
54 ß. Â. ÂÀ��ÀÓÄÊ 512.643.8ß. Â. Âàðãà (ÄÂÍÇ ¾Óæãîðîäñüêèé íàö. óí-ò¿)Ï�Î ÎÄÍÓ ÍÅËIÍIÉÍÓ IÍÒÅ��ÀËÜÍÓ Ê�ÀÉÎÂÓ ÇÀÄÀ×Ó
We give a new approach for the investigation of existence and construction of an approximate

solutions of nonlinear non-autonomous systems of ordinary differential equations under nonlinear

integral boundary conditions. The constructivity of a suggested technique is shown on the example

of non-linear integral boundary value problem with two solutions.Çàñòîñîâàíî íîâèé ïiäõiä äëÿ äîñëiäæåííÿ iñíóâàííÿ òà ïîáóäîâè íàáëèæåíèõ ðîçâ'ÿçêiâ íå-ëiíiéíèõ ñèñòåì çâè÷àéíèõ äè�åðåíöiàëüíèõ ðiâíÿíü, ïiäïîðÿäêîâàíèõ íåëiíiéíèì iíòåãðàëü-íèì êðàéîâèì óìîâàì. Äîöiëüíiñòü çàïðîïîíîâàíî¨ òåõíiêè ïîêàçàíî íà ïðèêëàäi íåëiíiéíî¨iíòåãðàëüíî¨ êðàéîâî¨ çàäà÷i ç äâîìà ðîçâ'ÿçêàìè.Âñòóï. Ó íàóêîâié ëiòåðàòóði âèâ÷åííÿ ðîçâ'ÿçêiâ ñèñòåì íåëiíiéíèõ çâè÷àé-íèõ äè�åðåíöiàëüíèõ ðiâíÿíü ïiäïîðÿäêîâàíèõ ðiçíîãî âèãëÿäó iíòåãðàëüíèìêðàéîâèì óìîâàì çâåðòàþòü äîñèòü áàãàòî óâàãè [1℄, [2℄, [3℄, [13℄, [8℄.Ó äàíié ðîáîòi äîñëiäæó¹òüñÿ íåëiíiéíà iíòåãðàëüíà êðàéîâà çàäà÷à çàãàëü-íîãî âèãëÿäó
dx(t)

dt
= f (t, x(t)) , t ∈ [a, b] , (1)

b∫

a

p(s, x(s), x′(s))ds =

b∫

a

p(s, x(s), f(s, x(s)))ds = d. (2)äå f : [a, b]× R
n → R

n i p : [a, b] × R
n × R

n → R
n çàäàíi íåïåðåðâíi �óíêöi¨ óäåÿêié îáìåæåíié îáëàñòi D ⊂ R

n, êîíêðåòíèé âèãëÿä ÿêî¨ áóäå ïîêàçàíî íèæ÷åâ (8), a d ∈ R
n− çàäàíèé âåêòîð. Çàóâàæèìî, ùî â (2) ïiäiíòåãðàëüíà �óíêöiÿìîæå íåëiíiéíî çàëåæàòè ÿê âiä íåâiäîìî¨ �óíêöi¨ x(·) òàê i âiä ¨¨ ïîõiäíî¨

x′(·) = f(·, x(·)).Êðiì òîãî, ïðèïóñêà¹òüñÿ ëîêàëüíà ëiïøèöåâiñòü â îáëàñòi D �óíêöi¨ f i päëÿ âñiõ t ∈ [a, b] i {u, v} ∈ D ó íàñòóïíîìó âèãëÿäi:
|f(t, u)− f(t, v)| ≤ Kf |u− v| , (3)

|p(t, u(t), f(t, u(t)))− p(t, v(t), f(t, v(t)))| ≤ Kp |u− v|+K
′

|f(t, u)− f(t, v)|

≤ Kp |u− v|+K
′

Kf |u− v| = (Kp +K
′

Kf) |u− v| = K |u− v| , (4)äå Kf , Kp, K
′

, K = Kp +K
′

Kf íåâiä'¹ìíi ìàòðèöi ðîçìiðíîñòi n× n.Äëÿ äîñëiäæåííÿ iñíóâàííÿ i íàáëèæåíîãî ðîçâ'ÿçêó çàäà÷i (1)-(2) çàñòîñó-¹ìî òåõíiêó, çàïðîïîíîâàíó â [5℄, [11�14℄, [6℄, [9℄.Íà îñíîâi öüîãî ïiäõîäó çàìiñòü iíòåãðàëüíèõ êðàéîâèõ óìîâ (2) ââîäÿòüñÿâ ðîçãëÿä ïàðàìåòðèçîâàíi
”
ìîäåëüíi óìîâè“ ïðîñòîãî âèãëÿäó
x(a) = z, x(b) = η, (5)Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



