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ÏÐÎ ÓÇÀÃÀËÜÍÅÍÓ ÅÊÂIÂÀËÅÍÒÍIÑÒÜ ÖIËÎ×ÈÑËÎÂÈÕ
ÌÀÒÐÈ×ÍÈÕ ÇÎÁÐÀÆÅÍÜ ÃÐÓÏÈ ÊËÅÉÍÀ

In this paper, there was found the class of integral 2-adic matrix representations of the Klein four-
group for which the generalized equivalence coincides with equivalence of matrix representations.

Â äàíié ñòàòòi âèÿñíåíî, äëÿ ÿêèõ öiëî÷èñëîâèõ 2-àäè÷íèõ ìàòðè÷íèõ çîáðàæåíü ãðóïè Êëåé-
íà óçàãàëüíåíà åêâiâàëåíòíiñòü ñïiâïàäà¹ ç åêâiâàëåíòíiñòþ ìàòðè÷íèõ çîáðàæåíü.

Â äàíié ñòàòòi, âèêîðèñòîâóþ÷è îïèñàíi Ë. Î. Íàçàðîâîþ [1] íååêâiâàëåíòíi íå-
ðîçêëàäíi ìàòðè÷íi öiëî÷èñëîâi çîáðàæåííÿ ãðóïè Êëåéíà V = 〈a〉×〈b〉 (a2 = e,
b2 = e), âèäiëåíî êëàñ ìàòðè÷íèõ çîáðàæåíü ãðóïè V , äëÿ ÿêèõ óçàãàëüíåíà
åêâiâàëåíòíiñòü ñïiâïàäà¹ ç åêâiâàëåíòíiñòþ ìàòðè÷íèõ çîáðàæåíü. Âiäçíà÷è-
ìî, ùî iç [2] ñëiäó¹, ùî ìàòðè÷íi öiëî÷èñëîâi p-àäè÷íi çîáðàæåííÿ öèêëi÷íî¨
p-ãðóïè ïîðÿäêó pr (r ≤ 2) óçàãàëüíåíî åêâiâàëåíòíi òîäi i òiëüêè òîäi, êîëè âî-
íè ¹ åêâiâàëåíòíèìè. Íàãàäà¹ìî, ìàòðè÷íi çîáðàæåííÿ Γ:h→Γ(h) i ∆:h→∆(h)
ñêií÷åííî¨ ãðóïè H ñòåïåíÿ n íàä êiëüöåì Z íàçèâàþòüñÿ óçàãàëüíåíî åêâiâà-
ëåíòíèìè, ÿêùî iñíó¹ îáîðîòíà ìàòðèöÿ C ∈ GL(n, Z) i àâòîìîðôiçì ϕ ãðóïè
H òàêi, ùî C−1Γ(h)C = ∆(ϕ(h)) äëÿ äîâiëüíîãî åëåìåíòà h ∈ H. Î÷åâèäíî, iç
åêâiâàëåíòíîñòi ìàòðè÷íèõ çîáðàæåíü ñêií÷åííî¨ ãðóïè H ñëiäó¹ ¨õ óçàãàëüíå-
íà åêâiâàëåíòíiñòü. Îáåðíåíå òâåðäæåííÿ íå çàâæäè ñïðàâåäëèâå. Íàïðèêëàä,
çîáðàæåííÿ Γ : a → 1, b → −1 òà ∆ : a → −1, b → 1 ãðóïè Êëåéíà V íàä
êiëüöåì öiëèõ ðàöiîíàëüíèõ ÷èñåë ¹ óçàãàëüíåíî åêâiâàëåíòíèìè, àëå íå ¹ åêâi-
âàëåíòíèìè çîáðàæåííÿìè.

Íåõàé íàäàëi Z2 � êiëüöå öiëèõ 2-àäè÷íèõ ÷èñåë. Ââåäåìî íàñòóïíi ïîçíà÷å-
ííÿ: En � îäèíè÷íà ìàòðèöÿ ïîðÿäêó n; Rn, Tn � n× (n+ 1)-ìàòðèöi âèãëÿäó:
Rn =

(
0 En

)
, Tn =

(
En 0

)
; Un, Vn � ìàòðèöi âiäïîâiäíî òðàíñïîíîâàíi äî

ìàòðèöü Tn, Rn;Wn = RnUn; Ln � 2× (n+1)-ìàòðèöÿ, Kn � (n+1)×2-ìàòðèöÿ
âiäïîâiäíî âèãëÿäó:

Ln =

(
0 1
0 0

)
; Kn =

(
0 0
0 1

)
;

L′1 =

(
0 0
1 0

)
; K ′1 =

(
1 0
0 0

)
; X =

(
1 1
0 −1

)
; Y =

(
1 0
0 −1

)
.

