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ÓÄÊ 512.544

I. Â. Øàïî÷êà (Óæãîðîäñüêèé äåðæ. óí-ò)

ÏÐÎ ÐÎÇØÈÐÅÍÍß ÄÎÂIËÜÍÎ� ÏÎÂÍÎ� ÀÁÅËÅÂÎ� 2-ÃÐÓÏÈ Ç
ÓÌÎÂÎÞ ÌIÍIÌÀËÜÍÎÑÒI ÇÀ ÄÎÏÎÌÎÃÎÞ ÃÐÓÏÈ ÒÈÏÓ (2,2)

Let M (n) be the direct sum of n copies of quasicyclic 2-group. All non-equivalent extensions of 2-group M (n) by
the group H of type (2,2) are described, using the description of matrix integral 2-adic representations of group H.

Íåõàé M (n) � çîâíiøíÿ ïðÿìà ñóìà n åêçåìïëÿðiâ êâàçiöèêëi÷íî¨ 2-ãðóïè. Â ðîáîòi, âèêîðèñòîâóþ÷è îïèñàíi
Ë. Î. Íàçàðîâîþ íååêâiâàëåíòíi ìàòðè÷íi öiëî÷èñëîâi 2-àäè÷íi çîáðàæåííÿ àáåëåâî¨ ãðóïè H òèïó (2,2), äàíî
îïèñàííÿ âñiõ íååêâiâàëåíòíèõ ðîçøèðåíü 2-ãðóïè M (n) çà äîïîìîãîþ ãðóïè H.

Ãðóïà G íàçèâà¹òüñÿ p-ãðóïîþ ×åðíiêîâà, ÿêùî âîíà ¹ ðîçøèðåííÿì ïðÿìî¨ ñóìè M (n) n
(n ∈ N) åêçåìïëÿðiâ êâàçiöèêëi÷íî¨ p-ãðóïè çà äîïîìîãîþ ñêií÷åííî¨ p-ãðóïè H. Âëàñòè-
âîñòi ÷åðíiêîâñüêèõ p-ãðóï äîñèòü äîáðå âèâ÷åíi (äèâ. íàïðèêëàä [1�6]). Îñíîâíèé âêëàä ó
âèâ÷åííÿ öèõ ãðóï âíåñëè Ñ. Ì. ×åðíiêîâ òà éîãî ó÷íi [1].

Ï. Ì. Ãóäèâîê, Ô. Ã. Âàùóê, Â. Ñ. Äðîáîòåíêî òà àâòîð [8�10] çà äîïîìîãîþ òåîði¨ öi-
ëî÷èñëîâèõ p-àäè÷íèõ çîáðàæåíü ñêií÷åííèõ ãðóï îïèñàëè âñi íåiçîìîðôíi ðîçøèðåííÿ G
p-ãðóïè M (n) çà äîïîìîãîþ öèêëi÷ííî¨ p-ãðóïè ïîðÿäêó pr (r ≤ 2) äëÿ äîâiëüíîãî íàòóðàëü-
íîãî n. Âèÿâèëîñü [9�12], ùî çàäà÷à êëàñèôiêàöi¨ âñiõ íåiçîìîðôíèõ ðîçøèðåíü p-ãðóïèM (n)

çà äîïîìîãîþ ñêií÷åííî¨ p-ãðóïè H äëÿ äîâiëüíîãî íàòóðàëüíîãî n ¹ äèêîþ, ÿêùî âèêîíó¹-
òüñÿ îäíà ç ñëiäóþ÷èõ óìîâ: 1) H � íåöèêëi÷íà p-ãðóïà (p 6= 2); 2) H � íåöèêëi÷íà 2-ãðóïà
ïîðÿäêó |H| > 4; 3) H � öèêëi÷íà p-ãðóïà ïîðÿäêó pr (r > 2, p 6= 2); 4) H � öèêëi÷íà
2-ãðóïà ïîðÿäêó 2r (r > 3). Â äàíié ðîáîòi, âèêîðèñòîâóþ÷è îïèñàíi Ë. Î. Íàçàðîâîþ [7]
íååêâiâàëåíòíi ìàòðè÷íi öiëî÷èñëîâi 2-àäè÷íi çîáðàæåííÿ àáåëåâî¨ ãðóïè H0 òèïó (2, 2), áóäå
äàíî îïèñàííÿ âñiõ íååêâiâàëåíòíèõ ðîçøèðåíü 2-ãðóïè M (n) çà äîïîìîãîþ ãðóïè H0.

