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ON AN ESTIMATE OF PROBABILITY OF EXCEEDING A LINE
BY WEIGHTED AGGREGATE OF SUB-GAUSSIAN RANDOM

PROCESS

Sub-gaussian random variables are majorized in distribution by Gaussian random vari-
ables, and thus are their natural generalization. This paper considers the problem of
estimating the probability of exceeding a level given by a line ct, c > 0, by trajectori-
es of the sum of sub-Gaussian random processes Xi, i = 1, n, defined on a compact
set B with certain weighting functions wi(t). Namely, upper estimates of the follow-
ing typeP {supt∈B (

∑n
i=1 wi (t)Xi(t)−ct) >x},P {inft∈B (

∑n
i=1 wi (t)Xi(t)−ct) < −x} or

P {supt∈B |
∑n
i=1 wi (t)Xi(t)−ct| >x} are derived. This problem can be applied directly in

the queuing theory in estimating the finite size x > 0 buffer overflow probability with linear
service intensity, as well as in insurance mathematics in estimating the bankruptcy probabi-
lity for the corresponding risk process. Using the method of metric entropy, the previous
results obtained in [1] for a more general class of Φ-sub-Gaussian random processes are
generalized and improved. As an example, the derived estimate is applied to the average
sum of sub-Gaussian Wiener random processes, i.e. random processes that have the same
covariance function as the (Gaussian) Wiener process, but with sub-Gaussian trajectories.

Ключовi слова: sub-Gaussian random process, supremum distribution, method of metric
entropy, Wiener process.

1. Introduction. In this paper a weighted aggregate of independent sub-Gaussian
random processes defined on a compact set are considered and the probability that
such its trajectories exceeds some linear function is investigated. The problem of
such type was previously studied for random processes from various Orlicz spaces
(including sub-Gaussian) in works [1-3].

Definition 1. ([4]) A random variable ξ is called sub-Gaussian if there exists a
number a ∈ [0,∞) such that the inequality

Eexp{λξ} ≤ exp

{
a2λ2

2

}
(1)

holds for all λ ∈ R. The class of all sub-Gaussian random variables defined on a
common probability space (Ω,F,P) is denoted by Sub(Ω).

Recall (see [4, Theorem 1.2]) that the space Sub(Ω) is a Banach space with
respect to the norm

τ (ξ) = inf

{
a ≥ 0 : Eexp {λξ}≤exp

{
a2λ2

2

}
, λ ∈ R

}
(2)
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and (see [4, Lemma 1.1])

Eexp {λξ} ≤ exp

{
λ2τ(ξ)2

2

}
. (3)

Other properties of sub-Gaussian random variables and processes can be found in
the classical monograph of Buldygin V. and Kozachenko Yu. [4] and in the book [2],
properties of more general class of ϕ-sub-Gaussian random variables and processes
are reviewed in the book of Vasylyk O., Kozachenko Yu. and Yamnenko R. [5]. Here
the results obtained in [1] are improved for the specific case of linear function.

2. Main result. Let (T, ρ) be a pseudometric (metric) separable space with
psedometric (metric) ρ. Recall that N(T,ρ)(ε) = NT (ε) is the metric massiveness of
the space (T, ρ), i.e. the number of elements in the minimal ε-covering of the set T .

Consider a set of independent separable sub-Gaussian random processes Xi =
{Xi (t) , t ∈ T} , i = 1, n satisfying the following assumption.

Assumption 1. There exist such continuous monotone increasing functions
σi = {σi (h) , h > 0} such that σi (h) → 0 as h → 0 and the following inequality
holds true

sup
ρ(t,s)≤h

τ (Xi (t)−Xi (s)) ≤ σi(h), i = 1, n.

Consider the problem of exceeding by mixture of processesXi a line on a compact
set B ⊂ T.

Put τi(t) = τ (Xi (t)), σ (h) = maxi=1,n σi(h) and let β > 0 be such a number
that β ≤ σ(infs∈B supt∈B ρ(t, s)).