Òåîðåìà 1. Ìíîæèíà M âñiõ íåðîçêëàäíèõ ìàòðè÷íèõ Z2-çîáðàæåíü ãðó-

ïè Êëåéíà V = 〈a〉 × 〈b〉, äëÿ ÿêèõ óçàãàëüíåíà åêâiâàëåíòíiñòü ñïiâïàäà¹

ç åêâiâàëåíòíiñòþ ìàòðè÷íèõ çîáðàæåíü, âè÷åðïóþòüñÿ íàñòóïíèìè çîáðà-

æåííÿìè:

Υ1 : a→ 1, b→ 1;

Υ
(n)
2 : a→


En 0 0 En

0 −En Rn 0
0 0 En+1 0
0 0 0 −En

 , b→


−En 0 Tn 0

0 En 0 En

0 0 En+1 0
0 0 0 −En

 ;
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Υ
(n)
3 : a→


En+1 0 0 Un

0 −En En 0
0 0 En 0
0 0 0 −En

 , b→


En+1 0 Vn 0

0 −En 0 En

0 0 −En 0
0 0 0 En

 ;

Υ4 : a→

 1 0 1
0 −1 0
0 0 −1

 , b→

 −1 0 0
0 1 1
0 0 −1

 ;

Υ5 : a→

 −1 1 0
0 1 0
0 0 −1

 , b→

 −1 0 1
0 −1 0
0 0 1

 ;

Υ
(n)
6 : a→


En+1 0 0 En+1

0 −En+1 Un 0
0 0 En 0
0 0 0 −En+1

 , b→


−En+1 0 Vn 0

0 En+1 0 En+1

0 0 En 0
0 0 0 −En+1

 ;

Υ
(n)
7 : a→


En 0 0 Rn

0 −En+1 En+1 0
0 0 En+1 0
0 0 0 −En+1

 , b→


En 0 Tn 0
0 −En+1 0 En+1

0 0 −En+1 0
0 0 0 En+1

 ;

Υ8 : a→
(
X 0
0 X

)
, b→

(
X E2

0 −X

)
;

Υ9 : a→
(
X L1

0 Y

)
, b→

(
X K ′1
0 −Y

)
;

Υ10 : a→
(
Y L1

0 X

)
, b→

(
Y K1

0 −X

)
;

Υ11 : a→


X 0 0 K ′1
0 Y L′1 L1

0 0 E2 0
0 0 0 −E2

 , b→


X 0 L1 0
0 Y L1 L′1
0 0 −E2 0
0 0 0 E2

 ;

Υ12 : a→


E2 0 K1 L1

0 −E2 K ′1 0
0 0 Y 0
0 0 0 X

 , b→


E2 0 K ′1 0
0 −E2 K1 K1

0 0 Y 0
0 0 0 X

 ;

Υ
(n)
13 : a→



X 0 0 0 0 0 0 Ln 0
0 En 0 0 0 0 0 Tn 0
0 0 En 0 0 0 0 0 En

0 0 0 −En 0 En 0 0 0
0 0 0 0 −En 0 Tn 0 0
0 0 0 0 0 En 0 0 0
0 0 0 0 0 0 En+1 0 0
0 0 0 0 0 0 0 −En+1 0
0 0 0 0 0 0 0 0 −En


,
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b→



X 0 0 0 0 0 Ln 0 0
0 En 0 0 0 En 0 0 0
0 0 En 0 0 0 Rn 0 0
0 0 0 −En 0 0 0 Rn 0
0 0 0 0 −En 0 0 0 En

0 0 0 0 0 −En 0 0 0
0 0 0 0 0 0 −En+1 0 0
0 0 0 0 0 0 0 En+1 0
0 0 0 0 0 0 0 0 En


;

Υ
(n)
14 : a→



X 0 0 0 0 0 0 Ln 0
0 En 0 0 0 0 0 Tn 0
0 0 En+1 0 0 0 0 0 En+1

0 0 0 −En+1 0 En+1 0 0 0
0 0 0 0 −En 0 Tn 0 0
0 0 0 0 0 En+1 0 0 0
0 0 0 0 0 0 En+1 0 0
0 0 0 0 0 0 0 −En+1 0
0 0 0 0 0 0 0 0 −En+1


,

b→



0 0 0 0 0 Ln 0 0
0 En 0 0 0 Rn 0 0 0
0 0 En+1 0 0 0 En+1 0 0
0 0 0 −En+1 0 0 0 En+1 0
0 0 0 0 −En 0 0 0 Rn

0 0 0 0 0 −En+1 0 0 0
0 0 0 0 0 0 −En+1 0 0
0 0 0 0 0 0 0 En+1 0
0 0 0 0 0 0 0 0 En+1


;

