3)
2 λ− 2


 ∼

∼




1 0 0
0 λ2−3λ+8

6 −1

0 (λ−2)(λ−3)
2 λ− 2


 ∼




1 0 0
0 λ2−3λ+8

6 −1

0 (λ−1)(λ+1)(λ−2)
6 0


 ∼

∼



1 0 0
0 1 0
0 0 (λ− 1)(λ + 1)(λ− 2)


 .

Òîìó íîðìàëüíîþ ôîðìîþ Æîðäàíà ìàòðèöi A1 ¹ ìàòðèöÿ


−1 0 0

0 1 0
0 0 2


 .
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Âèêîíà¹ìî òåïåð åëåìåíòàðíi ïåðåòâîðåííÿ õàðàêòåðèñòè÷íî¨
ìàòðèöi A2 − λE



−1− λ −1 2

−1 1− λ 1
−4 −2 5− λ


 ∼




0 −1 0
λ2 − 2 1− λ 3− 2λ
2λ− 2 −2 1− λ


 ∼

∼



1 0 0
0 λ2 − 2 3− 2λ
0 2λ− 2 1− λ


 ∼




1 0 0
0 λ2 − 4λ + 2 1
0 2λ− 2 1− λ


 ∼

∼



1 0 0
0 λ2 − 4λ + 2 1
0 (λ− 1)(λ− 2)2 0


 ∼




1 0 0
0 1 0
0 0 (λ− 1)(λ− 2)2


 .

Òàêèì ÷èíîì, íîðìàëüíîþ ôîðìîþ Æîðäàíà ìàòðèöi A2 ¹ ìàòðèöÿ



1 0 0
0 2 1
0 0 2


 .

Çâåäåìî òåïåð ìàòðèöþ A3 − λE äî êàíîíi÷íîãî âèãëÿäó


−2− λ 1 0

−1 −λ 0
2 −2 1− λ


 ∼




0 1 0
−λ2 − 2λ− 1 −λ 0

−2λ− 2 −2 1− λ


 ∼

∼



1 0 0
0 λ2 + 2λ + 1 0
0 2λ + 2 λ− 1


 ∼




1 0 0
0 λ2 + 2λ + 1 0
0 4 λ− 1


 ∼

∼



1 0 0
0 0 − (λ+1)2(λ−1)

4
0 4 λ− 1


 ∼




1 0 0
0 1 0
0 0 (λ + 1)2(λ− 1)


 .

Îòæå, ìàòðèöÿ 


1 0 0
0 −1 1
0 0 −1


 (12)

¹ íîðìàëüíîþ ôîðìîþ Æîðäàíà ìàòðèöi A3.
Çíàéäåìî ÿêèé-íåáóäü áàçèñ f1, f2, f3 ïðîñòîðó R3, ìàòðèöÿ îïå-

ðàòîðà ϕ â ÿêîìó ìà¹ æîðäàíîâó íîðìàëüíó ôîðìó. Îñêiëüêè ϕ(f1) =
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f1, ϕ(f2) = −f2, òî f1, f2 � âëàñíi âåêòîðè îïåðàòîðà ϕ, ùî íàëå-
æàòü âiäïîâiäíî âëàñíèì çíà÷åííÿì λ1 = 1 i λ2 = −1. Âëàñíi âåêòî-
ðè, ùî íàëåæàòü âëàñíîìó çíà÷åííþ λ1 = 1, ìàþòü âèãëÿä γ(0, 0, 1)
(γ ∈ R, γ 6= 0), à âëàñíi âåêòîðè, ùî íàëåæàòü âëàñíîìó çíà÷åííþ
λ2 = −1 � âèãëÿä δ(1, 1, 0) (δ ∈ R, δ 6= 0). Òîìó ìè ìîæåìî ïîêëàñòè
f1 = (0, 0, 1), f2 = (1, 1, 0).

Íåõàé α1, α2, α3 � êîîðäèíàòè âåêòîðà f3 ó êàíîíi÷íîìó áàçèñi
e1, e2, e3 ïðîñòîðó R3, òîáòî

f3 = α1e1 + α2e2 + α3e3.

Òàê ÿê A3 � ìàòðèöÿ îïåðàòîðà ϕ ó êàíîíi÷íîìó áàçèñi, òî

ϕ(f3) = (−2α1 + α2)e1 + (−α1)e2 + (2α1 − 2α2 + α3)e3.

Ç iíøîãî áîêó, ìàòðèöÿ (12) ¹ òàêîæ ìàòðèöåþ îïåðàòîðà ϕ, àëå ó
áàçèñi f1, f2, f3. Òîìó

ϕ(f3) = f2 − f3 = (1− α1)e1 + (1− α2)e2 − α3e3.

Îòæå, ç âèùå ñêàçàíîãî âèïëèâà¹, ùî ìàþòü ìiñöå íàñòóïíi ðiâíîñòi




−2α1 + α2 = 1− α1,
−α1 = 1− α2,

2α1 − 2α2 + α3 = −α3.

Çâiäñè (α1, α2, α3) = (γ − 1, γ, 1) (γ ∈ R). Òàê ÿê äåòåðìiíàíò, ñêëà-
äåíèé iç êîìïîíåíò âåêòîðiâ f1, f2, f3,

∣∣∣∣∣∣

0 1 γ − 1
0 1 γ
1 0 1

∣∣∣∣∣∣
= 1, (13)

òî ìîæíà ïîêëàñòè f3 = (0, 1, 1). Íàãàäà¹ìî, ùî ðiâíiñòü (13) îçíà÷à¹,
ùî ñèñòåìà âåêòîðiâ f1, f2, f3 ¹ áàçèñîì ïðîñòîðó R3 i â öüîìó áàçèñi
ìàòðèöÿ îïåðàòîðà ϕ ìà¹ âèãëÿä (12).

Ïðèêëàä 11. Ïiäïðîñòið L åâêëiäîâîãî ïðîñòîðó R4 ¹ ïðîñòîðîì
ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü





x1 + 2x2 − x3 + x4 = 0,
2x1 + 3x2 + 4x3 − x4 = 0,
x1 + x2 + 5x3 − 2x4 = 0.

(14)
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Çíàéòè îðòîãîíàëüíå äîïîâíåííÿ L⊥ ïiäïðîñòîðó L â R4 òà ïðîåêöi¨
âåêòîðà c = (−24, 20, 5,−1) íà ïiäïðîñòið L òà íà éîãî îðòîãîíàëüíå
äîïîâíåííÿ L⊥.

Ðîçâ'ÿçàííÿ. Îðòîãîíàëüíå äîïîâíåííÿ L⊥ äî ïðîñòîðó L ðîç-
â'ÿçêiâ ñèñòåìè îäíîðiäíèõ ðiâíÿíü ñïiâïàäà¹ ç ëiíiéíîþ îáîëîíêîþ,
íàòÿãíóòîþ íà ðÿäêè ìàòðèöi öi¹¨ ñèñòåìè. Çíàéäåìî ñïî÷àòêó ðàíã
ìàòðèöi ñèñòåìè (14)

A =




1 2 −1 1
2 3 4 −1
1 1 5 −2


 .

Òàê ÿê
∣∣∣∣

1 2
2 3

∣∣∣∣ = −1,

∣∣∣∣∣∣

1 2 −1
2 3 4
1 1 5

∣∣∣∣∣∣
= 0,

∣∣∣∣∣∣

1 2 1
2 3 −1
1 1 −2

∣∣∣∣∣∣
= 0,

òî rankA = 2 i ñèñòåìà âåêòîðiâ a1 = (1, 2,−1, 1), a2 = (2, 3, 4,−1) ¹
áàçèñîì ïðîñòîðó L⊥.

Íåõàé b1, b2 áàçèñ ïðîñòîðó L, òîáòî ôóíäàìåíòàëüíà ñèñòåìà
ðîçâ'ÿçêiâ ñèñòåìè (14). Òîäi a1, a2, b1, b2 � áàçèñ ïðîñòîðó R4 i

c = α1a1 + α2a2 + β1b1 + β2b2 (15)

äëÿ äåÿêèõ α1, α2, β1, β2 ∈ R.
Íåõàé òåïåð c′, c′′ � ïðîåêöi¨ âåêòîðà c âiäïîâiäíî íà ïiäïðîñòîðè

L, L⊥. Òîäi c = c′+c′′ i, îòæå, c′ = β1b1+β2b2, c′′ = α1a1+α2a2. Îá÷è-
ñëèìî ñïî÷àòêó êîåôiöi¹íòè α1, α2. Äëÿ öüîãî ñêàëÿðíî ïîìíîæèìî
ðiâíiñòü (15) íà âåêòîðè a1, a2. Îäåðæó¹ìî ñèñòåìó ðiâíÿíü

{
(a1, c) = α1(a1, a1) + α2(a1, a2),
(a2, c) = α1(a2, a1) + α2(a2, a2);

⇒
{

10 = 7α1 + 3α2,
33 = 3α1 + 30α2.

Çâiäñè α1 = α2 = 1. Òàêèì ÷èíîì c′ = a1 + a2 = (3, 5, 3, 0), à c′′ =
= c− c′ = (−27, 15, 2,−1).

Ïðèêëàä 12.a. Â åâêëiäîâîìó ïðîñòîði R4 îðòîíîðìóâàòè çàäà-
íó ñèñòåìó âåêòîðiâ

a1 = (1, 2, 3, 4), a2 = (0, 5, 0, 5), a3 = (8, 10,−8, 14).
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Ðîçâ'ÿçàííÿ. ßê âiäîìî, ïðîöåñ îðòîãîíàëiçàöi¨ çàñòîñîâíèé ëè-
øå äî ëiíiéíî íåçàëåæíèõ ñèñòåì âåêòîðiâ. Òîìó ñïî÷àòêó îá÷èñëþ-
¹ìî ðàíã ìàòðèöi

A =




1 2 3 4
0 5 0 5
8 10 −8 14


 .

Íåâàæêî áà÷èòè, ùî rankA = 3 i, îòæå, âåêòîðè a1, a2, a3 óòâîðþþòü
ëiíiéíî íåçàëåæíó ñèñòåìó.

Â ÿêîñòi ïåðøîãî âåêòîðà c1 øóêàíî¨ îðòîãîíàëüíî¨ ñèñòåìè âå-
êòîðiâ âiçüìåìî âåêòîð a1

c1 = a1 = (1, 2, 3, 4).