Íåõàé M (n) � çîâíiøíÿ ïðÿìà ñóìà n åêçåìïëÿðiâ êâàçiöèêëi÷íî¨ p-ãðóïè Cp∞ , òîáòî

M (n) = M1+̇ · · · +̇Mn, (1)

äåMi = Cp∞ (i = 1, 2, . . . , n). Âiäìiòèìî [2], ùî ãðóïà AutM (n) içîìîðôíà ïîâíié ëiíiéíié ãðóïi
GL(n,Zp), äå Zp � êiëüöå öiëèõ p-àäè÷íèõ ÷èñåë. Çâiäñè òà iç òåîði¨ ðîçøèðåíü ãðóï [2] âèïëè-
âà¹, ùî âñÿêå ðîçøèðåííÿ G ãðóïè M (n) çà äîïîìîãîþ ñêií÷åííî¨ ãðóïè H âèçíà÷à¹òüñÿ ìà-
òðè÷íèì Zp-çîáðàæåííÿì Γ ñòåïåíÿ n ãðóïè H i äåÿêîþ ñèñòåìîþ ôàêòîðiâ {ma,b} (a, b ∈ H,
ma,b ∈ M (n)). Íåõàé {cr} � òâiðíi åëåìåíòè ãðóïè Cp∞ (r = 0, 1, 2, . . .), ïðè÷îìó pc0 = 0,
pcr = cr−1 (r = 1, 2, . . .). ßêùî A = ‖αij‖ ∈ GL(n,Zp) (αij ∈ Zp), m = (m1, . . . ,mn) (mi ∈ Mi,

i = 1, . . . , n), αij = x
(0)
ij + x

(1)
ij p+ · · · , mj = y

(j)
0 c0 + y

(j)
1 c1 + · · · + y

(j)
kj
ckj (0 ≤ x

(r)
ij , y

(s)
i < p), òî
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′
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s prcs.

Íåõàé íàäàëi H = 〈a, b | 2a = 0, 2b = 0, a+ b = b + a〉 � àáåëåâà ãðóïà òèïó (2, 2), M (n) �
2-ãðóïà âèäó (1), Γ : h→ Γh � ìàòðè÷íå Z2-çîáðàæåííÿ ñòåïåíÿ n ãðóïè H.

Ëåìà 1 ( [11]). Äîâiëüíié òðiéöi α, β, γ åëåìåíòiâ ãðóïè M (n) òà Z2-çîáðàæåííþ Γ
ãðóïè H âiäïîâiäà¹, ÿêùî âèêîíóþòüñÿ óìîâè

Γa(α) = α, Γb(α) = α− (Γ0 + Γa)(γ), Γb(β) = β, Γa(β) = β + (Γ0 + Γb)(γ), (2)

äåÿêå ðîçøèðåííÿ ãðóïè M (n) çà äîïîìîãîþ ãðóïè H. Íàâïàêè, äîâiëüíå ðîçøèðåííÿ ãðóïè

M (n) çà äîïîìîãîþ ãðóïè H ìîæå áóòè çàäàíî òðiéêîþ åëåìåíòiâ iç M (n) òà Z2-çîáðàæåí-

íÿì ñòåïåíÿ n ãðóïè H.
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Íàäàëi ÷åðåç G(Γ, α, β, γ) ïîçíà÷àòèìåìî ðîçøèðåííÿ G ãðóïè M (n) çà äîìîãîþ ãðóïè H,
ùî âèíà÷à¹òüñÿ åëåìåíòàìè α, β, γ ãðóïè M (n) òà Z2-çîáðàæåííÿì Γ ñòåïåíÿ n ãðóïè H.

Äëÿ äîâiëüíîãî Z2-çîáðàæåííÿ Γ : h→ Γh ñòåïåíÿ n ãðóïè H ðîçãëÿíåìî ïiäãðóïè A(Γ),
B(Γ) ãðóïè M (3n) âèäó

A(Γ) = {(α, β, γ) ∈M (3n) | Γa(α) = α, Γb(α) = α− (Γ0 + Γa)(γ), Γb(β) = β,

Γa(β) = β + (Γ0 + Γb)(γ)},
B(Γ) = {((Γ0 + Γa)(m1), (Γ0 + Γb)(m2), (Γ0 − Γb)(m1) + (Γa − Γ0)(m2)) | m1,m2 ∈M (n)}.

Î÷åâèäíî B(Γ) � ïiäãðóïà ãðóïè A(Γ) i ðîçøèðåííÿ G(Γ, α, β, γ) ðîçùåïëþâàíå òîäi i òiëüêè
òîäi, êîëè (α, β, γ) ∈ B(Γ). Ôàêòîð ãðóïà A(Γ)/B(Γ) íàçèâà¹òüñÿ ãðóïîþ ðîçøèðåíü ãðóïè
M (n) çà äîïîìîãîþ ãðóïè H, ùî âiäïîâiäà¹ Z2-çîáðàæåííþ Γ ñòåïåíÿ n ãðóïè H. Iç òåîði¨
ðîçøèðåíü àáåëåâèõ ãðóï [13] âèïëèâà¹, ùî ÿêùî Z2-çîáðàæåííÿ Γ ðîçêëàäíå, òîáòî Γ =
= Γ1 + · · ·+ Γr (Γi � äåÿêå Z2-çîáðàæåííÿ ãðóïè H; i = 1, . . . , r), òî

A(Γ)/B(Γ) ∼= A(Γ1)/B(Γ1)+̇ · · · +̇A(Γr)/B(Γr).

Îòæå, îïèñàííÿ ãðóïè A(Γ)/B(Γ) çâîäèòüñÿ äî âèïàäêó, êîëè Γ � íåðîçêëàäíå Z2-çîáðàæåí-
íÿ ãðóïè H.