Υ
(n)
15 : a→



En+1 0 0 0 0 0 Un 0 Kn

0 En 0 0 0 0 0 En 0
0 0 −En 0 En 0 0 0 0
0 0 0 −En+1 0 Un 0 0 0
0 0 0 0 En 0 0 0 0
0 0 0 0 0 En 0 0 0
0 0 0 0 0 0 −En 0 0
0 0 0 0 0 0 0 −En 0
0 0 0 0 0 0 0 0 X


,

b→



En+1 0 0 0 Vn 0 0 0 0
0 En 0 0 0 En 0 0 0
0 0 −En 0 0 0 En 0 0
0 0 0 −En+1 0 0 0 Vn Kn

0 0 0 0 −En 0 0 0 0
0 0 0 0 0 −En 0 0 0
0 0 0 0 0 0 En 0 0
0 0 0 0 0 0 0 En 0
0 0 0 0 0 0 0 0 −X


;
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Υ
(n)
16 : a→



En+1 0 0 0 0 0 Un 0 Kn

0 En+1 0 0 0 0 0 En+1 0
0 0 −En+1 0 En+1 0 0 0 0
0 0 0 −En+1 0 Un 0 0 0
0 0 0 0 En+1 0 0 0 0
0 0 0 0 0 En 0 0 0
0 0 0 0 0 0 −En 0 0
0 0 0 0 0 0 0 −En+1 0
0 0 0 0 0 0 0 0 X


,

b→



En+1 0 0 0 En+1 0 0 0 0
0 En+1 0 0 0 Vn 0 0 0
0 0 −En+1 0 0 0 Vn 0 0
0 0 0 −En+1 0 0 0 En+1 Kn

0 0 0 0 −En+1 0 0 0 0
0 0 0 0 0 −En 0 0 0
0 0 0 0 0 0 En 0 0
0 0 0 0 0 0 0 En+1 0
0 0 0 0 0 0 0 0 −X


,

äå n ∈ N.
Äîâåäåííÿ. Äîâåäåííÿ òåîðåìè áàçó¹òüñÿ íà ïðèâåäåíîìó â [1] ñïèñêó âñiõ

íååêâiâàëåíòíèõ íåðîçêëàäíèõ öiëî÷èñëîâèõ ìàòðè÷íèõ çîáðàæåíü ãðóïè Êëåé-
íà. Ãðóïà AutV àâòîìîðôiçìiâ ãðóïè Êëåéíà V = 〈a〉 × 〈b〉 içîìîðôíà ãðóïi
äiåäðà 6-ãî ïîðÿäêó i ïîðîäæó¹òüñÿ íàñòóïíèìè àâòîìîðôiçìàìè:

ν : a→ b, b→ a; µ : a→ b, b→ ab.

Áåçïîñåðåäíüîþ ïåðåâiðêîþ ìîæíà ïîêàçàòè, ùî äëÿ êîæíîãî íåðîçêëàäíî-
ãî ìàòðè÷íîãî çîáðàæåííÿ Γ ãðóïè Êëåéíà iç ìíîæèíè M çíàéäóòüñÿ òàêi îáî-
ðîòíi ìàòðèöi S i T , ùî

S−1Γ(v)S = Γ(ν(v)), T−1Γ(v)T = Γ(µ(v)),

äëÿ áóäü-ÿêîãî åëåìåíòà v ãðóïè V . Òîäi äëÿ äîâiëüíîãî àâòîìîðôiçìà ϕ = νiµj

ãðóïè V ñïðàâåäëèâà ðiâíiñòü

(T jSi)−1Γ(v)T jSi = Γ(ϕ(v)), v ∈ V.
ßêùî æ íåðîçêëàäíå ìàòðè÷íå çîáðàæåííÿ ∆ : v → ∆(v) ãðóïè V íå íàëå-

æèòü ìíîæèíi M, òî çíàéäåòüñÿ àâòîìîðôiçì ϕ ãðóïè V , ùî ìàòðè÷íi çîáðà-
æåííÿ ∆ òà ∆ϕ : v → ∆(ϕ(v)) íå ¹ åêâiâàëåíòíèìè.

ßê íàñëiäîê iç òåîðåìè 1 îäåðæó¹ìî, ùî ó âèïàäêó, êîëè ìàòðè÷íi Z2-çîá-
ðàæåííÿ Γ i ∆ ãðóïè Êëåéíà, ùî ¹ ñóìîþ íåðîçêëàäíèõ çîáðàæåíü iç ìíîæèíè
M, ¹ óçàãàëüíåíî åêâiâàëåíòíèì òîäi i òiëüêè òîäi, êîëè âîíè ¹ åêâiâàëåíòíèìè
ìàòðè÷íèìè çîáðàæåííÿìè.
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