Äàëi øóêà¹ìî âåêòîð c2 ó âèãëÿäi ëiíiéíî¨ êîìáiíàöi¨ âåêòîðiâ c1, a2

c2 = λ
(2)
1 c1 + a2.

Îñêiëüêè âåêòîð c2 ïîâèíåí áóòè îðòîãîíàëüíèì äî c1, òî

(c1, c2) = (c1, λ
(2)
1 c1 + a2) = λ

(2)
1 (c1, c1) + (c1, a2) = 0.

Çâiäñè

λ
(2)
1 = − (c1, a2)

(c1, c1)
= −1 · 0 + 2 · 5 + 3 · 0 + 4 · 5

12 + 22 + 32 + 42
= −30

30
= −1.

Îòæå, c2 = −c1 + a2 = (−1, 3,−3, 1).
Âåêòîð c3 øóêàòèìåìî ó âèãëÿäi ëiíiéíî¨ êîìáiíàöi¨ âåêòîðiâ c1,

c2 i a3

c3 = λ
(3)
1 c1 + λ

(3)
2 c2 + a3.

Îñêiëüêè âåêòîð c3 ïîâèíåí áóòè îðòîãîíàëüíèì äî âåêòîðiâ c1 i c2,
òî

(c1, c3) = (c1, λ
(3)
1 c1+λ

(3)
2 c2+a3) = λ

(3)
1 (c1, c1)+λ

(3)
2 (c1, c2)+(c1, a3) = 0,

(c2, c3) = (c2, λ
(3)
1 c1+λ

(3)
2 c2+a3) = λ

(3)
1 (c2, c1)+λ

(3)
2 (c2, c2)+(c2, a3) = 0.

Çâiäñè

λ
(3)
1 = − (c1, a3)

(c1, c1)
= −1 · 8 + 2 · 10 + 3 · (−8) + 4 · 14

12 + 22 + 32 + 42
= −60

30
= −2,
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λ
(3)
2 = − (c2, a3)

(c1, c1)
= −−1 · 8 + 3 · 10 + (−3) · (−8) + 1 · 14

(−1)2 + 32 + (−3)2 + 12
= −60

20
= −3.

Òàêèì ÷èíîì c3 = −2c1 − 3c2 + b3 = (9,−3,−5, 3).
Ìè ïîáóäóâàëè íîâó ñèñòåìó ïîïàðíî îðòîãîíàëüíèõ íåíóëüîâèõ

âåêòîðiâ

c1 = (1, 2, 3, 4), c2 = (−1, 3,−3, 1), c3 = (9,−3,−5, 3).

Äëÿ ïåðåòâîðåííÿ îäåðæàíî¨ ñèñòåìè â îðòîíîðìîâàíó, ïîäiëèìî
êîæåí iç âåêòîðiâ c1, c2, c3 íà éîãî íîðìó.

‖c1‖ =
√

(c1, c1) =
√

30, ‖c2‖ = 2
√

5, ‖c3‖ = 2
√

31.

Òîäi
b1 = c1

‖c1‖ = ( 1√
30

, 2√
30

, 3√
30

, 4√
30

),

b2 = c2
‖c2‖ = (− 1

2
√

5
, 3

2
√

5
,− 3

2
√

5
, 1

2
√

5
),

b3 = c3
‖c3‖ = ( 9

2
√

31
,− 3

2
√

31
,− 5

2
√

31
, 3

2
√

31
)

� øóêàíà îðòîíîðìîâàíà ñèñòåìà âåêòîðiâ.

Ïðèêëàä 12.á. Â åâêëiäîâîìó ïðîñòîði C2
[0,1] âñiõ ôóíêöié, êâà-

äðàò ÿêèõ ¹ iíòåãðîâíèì, îðòîãîíàëiçóâàòè ñèñòåìó ìíîãî÷ëåíiâ
p1 = 1, p2 = x, p3 = x2, p4 = x3.

Ðîçâ'ÿçàííÿ.Îðòîãîíàëiçó¹ìî òåïåð âêàçàíó ñèñòåìó ìíîãî÷ëå-
íiâ. ßê i â ïîïåðåäíüîìó ïðèêëàäi ïîêëàäåìî

b1 = p1 = 1, b2 = λ
(2)
1 b1 + p2.

Çíàõîäèìî

λ
(2)
1 = − (p2, b1)

(b1, b1)
= −

1∫
0

x dx

1∫
0

1 dx

= −
x2

2

∣∣∣
1

0

1
= −1

2
.

Òîìó b2 = − 1
2 + x. Âåêòîð b3 áóäåìî øóêàòè ó âèãëÿäi

b3 = λ
(3)
1 b1 + λ

(3)
2 b2 + p3.
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Àíàëîãi÷íî ïîïåðåäíüîìó âèïàäêó êîåôiöi¹íòè λ
(3)
1 , λ(3)

2 îá÷èñëþ¹ìî
çà ôîðìóëàìè

λ
(3)
1 = − (p3, b1)

(b1, b1)
= −

1∫
0

x2 dx

1
= − x3

3

∣∣∣∣
1

0

= −1
3
,

λ
(3)
2 = − (p3, b2)

(b2, b2)
= −

1∫
0

x2(− 1
2 + x) dx

1∫
0

(− 1
2 + x)2 dx

= −
1
12
1
12

= −1.

Îòæå,
b3 = −1

3
+

1
2
− x + x2 =

1
6
− x + x2.

Äëÿ âåêòîðà
b4 = λ

(4)
1 b1 + λ

(4)
2 b2 + λ

(4)
3 b3 + p4

êîåôiöi¹íòè λ
(4)
1 , λ

(4)
2 , λ

(4)
3 îá÷èñëþ¹ìî çà ôîðìóëàìè

λ
(4)
1 = − (p4, b1)

(b1, b1)
= −

1∫
0

x3 dx

1
= − x4

4

∣∣∣∣
1

0

= −1
4
,

λ
(4)
2 = − (p4, b2)

(b2, b2)
= −

1∫
0

x3(− 1
2 + x) dx

1∫
0

(− 1
2 + x)2 dx

= −
3
40
1
12

= − 9
10

,

λ
(4)
3 = − (p4, b3)

(b3, b3)
= −

1∫
0

x3( 1
6 − x + x2) dx

1∫
0

( 1
6 − x + x2)2 dx

= −
1

120
1

180

= −3
2
.

Òàêèì ÷èíîì
b4 = − 1

20
+

3
5
x− 3

2
x2 + x3.
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Ïðèêëàä 13. Íåõàé

A =
1
2




1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1




� ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ϕ åâêëiäîâîãî ïðîñòîðó R4 ó êàíîíi-
÷íîìó áàçèñi. Äîâåñòè, ùî ϕ ¹ îðòîãîíàëüíèì îïåðàòîðîì i ϕ2 = 1.
Âèêîðèñòîâóþ÷è ðiâíiñòü ϕ2 = 1, äîâåñòè, ùî â R4 iñíó¹ îðòîíîð-
ìîâàíèé áàçèñ, ÿêèé ñêëàäà¹òüñÿ ç âëàñíèõ âåêòîðiâ îïåðàòîðà ϕ.
Çíàéòè öåé áàçèñ i ìàòðèöþ îïåðàòîðà ϕ ó öüîìó áàçèñi.

Ðîçâ'ÿçàííÿ. Òàê ÿê

A2 =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


 ,

òî A−1 = A. Î÷åâèäíî AT = A. Òîìó A−1 = AT , òîáòî A � îðòîãî-
íàëüíà ìàòðèöÿ. Çâiäñè îòðèìó¹ìî, ùî ϕ � îðòîãîíàëüíèé îïåðàòîð
i, ùî ϕ2 = 1.

Íåõàé B � íîðìàëüíà ôîðìà Æîðäàíà ìàòðèöi A. Òîäi B =
= S−1AS äëÿ äåÿêî¨ ìàòðèöi S ∈ GL(4,R). Òàê ÿê A2 = E, òî B2 =
= (S−1AS)2 = A2 = E. Çâiäñè âèïëèâà¹, ùî ìàòðèöÿ B ñêëàäà¹òüñÿ
ç êëiòîê Æîðäàíà ïîðÿäêó 1, îñêiëüêè

Js(α)2 =




α2 2α 1
α2 2α 1 0

. . . . . . . . .
α2 2α 1

0 α2 2α
α2




= E

òîäi i òiëüêè òîäi, êîëè s = 1 i α = ±1 (Js(α) � êëiòêà Æîðäàíà
ïîðÿäêó s ç åëåìåíòîì α ïî äiàãîíàëi). Òàêèì ÷èíîì B � äiàãîíàëüíà
ìàòðèöÿ, ùî ìiñòèòü 1 àáî −1 íà äiàãîíàëi.

Íåõàé a1, a2, a3, a4 � âåêòîðè ñòîâïöi ìàòðèöi S. Òîäi B ¹ ìà-
òðèöåþ îïåðàòîðà ϕ ó áàçèñi a1, a2, a3, a4. Òàê ÿê B � äiàãîíàëüíà
ìàòðèöÿ, òî a1, a2, a3, a4 � âëàñíi âåêòîðè îïåðàòîðà ϕ, ùî íàëå-
æàòü âëàñíèì çíà÷åííÿì λ1 = 1, λ2 = −1 îïåðàòîðà ϕ. Çà âëàñòèâi-
ñòþ îðòîãîíàëüíîãî îïåðàòîðà âëàñíi âåêòîðè, ùî íàëåæàòü ðiçíèì
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âëàñíèì çíà÷åííÿì, îðòîãîíàëüíi. Òîìó äëÿ äîâåäåííÿ iñíóâàííÿ îð-
òîíîðìîâàíîãî áàçèñó, ùî ñêëàäà¹òüñÿ ç âëàñíèõ âåêòîðiâ îïåðàòîðà
ϕ, äîñòàòíüî òåïåð ïðîîðòîíîðìóâàòè êîæíó iç ïiäñèñòåì ñèñòåìè
âåòîðiâ a1, a2, a3, a4, ùî íàëåæàòü âiäïîâiäíî âëàñíèì çíà÷åííÿì
λ1 = 1 i λ2 = −1.

Çíàéäåìî âëàñíi âåêòîðè, ùî íàëåæàòü âëàñíîìó çíà÷åííþ λ1.
Äëÿ öüîãî ðîçâ'ÿæåìî îäíîðiäíó ñèñòåìó ðiâíÿíü ç âiäïîâiäíîþ ¨é
ìàòðèöåþ A− E.