Ââåäåìî íàäàëi ñëiäóþ÷i ïîçíà÷åííÿ: En � îäèíè÷íà ìàòðèöÿ ïîðÿäêó n; Rn, Tn � n ×
(n + 1)-ìàòðèöi âèäó Rn =

(
0 En

)
, Tn =

(
En 0

)
; Un, Vn � ìàòðèöi òðàíñïîíîâàíi äî

ìàòðèöü Tn, Rn âiäïîâiäíî; Wn = RnUn; Ln, Kn � 2× (n+ 1)-, (n+ 1)× 2-ìàòðèöi âiäïîâiäíî
âèäó

Ln =

(
0 1
0 0

)
, Kn =

(
0 0
0 1

)
; ĩ =

(
1 1
0 −1

)
.

Òåîðåìà 1 ( [7]). Âñi íååêâiâàëåíòíi íåðîçêëàäíi ìàòðè÷íi Z2çîáðàæåííÿ ãðóïè H âè-

÷åðïóþòüñÿ íàñòóïíèìè çîáðàæåííÿìè:

Γ1+i+2j : a→ (−1)i, b→ (−1)j;

Γ
(n)
5+i+2j : a→ (−1)i


En 0 0 En

0 −En Rn 0
0 0 En+1 0
0 0 0 −En

 , b→ (−1)j


En 0 Tn 0
0 −En 0 En

0 0 −En+1 0
0 0 0 En

 ;

Γ
(n)
9+i+2j : a→ (−1)i


En+1 0 0 Un

0 −En En 0
0 0 En 0
0 0 0 −En

 , b→ (−1)j


En+1 0 Vn 0

0 −En 0 En

0 0 −En 0
0 0 0 En

 ;

∆1 : a→ ĩ, b→ E2; ∆2 : a→ E2, b→ ĩ; ∆3 : a→ ĩ, b→ ĩ;

∆4 : a→ ĩ, b→ −E2; ∆5 : a→ −E2, b→ ĩ; ∆6 : a→ ĩ, b→ −ĩ;

∆
(n)
7 : a→


En+1 0 0 En+1

0 −En En 0
0 0 En 0
0 0 0 −En+1

 , b→


En+1 0 Vn 0

0 −En 0 Tn
0 0 −En 0
0 0 0 En+1

 ;

∆
(n)
8 : a→


En+1 0 Vn 0

0 −En 0 Tn
0 0 −En 0
0 0 0 En+1

 , b→


En+1 0 0 En+1

0 −En En 0
0 0 En 0
0 0 0 −En+1

 ;
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∆
(n)
9 : a→


En+1 0 0 En+1

0 −En En 0
0 0 En 0
0 0 0 −En+1

 , b→


En+1 0 Vn En+1

0 En −En −Tn
0 0 −En 0
0 0 0 −En+1

 ;

∆
(n)
10 : a→


En 0 0 En

0 −En+1 En+1 0
0 0 En+1 0
0 0 0 −En

 , b→


En 0 Tn 0
0 −En+1 0 Vn
0 0 −En+1 0
0 0 0 En

 ;

∆
(n)
11 : a→


En 0 Tn 0
0 −En+1 0 Vn
0 0 −En+1 0
0 0 0 En

 , b→


En 0 0 En

0 −En+1 En+1 0
0 0 En+1 0
0 0 0 −En

 ;

∆
(n)
12 : a→


En 0 0 En

0 −En+1 En+1 0
0 0 En+1 0
0 0 0 −En

 , b→


En 0 Tn En

0 En+1 −En+1 −Vn
0 0 −En+1 0
0 0 0 −En

 ;

Θ1+i+2j : a→(−1)i

1 0 1
0 −1 0
0 0 −1

 , b→(−1)j

1 0 0
0 −1 1
0 0 1

 ;

Θ5+i+2j : a→(−1)i

−1 1 0
0 1 0
0 0 −1

 , b→(−1)j

−1 0 1
0 −1 0
0 0 1

 ;

Θ
(n)
9+i+2j : a→ (−1)i


En+1 0 0 En+1

0 −En+1 Un 0
0 0 En 0
0 0 0 −En+1

 , b→ (−1)j


En+1 0 Vn 0

0 −En+1 0 En+1

0 0 −En 0
0 0 0 En+1

 ;

Θ
(n)
13+i+2j : a→ (−1)i


En 0 0 Rn

0 −En+1 En+1 0
0 0 En+1 0
0 0 0 −En+1

 , b→ (−1)j


En 0 Tn 0
0 −En+1 0 En+1

0 0 −En+1 0
0 0 0 En+1

 ;

Ψ1 : a→


1 1 0 0
0 −1 0 0
0 0 1 1
0 0 0 −1

 , b→


1 1 1 0
0 −1 0 1
0 0 −1 −1
0 0 0 1

 ;

Ψ2 : a→


1 1 0 1
0 −1 0 0
0 0 1 0
0 0 0 −1

 , b→


1 1 1 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 ;

Ψ3 : a→


1 0 0 1
0 −1 0 0
0 0 1 1
0 0 0 −1

 , b→


1 0 0 0
0 −1 0 1
0 0 −1 −1
0 0 0 1

 ;
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Ψ4 : a→



1 1 0 0 0 0 1 0
0 −1 0 0 0 0 0 0
0 0 1 0 0 0 0 1
0 0 0 −1 1 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 −1