Ï�Î ÎÄÍÓ ÍÅËIÍIÉÍÓ IÍÒÅ��ÀËÜÍÓ Ê�ÀÉÎÂÓ ÇÀÄÀ×Ó 55äå z := col(z1, ..., zn), η := col(η1, ..., ηn) ¹ íåâiäîìèìè ïàðàìåòðàìè i ñïî÷àòêóçàìiñòü iíòåãðàëüíî¨ êðàéîâî¨ çàäà÷i (1)-(2) äîñëiäæóþòüñÿ ðîçâ'ÿçêè íàñòóïíî¨ñèñòåìè ïàðàìåòðèçîâàíèõ äâîòî÷êîâèõ êðàéîâèõ çàäà÷
”
ìîäåëüíîãî òèïó“

dx(t)

dt
= f (t, x(t)) , t ∈ [a, b] , x(a) = z, x(b) = η. (6)1. Äîñëiäæåííÿ ìîäåëüíî¨ çàäà÷i. Âèõiäíèìè ¹ äâi îáìåæåíi îáëàñòi

Da, Db ⊂ R
n i öiêàâèìîñÿ òàêèìè ðîçâ'ÿçêàìè, çíà÷åííÿ ÿêèõ â òî÷êàõ t = a i

t = b íàëåæèòü âiäïîâiäíî ìíîæèíàì Da i Db. Áóäó¹òüñÿ ìíîæèíà òî÷îê
Da,b = (1− θ) z + θη (7)i äëÿ íåâiä'¹ìíîãî âåêòîðà ρ ∈ R

n âèçíà÷èìî ïîêîìïîíåíòíèé âåêòîðíèé ρ−îêiëìíîæèíè Da,b íàñòóïíèì ÷èíîì
D = B (Da,b, ρ) = ∪

y∈Da,b

B (y, ρ) , (8)äå ïiä âåêòîðíèì ρ−îêîëîì òî÷êè y ∈ R
n ðîçóìi¹ìî ìíîæèíó

B (y, ρ) = {ξ ∈ R
n : |ξ − y| ≤ ρ}i íàäàëi íåðiâíîñòi ìiæ âåêòîðàìè, a òàêîæ îïåðàöi¨ max i min ðîçóìi¹ìî ïî-êîìïîíåíòíî. Çâåðíåìî óâàãó íà òå, ùî ìíîæèíà Da,b óòâîðåíà óñiìà ïðÿìèìè,ùî ç'¹äíóþòü òî÷êè ìíîæèíè Da i òî÷êè ìíîæèíè Db.Íà îñíîâi ìíîæèíè D, �óíêöi¨ f i ïðàâî¨ ÷àñòèíè ñèñòåìè äè�åðåíöiàëüíèõðiâíÿíü (1) ïîáóäó¹ìî âåêòîð

δ[a,b],D(f) =
1

2

[
max

(t,x)∈[a,b]×D
f(t, x)− min

(t,x)∈[a,b]×D
f(t, x)

]
. (9)Óìîâà 1. Iñíó¹ íåâiä'¹ìíèé âåêòîð ρ ∈ R

n òàêèé, ùî
ρ ≥ δ[a,b],D(f).Óìîâà 2. Iñíóþòü íåâiä'¹ìíi ìàòðèöi Kf , Kp, K

′

, K = Kp +K
′

Kf äëÿ ÿêèõëîêàëüíî â îáëàñòi D äëÿ �óíêöié f i p âèêîíóþòüñÿ óìîâè Ëiïøèöÿ (3), (4).Óìîâà 3. Íàéáiëüøå âëàñíå çíà÷åííÿ ìàòðèöi
Q =

3 (b− a)