1
2




−1 1 1 1
1 −3 1 −1
1 1 −3 −1
1 −1 −1 −1


 →




−1 1 1 1
0 −2 2 0
0 2 −2 0
0 0 0 0


 →

( −1 0 2 1
0 −1 1 0

)
.

Çâiäñè α(2, 1, 1, 0) + β(1, 0, 0, 1) (α, β ∈ R, |α| + |β| 6= 0) � âëàñíi
âåêòîðè îïåðàòîðà ϕ, ùî íàëåæàòü âëàñíîìó çíà÷åííþ λ1 = 1. Àíà-
ëîãi÷íî ïîïåðåäíüîìó âèïàäêó çíàõîäèìî âëàñíi âåêòîðè îïåðàòîðà
ϕ, ùî íàëåæàòü âëàñíîìó çíà÷åííþ λ2 = −1.

1
2




3 1 1 1
1 1 1 −1
1 1 1 −1
1 −1 −1 3


 →




1 1 1 −1
0 −2 −2 4
0 −2 −2 4


 →

(
1 0 0 1
0 1 1 −2

)
.

Çâiäñè α(0,−1, 1, 0) + β(−1, 2, 0, 1) (α, β ∈ R, |α| + |β| 6= 0) � âëàñíi
âåêòîðè îïåðàòîðà ϕ, ùî íàëåæàòü âëàñíîìó çíà÷åííþ λ2 = −1.

Ïðîîðòîíîðìó¹ìî ïîñëiäîâíî êîæíó iç ñèñòåì âåêòîðiâ a1 = (2, 1,
1, 0), a2 = (1, 0, 0, 1) òà b1 = (0,−1, 1, 0), b2 = (−1, 2, 0, 1). Äëÿ öüîãî
ñïî÷àòêó ïðîîðòîãîíàëiçó¹ìî ¨õ:

a′1 = a1 = (2, 1, 1, 0), a′2 = − (a1, a2)
(a1, a1)

a1 + a2 = (
1
3
,−1

3
,−1

3
, 1);

b′1 = b1 = (0,−1, 1, 0), b′2 = − (b1, b2)
(b1, b1)

b1 + b2 = (−1, 1, 1, 1).

À äàëi ïðîíîðìó¹ìî:

a′′1 =
a′1
‖a′1‖

= (
√

2√
3
,

1√
6
,

1√
6
, 0), a′′2 =

a′2
‖a′2‖

= (
1

2
√

3
,− 1

2
√

3
,− 1

2
√

3
,

√
3

2
),

a′′3 =
b′1
‖b′1‖

= (0,− 1√
2
,

1√
2
, 0), a′′4 =

b′2
‖b′2‖

= (−1
2
,
1
2
,
1
2
,
1
2
).
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Îòæå a′′1 , a′′2 , a′′3 , a′′4 � îðòîíîðìîâàíèé áàçèñ ïðîñòîðó R4, ùî
ñêëàäà¹òüñÿ ç âëàñíèõ âåêòîðiâ îïåðòîðà ϕ. I ìàòðèöÿ îïåðàòîðà ϕ
ó öüîìó áàçèñi ìà¹ âèãëÿä

B =




1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1


 .

Ïðèêëàä 14. Íåõàé

A =
1
4




7 1 1 −1
1 7 −1 1
1 −1 7 1

−1 1 1 7




� ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ϕ åâêëiäîâîãî ïðîñòîðó R4 ó êàíî-
íi÷íîìó áàçèñi. Äîâåñòè, ùî ϕ ¹ ñèìåòðè÷íèì îïåðàòîðîì i çíàéòè
îðòîíîðìîâàíèé áàçèñ, ÿêèé ñêëàäà¹òüñÿ ç âëàñíèõ âåêòîðiâ îïåðà-
òîðà ϕ i ìàòðèöþ îïåðàòîðà ϕ ó öüîìó áàçèñi.

Ðîçâ'ÿçàííÿ. Î÷åâèäíî, ùî òðàíñïîíîâàíà äî A ìàòðèöÿ AT

ñïiâïàäà¹ ç ìàòðèöåþ A. Îòæå, A � ñèìåòðè÷íà ìàòðèöÿ i, òàêèì
÷èíîì, ϕ � ñèìåòðè÷íèé îïåðàòîð åâêëiäîâîãî ïðîñòîðó R4.

Çíàéäåìî òåïåð âëàñíi çíà÷åííÿ i âëàñíi âåêòîðè îïåðàòîðà ϕ.

|A− λE| =
(

1
4

)4

∣∣∣∣∣∣∣∣

7− 4λ 1 1 −1
1 7− 4λ −1 1
1 −1 7− 4λ 1

−1 1 1 7− 4λ

∣∣∣∣∣∣∣∣
=

=
(

1
4

)4

∣∣∣∣∣∣∣∣

8− 4λ 0 0 −8 + 4λ
0 8− 4λ −8 + 4λ 0
0 0 8− 4λ 8− 4λ

−1 1 1 7− 4λ

∣∣∣∣∣∣∣∣
=

=
1
4
(2− λ)3

∣∣∣∣∣∣∣∣

1 0 0 −1
0 1 −1 0
0 0 1 1
0 0 2 6− 4λ

∣∣∣∣∣∣∣∣
= (2− λ)3(1− λ).

Îòæå λ1 = 1, λ2 = 2 � âëàñíi çíà÷åííÿ îïåðàòîðà ϕ. Çíàõîäèìî
âëàñíi âåêòîðè îïåðàòîðà ϕ, ùî íàëåæàòü âëàñíîìó çíà÷åííþ λ1 =
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= 1. Äëÿ öüîãî ðîçâ'ÿçó¹ìî ñèñòåìó ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü ç
ìàòðèöåþ

1
4




3 1 1 −1
1 3 −1 1
1 −1 3 1

−1 1 1 3


 →




1 3 −1 1
0 −8 4 −4
0 −4 4 0
0 4 0 4


 →

→



1 3 −1 1
0 1 0 1
0 0 1 1


 →




1 0 0 −1
0 1 0 1
0 0 1 1


 .

Çâiäñè îòðèìó¹ìî, ùî α(1,−1,−1, 1) (α ∈ R, α 6= 0) � âëàñíi âåêòîðè,
ùî íàëåæàòü âëàñíîìó çíà÷åííþ λ1 = 1.

Äàëi ðîçâ'ÿçó¹ìî ñèñòåìó îäíîðiäíèõ ëiíiéíèõ ðiâíÿíü ç ìàòðè-
öåþ

1
4




−1 1 1 −1
1 −1 −1 1
1 −1 −1 1

−1 1 1 −1


 → (

1 −1 −1 1
)
.

Îäåðæó¹ìî, ùî

α(1, 0, 0,−1) + β(1, 0, 1, 0) + γ(1, 1, 0, 0) (α, β, γ ∈ R, |α|+ |β|+ |γ| 6= 0)

� âëàñíi âåêòîðè, ùî íàëåæàòü âëàñíîìó çíà÷åííþ λ2 = 2.
Ïðîîðòîíîðìóâàâøè ñèñòåìó âåêòîðiâ

a1 = (1,−1,−1, 1), a2 = (1, 0, 0,−1), a3 = (1, 0, 1, 0), a4 = (1, 1, 0, 0),

îòðèìà¹ìî íàñòóïíó ñèñòåìó âåêòîðiâ

a′1 = (
1
2
,−1

2
,−1

2
,
1
2
), a′2 = (

1√
2
, 0, 0,− 1√

2
),

a′3 = (
1√
6
, 0,

√
2√
3
,

1√
6
), a′4 = (

1
2
√

3
,

√
3

2
,− 1

2
√

3
,

1
2
√

3
)

ÿêà ¹ øóêàíîþ îðòîíîðìîâàíîþ ñèñòåìîþ âåêòîðiâ, ùî ñêëàäà¹òüñÿ
ç âëàñíèõ âåêòîðiâ îïåðàòîðà ϕ.

Ïðèêëàä 15.à. Çíàéòè íîðìàëüíèé âèãëÿä êâàäðàòè÷íî¨ ôîðìè
f(x1, x2, x3) = x2

1+2x2
2−x2

3+2x1x2−4x2x3 íàä ïîëåì R äiéñíèõ ÷èñåë
òà ïåðåòâîðåííÿ íåâiäîìèõ, ùî çâîäèòü ôîðìó f äî öüîãî âèãëÿäó.
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Ðîçâ'ÿçàííÿ. Âèêîíà¹ìî ñïî÷àòêó ïåðåòâîðåííÿ íåâiäîìèõ,
îáåðíåíå äî ïåðåòâîðåííÿ





y1 = x1 + x2,
y2 = x2,
y3 = x3,

òîáòî ïåðåòâîðåííÿ 



x1 = y1 − y2,
x2 = y2,
x3 = y3

ç ìàòðèöåþ

A =




1 −1 0
0 1 0
0 0 1


 .

Ïiñëÿ ÷îãî îòðèìà¹ìî

f = y2
1−2y1y2+y2

2 +2y2
2−y2

3 +2y1y2−2y2
2−4y2y3 = y2

1 +y2
2−y2

3−4y2y3.

Ïîêëàâøè 



z1 = y1,
z2 = y2 − 2y3,
z3 = y3,

òîáòî âèêîíàâøè ëiíiéíå ïåðåòâîðåííÿ íåâiäîìèõ ç ìàòðèöåþ

B =




1 0 0
0 1 2
0 0 1


 ,

ìè ïðèâåäåìî êâàäðàòè÷íó ôîðìó f äî âèãëÿäó

f = z2
1 + z2

2 + 4z2z3 + 4z2
3 − z2

3 − 4z2z3 − 8z2
3 = z2

1 + z2
2 − 5z2

3 .

Íàêiíåöü, âèêîíà¹ìî ïåðåòâîðåííÿ




z1 = u1,
z2 = u2,
z3 = 1√

5
u3,

ç ìàòðèöåþ

C =




1 0 0
0 1 0
0 0 1√

5


 .
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Â ðåçóëüòàòi îòðèìà¹ìî êàíîíi÷íèé âèãëÿä êâàäðàòè÷íî¨ ôîðìè f

f = u2
1 + u2

2 − u2
3.