, b→



1 1 0 0 0 1 0 0
0 −1 0 0 0 0 0 0
0 0 1 0 0 1 0 0
0 0 0 −1 0 0 1 0
0 0 0 0 −1 0 0 0
0 0 0 0 0 −1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1


;

Ψ5 : a→



1 0 0 0 0 0 0 1
0 1 0 0 0 1 0 0
0 0 −1 0 1 0 0 0
0 0 0 −1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 −1 0 0
0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 −1


, b→



1 0 0 0 1 0 0 0
0 1 0 0 0 0 0 0
0 0 −1 0 0 0 0 0
0 0 0 −1 0 1 0 1
0 0 0 0 −1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 −1 −1
0 0 0 0 0 0 0 1


;

Ψ
(n)
6 : a→


En 0 0 Wn

0 −En En 0
0 0 En 0
0 0 0 −En

 , b→


En 0 En 0
0 −En 0 En

0 0 −En 0
0 0 0 En

 ;

Ψ
(n)
7 : a→


En 0 En 0
0 −En 0 En

0 0 −En 0
0 0 0 En

 , b→


En 0 0 Wn

0 −En En 0
0 0 En 0
0 0 0 −En

 ;

Ψ
(n)
8 : a→


En 0 0 En

0 −En Wn 0
0 0 En 0
0 0 0 −En

 , b→


En 0 En 0
0 −En 0 En

0 0 −En 0
0 0 0 En

 ;

Ψ
(n)
9 : a→


En 0 En 0
0 −En 0 En

0 0 −En 0
0 0 0 En

 , b→


En 0 0 En

0 −En Wn 0
0 0 En 0
0 0 0 −En

 ;

Ψ
(n)
10 : a→


En 0 En 0
0 −En 0 En

0 0 −En 0
0 0 0 En

 , b→


En 0 En En

0 En −Wn −En

0 0 −En 0
0 0 0 −En

 ;

Ψ
(n)
f : a→


En 0 0 Φ(f(x))
0 −En En 0
0 0 En 0
0 0 0 −En

 , b→


En 0 En 0
0 −En 0 En

0 0 −En 0
0 0 0 En


(Φ(f(x)) � íîðìàëüíà ôîðìà Ôðîáåíióñà, ùî âiäïîâiäà¹ ìíîãî÷ëåíó f(x), f(x) � ìíîãî÷ëåí,

ÿêèé ¹ ñòåïåíåì íåçâiäíîãî íàä ïîëåì ç äâîõ åëåìíòiâ ìíîãî÷ëåíà âiäìiííîãî âiä x);
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Ψ
(n)
11 : a→



ĩ 0 0 0 0 0 0 Ln 0
0 En 0 0 0 0 0 Tn 0
0 0 En 0 0 0 0 0 En

0 0 0 −En 0 En 0 0 0
0 0 0 0 −En 0 Tn 0 0
0 0 0 0 0 En 0 0 0
0 0 0 0 0 0 En+1 0 0
0 0 0 0 0 0 0 −En+1 0
0 0 0 0 0 0 0 0 −En


,

b→



ĩ 0 0 0 0 0 Ln 0 0
0 En 0 0 0 En 0 0 0
0 0 En 0 0 0 Rn 0 0
0 0 0 −En 0 0 0 Rn 0
0 0 0 0 −En 0 0 0 En

0 0 0 0 0 −En 0 0 0
0 0 0 0 0 0 −En+1 0 0
0 0 0 0 0 0 0 En+1 0
0 0 0 0 0 0 0 0 En


;

Ψ
(n)
12 : a→



ĩ 0 0 0 0 0 0 Ln 0
0 En 0 0 0 0 0 Tn 0
0 0 En+1 0 0 0 0 0 En+1

0 0 0 −En+1 0 En+1 0 0 0
0 0 0 0 −En 0 Tn 0 0
0 0 0 0 0 En+1 0 0 0
0 0 0 0 0 0 En+1 0 0
0 0 0 0 0 0 0 −En+1 0
0 0 0 0 0 0 0 0 −En+1


,

b→



ĩ 0 0 0 0 0 Ln 0 0
0 En 0 0 0 Rn 0 0 0
0 0 En+1 0 0 0 En+1 0 0
0 0 0 −En+1 0 0 0 En+1 0
0 0 0 0 −En 0 0 0 Rn

0 0 0 0 0 −En+1 0 0 0
0 0 0 0 0 0 −En+1 0 0
0 0 0 0 0 0 0 En+1 0
0 0 0 0 0 0 0 0 En+1


;

Ψ
(n)
13 : a→



En+1 0 0 0 0 0 Un 0 Kn

0 En 0 0 0 0 0 En 0
0 0 −En 0 En 0 0 0 0
0 0 0 −En+1 0 Un 0 0 0
0 0 0 0 En 0 0 0 0
0 0 0 0 0 En 0 0 0
0 0 0 0 0 0 −En 0 0
0 0 0 0 0 0 0 −En 0

0 0 0 0 0 0 0 0 ĩ


,
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b→



En+1 0 0 0 Vn 0 0 0 0
0 En 0 0 0 En 0 0 0
0 0 −En 0 0 0 En 0 0
0 0 0 −En+1 0 0 0 Vn Kn