10
Kf (10)ìåíøå çà îäèíèöþ

r(Q) < 1. (11)Äëÿ âèâ÷åííÿ ðîçâ'ÿçêiâ ìîäåëüíî¨ ïàðàìåòðèçîâàíî¨ çàäà÷i (6) ââåäåìî âðîçãëÿä ïàðàìåòðèçîâàíó ïîñëiäîâíiñòü �óíêöié
x0 (t, z, η) := z +

t− a

b− a
[η − z] =

[
1−

t− a

b− a

]
z +

t− a

b− a
η, (12)

xm (t, z, η) := z +

t∫

a

f (s, xm−1 (s, z, η)) ds− (13)Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)
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−
t− a

b− a

b∫

a

f (s, xm−1 (s, z, η)) ds+
t− a

b− a
[η − z] , t ∈ [a, b] , m = 1, 2, ...,äå z ∈ Da, η ∈ Db ¹ ïàðàìåòðàìè. Çàóâàæèìî, ùî âñi �óíêöi¨ xm (t, z, η) çà-äîâîëüíÿþòü

”
ìîäåëüíi êðàéîâi óìîâè“ (5) äëÿ áóäü-ÿêèõ çíà÷åíü ïàðàìåòðiâ

z, η ∈ R
n.Íàñòóïíå òâåðäæåííÿ âñòàíîâëþ¹ ðiâíîìiðíó çáiæíiñòü ïîñëiäîâíîñòi (13)äî äåÿêî¨ ïàðàìåòðèçîâàíî¨ ãðàíè÷íî¨ �óíêöi¨.Òåîðåìà 1. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ Óìîâà 1-Óìîâà 3.Òîäi, äëÿ áóäü-ÿêèõ �iêñîâàíèõ (z, η) ∈ D ×Db :1.Âñi �óíêöi¨ ïîñëiäîâíîñòi (13) ¹ íåïåðåðâíî äè�åðåíöiéîâíi íà âiäðiçêó

t ∈ [a, b], ìàþòü çíà÷åííÿ â îáëàñòü D i çàäîâîëüíÿþòü óìîâàì (5).2. Ïîñëiäîâíiñòü �óíêöié (13) ðiâíîìiðíî çáiãà¹òüñÿ âiäíîñíî t ∈ [a, b] ïðè
m → ∞ äî ãðàíè÷íî¨ �óíêöi¨

x∞(t, z, η) = lim
m→∞

xm(t, z, η).3. �ðàíè÷íà �óíêöiÿ çàäîâîëüíÿ¹
”
ìîäåëüíi óìîâè“

x∞(a, z, η) = z, x∞(b, z, η) = η.4. Ôóíêöiÿ x∞ (t, z, η) ¹ ¹äèíèì íåïåðåðâíî äè�åðêíöiéîâíèì ðîçâ'ÿçêîì ií-òåãðàëüíîãî ðiâíÿííÿ
x(t) = z +

t∫

a

f(s, x(s))ds−
t− a

b− a

b∫

a

f(s, x(s))ds+
t− a

b− a
[η − z] , t ∈ [a, b] ,â îáëàñòi D.Iíøèìè ñëîâàìè, x∞ (t, z, η) çàäîâîëüíÿ¹ çàäà÷ó Êîøi äëÿ ìîäè�iêîâàíî¨ ñè-ñòåìè äè�åðåíöiàëüíèõ ðiâíÿíü:

dx

dt
= f(t, x) +

1

b− a
∆(z, η), x (a) = z, t ∈ [a, b] ,äå ∆(z, η) : Da ×Db → R

n öå âiäîáðàæåííÿ, ÿêå âèçíà÷åíå �îðìóëîþ:
∆(z, η) = η − z −

b∫

a

f(s, x∞(s, z, η))ds.5.Ñïðàâåäëèâà îöiíêà
|x∞(·, z, η)− xm(·, z, η)| 6

10

9
α1(t, a, b− a)Qm (1n −Q)−1 δ[a,b],D(f), (14)äëÿ âñiõ t ∈ [a, b] i m ≥ 0, äå δ[a,b],D(f) çàäà¹òüñÿ �îðìóëîþ (9),

α1(t, a, b− a) = 2 (t− a)

(
1−

t− a

b− a

)
,ïðè÷îìó

α1(t, a, b− a) ≤
b− a

2
,à ìàòðèöÿ Q ìà¹ âèãëÿä (10). Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