À ìàòðèöÿ

Q = ABC =




1 −1 0
0 1 0
0 0 1







1 0 0
0 1 2
0 0 1







1 0 0
0 1 0
0 0 1√

5


 =

=




1 −1 −2 1√
5

0 1 2 1√
5

0 0 1√
5




¹ ìàòðèöåþ ëiíiéíîãî ïåðåòâîðåííÿ íåâiäîìèõ, ùî çâîäèòü êâàäðà-
òè÷íó ôîðìó f äî êàíîíi÷íîãî âèãëÿäó.

Ïðèêëàä 15.á. ×è ¹ êâàäðàòè÷íà ôîðìà g(x1, x2, x3, x4, x5), çà-
äàíà ìàòðèöåþ

A =




3 −2 1 0 0
−2 3 −2 1 0

1 −2 3 −2 1
0 1 −2 2 −1
0 0 1 −1 1




,

äîäàòíüî, âiä'¹ìíî âèçíà÷åíîþ, ÷è çíàêîçìiííîþ?

Ðîçâ'ÿçàííÿ. Îá÷èñëèìî ãîëîâíi ìiíîðè êâàäðàòè÷íî¨ ôîðìè g:

A1 = |3| = 3 > 0, A2 =
∣∣∣∣

3 −2
−2 3

∣∣∣∣ = 5 > 0,

A3 =

∣∣∣∣∣∣

3 −2 1
−2 3 −2

1 −2 3

∣∣∣∣∣∣
=

∣∣∣∣∣∣

0 0 8
0 −1 2
1 −2 3

∣∣∣∣∣∣
= 8 > 0,

A4 =

∣∣∣∣∣∣∣∣

3 −2 1 0
−2 3 −2 1

1 −2 3 −2
0 1 −2 2

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣

3 −2 1
−3 4 −1

4 −5 2

∣∣∣∣∣∣
= 4 > 0,
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A5 =

∣∣∣∣∣∣∣∣∣∣

3 −2 1 0 0
−2 3 −2 1 0

1 −2 3 −2 1
0 1 −2 2 −1
0 0 1 −1 1

∣∣∣∣∣∣∣∣∣∣

=

=

∣∣∣∣∣∣∣∣

3 −2 1 0
−2 3 −2 1

1 −2 2 −1
0 1 −1 1

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣

3 −2 1
−2 2 −1

1 −1 1

∣∣∣∣∣∣
= 1 > 0.

Îñêiëüêè âñi ãîëîâíi ìiíîðè êâàäðàòè÷íî¨ ôîðìè g äîäàòíi, òî g �
äîäàòíüî âèçíà÷åíà êâàäðàòè÷íà ôîðìà.

Ïðèêëàä 16. Âèçíà÷èòè òèï ïîâåðõíi, çàäàíî¨ ðiâíÿííÿì 2x2 +
+5y2 + 2z2 − 2xy − 4xz + 2yz − 2 = 0, çíàéòè ¨¨ êàíîíi÷íå ðiâíÿííÿ
òà êàíîíi÷íó ñèñòåìó êîîðäèíàò.

Ðîçâ'ÿçàííÿ. Ðîçãëÿíåìî êâàäðàòè÷íó ôîðìó

f(x, y, z) = 2x2 + 5y2 + 2z2 − 2xy − 4xz + 2yz.

Ïðèâåäåìî ¨¨ äî êàíîíi÷íîãî âèãëÿäó çà äîïîìîãîþ îðòîãîíàëüíî-
ãî ïåðåòâîðåííÿ íåâiäîìèõ. Äëÿ öüîãî çíàéäåìî âëàñíi çíà÷åííÿ i
âëàñíi âåêòîðè ìàòðèöi

A =




2 −1 −2
−1 5 1
−2 1 2


 .

Õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì ìàòðèöi A ¹ ìíîãî÷ëåí

|A− λE| =
∣∣∣∣∣∣

2− λ −1 −2
−1 5− λ 1
−2 1 2− λ

∣∣∣∣∣∣
=

∣∣∣∣∣∣

1 5− λ 1
0 −9 + 2λ −λ
0 9− 7λ + λ2 −λ

∣∣∣∣∣∣
=

= λ

∣∣∣∣
−9 + 2λ 1

9− 7λ + λ2 1

∣∣∣∣ = −λ(λ− 3)(λ− 6).

Òàêèì ÷èíîì λ1 = 0, λ2 = 3, λ3 = 6 � âëàñíi çíà÷åííÿ ìàòðèöi A.
Äëÿ çíàõîäæåííÿ âëàñíèõ âåêòîðiâ ðîçâ'ÿçó¹ìî ïîñëiäîâíî ñèñòåìè
ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü ç ìàòðèöÿìè:




2 −1 −2
−1 5 1
−2 1 2


 →

(
1 −5 −1
0 9 0

)
→

(
1 0 −1
0 1 0

)
;



34



−1 −1 −2
−1 2 1
−2 1 −1


 →

(
1 1 2
0 3 3

)
→

(
1 0 1
0 1 1

)
;



−4 −1 −2
−1 −1 1
−2 1 −4


 →

(
1 1 −1
0 3 −6

)
→

(
1 0 1
0 1 −2

)
.

Çâiäñè a1 = (1, 0, 1), a2 = (1, 1,−1), a3 = (−1, 2, 1) � âëàñíi âåêòîðè,
ùî íàëåæàòü âiäïîâiäíî âëàñíèì çíà÷åííÿì λ1 = 0, λ2 = 3, λ3 = 6.
Ïðîíîðìó¹ìî îðòîãîíàëüíó ñèñòåìó âåêòîðiâ a1, a2, a3. Îòðèìà¹ìî

a′1 = (
1√
2
, 0,

1√
2
), a′2 = (

1√
3
,

1√
3
,− 1√

3
), a′3 = (− 1√

6
,

2√
6
,

1√
6
).

Òîäi çà äîïîìîãîþ ïåðåòâîðåííÿ íåâiäîìèõ îáåðíåíîãî äî ïåðåòâî-
ðåííÿ ç ìàòðèöåþ

Q =




1√
2

1√
3

− 1√
6

0 1√
3

2√
6

1√
2

1√
3

1√
6




êâàäðàòè÷íà ôîðìà f çâîäèòüñÿ äî êàíîíi÷íîãî âèãëÿäó

f = 3y2
1 + 6z2

1 .

Òàê ÿê Q � ìàòðèöÿ ïåðåõîäó âiä êàíîíi÷íîãî áàçèñó äî îðòîíîð-
ìîâàíîãî áàçèñó a′1, a′2, a′3 åâêëiäîâîãî ïðîñòîðó R3, òî Q � îðòîãî-
íàëüíà ìàòðèöÿ. I òîìó Q−1 = QT . Îòæå,

Q−1 =




1√
2

0 1√
2

1√
3

1√
3

− 1√
3

− 1√
6

2√
6

1√
6




Òàêèì ÷èíîì â êàíîíi÷íié ñèñòåìi êîîðäèíàò




x1 = 1√
2
x + 1√

2
z

y1 = 1√
3
x + 1√

3
y − 1√

3
z

z1 = − 1√
6
x + 2√

6
y + 1√

6
z

ðiâíÿííÿ íàøî¨ ïîâåðõíi ïðèéìå âèãëÿä

3y2
1 + 6z2

1 = 2
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àáî
y2
1
2
3

+
z2
1
1
3

= 1.

Î÷åâèäíî, äàíà ïîâåðõíÿ ¹ åëiïòè÷íèì öèëiíäðîì.
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Iíäèâiäóàëüíà ðîáîòà �1
Áàçèñ ëiíiéíîãî ïðîñòîðó. Êîîðäèíàòè âåêòîðà â áàçèñi.
Äîâåñòè, ùî ñèñòåìà âåêòîðiâ a1, a2, a3, a4 ¹ áàçèñîì âåêòîðíîãî ïðî-
ñòîðó R4 íàä ïîëåì äiéñíèõ ÷èñåë R. Çíàéòè ôîðìóëè äëÿ êîîðäèíàò
âåêòîðà x = (χ1, χ2, χ3, χ4) ∈ R4 ó öüîìó áàçèñi. ßêèìè ¹ êîîðäèíàòè
âåêòîðà c ∈ R4 ó áàçèñi a1, a2, a3, a4?
1.1. a1 = (2, 1, 1, 3), a2 = (3, 3, 1, 4), a3 = (1, 4, 2, 4), a4 = (4, 1, 2, 2),

c = (14, 6, 9, 12).
1.2. a1 = (2, 1, 2, 2), a2 = (2, 1, 1, 2), a3 = (2, 2, 1, 1), a4 = (1, 1, 1, 0),

c = (1,−1, 1,−1).
1.3. a1 = (1, 1, 1, 1), a2 = (1,−1, 1,−1), a3 = (2, 1, 1, 1), a4 =(3, 4, 1, 1),

c = (3,−3, 0, 12).
1.4. a1 = (−1, 2, 2, 1), a2 = (0, 3, 2, 1), a3 = (1, 1, 4, 2), a4 =(1,−2, 1, 3),

c = (2,−4, 5, 6).
1.5. a1 = (3,−1, 1, 3), a2 = (2, 0, 6, 1), a3 = (1,−1, 1, 1), a4 =(2, 4, 1, 1),

c = (2, 4, 3,−1).
1.6. a1 = (−2, 5, 0, 3), a2 = (1, 3, 2, 6), a3 = (1, 1, 1, 0), a4 =(2, 2, 2, 2),

c = (3, 6, 9,−2).
1.7. a1 = (4,−1, 3, 2), a2 = (2, 3, 1, 5), a3 = (2,−3, 1, 1), a4 =(2, 3, 2, 1),

c = (2,−4, 3, 7).
1.8. a1 = (2, 1, 3, 1), a2 = (5, 2, 2, 5), a3 = (3, 1, 6, 0), a4 = (0, 6, 0, 7),

c = (0,−6,−5,−11).
1.9. a1 = (4, 3, 2, 1), a2 = (−1, 3, 3, 3), a3 = (2, 1, 2, 1), a4 = (1, 5, 0, 1),

c = (−1,−1, 2, 2).
1.10. a1 = (0, 5, 1, 3), a2 = (2, 4, 0, 1), a3 = (1, 3, 1, 5), a4 = (3, 6, 0, 1),

c = (3, 8,−2,−10).