0 0 0 0 −En 0 0 0 0
0 0 0 0 0 −En 0 0 0
0 0 0 0 0 0 En 0 0
0 0 0 0 0 0 0 En 0
0 0 0 0 0 0 0 0 −ĩ


;

Ψ
(n)
14 : a→



En+1 0 0 0 0 0 Un 0 Kn

0 En+1 0 0 0 0 0 En+1 0
0 0 −En+1 0 En+1 0 0 0 0
0 0 0 −En+1 0 Un 0 0 0
0 0 0 0 En+1 0 0 0 0
0 0 0 0 0 En 0 0 0
0 0 0 0 0 0 −En 0 0
0 0 0 0 0 0 0 −En+1 0
0 0 0 0 0 0 0 0 ĩ


,

b→



En+1 0 0 0 En+1 0 0 0 0
0 En+1 0 0 0 Vn 0 0 0
0 0 −En+1 0 0 0 Vn 0 0
0 0 0 −En+1 0 0 0 En+1 Kn

0 0 0 0 −En+1 0 0 0 0
0 0 0 0 0 −En 0 0 0
0 0 0 0 0 0 En 0 0
0 0 0 0 0 0 0 En+1 0
0 0 0 0 0 0 0 0 −ĩ


,

äå i, j = 0, 1.

Òåîðåìà 2. Âñi íååêâiâàëåíòíi ðîçøèðåííÿ ãðóïè M (s) (s ∈ N) çà äîïîìîãîþ ãðóïè

H, ùî âèçíà÷àþòüñÿ íåðîçêëàäíèìè Z2-çîáðàæåííÿìè ñòåïåíÿ s ãðóïè H, âè÷åðïóþòüñÿ

íàñòóïíèìè ãðóïàìè:

1) G(Γ1, 0, 0, zc0), z ∈ {0, 1};

2) G(Γ2, xc0, 0, zc0), x, z ∈ {0, 1};

3) G(Γ3, 0, xc0, zc0), x, z ∈ {0, 1};

4) G(Γ4, xc0, yc0, 0), x, y ∈ {0, 1};

5) G(Γ
(1)
5 , 0, β, γ), β = (0, 0, 0, xc0, 0), γ = (xc1, 0, xc0, 0, xc0), x ∈ {0, 1};

6) G(Γ
(k)
5 , 0, 0, γ), γ = (γ1, 0, 0, 0), γ1 = (0, z2c0, . . . , zkc0), zi ∈ {0, 1} (i = 2, . . . , k),

k ∈ N \ {1};

7) G(Γ
(1)
6 , α, β, γ), α = (0, 0, xc0, 0, 0), β = (0, 0, 0, xc0, 0), γ = (0, 0, 0, 0, xc0), x ∈ {0, 1};

8) G(Γ
(k)
6 , 0, 0, γ), γ = (γ1, 0, 0, 0), γ1 = (0, z2c0, . . . , zkc0), zi ∈ {0, 1} (i = 2, . . . , k),

k ∈ N \ {1}.
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9) G(Γ
(n)
7 , 0, 0, γ), γ = (γ1, 0, 0, 0), γ1 = (0, z2c0, . . . , zn−1c0, 0), zi ∈ {0, 1} (i = 2, . . . , n− 1),

n ∈ N;

10) G(Γ
(1)
8 , α, 0, γ), α = (0, 0, xc0, 0, 0), γ = (0, xc1, 0, xc0, xc0), x ∈ {0, 1};

11) G(Γ
(k)
8 , 0, 0, γ), γ = (0, γ2, 0, 0), γ1 = (z1c0, . . . , zk−1c0, 0), zi ∈ {0, 1} (i = 1, . . . , k − 1),

k ∈ N \ {1};

12) G(Γ
(n)
9 , 0, 0, γ), γ = (γ1, 0, 0, 0), γ1 = (z1c0, . . . , zn+1c0), zi ∈ {0, 1} (i = 1, . . . , n+ 1),

n ∈ N;

13) G(Γ
(n)
10 , α, 0, γ), α = (α1, 0, 0, 0), γ = (γ1, 0, 0, 0), α1 = (0, xc0), γ1 = (z1c0, . . . , zn+1c0), x,

zi ∈ {0, 1} (i = 1, . . . , n+ 1), n ∈ N;

14) G(Γ
(n)
11 , 0, β, γ), β = (β1, 0, 0, 0), γ = (γ1, 0, 0, 0), β1 = (yc0, 0), γ1 = (z1c0, . . . , zn+1c0), y,

zi ∈ {0, 1} (i = 1, . . . , n+ 1) n ∈ N;

15) G(Γ
(n)
12 , α, β, γ), α = (α1, 0, 0, 0), β = (β1, 0, 0, 0), γ = (0, γ2, 0, 0), α1 = (0, xc0),

β1 = (yc0, 0), γ2 = (z1c0, . . . , znc0), x, y, zi ∈ {0, 1} (i = 1, . . . , n), n ∈ N;

16) G(∆1, 0, 0, 0);

17) G(∆2, 0, 0, 0);

18) G(∆3, 0, 0, 0);

19) G(∆4, 0, β, 0), β = (yc0, 0), y ∈ {0, 1};

20) G(∆5, α, 0, 0), α = (xc0, 0), x ∈ {0, 1};