Ï�Î ÎÄÍÓ ÍÅËIÍIÉÍÓ IÍÒÅ��ÀËÜÍÓ Ê�ÀÉÎÂÓ ÇÀÄÀ×Ó 57Äîâåäåííÿ. Äîâåäåííÿ ìîæå áóòè ïðîâåäåíî àíàëîãi÷íî, ÿê ó Òåîðåìi 1 [4℄.A ñàìå, íà îñíîâi Ëåì, ùî äîâåäåíi ó [10℄, âñòàíîâëþ¹òüñÿ, ùî ïðè óìîâàõ òå-îðåìè äëÿ �iêñîâàíèõ z ∈ Da, η ∈ Db i âñiõ t ∈ [a, b] ïîñëiäîâíiñòü �óíêöié(13) íàëåæèòü îáëàñòi D i ¹ ïîñëiäîâíiñòþ Êîøi, òîáòî ðiâíîìiðíî çáiæíîþ, óÁàíàõîâîìó ïðîñòîði íåïåðåðâíèõ âåêòîð-�óíêöié C([a, b] ,Rn) ç ñòàíäàðòíîþðiâíîìiðíîþ íîðìîþ.2. Çâ'ÿçîê ãðàíè÷íî¨ �óíêöi¨ x∞(·, z, η) ç ðîçâ'ÿçêîì âèõiäíî¨ iíòå-ãðàëüíî¨ êðàéîâî¨ çàäà÷i.Òåîðåìà 2. Â óìîâàõ Òåîðåìè 1 ãðàíè÷íà �óíêöiÿ
x∞(t, z∗, η∗) = lim

m→∞

xm(t, z
∗, η∗)ïîñëiäîâíîñòi (13) ¹ íåïåðåðâíî äè�åðåíöûéîâíèì ðîçâ'ÿçêîì iíòåãðàëüíî¨êðàéîâî¨ çàäà÷i (1)-(2) òîäi i òiëüêè òîäi, êîëè ïàðà (z∗, η∗) çàäîâîëüíÿ¹ ñèñòå-ìó 2n àëãåáðà¨÷íèõ ÷è òðàíñöåíäåíòíèõ, òàê çâàíèõ

”
âèçíà÷àëüíèõ ðiâíÿíü“:

∆(z, η) = η − z −
b∫
a

f(s, x∞(s, z, η))ds = 0,

Λ(z, η) =
b∫
a

p(s, x∞(s, z, η), f(s, x∞(s, z, η)))ds− d = 0.

(15)Äîâåäåííÿ. Äîâåäåííÿ ìîæå áóòè ïðîâåäåíî àíàëîãi÷íî, ÿê ó Òåîðåìàõ 2,3 [4℄.Íàñòóïíå òâåðäæåííÿ ïîêàçó¹, ùî ñèñòåìà
”
âèçíà÷àëüíèõ ðiâíÿíü“ (15) âè-ÿâëÿ¹ âñi ìîæëèâi ðîçâ'ÿçêè iíòåãðàëüíî¨ êðàéîâî¨ çàäà÷i (1)-(2), ÿêi íàëåæàòüîáëàñòi D i çíà÷åííÿ ÿêèõ â òî÷êàõ t = a i t = b íàëåæàòü âiäïîâiäíî ìíîæèíàì

Da i Db.Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ óñi óìîâè Òåîðåìè 1.1. ßêùî, iñíóþòü âåêòîðè (z0, η0) ∈ Da × Db, ÿêi çàäîâîëüíÿþòü ñèñòå-ìó âèçíà÷àëüíèõ ðiâíÿíü (15), òîäi iíòåãðàëüíà êðàéîâà çàäà÷à (1)-(2) ìà¹íåïåðåðâíî äè�åðåíöiéîâíèé ðîçâ'ÿçîê x0(·) òàêèé, ùî
x0(a) = z0, x0(b) = η0.Êðiì òîãî, öåé ðîçâ'ÿçîê ¹ ãðàíè÷íîþ �óíêöi¹þ ïîñëiäîâíîñòi (13)

x0(t) = x∞(t, z0, η0) = lim
m→∞

xm(t, z
0, η0), t ∈ [a, b] .2. I íàâïàêè, ÿêùî iíòåãðàëüíà êðàéîâà çàäà÷à (1)-(2) ìà¹ ðîçâ'ÿçîê x0(·) ∈

D, òî ñèñòåìà
”
âèçíà÷àëüíèõ ðiâíÿíü“ (15) çàäîâîëüíÿ¹òüñÿ ïðè

z = x0(a), η = x0(b).Çàóâàæèìî, ùî ðîçâ'ÿçíiñòü ñèñòåìè
”
âèçíà÷àëüíèõ ðiâíÿíü“ (15) ìîæå áó-òè âñòàíîâëåíà íà îñíîâi âëàñòèâîñòåé