Iíäèâiäóàëüíà ðîáîòà �2
Ìàòðèöÿ ïåðåõîäó âiä îäíîãî äî iíøîãî áàçèñó. Çâ'ÿçîê
ìiæ êîîðäèíàòàìè âåêòîðà â ðiçíèõ áàçèñàõ
Äîâåñòè, ùî ñèñòåìè âåêòîðiâ a1, a2, a3 òà b1, b2, b3 ¹ áàçèñàìè âå-
êòîðíîãî ïðîñòîðó R3. Çíàéòè ìàòðèöþ ïåðåõîäó òà ôîðìóëè ïå-
ðåòâîðåííÿ êîîðäèíàò ïðè ïåðåõîäi âiä ïåðøîãî äî äðóãîãî áàçèñó.
Çíàéòè áåçïîñåðåäíüî êîîðäèíàòè âåêòîðà c = (1, 2, 3) â îáîõ áàçè-
ñàõ i ïîòiì ïåðåâiðèòè îäåðæàíèé ðåçóëüòàò çà äîïîìîãîþ ôîðìóë
ïåðåòâîðåííÿ êîîðäèíàò.
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2.1. a1 = (1,−1, 1), a2 = (2,−1,−1), a3 = (3,−2, 1);
b1 = (−1, 1, 0), b2 = (2,−1, 1), b3 = (1, 0, 0).

2.2. a1 = (3, 3,−2), a2 = (1,−1, 3), a3 = ( 11, 6, 2);
b1 = (−2, 1, 4), b2 = (3,−2, 1), b3 = (−11, 7, 2).

2.3. a1 = (1,−1, 1), a2 = (−1, 2, 0), a3 = (0, 1, 2);
b1 = (1,−1, 1), b2 = (2,−1, 0), b3 = (3,−2, 0).

2.4. a1 = (1,−1,−1), a2 = (−1, 2, 0), a3 = (0, 1, 0);
b1 = (1, 0, 1), b2 = (1,−1, 2), b3 = (2,−1, 4).

2.5. a1 = ( 0, 1, 2), a2 = (1,−2,−1), a3 = (1,−1, 2);
b1 = (−1, 1, 0), b2 = (2,−1, 1), b3 = (1, 0, 2).

2.6. a1 = (2, 1, 1), a2 = (1, 1, 3), a3 = (3, 2, 5);
b1 = (1, 1, 1), b2 = (2, 1, 1), b3 = (3, 1, 3).

2.7. a1 = (1,−1, 2), a2 = ( 2, 1, 1), a3 = (3, 0, 2);
b1 = (1, 1, 1), b2 = (−2,−1, 1), b3 = (1, 0, 3).

2.8. a1 = (6, 4,−1), a2 = (1,−2, 2), a3 = (9, 3, 1);
b1 = (−3, 7, 8), b2 = (2, 1, 3), b3 = (0,−2,−3).

2.9. a1 = (4, 3, 2), a2 = (1, 1, 3), a3 = (2, 2, 5);
b1 = (5, 4, 3), b2 = (2, 2, 1), b3 = (1, 6,−1).

2.10. a1 = (8, 1,−1), a2 = (3, 2,−3), a3 = (4,−1, 2);
b1 = (1, 2,−1), b2 = (4, 4,−1), b3 = (3, 0, 2).

Iíäèâiäóàëüíà ðîáîòà �3
Äi¨ íàä ëiíiéíèìè ïiäïðîñòîðàìè
Çíàéòè ðîçìiðíîñòi é áàçèñè ñóìè L1 +L2, à òàêîæ ïåðåòèíó L1 ∩ L2

ëiíiéíèõ ïiäïðîñòîðiâ L1 òà L2 ïðîñòîðó R5, äå L1 � ïðîñòið ðîçâ'ÿç-
êiâ ñèñòåìè ðiâíÿíü à L2 = 〈a1, a2〉 � ëiíiéíà îáîëîíêà, íàòÿãíóòà íà
ñèñòåìó âåêòîðiâ a1, a2.

3.1. 



7x1 + 6x2 + 3x3 + x4 − x5 = 0,
−5x1 + x3 + x4 + x5 = 0,

6x1 + 6x2 + x3 + x4 = 0,
x1 + 12x2 + 2x3 + 4x4 + 3x5 = 0;

a1 = (4, 3, 1, 2,−1),
a2 = (1, 7,−2,−1,−10).
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3.2. 



4x1 + 7x2 + 7x3 + 5x5 = 0,
x1 + 2x2 + 2x3 − x5 = 0,

2x1 + 3x2 + 4x3 + x4 + 3x5 = 0,
2x1 + 3x2 + 5x3 + 2x4 − x5 = 0;

a1 = (3, 4,−7,−3,−3),
a2 = (−4, 8,−8,−5,−4).

3.3. 



x1 + 2x2 + x3 − x4 + 3x5 = 0,
x1 + x2 + 3x3 + 2x4 = 0,

2x1 + 3x2 + 5x3 + 2x4 − x5 = 0,
3x1 + 5x2 + 6x3 + x4 + 2x5 = 0;

a1 = (7,−4, 1, 2, 1),
a2 = (10, 0,−6,−1,−2).

3.4. 



x1 + x2 + x3 + x4 + x5 = 0,
2x1 + 3x2 + 2x3 − x4 + 2x5 = 0,
x1 + 2x2 + 2x4 − x5 = 0,

3x1 + 5x2 + 2x3 + x4 + x5 = 0;

a1 = (−5, 4, 1, 2, 3),
a2 = (1, 1, 1, 1, 1).

3.5. 



x1 + 3x2 − x4 − x5 = 0,
x1 + x2 + 2x3 − 3x4 + 3x5 = 0,

2x1 + 3x2 + 2x3 − x4 + 2x5 = 0,
3x1 + 6x2 + 2x3 − 2x4 + x5 = 0;

a1 = (1, 1, 1, 1, 0),
a2 = (2, 1,−1, 1, 1).

3.6. 



x1 + 2x2 + 2x3 + 3x4 + 2x5 = 0,
x1 − x2 + 3x4 + x5 = 0,

3x1 + 3x2 + 2x3 + x4 + x5 = 0,
2x1 + x2 + 2x3 + 6x4 + 3x5 = 0;

a1 = (1, 1, 1, 1, 1),
a2 = (0, 2, 3, 4,−6).

3.7. 



x1 + 2x2 + 3x3 + x4 + x5 = 0,
x1 + 3x2 + 4x3 + 3x4 + 2x5 = 0,
x1 + x2 + 2x3 − x4 = 0,
x1 + 3x2 + 3x3 + 5x4 + 5x5 = 0;

a1 = (1, 1, 1, 1, 1),
a2 = (0,−7, 6, 2, 2).

3.8. 



x1 + 2x2 + x3 + 3x4 + x5 = 0,
5x1 + 3x2 + x3 + 3x4 + 5x5 = 0,
−x1 + x2 + x3 + 2x4 = 0,
3x1 + 3x2 + x3 + 4x4 + 2x5 = 0;

a1 = (1, 1, 1, 1, 1),
a2 = (3,−6, 1, 7, 3).

3.9. 



x1 + 2x2 − x3 + x4 + x5 = 0,
x2 + 3x3 − 2x4 + 1x5 = 0,

−x1 + x2 + x3 + x5 = 0,
4x2 + 3x3 − x4 + 3x5 = 0;

a1 = (1, 0, 1, 0, 1),
a2 = (1, 3, 7, 9,−10).
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3.10. 



x1 + 4x2 + x3 + 2x4 + 3x5 = 0,
x1 + 2x2 + 5x4 + 2x5 = 0,

−x1 + 2x3 + 4x4 + x5 = 0,
x1 + 6x2 + 3x3 + 11x4 + 6x5 = 0;

a1 = (1, 0, 1, 0, 1),
a2 = (−11, 6,−6, 1,−3).

Iíäèâiäóàëüíà ðîáîòà �4
Ëiíiéíèé îïåðàòîð, éîãî ìàòðèöÿ òà êîîðäèíàòè îáðàçó
âåêòîðà â äàíîìó áàçèñi
Âiäîáðàæåííÿ ϕ : R3 → R3 êîæíèé âåêòîð x = (χ1, χ2, χ3) ∈ R3

ïåðåâîäèòü ó âåêòîð ϕ(x) ∈ R3. Äîâåñòè, ùî ϕ ¹ ëiíiéíèì îïåðàòîðîì.
Çíàéòè ôîðìóëè äëÿ êîîðäèíàò îáðàçó âåêòîðà ó êàíîíi÷íîìó áàçèñi
e1, e2, e3 ïðîñòîðó R3; îáðàçè âåêòîðiâ a = (1, 1, 1), e1, e2, e3 òà
ìàòðèöþ ëiíiéíîãî îïåðàòîðà ϕ ó öüîìó æ áàçèñi.

4.1. ϕ(x) = (3χ1 − χ2, χ1 + 2χ2 − χ3, χ3 − χ2).

4.2. ϕ(x) = (2χ1 − χ2 − χ3, χ1 − 2χ2 + χ3, χ1 + χ2 − 2χ3).

4.3. ϕ(x) = (χ1 − χ2 − χ3,−χ1 + χ2 − χ3,−χ1 − χ2 + χ3).

4.4. ϕ(x) = (χ1 − χ2, χ2 − χ3, χ1 − χ3).

4.5. ϕ(x) = (χ2 + 3χ3, 2χ2 − χ3, χ2 + χ3).

4.6. ϕ(x) = (2χ1 − χ3, 2χ2 − χ3, χ1 − χ3).

4.7. ϕ(x) = (χ1 − χ2 + 2χ3, χ1 − χ2, χ1 + 2χ2).

4.8. ϕ(x) = (χ1 + 2χ2 − χ3, 2χ1 − χ2 + χ3, χ1 + 2χ2 − χ3).

4.9. ϕ(x) = (χ2 + 4χ3, χ1 + χ2 − 2χ3, 2χ2 − 2χ3).

4.10. ϕ(x) = (2χ1 + χ2 + 2χ3, χ1 − χ3, χ2 + χ3).