Theorem 1. Let Xi= {Xi (t) , t∈T} be separable sub-Gaussian random processes
satisfying Assumption 1 with functions σi (h) ≤ diσ(h), 0 < di ≤ 1, i= 1, . . . ,n.
Let r = {r (u) : u ≥ 1} be such a continuous function that r (u) > 0 as u > 1,
s (t) = r (et) is a convex function for t ≥ 0 and the following entropy integral is
finite

β∫
0

r
(
NB

(
σ(−1) (u)

))
du <∞.

Then for all p ∈ (0; 1), c > 0 and x > max
{

0, σ(−1) (βp)−minu∈B u
}
the following

inequalities take places for the random mixture

X(t) =
n∑
i=1

wi(t) Xi(t),

where wi (t) ={wi (t) , t∈T} are continuous nonnegative weighting functions

P

{
sup
t∈B

(X(t)−ct) >x
}
≤Z(p, β, x),

P

{
inf
t∈B

(X(t)−ct) < −x
}
≤Z(p, β, x),

P

{
sup
t∈B
|X(t)−ct| >x

}
≤2Z(p, β, x),
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where

Z (p, β, x) = inf
p∈(0,1)

r(−1)

 1

βp

βp∫
0

r
(
NB

(
σ(−1) (u)

))
du

×

×exp

− inf
u∈B

c2
(
x+ u− σ(−1) (βp)

)2
(1− p)2

2

(
(1− p)

n∑
i=1

w2
i (u) τ 2

i (u) + β2p
n∑
i=1

d2
imaxv∈B w2

i (v)

)
.

Proof. Let Vεk denote a set of the centers of closed balls with radii εk =
σ(−1)

(
βpk
)
, p ∈ (0, 1) , k = 0, 1, 2, . . . , which forms minimal covering of the compact

space (B, ρ). Number of elements in the set Vεk is equal to NB (εk) . It follows from
[4, Lemma 1.3] and Assumption 1 that for any ε > 0

P {|Xi (t)−Xi (s)| > ε}

≤ 2exp

{
− ε2

2τ 2 (Xi (t)−Xi (s))

}
≤ 2exp

{
− ε2

2σi (ρ (t, s))

}
.

Therefore all processes Xi(t) are continuous in probability and the mixture X =
=
∑n

i=1 wi(t)Xi(t) is continuous in probability as well. Hence the set V =
⋃∞
k=1 Vεk

is a set of separability of the process X and with probability one

sup
t∈ B

(X (t)− ct) = sup
t∈ V

(X (t)− ct) (4)

Consider a mapping αm = {αm(t),m = 0, 1 . . . } of the set V into the subset Vεm ,
where αm (t) ∈ Vεm is such a point that ρ(t, αm(t)) < εm. If t ∈ Vεm then αm(t) = t.
If there exist several such points from the set Vεm that ρ(t, αm(t)) < εm then we
choose one of them and denote it αm(t).

It follows from [4, Lemma 1.2], Chebyshev’s inequality and Assumption 1 that

P
{
|Xi (t)−Xi (αm (t))| > p

m
2

}
≤ E(Xi (t)−Xi (αm (t)))2

pm

≤ τ 2 (Xi (t)−Xi (αm (t)))

pm
≤ σ2 (εm)

pm
= β2pm.

This inequality implies that

∞∑
n=1

P
{
|Xi (t)−Xi (αm (t))| > p

m
2

}
<∞.

It follows from the Borel-Kantelli lemma that Xi (t) −Xi (αm (t)) → 0 as m → ∞
with probability one. Since the set V is countable, then [X (t)− ct]− [X (αm (t))−
−cαm (t)]→ 0 as n→∞ for all t simultaneously.