21) G(∆6, 0, 0, γ), γ = (zc0, 0), z ∈ {0, 1};

22) G(∆
(n)
7 , 0, 0, γ), γ = (γ1, 0, 0, 0), γ1 = (z1c0, . . . , znc0, 0), zi ∈ {0, 1} (i = 1, . . . , n), n ∈ N;

23) G(∆
(n)
8 , 0, 0, γ), γ = (γ1, 0, 0, 0), γ1 = (z1c0, . . . , znc0, 0), zi ∈ {0, 1} (i = 1, . . . , n), n ∈ N;

24) G(∆
(n)
9 , 0, 0, γ), γ = (γ1, 0, 0, 0), γ1 = (z1c0, . . . , znc0, 0), zi ∈ {0, 1} (i = 1, . . . , n), n ∈ N;

25) G(∆
(n)
10 , 0, β, γ), β = (0, β2, 0, 0), γ = (γ1, 0, 0, 0), β2 = (yc0, 0), γ1 = (z1c0, . . . , znc0), y,

zi ∈ {0, 1} (i = 1, . . . , n), n ∈ N;

26) G(∆
(n)
11 , α, 0, γ), α=(0, α2, 0, 0), γ=(γ1, 0, 0, 0), α2 = (xc0, 0), γ1 =(z1c0, . . . , znc0), x,

zi ∈ {0, 1} (i = 1, . . . , n), n ∈ N;

27) G(∆
(n)
12 , 0, 0, γ), γ = (0, γ2, 0, 0), γ2 = (z1c0, . . . , zn+1c0), zi ∈ {0, 1} (i = 1, . . . , n+ 1),

n ∈ N;

28) G(Θ1, α, 0, γ), α = (0, xc0, 0), γ = (zc0, 0, 0), x, z ∈ {0, 1};

29) G(Θ2, 0, 0, γ), γ = (z1c0, z2c0, 0), z1, z2 ∈ {0, 1};

30) G(Θ3, α, β, γ), α = (0, xc0, 0), β = (yc0, 0, 0), γ = (zc0, 0, 0), x, y, z ∈ {0, 1};

31) G(Θ4, 0, β, γ), β = (yc0, 0, 0), γ = (zc0, 0, 0), y, z ∈ {0, 1};
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32) G(Θ5, α, β, γ), α = (0, 0, xc0), β = (0, yc0, 0), γ = (0, xc0, yc0), x, y ∈ {0, 1};

33) G(Θ6, 0, β, γ), β = (0, yc0, 0), γ = (0, 0, yc0), y ∈ {0, 1};

34) G(Θ7, α, 0, γ), α = (0, 0, xc0), γ = (0, xc0, 0), x ∈ {0, 1};

35) G(Θ8, 0, 0, γ), γ = (xc1, xc0, xc0), x ∈ {0, 1};

36) G(Θ
(n)
9 , α, 0, γ), α = (0, α2, 0, 0), γ = (γ1, 0, 0, 0), α2 = (0, xc0), γ1 = (z1c0, . . . , zn+1c0), x,

zi ∈ {0, 1} (i = 1, . . . , n+ 1), n ∈ N;

37) G(Θ
(n)
10 , 0, 0, γ), γ = (γ1, γ2, 0, 0), γ1 = (z1c0, . . . , zn+1c0), γ2 = (0, zn+2c0), zi ∈ {0, 1}

(i = 1, . . . , n+ 2), n ∈ N;

38) G(Θ
(n)
11 , α, β, γ), α = (0, α2, 0, 0), β = (β1, 0, 0, 0), γ = (γ1, 0, 0, 0), α2 = (0, xc0),

β1 = (yc0, 0), γ1 = (z1c0, . . . , zn+1c0), x, y, zi ∈ {0, 1} (i = 1, . . . , n+ 1), n ∈ N;

39) G(Θ
(n)
12 , 0, β, γ), β = (β1, 0, 0, 0), γ = (0, γ2, 0, 0), β1 = (yc0, 0), γ2 = (z1c0, . . . , zn+1c0),

y, zi ∈ {0, 1} (i = 1, . . . , n+ 1), n ∈ N;

40) G(Θ
(1)
13 , α, β, γ), α = (0, 0, 0, 0, 0, xc0, 0), β = (0, 0, 0, 0, xc0, 0, 0),

γ = ((2z + x)c1, 0, 0, 0, 0, 0, 0), x, z ∈ {0, 1};

41) G(Θ
(k)
13 , 0, 0, γ), γ = (γ1, 0, 0, 0), γ1 = (z1c0, . . . , zkc0), zi ∈ {0, 1} (i = 1, . . . , k), k ∈ N \ {1};

42) G(Θ
(n)
14 , 0, 0, γ), γ = (γ1, 0, 0, 0), γ1 = (0, z2c0, . . . , znc0), zi ∈ {0, 1} (i = 2, . . . , n), n ∈ N;

43) G(Θ
(n)
15 , 0, 0, γ), γ = (γ1, 0, 0, 0), γ1 = (z1c0, . . . , zn−1c0, 0), zi ∈ {0, 1} (i = 1, . . . , n− 1),

n ∈ N;