Iíäèâiäóàëüíà ðîáîòà �5
Âëàñòèâîñòi ëiíiéíîãî îïåðàòîðà
Ïîáóäóâàòè ëiíiéíèé îïåðàòîð ϕ âåêòîðíîãî ïðîñòîðó R3 òàêèé, ùî
ïåðåâîäèòü âåêòîðè áàçèñó a1, a2, a3 öüîãî ïðîñòîðó âiäïîâiäíî ó
âåêòîðè b1, b2, b3. Çíàéòè ìàòðèöþ îïåðàòîðà ϕ ó áàçèñi a1, a2, a3.

5.1. a1 = (1, 3,−2), a2 = (4,−2, 1), a3 = (−4,−1, 1);
b1 = (−4,−1, 1), b2 = (7,−1, 0), b3 = ( 0,−1, 0).
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5.2. a1 = (1,−1, 1), a2 = (1, 0, 1), a3 = (2,−1, 1);
b1 = (1, 1, 1), b2 = (1, 1, 1), b3 = (1, 1, 0).

5.3. a1 = (1,−1, 1), a2 = (2, 1,−1), a3 = ( 3, 0, 1);
b1 = (−1, 1, 1), b2 = (0,−1, 1), b3 = (−1, 0, 2).

5.4. a1 = (1,−1, 1), a2 = (2,−1, 0), a3 = (3,−2, 0);
b1 = (−1, 0, 1), b2 = (0, 0, 0), b3 = (0, 1, 1).

5.5. a1 = (1,−1,−1), a2 = (−1, 2, 0), a3 = (0, 1, 0);
b1 = (1,−1, 1), b2 = (1, 0,−1), b3 = (2,−1, 0).

5.6. a1 = (1, 0, 1), a2 = (1,−1, 2), a3 = (2,−1, 4);
b1 = (0,−1, 1), b2 = (1, 1, 0), b3 = (1, 0, 1).

5.7. a1 = (1, 1, 1), a2 = ( 0,−1, 2), a3 = (1, 0, 2);
b1 = (1,−2, 1), b2 = (−1, 2,−1), b3 = (1, 0, 1).

5.8. a1 = (2, 3, 5), a2 = (0, 1, 2), a3 = (1, 0, 0);
b1 = (1, 1, 1), b2 = (1, 1,−1), b3 = (2, 1, 2).

5.9. a1 = (2, 0, 3), a2 = (4, 1, 5), a3 = (3, 1, 2);
b1 = (1, 2,−1), b2 = (4, 5,−2), b3 = (1,−1, 1).

5.10. a1 = (1, 1, 1), a2 = (1, 1,−1), a3 = (2, 1, 2);
b1 = (1, 1, 1), b2 = (1, 1, 1), b3 = (1, 1, 0).

Iíäèâiäóàëüíà ðîáîòà �6
Çâ'ÿçîê ìiæ ìàòðèöÿìè ëiíiéíîãî îïåðàòîðà â ðiçíèõ
áàçèñàõ. Äi¨ íàä ëiíiéíèìè îïåðàòîðàìè

Íåõàé ëiíiéíèé îïåðàòîð ϕ âåêòîðíîãî ïðîñòîðó R3 ïåðåâîäèòü âå-
êòîð x = (χ1, χ2, χ3) ó âåêòîð ϕ(x),

A =




1 2 3
2 3 1
3 1 2




� ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ψ öüîãî æ ïðîñòîðó ó áàçèñi a1, a2,
a3. Çíàéòè ó êàíîíi÷íîìó áàçèñi ïðîñòîðó R3 ìàòðèöi ëiíiéíèõ îïå-
ðàòîðiâ ϕ, ψ, ϕ + ψ, ϕ− ψ, ϕψ, ψϕ.
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6.1. ϕ(x) = (2χ2 − 3χ3, χ1 + 2χ2 + 3χ3, χ3 − χ1);
a1 = (1, 1, 2), a2 = (1, 1, 1), a3 = (1,−1, 2).

6.2. ϕ(x) = (2χ1 − χ2, 2χ2 − χ3, χ1 + χ2 + χ3);
a1 = (1, 1, 1), a2 = (2, 1, 1), a3 = (3, 2, 3).

6.3. ϕ(x) = (χ1 + χ2 + χ3, 2χ1 − χ3, 3χ2 − χ1);
a1 = (1,−1, 1), a2 = (−1, 2, 0), a3 = (0, 1, 2).

6.4. ϕ(x) = (2χ1 − χ2 − χ3, χ1 + χ3, χ1 + χ2 − 2χ3);
a1 = (1, 1,−1), a2 = (−1, 2, 0), a3 = (0, 1, 0).

6.5. ϕ(x) = (χ1 − χ2 + 2χ3, χ1 − χ2, χ1 + 2χ2);
a1 = (1,−1, 1), a2 = (2,−1,−1), a3 = (3,−2, 1).

6.6. ϕ(x) = (χ1 − χ2 − χ3,−χ1 + χ2 − χ3,−χ1 − χ2 + χ3);
a1 = (2, 1, 1), a2 = (1, 1, 3), a3 = (3, 2, 3).

6.7. ϕ(x) = (χ1 − χ2, χ1 + χ2 + χ3, χ1 + 2χ2 − χ3);
a1 = (−1, 1,−1), a2 = (1, 0, 2), a3 = (0, 1, 2).

6.8. ϕ(x) = (χ2 + 2χ3, 2χ3 − χ1, 3χ1 − χ2);
a1 = (1, 2, 1), a2 = (0, 1, 1), a3 = (1, 1, 1).

6.9. ϕ(x) = (χ1 + 4χ2 + χ3, 2χ1 − 3χ3, χ2 − 3χ1);
a1 = (3, 1, 1), a2 = (1, 2,−1), a3 = (2, 0, 1).

6.10. ϕ(x) = (2χ2 − 2χ3, 2χ1 − 2χ3,−χ2 − χ1);
a1 = (0, 1,−1), a2 = (1, 2,−1), a3 = (1, 1,−1).

Iíäèâiäóàëüíà ðîáîòà �7
Îáðàç i ÿäðî ëiíiéíîãî îïåðàòîðà

Íåõàé A � ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ϕ âåêòîðíîãî ïðîñòîðó R4

ó áàçèñi c1, c2, c3, c4. Çíàéòè áàçèñè i ðîçìiðíîñòi ïiäïðîñòîðiâ Im ϕ
òà Ker ϕ. Ïåðåêîíàòèñÿ ó òîìó, ùî dim Imϕ + dimKer ϕ = dimR4.

7.1. A =




−2 −6 −2 4
−1 −1 1 0

4 −2 −4 3
1 −1 −1 1


 . 7.2. A =




1 1 1 1
2 −1 3 1
0 2 1 4
3 3 5 6


 .
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7.3. A =




1 1 1 2
0 −1 2 1
1 0 3 3

−1 −1 −1 −2


 . 7.4. A =




−1 −1 −1 −1
2 3 1 2
1 2 0 1
0 1 −1 0


 .

7.5. A =




−1 −2 −2 −2
1 4 3 4
0 2 1 2

−1 0 −1 0


 . 7.6. A =




1 3 4 6
0 1 1 2
1 2 3 4
1 1 2 2


 .

7.7. A =




1 1 2 2
0 1 1 2
1 −1 0 −2
1 1 1 1


 . 7.8. A =




−3 1 1 3
5 −2 −1 −5

−1 −2 5 1
−1 −1 3 1


 .

7.9. A =




3 2 −3 −3
−1 1 1 1

1 1 −1 −1
−2 1 2 2


 . 7.10. A =




−1 −1 3 1
4 −1 −2 −4
4 −3 2 −4
5 −2 −1 −5


 .

Iíäèâiäóàëüíà ðîáîòà �8
Õàðàêòåðèñòè÷íèé ìíîãî÷ëåí, âëàñíi çíà÷åííÿ é âëàñíi
âåêòîðè ëiíiéíîãî îïåðàòîðà

Íåõàé A � ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ϕ âåêòîðíîãî ïðîñòîðó R4 ó
êàíîíi÷íîìó áàçèñi. Çíàéòè â öüîìó æ áàçèñi ìàòðèöi ëiíiéíèõ îïå-
ðàòîðiâ ϕ2, ϕ3, ϕ4 i ïåðåêîíàòèñÿ â òîìó, ùî f(ϕ) = 0, äå f � õàðà-
êòåðèñòè÷íèé ìíîãî÷ëåí îïåðàòîðà ϕ. Çíàéòè âñi âëàñíi çíà÷åííÿ i
âëàñíi âåêòîðè îïåðòîðà ϕ.

8.1. A =




3 0 −1 0
3 5 0 −3
1 0 1 0
4 3 −1 −1


. 8.2. A =




3 1 1 −1
0 −2 −3 0
0 3 4 0
1 2 1 1


.

8.3. A =




−1 2 3 1
0 −2 0 −3

−3 1 5 1
0 3 0 4


. 8.4. A =




4 0 3 0
1 3 1 −2

−3 0 −2 0
−1 2 1 1


.

8.5. A =




5 1 1 2
0 2 −1 0
0 1 4 0

−2 1 1 1


. 8.6. A =




4 0 1 0
1 7 1 −4

−1 0 2 0
1 4 1 −1


.
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8.7. A =




5 0 0 2
1 −1 4 1
1 −4 7 1

−2 0 0 1


. 8.8. A =




1 0 0 0
1 1 0 1

−2 0 0 −2
1 0 1 2


.

8.9. A =




2 −1 1 −2
1 0 1 −2
1 −1 2 −2
0 0 1 0


. 8.10. A =




2 0 0 1
0 1 −1 −1
0 0 0 −1

−1 0 1 0


.

Iíäèâiäóàëüíà ðîáîòà �9
Ñïåêòð îïåðàòîðà
Íåõàé A1, A2, A3 � ìàòðèöi âiäïîâiäíî ëiíiéíèõ îïåðàòîðiâ ϕ1, ϕ2, ϕ3

âåêòîðíîãî ïðîñòîðó R3 ó êàíîíi÷íîìó áàçèñi. Äîâåñòè, ùî ïðîñòið
R3 ìà¹ äâà áàçèñè, êîæåí ç ÿêèõ ñêëàäà¹òüñÿ ç âëàñíèõ âåêòîðiâ
âiäïîâiäíî îïåðàòîðiâ ϕ1 i ϕ2. Çíàéòè öi áàçèñè i ìàòðèöi âiäïîâiäíèõ
îïåðàòîðiâ ó öèõ áàçèñàõ. Äîâåñòè, ùî â ïðîñòîði R3 íå iñíó¹ áàçèñó,
ÿêèé áè ñêëàäàâñÿ ç âëàñíèõ âåêòîðiâ îïåðàòîðà ϕ3.