”
íàáëèæåíî¨ ñèñòåìè âèçíà÷àëüíèõ ðiâ-íÿíü“

∆m(z, η) = η − z −

b∫

a

f(s, xm(s, z, η))ds,Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)
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Λm(z, η) =

b∫

a

p(s, xm(s, z, η), f(s, xm(s, z, η)))ds− d = 0, (16)ÿêà ìîæå áóòè ïîáóäîâàíà ÿâíî.Íà îñíîâi íåðiâíîñòåé (3), (4) i (14), âðàõóâàâøè ùî
b∫

a

α1(t, a, b− a)dt =
(b− a)2

3
,ïðÿìèì îá÷èñëåííÿì ìîæíà äîâåñòè ñïðàâåäëèâiñòü íàñòóïíîãî òâåðäæåííÿ.Ëåìà 1. Ïðèïóñòèìî, ùî ìàþòü ìiñöå óìîâè Òåîðåìè 1 i êðiì òîãî âè-êîíóþòüñÿ óìîâè Ëiïøèöÿ (3), (4).Òîäi äëÿ òî÷íî¨ i íàáëèæåíî¨ âèçíà÷àëüíèõ �óíêöié (15) i (16) ìàþòü ìi-ñöå íàñòóïíi îöiíêè äëÿ áóäü-ÿêèõ ïàð âåêòîðiâ (z, η) ∈ Da ×Db i m ≥ 1 :

|∆(z, η)−∆m(z, η)| ≤
10(b− a)2

27
Kf Qm (1n −Q)−1 δ[a,b],D(f),

|Λ(z, η)− Λm(z, η)| ≤
10(b− a)2

27
K Qm (1n −Q)−1 δ[a,b],D(f). (17)Íàñòóïíà òåîðåìà äà¹ êîíñòðóêòèâíi äîñòàòíi óìîâè ðîçâ'ÿçíîñòi iíòåãðàëü-íî¨ êðàéîâî¨ çàäà÷i (1)-(2) íà îñíîâi âëàñòèâîñòåé

”
íàáëèæåíî¨ ñèñòåìè âèçíà-÷àëüíèõ ðiâíÿíü“(16).Íàì ïîòðiáíî íàñòóïíå îçíà÷åííÿ äëÿ îäíîãî ñïåöiàëüíîãî ñïiââiäíîøåííÿìiæ äâîìà âåêòîð-�óíêöiÿìè.Îçíà÷åííÿ 1. ( [7℄ , Îçíà÷åííÿ 3) Íåõàé H ⊂ R
p ¹ äåÿêà íåïîðîæíÿ ìíî-æèíà. Äëÿ áóäü-ÿêî¨ ïàðè âåêòîð-�óíêöié

fj(x) = col(fj,1(x), ..., fj,k(x)) : H → R
p, j = 1, 2áóäåìî ïèñàòè, ùî ìà¹ ìiñöå ñïiââiäíîøåííÿ

f1 �H f2 (18)òîäi i òiëüêè òîäi, êîëè iñíó¹ �óíêöiÿ k : H → {1, 2, ..., p} , òàêà ùî
f1,k(x) > f2,k(x),äëÿ âñiõ x ∈ H.Çàóâàæèìî, ùî (18) îçíà÷à¹, ùî â êîæíié òî÷öi x ∈ H ïðèíàéìíi îäíà içêîìïîíåíò âåêòîðà f1(x), à ñàìå k(x)−âà êîìïîíåíòà, áiëüøà íiæ âiäïîâiäíàêîìïîíåíòà âåêòîðà f2(x). Áà÷èìî, ùî öåé íîìåð êîìïîíåíòè çàëåæèòü âiä òî-÷êè x.Òåîðåìà 4. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè Ëåìè 1. Êðiì òîãî ìî-æíà âêàçàòè òàêå m ≥ 1 i ìíîæèíó Ω ⊂ R

2n âèãëÿäó
Ω := D1 ×D2,Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



Ï�Î ÎÄÍÓ ÍÅËIÍIÉÍÓ IÍÒÅ��ÀËÜÍÓ Ê�ÀÉÎÂÓ ÇÀÄÀ×Ó 59äå D1 ⊂ Da, D2 ⊂ Db ¹ ïåâíi îáìåæåíi âiäêðèòi ìíîæèíè, òàêi ùî âiäîáðà-æåííÿ
Hm(z, η) =