Let t be an arbitrary point from the set V . Denote by tm = αm(t), tm−1 =
αm−1 (tm) , . . . , t1 = α1(t2) for any m ≥ 1. Since for all m ≥ 2

X (t)− ct = X (t1)− ct1 + c (t1 − t) +
m∑
k=2

(X (tk)−X (tk−1))
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+X (t)−X (αm (t))

we have

sup
t∈V

(X (t)− ct) ≤ max
u∈Vε1

(X (u)− cu) + cε1 +
m∑
k=2

max
u∈Vεk

(X(u)−X(αk−1(u))

+X(t)−X(αm(t)). (5)

It follows from (4) and (5) that with probability one

sup
t∈T

(X (t)− ct) ≤ cε1+

+ lim
m→∞

inf

(
max
u∈Vε1

(X (u)− cu) +
m∑
k=2

max
u∈Vεk

(X(u)−X (αk−1 (u))

)
. (6)

Let {qk, k = 1, 2, . . . } be such a sequence that qk > 1 and
∑∞

k=1 q
−1
k ≤ 1. It

follows from the Hölder’s inequality, the Fatou’s lemma and (6) that for all λ > 0

Eexp

{
λsup
t∈B

(X (t)− ct)
}

≤ E lim
m→∞

infexp

{
λ

(
cε1 + max

u∈Vε1
(X (u)− cu) +

m∑
k=2

max
u∈Vεk

(X(u)−X(αk−1(u))

)}

≤ lim
m→∞

infEexp

{
λ

(
cε1 + max

u∈Vε1
(X (u)− cu) +

m∑
k=2

max
u∈Vεk

(X(u)−X (αk−1 (u))

)}

≤ lim
m→∞

inf

(
Eexp

{
q1λmax

u∈Vε1
(X (u)− cu)

} ) 1
q1

×

×
m∏
k=2

(
Eexp

{
qkλmax

u∈Vεk
(X(u)−X (αk−1 (u))

} ) 1
qk

exp {λcε1}

≤
(
Eexp

{
q1λmax

u∈Vε1
(X (u)− cu)

} ) 1
q1

×

×
∞∏
k=2

(
Eexp

{
qkλmax

u∈Vεk
(X(u)−X (αk−1 (u))

} ) 1
qk

exp{λcε1} . (7)

Consider each of the factors in the right-hand side of inequality (6) separately.
It follows from inequality (3) that for all 1 ≤ i ≤ n

Eexp {q1λwi(u)Xi (u)} ≤ exp

{
q2

1λ
2w2

i (u)τ 2
i (u)

2

}
and

Eexp {qkλ (wi(u)X i (u)− wi (αk−1 (u))Xi (αk−1 (u)))} ≤ exp

{
q2
kλ

2w2
i (u)σ

2
i (εk−1)

2

}
.
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Therefore, (
Eexp

{
q1λmax

u∈Vε1
(X (u)− cu)

} ) 1
q1

≤

≤

∑
u∈Vε1

Eexp

{
q1λ

n∑
i=1

wi (u)Xi (u)

}
exp {−q1λcu}

 1
q1

≤

≤

∑
u∈Vε1

n∏
i=1

Eexp {q1λwi (u)Xi (u)} exp {−q1λcu}

 1
q1

≤

≤ (NB (ε1))
1
q1 exp

{
sup
u∈B

(
q1λ

2

2

n∑
i=1

w2
i (u)τ 2

i (u) − λcu

)}
and (

Eexp

{
qkλmax

u∈Vεk
(X(u)−X(αk−1(u))

} ) 1
qk

≤

≤

(
NB (εk) max

u∈Vεk
Eexp

{
qkλ

n∑
i=1

wi (u) (Xi(u)−Xi (αk−1 (u))

} ) 1
qk

≤

≤ (NB (εk))
1
qk

(
max
u∈Vεk

exp

{
q2
kλ

2

2

n∑
i=1

w2
i (u)σ2

i (εk−1)

} ) 1
qk

≤
(
NB

(
σ(−1)

(
βpk
))) 1

qk exp

{
qkλ

2β2p2(k−1)

2

n∑
i=1

d2
imax
u∈B

w2
i (u)

}
.