9.1. A1 =



−6 5 −5
−1 4 −1

9 −5 8


, A2 =



−3 2 −2
−2 1 −2

2 −2 1


, A3 =




4 2 1
1 3 2

−6 −6 −4


.

9.2. A1 =



−2 −2 1

1 −1 1
0 −6 5


, A2 =




0 1 0
−2 3 0
−3 3 1


, A3 =




1 −2 1
1 −2 1
1 −5 3


.

9.3. A1 =



−2 1 1
−5 4 1
−9 3 4


, A2 =




4 0 −1
3 1 −1
6 0 −1


, A3 =



−3 0 1
−2 −1 1
−5 −1 2


.

9.4. A1 =




2 2 −1
−1 5 −1

0 6 −1


, A2 =




3 1 −1
1 3 −1
3 3 −1


, A3 =



−3 0 1
−3 0 1
−5 1 1


.

9.5. A1 =




6 −1 −1
5 0 −1
9 −3 0


, A2 =




3 −1 0
2 0 0
3 −3 2


, A3 =



−3 −1 2
−5 −1 3
−9 −3 6


.

9.6. A1 =




6 1 −2
4 3 −2
9 3 −3


, A2 =



−1 0 1
−3 2 1
−6 0 4


, A3 =




1 −1 0
1 −3 1
3 −3 0


.
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9.7. A1 =



−2 −2 2

0 −5 2
−3 −9 5


, A2 =




5 0 −3
9 −1 −3
9 0 −7


, A3 =




3 3 −2
1 5 −2
4 8 −4


.

9.8. A1 =




0 −1 −2
−2 −1 2
−1 1 −1


, A2 =



−1 −1 2

2 2 −2
−1 −1 2


, A3 =



−1 −2 0

2 2 −1
0 −1 0


.

9.9. A1 =



−4 −2 1

1 −1 −1
−2 −2 −1


, A2 =




1 −1 0
0 2 0

−1 −1 2


, A3 =



−1 2 0
−2 2 1

0 1 0


.

9.10. A1 =




3 3 1
1 1 −1
3 3 1


, A2 =



−7 8 2
−6 7 2

6 0 −1


, A3 =




2 0 −2
−8 −2 10

0 0 1


.

Iíäèâiäóàëüíà ðîáîòà �10
Íîðìàëüíà ôîðìà Æîðäàíà
Çíàéòè íîðìàëüíi ôîðìè Æîðäàíà ìàòðèöü A1, A2, A3. Íåõàé A3

� ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ϕ âåêòîðíîãî ïðîñòîðó R3 ó êàíî-
íi÷íîìó áàçèñi öüîãî ïðîñòîðó. Çíàéòè ÿêèé-íåáóäü áàçèñ ïðîñòîðó
R3, ìàòðèöÿ îïåðàòîðà ϕ â ÿêîìó ìà¹ æîðäàíîâó íîðìàëüíó ôîðìó.

10.1. A1 =



−3 3 −3
−1 3 −1

5 −3 5


, A2 =




1 2 1
−5 −6 −4

6 6 5


, A3 =




4 −1 0
−1 2 1

2 −2 3


.

10.2. A1 =




0 4 −1
0 2 0
2 8 −3


, A2 =




5 2 1
1 4 2

−6 −6 −3


, A3 =




4 2 1
−3 0 −1

2 0 2


.

10.3. A1 =




1 −2 2
5 −3 5
1 2 0


, A2 =




3 4 −7
0 6 −6
0 3 −3


, A3 =




3 −1 0
−1 1 1

2 −2 2


.

10.4. A1 =



−4 3 −3
−4 2 −4

2 −3 1


, A2 =




1 3 −1
0 2 0
4 6 −3


, A3 =




5 2 1
−3 1 −1

2 0 3


.

10.5. A1 =



−4 −1 3

0 1 0
−6 −2 5


, A2 =




5 1 −2
2 2 −1
6 2 −2


, A3 =




0 0 1
0 1 0

−1 1 2


.
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10.6. A1 =




3 −2 −1
0 −1 0
2 −4 0


, A2 =




4 −1 −1
0 1 0
4 −2 0


, A3 =




0 −1 0
−1 −2 1

2 −2 −1


.

10.7. A1 =




0 −3 1
0 −1 0

−2 −6 3


, A2 =



−5 −1 4
−1 1 1
−8 −2 −7


, A3 =



−2 0 1

0 −1 0
−1 1 0


.

10.8. A1 =



−3 1 2

0 2 0
−4 2 3


, A2 =




7 3 −4
2 2 −1

10 6 −6


, A3 =




0 1 0
1 2 −1

−2 2 1


.

10.9. A1 =




3 3 −3
0 2 0
4 6 −2


, A2 =




4 −3 −1
0 −1 0
4 −2 0


, A3 =




2 0 −1
0 1 0
1 −1 0


.

10.10. A1 =



−3 2 1

0 1 0
−2 4 0


, A2 =




3 −1 −2
−1 −3 1

4 −2 −3


, A3 =




4 −1 −1
1 0 0
6 −2 −1


.

Iíäèâiäóàëüíà ðîáîòà �11
Òåîðåìà ïðî îðòîãîíàëüíå äîïîâíåííÿ
Ïiäïðîñòið L åâêëiäîâîãî ïðîñòîðó R4 ¹ ïðîñòîðîì ðîçâ'ÿçêiâ ñèñòå-
ìè ðiâíÿíü. Çíàéòè îðòîãîíàëüíå äîïîâíåííÿ L⊥ ïiäïðîñòîðó L â
R4 òà ïðîåêöi¨ âåêòîðà c íà ïiäïðîñòið L òà íà éîãî îðòîãîíàëüíå
äîïîâíåííÿ L⊥.

11.1.




x1 + 2x2 − x3 + x4 = 0,
2x1 + 3x2 + 4x3 − x4 = 0,
x1 + x2 + 5x3 − 2x4 = 0;

c = (−5, 4, 6,−1).

11.2.




3x1 + x2 + x4 = 0,
5x1 + 2x2 + 3x3 − x4 = 0,
2x1 + x2 + 3x3 − 2x4 = 0;

c = (2, 0, 4,−1).

11.3.




x1 + 3x3 + 3x4 = 0,
3x1 + x2 + x4 = 0,
5x1 + 2x2 − 3x3 − x4 = 0;

c = (5, 1,−4, 0).

11.4.




x1 + x2 + 2x3 − x4 = 0,
3x1 + x2 − x3 + 2x4 = 0,
x1 − x2 − 5x3 + 4x4 = 0;

c = (1,−2,−4, 5).
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11.5.




x1 + 2x2 + 3x3 + x4 = 0,
x1 + 4x2 + x4 = 0,

−x1 − 6x3 − x4 = 0;

c = (−14,−3, 5, 0).

11.6.




2x1 + 6x2 + 3x3 + 2x4 = 0,
x1 + 2x2 + 3x3 + x4 = 0,

3x1 + 8x2 + 6x3 + 3x4 = 0;

c = (2, 8, 6, 4).

11.7.




x1 + 2x2 − x3 + x4 = 0,
x1 + x2 + 2x3 − x4 = 0,

3x1 + 4x2 + 3x3 − x4 = 0;

c = (6, 2, 3, 0).

11.8.




2x1 − x2 + 4x3 + 3x4 = 0,
x1 − x2 − 2x3 + x4 = 0,
x1 + x2 + 14x3 + 3x4 = 0;

c = (−5,−11, 3, 5).

11.9.




x1 + 3x2 − 4x3 + 2x4 = 0,
4x1 + x2 − x4 = 0,

−10x1 + 3x2 − 8x3 + 7x4 = 0;

c = (−15, 29, 3,−5).

11.10.




2x1 + 3x2 + x3 − x4 = 0,
−2x1 + 3x3 + x4 = 0,

6x1 + 3x2 − 5x3 − 3x4 = 0;

c = (14,−5, 1,−5).

Iíäèâiäóàëüíà ðîáîòà �12
Àëãîðèòì îðòîãîíàëiçàöi¨ Ãðàìà-Øìiäòà
a. Â åâêëiäîâîìó ïðîñòîði R4 îðòîíîðìóâàòè çàäàíó ñèñòåìó âåêòî-
ðiâ a1, a2, a3, a4.

12.à.1. a1 = (1, 1, 1, 1), a2 = (1,−1, 1,−1), a3 = (0, 1, 1, 1),
a4 = (0, 0, 1, 1).

12.à.2. a1 = (1,−1, 1,−1), a2 = (1, 0,−1, 0), a3 = (0, 1, 1, 1),
a4 = (0, 0, 1,−1).

12.à.3. a1 = (−1,−1, 1, 1), a2 = (1, 0,−1, 0), a3 = (1, 1, 1, 0),
a4 = (1, 0, 0,−1).

12.à.4. a1 = (1, 1,−1,−1), a2 = (1, 0, 1, 0), a3 = (1, 1, 0, 1),
a4 = (1, 1, 0, 0).

12.à.5. a1 = (1, 1, 1,−1), a2 = (1, 0, 0, 1), a3 = (1, 1, 1, 0),
a4 = (0, 1, 1, 1).
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12.à.6. a1 = (−1, 1, 1, 1), a2 = (1, 1, 0, 0), a3 = (0, 1, 0, 1),
a4 = (0, 0, 1, 1).

12.à.7. a1 = (1, 2, 1, 1), a2 = (2,−1, 1,−1), a3 = (1, 1, 2, 0),
a4 = (1, 1, 0, 0).

12.à.8. a1 = (0, 0, 1,−1), a2 = (0, 1,−1, 1), a3 = (1, 1,−1, 1),
a4 = (1, 1, 1, 1).

12.à.9. a1 = (−1, 0, 0, 1), a2 = (0, 1, 1, 1), a3 = (1, 1,−1,−1),
a4 = (1, 0,−1, 0).

12.à.10. a1 = (0, 1, 1, 1), a2 = (1,−1, 2, 0), a3 = (0, 0, 1, 1),
a4 = (1, 1, 1, 1).