η − z −
b∫
a

f(s, xm(s, z, η))ds

b∫
a

p(s, xm(s, z, η), f(s, xm(s, z, η)))ds− d


 (19)çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ

|Hm(z, η)| ⊲∂Ω

[
10(b−a)2

27
Kf Qm (1n −Q)−1 δ[a,b],D(f)

10(b−a)2

27
K Qm (1n −Q)−1 δ[a,b],D(f)

]íà ãðàíèöi ∂Ω îáëàñòi Ω.ßêùî êðiì òîãî, òîïîëîãi÷íèé ñòåïiíü Áðàóåðà âiäîáðàæåííÿ Hm âiäíîñíîìíîæèíè Ω (i âiäíîñíî 0) íå äîðiâíþ¹ íóëþ
deg(Hm,Ω, 0) 6= 0,òîäi iñíó¹ ïàðà (z∗, η∗) ∈ D1 ×D2 òàêà, ùî �óíêöiÿ

x∗(·) = x∞(·, z∗, η∗) = lim
m→∞

xm(t, z
∗, η∗)íà âiäðiçêó [a, b] ¹ íåïåðåðâíî äè�åðåíöiéîâíèì ðîçâ'ÿçêîì iíòåãðàëüíî¨ êðàéî-âî¨ çàäà÷i (1)-(2).Äîâåäåííÿ. Äîâåäåííÿ ìîæíà ïðîâåñòè ïî àíàëîãi¨ ÿê ó Òåîðåìi 4 [12℄.Ïðèêëàä 1. Çàñòîñó¹ìî ÷èñåëüíî-àíàëiòè÷íèé ïiäõiä, ùî îïèñàíèé âèùåíà âiäðiçêó [

0, 1
2

] äî ñèñòåìè äè�åðåíöiàëüíèõ ðiâíÿíü
dx1(t)

dt
= x2

2(t)−
t

5
x1(t) +

t3

100
−

t2

25
:= f1(t, x1, x2),

dx2(t)

dt
=

t2

10
x2(t) +

t

8
x1(t)−

21

800
t3 +

1

16
t +

1

5
:= f2(t, x1, x2), (20)ç iíòåãðàëüíèìè êðàéîâèìè óìîâàìè

1

2∫

0

s2x2(s)ds =
1

4000
= d1

1

2∫

0

x
′

1(s)ds =

1

2∫

0

f1(s, x1(s), x2(s))ds = d2 =
1

80
(21)Ìîæíà ïåðåâiðèòè, ùî îäíèì ç ðîçâÿçêiâ êðàéîâî¨ çàäà÷i (20)-(21) ¹ ïàðà �óí-êöié

x∗

1(t) =
t2

20
−

1

2
, x∗

2(t) =
t

5
. (22)Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



60 ß. Â. ÂÀ��ÀÂâåäåìî íàñòóïíi ïàðàìåòðè:
z := x(0) = col(x1(0), x2(0)) = col(z1, z2),

η := x

(
1

2

)
= col

(
x1

(
1

2

)
, x2

(
1

2

))
= col (η1, η2) .Âèáåðåìî îáëàñòi Da i Db:

Da = Db = {(x1, x2) : −0.6 ≤ x1 ≤ 0.1, −1 ≤ x2 ≤ 0} .Ó öüîìó âèïàäêó, ìíîæèíà Da,b ìà¹ âèãëÿä
Da,b = Da = Db.Âèáåðåìî âåêòîð
ρ := col (0.2; 0.2) ,òîäi îáëàñòü D áóäå íàñòóïíîþ:

D = {(x1, x2) : −0.8 ≤ x1 ≤ 0.3, −1.2 ≤ x2 ≤ 0.2} .Ïðÿìi îá÷èñëåííÿ ïîêàçóþòü, ùî óìîâè Ëiïøèöÿ (3), (4) äëÿ ïðàâî¨ ÷àñòèíè(20) â îáëàñòi D âèêîíó¹òüñÿ ç ìàòðèöåþ
K =

[
1/10 2/10
1/16 1/40

]i ìà¹ìî Q = 3
20

[
1/10 2/5
1/16 1/40

]
, r(Q) = 0.03375 < 1,

δ[a,b],D(f) :=
1

2

[
max

(t,x)∈[0, 1
2
]×D

f(t, x)− min
(t,x)∈[0, 1

2
]×D

f(t, x)