From inequality (7) after substitution of qk = p1−k/(1− p), k ≥ 1, we have

Eexp

{
λsup
t∈B

(X (t)− ct)
}
≤

≤
∞∏
k=1

(
NB

(
σ(−1)

(
βpk
)))(1−p)pk−1

exp

{
sup
u∈B

(
λ2

2 (1− p)

n∑
i=1

w2
i (u) τ 2

i (u)− λcu

)
+

+
∞∑
k=2

λ2β2pk−1

2 (1− p)

n∑
i=1

d2
imax
u∈B

w2
i (u) + λcσ(−1) (βp)

}
=

=
∞∏
k=1

(
NB

(
σ(−1)

(
βpk
)))(1−p)pk−1

exp

{
sup
u∈B

(
λ2

2 (1− p)

n∑
i=1

w2
i (u) τ 2

i (u)− λcu

)
+

+
λ2β2p

2(1− p)2

n∑
i=1

d2
imax
v∈B

w2
i (v) + λcσ(−1) (βp)

}
=

=
∞∏
k=1

(
NB

(
σ(−1)

(
βpk
)))(1−p)pk−1

exp

{
sup
u∈B

(
λ2

2 (1− p)

n∑
i=1

w2
i (u) τ 2

i (u)− λcu

)
+
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+
λ2β2p

2(1− p)2

n∑
i=1

d2
imax
v∈B

w2
i (v) + λcσ(−1) (βp)

}
(8)

From (8) and Chebyshev’s inequality

P

{
sup
t∈B

(X (t)−f (t)) >x

}

≤ inf
Λ>0

∞∏
k=1

(
NB

(
σ(−1)

(
βpk
)))(1−p)pk−1

exp

{
sup
u∈B

(
λ2

2 (1− p)

n∑
i=1

w2
i (u) τ 2

i (u)− λcu+

+
λ2β2p

2(1− p)2

n∑
i=1

d2
imax
v∈B

w2
i (v) + λcσ(−1) (βp)− λx

)}
. (9)

Polynomial λ2A− λB attaints its minimum at the point λ = B
2A

, therefore

inf
Λ>0

[
λ2

(
1

2 (1− p)

n∑
i=1

w2
i (u) τ 2

i (u) +
β2p

2(1− p)2

n∑
i=1

d2
imax
v∈B

w2
i (v)

)
− λc ·

·
(
u+ x− σ(−1) (βp)

)]
=−

c2
(
x+ u− σ(−1) (βp)

)2
(1− p)2

2 ((1− p)
∑n

i=1w
2
i (u) τ 2

i (u) + β2p
∑n

i=1 d
2
imaxv∈B w2

i (v))

if x+ u > σ(−1) (βp) and 0 otherwise due to the restriction λ > 0.
Since

∞∏
k=1

(
NB

(
σ(−1)

(
βpk
)))(1−p)pk−1

=

= r(−1)

(
r

(
exp

{
∞∑
k=1

(1− p) pk−1lnNB

(
σ(−1)

(
βpk
)) } ))

≤

≤ r(−1)

(
∞∑
k=1

(1− p) pk−1r
(
NB

(
σ(−1)

(
βpk
))))

≤ r(−1)

(
1

βp

∫ βp

0

r
(
NB

(
σ(−1) (u)

))
du

)
, (10)

the assertion of theorem follows from (8) – (10).
Example 1. Consider a mixture of independent sub-Gaussian Wiener processes

Wi = {Wi (t) , t ∈ [a, b]} with constant weighting functions wi (t) = 1
n
. Recall that

a sub-Gaussian Wiener process W = {W (t) , t ∈ T} is a sub-Gaussian random
process with covariance function R (t, s) = min (t, s) , t, s ∈ T .