á. Â åâêëiäîâîìó ïðîñòîði C2
[α,β] âñiõ ôóíêöié, êâàäðàò ÿêèõ ¹ iíòå-

ãðîâíèì, îðòîãîíàëiçóâàòè ñèñòåìó ìíîãî÷ëåíiâ p1 = 1, p2 = x, p3 =
= x2, p4 = x3 (ñêàëÿðíèé äîáóòîê äâîõ äîâiëüíèõ ôóíêöié f , g iç ïðî-
ñòîðó C2

[α,β] âèçíà÷à¹òüñÿ íàñòóïíèì ÷èíîì (f, g) =
∫ β

α
f(x)g(x) dx).

12.á.1. α = 0, β = 1. 12.á.2. α = −1, β = 0.
12.á.3. α = 1, β = 2. 12.á.4. α = −2, β = −1.
12.á.5. α = 2, β = 3. 12.á.6. α = −3, β = −2.
12.á.7. α = −1, β = 1. 12.á.8. α = −2, β = 2.
12.á.9. α = −2, β = 0. 12.á.10. α = −1, β = 2.

Iíäèâiäóàëüíà ðîáîòà �13
Îðòîãîíàëüíi îïåðàòîðè
Íåõàé A � ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ϕ åâêëiäîâîãî ïðîñòîðó R4

â êàíîíi÷íîìó áàçèñi. Äîâåñòè, ùî ϕ ¹ îðòîãîíàëüíèì îïåðàòîðîì.
À òàêîæ, ùî â ïðîñòîði R4 iñíó¹ îðòîíîðìîâàíèé áàçèñ, ÿêèé ñêëà-
äà¹òüñÿ ç âëàñíèõ âåêòîðiâ îïåðàòîðà ϕ. Çíàéòè ìàòðèöþ îïåðàòîðà
ϕ ó öüîìó áàçèñi.

13.1. A = 1
2




1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1


 . 13.2. A = 1

2




−1 −1 −1 −1
−1 1 −1 1
−1 −1 1 1
−1 1 1 −1


 .

13.3. A = 1
2




1 −1 −1 1
−1 −1 1 1
−1 1 −1 1

1 1 1 1


 . 13.4. A = 1

2




−1 1 1 −1
1 1 −1 −1
1 −1 1 −1

−1 −1 −1 −1


 .
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13.5. A = 1
2




−1 1 −1 1
1 1 1 1

−1 1 1 −1
1 1 −1 −1


 . 13.6. A = 1

2




1 −1 1 −1
−1 −1 −1 −1

1 −1 −1 1
−1 −1 1 1


 .

13.7. A = 1
2




−1 −1 1 1
−1 1 1 −1

1 1 1 1
1 −1 1 −1


 . 13.8. A = 1

2




1 −1 −1 1
−1 1 −1 1
−1 −1 1 1

1 1 1 1


 .

13.9. A = 1
2




1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1


 . 13.10. A = 1

2




−1 1 1 −1
1 −1 1 −1
1 1 −1 −1

−1 −1 −1 −1


 .

Iíäèâiäóàëüíà ðîáîòà �14
Ñèìåòðè÷íi îïåðàòîðè

Íåõàé A � ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ϕ åâêëiäîâîãî ïðîñòîðó R4

â êàíîíi÷íîìó áàçèñi. Äîâåñòè, ùî ϕ � ñèìåòðè÷íèé îïåðàòîð. Çíà-
éòè îðòîíîðìîâàíèé áàçèñ ïðîñòîðó R4, ÿêèé ñêëàäà¹òüñÿ ç âëàñíèõ
âåêòîðiâ îïåðàòîðà ϕ i ìàòðèöþ îïåðàòîðà ϕ ó öüîìó áàçèñi.

14.1. A = 1
4




7 1 1 −1
1 7 −1 1
1 −1 7 1

−1 1 1 7


 . 14.2. A = 1

4




7 −1 1 1
−1 7 1 1

1 1 7 −1
1 1 −1 7


 .

14.3. A = 1
4




7 1 −1 1
1 7 1 −1

−1 1 7 1
1 −1 1 7


 . 14.4. A = 1

4




−5 1 1 −1
1 −5 −1 1
1 −1 −5 1

−1 1 1 −5


 .

14.5. A = 1
4




−5 −1 1 1
−1 −5 1 1

1 1 −5 −1
1 1 −1 −5


 . 14.6. A = 1

4




−5 1 −1 1
1 −5 1 −1

−1 1 −5 1
1 −1 1 −5


 .

14.7. A = 1
4




3 1 1 −1
1 3 −1 1
1 −1 3 1

−1 1 1 3


 . 14.8. A = 1

4




3 1 −1 1
1 3 1 −1

−1 1 3 1
1 −1 1 3


 .
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14.9. A = 1
4




−3 1 1 1
1 −3 1 1
1 1 −3 1
1 1 1 −3


 . 14.10. A = 1

4




3 −1 1 1
−1 3 1 1

1 1 3 −1
1 1 −1 3


 .

Iíäèâiäóàëüíà ðîáîòà �15
Êâàäðàòè÷íi ôîðìè

a. Çíàéòè íîðìàëüíi âèãëÿäè êâàäðàòè÷íî¨ ôîðìè f(x1, x2, x3) âiä-
ïîâiäíî íàä ïîëÿìè äiéñíèõ òà êîìïëåêñíèõ ÷èñåë i ïåðåòâîðåííÿ
íåâiäîìèõ, ùî çâîäÿòü ôîðìó f äî öèõ âèãëÿäiâ.

15.a.1. f = x2
1 + 2x2

2 − x2
3 + 2x1x2 − 4x2x3.

15.a.2. f = −x2
1 + 3x2

2 + x2
3 − 4x1x2 + 6x1x3.

15.a.3. f = x2
1 − x2

2 + 3x2
3 − 4x1x2 + 2x2x3.

15.a.4. f = x2
1 + 2x2

2 − 3x2
3 − 6x1x2 − 4x2x3.

15.a.5. f = −x2
1 + 4x2

2 − x2
3 − 4x1x3 + 8x2x3.

15.a.6. f = −x2
1 + 3x2 − 3x2

3 + 6x1x2 + 2x2x3 − 4x1x3.

15.a.7. f = x2
1 + 2x2

2 − 8x1x2 + 4x2x3 + 2x1x3.

15.a.8. f = −2x2
1 − 2x2

2 − 8x1x2 − 4x2x3.

15.a.9. f = 3x2
1 + 3x2

2 − 2x1x2 + 6x2x3 − 2x1x3.

15.a.10. f = 3x2
1 + 3x2

2 + 2x1x2 + 6x2x3 + 2x1x3 − 9x2
3.

á. ×è ¹ êâàäðàòè÷íà ôîðìà g(x1, x2, x3, x4, x5) = XT AX, çàäàíà ìàò-
ðèöåþ A, äîäàòíüî, âiä'¹ìíî âèçíà÷åíîþ, ÷è çíàêîçìiííîþ?

15.á.1. A =

0BBBB@
3 −2 1 0 1

−2 3 −2 1 0
1 −2 3 −2 1
0 1 −2 2 −1
0 0 1 −1 1

1CCCCA. 15.á.2. A =

0BBBB@
3 0 1 −2 0
0 2 −2 1 −1
1 −2 3 −2 1

−2 1 −2 3 0
0 −1 1 0 1

1CCCCA.
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15.á.3. A =

0BBBB@
−3 2 1 0 0

2 −3 0 1 0
1 0 −3 0 1
0 1 0 −2 −1
0 0 1 −1 −1

1CCCCA. 15.á.4. A =

0BBBB@
−3 0 1 2 0

0 −2 0 1 −1
1 0 −3 0 1
2 1 0 −3 0
0 −1 1 0 −1

1CCCCA.

15.á.5. A =

0BBBB@
3 −2 1 1 0

−2 3 −2 1 0
1 −2 1 0 −1
1 1 0 1 1
0 0 −1 1 −1

1CCCCA. 15.á.6. A =

0BBBB@
−2 3 −2 1 0

3 −2 1 1 0
1 −2 1 0 −1
1 1 0 1 1
0 0 −1 1 −1

1CCCCA.

15.á.7. A =

0BBBB@
1 −1 −1 1 0

−1 2 0 −2 1
−1 0 3 −1 −2

1 −2 −1 4 −1
0 1 −2 −1 4

1CCCCA. 15.á.8. A =

0BBBB@
1 1 1 1 1
1 2 2 2 2
1 2 3 3 3
1 2 3 4 4
1 2 3 4 5

1CCCCA.

15.á.9. A =

0BBBB@
1 −1 1 −1 1

−1 2 −2 2 −2
1 −2 3 −3 3

−1 2 −3 4 −4
1 −2 3 −4 5

1CCCCA. 15.á.10.A =

0BBBB@
2 0 1 0 −1
0 3 1 1 −2
1 1 2 1 −1
0 1 1 1 −1

−1 −2 −2 −1 3

1CCCCA.

Iíäèâiäóàëüíà ðîáîòà �16
Êëàñèôiêàöiÿ ïîâåðõîíü äðóãîãî ïîðÿäêó
Âèçíà÷èòè òèï ïîâåðõíi, çàäàíî¨ ðiâíÿííÿì F (x, y, z) = 0, çíàéòè ¨¨
êàíîíi÷íå ðiâíÿííÿ òà êàíîíi÷íó ñèñòåìó êîîðäèíàò.
16.a.1. F (x, y, z) = 2x2 + 5y2 + 2z2 − 2xy − 4xz + 2yz − 2.
16.a.2. F (x, y, z) = 7x2 + 6y2 + 5z2 − 4xy − 4yz − 6.
16.a.3. F (x, y, z) = 2x2 + 2y2 − 5z2 + 2xy + 4.
16.a.4. F (x, y, z) = 2x2 + 5y2 + 2z2 − 2xy − 4xz + 2yz − 2.
16.a.5. F (x, y, z) = x2 − 2y2 + z2 + 4xy − 10xz + 4yz − 1.
16.a.6. F (x, y, z) = 2x2 + y2 + z2 − 2xy + 2yz − 8.
16.a.7. F (x, y, z) = x2 − 5y2 + z2 + 4xy + 2xz + 4yz − 6.
16.a.8. F (x, y, z) = 3x2 + y2 + z2 + 6xy − 6xz − 2yz − 1.
16.a.9. F (x, y, z) = 5x2 + 2y2 + 2z2 + 2xy − 2xz − 4yz + 1 .
16.a.10. F (x, y, z) = x2 − 2xy + 2xz − 4.
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