]
=

[
0.535

0.036875

]
,

ρ =

[
0.2
0.2

]
≥

b− a

2
δ[a,b],D(f) =

[
0.19375

0.01359375

]
.Òàê, ïåðåâiðèëè, ùî âñi óìîâè Òåîðåìè 1 âèêîíóþòüñÿ i òîìó ïîñëiäîâíiñòü�óíêöié (13) äëÿ öüîãî ïðèêëàäó ¹ çáiæíîþ.×èñåëüíi ðîçðàõóíêè ïîêàçóþòü, ùî ðîçâ'ÿçêîì íàáëèæåíî¨ ñèñòåìè âèçíà-÷àëüíèõ ðiâíÿíü âèãëÿäó (16), ïðè m = 1, 2, 3 ¹ ÷èñëîâi çíà÷åííÿ, ùî ïðåäñòàâ-ëåíi â Òàáë. 1.Ïîõèáêà òðåòüî¨ àïðîêñèìàöi¨ (m = 3) íàñòóïíà:

max
t∈[0, 1

2
]
|x∗

1(t)− x31(t)| ≤ 9.7 · 10−9, max
t∈[0, 1

2
]
|x∗

2(t)− x32(t)| ≤ 3 · 10−10.Çãiäíî Òåîðåìè 3 ÷èñëî ðîçâ'ÿçêiâ àëãåáðà¨÷íî¨ âèçíà÷àëüíî¨ ñèñòåìè (16),ñïiâïàäà¹ ç ÷èñëîì ðîçâ'ÿçêiâ äàíî¨ iíòåãðàëüíî¨ êðàéîâî¨ çàäà÷i.�îçðàõóíêè ïîêàçóþòü, ùî ñèñòåìà íàáëèæåíèõ âèçíà÷àëüíèõ àëãåáðà¨÷íèõðiâíÿíü (16), ïðè m = 0, 1, 2, 3, îêðiì ðîçâ'ÿçêiâ ïðåäñòàâëåíèõ â Òàáë. 1., ìà¹ùå iíøi ðîçâ'ÿçêè, ÿêi íàâåäåíî â Òàáë. 2.Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



Ï�Î ÎÄÍÓ ÍÅËIÍIÉÍÓ IÍÒÅ��ÀËÜÍÓ Ê�ÀÉÎÂÓ ÇÀÄÀ×Ó 61m=0 m=1 m=2 m=3
z1 -0.5020833332 -0.5000068237 -0.4999999633 -0.5000000089
z2 -1.444245992·10−12 4.95780167·10−7 -1.14252226·10−8 -1.919575672·10−10

η1 -0.4895833332 -0.4875068237 -0.4874999633 -0.4875000089
η2 0.1 0.10000044 0.09999998849 0.09999999963Òàáëèöÿ 1.Íàáëèæåíi çíà÷åííÿ ïàðàìåòðiâ äëÿ ïåðøîãî (22) ðîçâ'ÿçêó

à) ïåðøà êîìïîíåíòà á) äðóãà êîìïîíåíòà�èñ. 1. Ïåðøèé ðîçâ'ÿçîê (22) (ëiíiÿ) òà éîãî íóëüîâå (⋄) i òðåò¹íàáëèæåííÿ (×).Ïiäñòàâèâøè òðåò¹ íàáëèæåííÿ x̃3(t) = col(x̃31(t), x̃32(t)) äî äðóãîãî ðîçâ'ÿç-êó â ñèñòåìó äè�åðåíöiàëüíèõ ðiâíÿíü (20) îòðèìà¹ìî íàñòóïíó íåâ'ÿçêó:
max
t∈[0, 1

2
]

∣∣∣x̃′

31 (t)− x̃2
32(t) +

t
5
x̃31(t)−

t3

100
+ t2

25

∣∣∣≈ 1.5·10−9,

max
t∈[0, 1

2
]