Let’s assume that for 0 < d1 ≤ · · · ≤ dn = 1 we have τi (u) = diu
1
2 and

σi (u) = diu
1
2 . It is easy to see that σ(−1) (u) = u2 and

inf
u∈B

c2
(
x+ u− σ(−1) (βp)

)2
(1− p)2

2 ((1− p)
∑n

i=1 w
2
i (u) τ 2

i (u) + β2p
∑n

i=1 d
2
imaxv∈B w2

i (v) )
=

= inf
u∈B

n2c2(1− p)
(
x+ u− (βp)2)2

2
n∑
i=1

d2
i

(
u+ β2p

1−p

) =
2n2c2 (1− p)

n∑
i=1

d2
i

(
x− (βp)2 − β2p

1− p

)
.
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Put r (u) = uα, α < 1
2
. Then (see, e.g. [1])

exp

{
1

βp

∫ βp

0

r
(
NB

(
σ(−1) (u)

))
du

}
≤ 2 ((b− a))

(βp)2 (1− 2α)−
1
2 →

→ 2 (b− a)

(
e

βp

)2

as α→ 0.

So, it follows from the Theorem 1 that

P

{
sup
t∈B

(X(t)−f (t)) >x

}
≤

≤ (b− a)

(
e

βp

)2

exp

{
−2n2c2 (1− p)∑n

i=1 d
2
i

(
x− β2p

(
p+

1

1− p

))}
.

It is easy to see that the minimum of the right side of the above inequality is
attained when β2 = 1

p(p+ 1
1−p)

. Therefore, the following estimate holds true for x > 1

P

{
sup
t∈B

(
1

n

n∑
i=1

Wi(t)−ct

)
>x

}
≤

≤ 2 (b− a) e2

(
1 +

1

p (1− p)

)
exp

{
−2n2c2 (1− p)∑n

i=1 d
2
i

(x− 1)

}
.
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Ямненко Р.Є., Юрченко Н.В. Про оцiнку ймовiрностi перевищення лiнiї
зваженою сумою субгауссових випадкових процесiв

Субгауссовi випадковi величини мажоруються за розподiлом центрованими
гауссовими випадковими величинами, а тому є їхнiм природним узагальненням. У
цiй роботi розглядається задача оцiнювання ймовiрностi перевищенням рiвня, що
заданий деякою прямою ct, c > 0, траєкторiями зваженої суми субгауссових ви-
падкових процесiв Xi, i = 1, n, визначених на компактнiй множинi B, iз певними
ваговими функцiями wi(t). А саме, будуються оцiнки зверху iмовiрностей вигляду
P {supt∈B (

∑n
i=1 wi (t)Xi(t)−ct) >x}, P {inft∈B (

∑n
i=1 wi (t)Xi(t)−ct) < −x} чи

P {supt∈B |
∑n
i=1 wi (t)Xi(t)−ct| >x}. Така задача має безпосереднє застосування в

теорiї черг при оцiнюваннi ймовiрностi переповнення буфера x > 0 скiнченного розмi-
ру у системi з одиничним сервером i лiнiйною iнтенсивнiстю обслуговування, а та-
кож у страховiй математицi при оцiнюваннi ймовiрностi банкрутства вiдповiдного
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процесу ризику. Використовуючи метод метричної ентропiї, узагальнено i покраще-
но попереднi результати, отриманi автором у роботi [4] для бiльш загального класу
Φ-субгауссових випадкових процесiв. Як приклад, отриману оцiнку застосовано до усе-
редненої суми субгауссових вiнерiвських випадкових процесiв – випадкових процесiв,
що мають таку саму коварiацiйну функцiю, як i (гауссiвський) вiнерiвський процес,
але iз субгауссовими траєкторiями.

Ключовi слова: субгауссовий випадковий процес, розподiл супремума, метод метри-
чної ентропiї, вiнерiвський процес.
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