44) G(Θ
(n)
16 , 0, 0, γ), γ = (0, γ2, 0, 0), γ2 = (0, z2c0, . . . , znc0, 0), zi ∈ {0, 1} (i = 2, . . . , n), n ∈ N;

45) G(Ψ1, 0, 0, 0);

46) G(Ψ2, α, β, γ), α = (0, xc0, 0, xc0), β = (0, yc0, yc0, 0), γ = (0, (x+ z)c0, (x+ y + z)c0, zc0),
x, y, z ∈ {0, 1};

47) G(Ψ3, α, β, γ), α = (0, xc0, 0, 0), β = (0, yc0, 0, 0), γ = (z1c0, 0, z2c0, 0), x, y, z1, z2 ∈ {0, 1};

48) G(Ψ4, α, β, γ), α = (0, xc0, 0, 0, 0, 0, xc0, 0), β = (0, 0, 0, 0, yc0, 0, 0, 0),
γ = (0, (x+ y)c0, (x+ y)c1, 0, xc0, (x+ y)c0, yc0, (x+ y)c0), x, y ∈ {0, 1};

49) G(Ψ5, α, β, γ), α = (0, 0, 0, xc0, 0, 0, 0, 0), β = (0, 0, yc0, 0, 0, 0, 0, 0),
γ = (z1c0, z2c0, 0, 0, 0, 0, z3c0, 0), x, y, z1, z2, z3 ∈ {0, 1};

50) G(Ψ
(n)
6 , 0, 0, γ), γ = (γ1, 0, 0, 0), γ1 = (z1c0, . . . , znc0), zi ∈ {0, 1} (i = 1, . . . , n), n ∈ N;

51) G(Ψ
(n)
7 , 0, 0, γ), γ = (γ1, 0, 0, 0), γ1 = (z1c0, . . . , znc0), zi ∈ {0, 1} (i = 1, . . . , n), n ∈ N;

52) G(Ψ
(n)
8 , α, 0, γ), α = (0, α2, 0, 0), γ = (γ1, 0, 0, 0), α2 = (0, xc0), γ1 = (0, z2c0, . . . , znc0),

x, zi ∈ {0, 1} (i = 2, . . . , n), n ∈ N;

53) G(Ψ
(n)
9 , 0, β, γ), β = (0, β2, 0, 0), γ = (γ1, 0, 0, 0), β2 = (0, yc0), γ1 = (0, z2c0, . . . , znc0),

y, zi ∈ {0, 1} (i = 2, . . . , n), n ∈ N;
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54) G(Ψ
(n)
10 , 0, 0, γ), γ = (γ1, γ2, 0, 0), γ1 = (0, z2c0, . . . , znc0), γ2 = (0, zn+1c0), zi ∈ {0, 1}

(i = 2, . . . , n+ 1), n ∈ N;

55) G(Ψ
(n)
f , 0, 0, γ), γ = (γ1, 0, 0, 0), γ1 = (z1c0, . . . , znc0), zi ∈ {0, 1} (i = 1, . . . , n), n ∈ N;

56) G(Ψ
(1)
11 , α, β, γ), α = (0, xc0, 0, 0, 0, 0, 0, 0, 0, 0, xc0, 0), β = (0, 0, 0, 0, 0, 0, 0, xc0, 0, 0, 0, 0),

γ = (0, xc0, xc1, xc1, 0, 0, xc0, 0, xc0, xc0, 0, xc0), x ∈ {0, 1};

57) G(Ψ
(k)
11 , 0, 0, γ), γ = (0, γ2, γ3, 0, 0, 0, 0, 0, 0), γ2 = (0, z2c0, . . . , zkc0),

γ3 = (z′1c0, . . . , z
′
k−1c0, 0), zi, zk, z

′
1, z
′
j ∈ {0, 1} (i = 2, . . . , k − 1), k ∈ N \ {1};

58) G(Ψ
(n)
12 , 0, 0, γ), γ = (0, γ2, γ3, 0, 0, 0, 0, 0, 0, ), γ2 = (z1c0, . . . , znc0),

γ3 = (0, z′2c0, . . . , z
′
nc0, 0), z1, zi, z

′
i ∈ {0, 1} (i = 2, . . . , n), n ∈ N;

59) G(Ψ
(n)
13 , α, β, γ), α = (0, 0, 0, α4, 0, 0, 0, 0, 0), β = (0, 0, 0, β4, 0, 0, 0, 0, 0),

γ = (γ1, γ2, 0, 0, 0, 0, 0, 0, γ9), α4 = (0, xc0), β4 = (yc0, 0), γ1 = (z1c0, . . . , zn+1c0),
γ2 = (z′1c0, . . . , z

′
nc0), γ9 = (z′′c0, 0), x, y, zi, zn+1, z

′
i, z
′′ ∈ {0, 1} (i = 1, . . . , n), n ∈ N;

60) G(Ψ
(n)
14 , α, β, γ), α = (0, 0, 0, α4, 0, 0, 0, 0, 0), β = (0, 0, β3, 0, 0, 0, 0, 0, 0),

γ = (γ1, γ2, 0, 0, 0, 0, 0, 0, γ9), α4 = (0, xc0), β3 = (yc0, 0), γ1 = (z1c0, . . . , zn+1c0),
γ2 = (z′1c0, . . . , z

′
n+1c0), γ9 = (z′′c0, 0), x, y, zi, z

′
i, z
′′ ∈ {0, 1} (i = 1, . . . , n+ 1), n ∈ N.