∣∣∣x̃′

32 (t)−
t2

10
x̃32(t)−

t
8
x̃31(t) +

21
800

t3 − 1
16
t− 1

5

∣∣∣≈5·10−10.Íà �èñ.2 ïîêàçàíî ãðà�iêè íóëüîâîãî, ïåðøîãî òà òðåòüîãî íàáëèæåííÿ äîäðóãîãî ðîçâ'ÿçêó iíòåãðàëüíî¨ ÊÇ.m=0 m=1 m=2 m=3
z̃1 -0.3500955256 -0.3498246512 -0.349827723 -0.3498277249
z̃2 -0.1512243065 -0.1510006429 -0.1510009307 -0.1510009229
η̃1 -0.3375955256 -0.3373246512 -0.337327723 -0.3373277249
η̃2 -0.0494741289 -0.0492490804 -0.4924938195e-1 -0.04924937409Òàáëèöÿ 2.Íàáëèæåíi çíà÷åííÿ ïàðàìåòðiâ äëÿ äðóãîãî ðîçâ'ÿçêó IÊÇÍàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)
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à) ïåðøà êîìïîíåíòà á) äðóãà êîìïîíåíòà�èñ. 2. Íóëüîâå (⋄) , ïåðøå (×) òà òðåò¹ (ëiíiÿ) íàáëèæåííÿ äðóãîãî ðîçâ'ÿçêó.Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè1. Benhohra M., Nieto J.J. and Qahab A. Seond- order boundary value proble with integralboundary onditions, Boundary Value Problems 2011, 2011:260309, doi:10.1155/2011/260309,9 pages2. Mao Jinxiu, Zhao Zengqin and Xu Naiwei, On existene and uniqueness of positive solutionsfor integral boundary value problems, Eletron. J. Qual. Theory Di�er. Equ., 2010, No.16, 1-83. Ront�o M. and Marynets. K., On numerial-analyti method for nonlinear boundary valueproblem with integral onditions, Eletron. J. Qual. Theory Di�er. Equ., No. 99 (2012, p.1-23), http.//www.math. u-szeged.hu/ejqtde/4. Ront�o M., Varha Y. and Marynets K., Further results on the investigation of solutions ofintegral boundary value problems, Tatra Mountains Mathematial Publiations, 63 (2015),247-267, DOI:10.1515/tmmp-2015-00355. Ronto A., Ronto M. and Varha J., A new approah to non-loal boundary value problems forordinary di�erential systems, Applied Mathematis and Computation, (2015), 250, 689-7006. Ronto A. and Ronto M., Periodi suessive approximations and interval halving, MiskolMathematial Notes, 13, No.2 (2012), 459-4827. Ronto A. and Ronto M., On a Cauhy-Nioletti type three-point boundary value problem forlinear di�erential equations with argument deviation, Miskol Mathematial Notes, 10, No.2(2009), 173-2058. Âàðãà ß.Â. Äîñëiäæåííÿ ðîçâ'ÿçêiâ äåÿêèõ íåëiíiéíèõ �óíêöiîíàëüíèõ òà iíòåãðàëüíèõêðàéîâèõ çàäà÷ íà îñíîâi ïàðàìåòðèçàöi¨: àâòîðå�. íà çäîáóòòÿ íàóê. ñòóïåíÿ êàíä. �iç.-ìàò. íàóê: ñïåö. 01.01.02 "Äè�åðåíöiàëüíi ðiâíÿííÿ"/ß.Â. Âàðãà � Óæãîðîä, 2017.�22 ñ.9. Ronto A., Ronto M. and Shhobak N, Construtive analysis of periodi solutions with intervalhalving, Boundary Value Problems 2013 2013:57, doi:10.1186/1687-2770-2013-57, 34 pages10. M. Ront�o and J. M�esz�aros, �Some remarks on the onvergene of the numerial-analytialmethod of suessive approximations,� Ukrainian Math. J., vol. 48, no. 1, pp. 101�107, 1996.[Online℄. Available: http://dx.doi.org/10.1007/BF0239098711. Ronto A., Ronto M. and Shhobak N, Notes on interval halving proedure for periodi andtwo-point problems, Boundary Value Problems 2014 2014:164, doi:10.1186/s13661-014-0164-9,20 pages12. Ront�o M. and Varha Y., Construtive existene analysis of solutions of non-linear integralboundary value problems, Miskol Mathematial Notes, 15, No.2 (2014), 725-74213. Ront�o M. and Varha Y., Suessive approximations and interval halving for integral boundaryvalue problems, Miskol Mathematial Notes, vol. 16 , No.2 (2015), 1129-115214. Ronto A., Ronto M. and Varha, J., On non-linear boundary value problems and parametri-sation at multiple nodes, Eletron. J. Qual. Theory Di�er. Equ., 2016, No. 80, 1�18; doi:10.14232/ejqtde.2016.1.80 http://www.math.u-szeged.hu/ejqtde/ Îäåðæàíî 04.07.2017Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)