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òåîðåìè ðîçãëÿíåìî òèïîâèé âèïàäîê. Iíøi âèïàäêè äîâîäÿ-
òüñÿ àíàëîãi÷íî.

Íåõàé (α, β, γ) ∈ A(Γ
(n)
5 ) òà α = (α1, α2, α3, α4), β = (β1, β2, β3, β4), äå αi, βi ∈ M (n) (i = 1,

2, 4), α3, β3 ∈ M (n+1). Òîäi ç ëåìè 1 âèïëèâà¹, ùî

((Γ
(n)
5 )a − E4n+1)(α) = 0, ((Γ

(n)
5 )b − E4n+1)(β) = 0.

Çâiäñè α = (α1, α2, α3, 0), β = (β1, β2, β3, 2β2), äå α3 = (u, 2α2), β3 = (0, xc0), u ∈ M (1),
x ∈ {0, 1}. Ïîêëàäåìî m = (0, 0,m3,−α1), m

′ = (0, 0,m′3,−β2), äå m3 = (−u′,−α2),
m′3 = (−β1, 0), 2u′ = u. Òîäi

α + (E4n+1 + (Γ
(n)
5 )a)(m) = 0, β + (E4n+1 + (Γ

(n)
5 )b)(m

′) = (0, 0, β3, 0) = β′.

Îòæå
(α, β, γ) +B(Γ

(n)
5 ) = (0, β′, γ′) +B(Γ

(n)
5 )

äëÿ äåÿêîãî γ′ ∈ M (4n+1). Íåõàé γ′ = (γ1, γ2, γ3, γ4), äå γ1, γ2, γ4 ∈ M (n), γ3 ∈ M (n+1). Òîäi ç
ëåìè 1 âèïëèâà¹, ùî

(E4n+1 + (Γ
(n)
5 )a)(γ) = 0, (E4n+1 + (Γ

(n)
5 )b)(γ) = (0, Rnβ3, 0, 0).

Îòæå
γ3 = (zc0, 0), z ∈ {0, 1}; γ4 = Rnβ3, 2γ1 = −γ4; 2γ1 = −Tnγ3.

Çâiäñè
Tnγ3 = Rnβ3. (3)

Ó âèïàäêó n = 1 ç (3) âèïëèâà¹ z = x, γ1 = (2y+x)c1, y ∈ {0, 1}. Îòæå â äàíîìó âèïàäêó
γ′ = ((2y + x)c1, γ2, xc0, 0, xc0). Ïîêëàäåìî m = (0, 0, yc0, 0, 0), m′ = (0, 0, 0,−γ2, 0). Òîäi

(E5 + (Γ
(1)
5 )a)(m) = 0, (E5 + (Γ

(1)
5 )b)(m

′) = 0,
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γ′ + (E5 − (Γ
(1)
5 )b)(m) + ((Γ

(1)
5 )a − E5)(m

′) = (xc1, 0, xc0, 0, xc0).

Òåïåð ó âèïàäêó n ∈ N \ {1} ç (3) ñëiäó¹, ùî z = x = 0. Îòæå β′ = 0, γ′ = (γ1, γ2, 0, 0), äå
γ1 = (z1c0, . . . , znc0), zi ∈ {0, 1} (i = 1, 2, . . . , n). Ïîêëàäåìî m = (0, 0,m3, 0), m′ = (0, 0,m′3, 0),
äå m3 = (z1c0, 0), m′3 = (0,−γ2). Òîäi

(E4n+1 + (Γ
(n)
5 )a)(m) = 0, (E4n+1 + (Γ

(n)
5 )b)(m

′) = 0,

γ′ + (E4n+1 − (Γ
(n)
5 )b)(m) + ((Γ

(n)
5 )a − E4n+1)(m

′) = (γ′1, 0, 0, 0),

äå γ′1 = (0, z2c0, . . . , znc0). Ç âèùå ñêàçàíîãî ñëiäó¹, ùî

A(Γ
(k)
5 )/B(Γ

(k)
5 ) ∼= {(0, 0, γ) | γ = (γ1, 0, 0, 0), γ1 = (0, z2c0, . . . , zkc0),

zi ∈ {0, 1}, (i = 2, . . . , k)}, k ∈ N \ {1}.

Òåîðåìà äîâåäåíà.
Íåõàé Ω = {Γ(1)

7 , Γ
(2)
7 , ∆1, ∆2, ∆3, Θ

(1)
14 , Θ

(1)
15 , Θ

(1)
16 , Ψ1}.

Íàñëiäîê 1. Íåõàé Γ � Z2-çîáðàæåííÿ ñòåïåíÿ s ãðóïè H âèäó Γ = n1Γ
′
1 + . . . + nrΓ

′
r,

ni ≥ 1, äå Γ′i ∈ Ω, (i = 1, . . . , r). Òîäi ðîçøèðåííÿ 2-ãðóïè M (s) çà äîïîìîãîþ ãðóïè H, ùî

âèçíà÷à¹òüñÿ çîáðàæåííÿì Γ ðîçùåïëþâàíå.
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