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ON AN ESTIMATE OF PROBABILITY OF EXCEEDING A LINE
BY WEIGHTED AGGREGATE OF SUB-GAUSSIAN RANDOM
PROCESS

Sub-gaussian random variables are majorized in distribution by Gaussian random vari-
ables, and thus are their natural generalization. This paper considers the problem of
estimating the probability of exceeding a level given by a line ct, ¢ > 0, by trajectori-
es of the sum of sub-Gaussian random processes X;, ¢ = 1,n, defined on a compact
set B with certain weighting functions w;(t). Namely, upper estimates of the follow-
ing type P {sup,cp (31, w; (t) Xi(t)—ct) >a}, P {infiep (31, w; (t) X;(t)—ct) < —x} or
P {sup;cp >, wi (t) X;(t)—ct| >z} are derived. This problem can be applied directly in
the queuing theory in estimating the finite size x > 0 buffer overflow probability with linear
service intensity, as well as in insurance mathematics in estimating the bankruptcy probabi-
lity for the corresponding risk process. Using the method of metric entropy, the previous
results obtained in [1] for a more general class of ®-sub-Gaussian random processes are
generalized and improved. As an example, the derived estimate is applied to the average
sum of sub-Gaussian Wiener random processes, i.e. random processes that have the same
covariance function as the (Gaussian) Wiener process, but with sub-Gaussian trajectories.

Kuro4gosi ciroBa: sub-Gaussian random process, supremum distribution, method of metric

entropy, Wiener process.

1. Introduction. In this paper a weighted aggregate of independent sub-Gaussian
random processes defined on a compact set are considered and the probability that
such its trajectories exceeds some linear function is investigated. The problem of
such type was previously studied for random processes from various Orlicz spaces
(including sub-Gaussian) in works [1-3].

Definition 1. ([4/) A random variable & is called sub-Gaussian if there exists a
number a € [0,00) such that the inequality

Eexp{\) < exp {“2;2} 1)

holds for all X € R. The class of all sub-Gaussian random variables defined on a
common probability space (Q, F, P) is denoted by Sub(f).

Recall (see [4, Theorem 1.2]) that the space Sub(f2) is a Banach space with
respect to the norm

7(€) = inf {a >0 Eexp {\} <exp {“2;2} N e R} (2)
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and (see [4, Lemma 1.1])

Eexp {A¢} < exp { ) } . 3)

Other properties of sub-Gaussian random variables and processes can be found in
the classical monograph of Buldygin V. and Kozachenko Yu. [4] and in the book [2],
properties of more general class of p-sub-Gaussian random variables and processes
are reviewed in the book of Vasylyk O., Kozachenko Yu. and Yamnenko R. [5]. Here
the results obtained in [1] are improved for the specific case of linear function.

2. Main result. Let (T, p) be a pseudometric (metric) separable space with
psedometric (metric) p. Recall that Nz, (€) = Nr (€) is the metric massiveness of
the space (T, p), i.e. the number of elements in the minimal e-covering of the set 7.

Consider a set of independent separable sub-Gaussian random processes X; =
{X;(t),t € T},i=1,n satisfying the following assumption.

Assumption 1. There exist such continuous monotone increasing functions
o; = {o;(h),h > 0} such that o;(h) — 0 as h — 0 and the following inequality
holds true

sup 7 (X; (1) — Xi(s)) < 0i(h), i=Tn.
p(t,s)<h

Consider the problem of exceeding by mixture of processes X; a line on a compact
set BCT.

Put 7;(t) = 7(X; (t)), o (h) = max;,_1,
that 8 < o(infsep sup,c 5 p(t, s)).

Theorem 1. Let X;={X; (t), t€T} be separable sub-Gaussian random processes
satisfying Assumption 1 with functions o;(h) < d;o(h), 0 < d; < 1,i=1,...n.
Let r = {r(u) : u > 1} be such a continuous function that r (u) > 0 as u > 1,
s(t) = r(e') is a conver function for t > 0 and the following entropy integral is
finite

oi(h) and let 8 > 0 be such a number

B
/r (Ng (0(_1) (w))) du < oco.

Then for all p € (0;1), ¢ > 0 and r > max {O, o1 (Bp) — min,ep u} the following
inequalities take places for the random mixture

X(t) = Z w;(t) Xi(t),

where w; (t) ={w; (t) ,t€T'} are continuous nonnegative weighting functions

teB

P {sup (X ()=t >x} <Z(p, 5, 7),

p { inf (X(t)=ct) < —x} <Z(p, B, x),

P {sup | X (t)—ct] >:c} <2Z(p, B, x),

teB
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where
] Bp
Z(p,B,z)= inf 5V —/rN () du | x
(b 82)= =i, gy | 7 (Ve )
2 _ (_1) 2 1_ 2
xexp ¢ —inf Az +u—oV(8p)) (1 —p)

< ((1 ) S ()72 (1) + B 32 Brmaxecs u? <v>)
=1 =1

Proof. Let V. denote a set of the centers of closed balls with radii ¢, =

(=1 (ﬁpk), pe€(0,1),k=0,1,2,..., which forms minimal covering of the compact

space (B, p). Number of elements in the set V;, is equal to Np (¢) . It follows from
[4, Lemma 1.3] and Assumption 1 that for any € > 0

P{|X; (t) = Xi ()] > €}

< 2exp {—272 X (:)2_ X, (S))} < 2exp {—WZ?S))} .

Therefore all processes X;(t) are continuous in probability and the mixture X =
= > ", w;(t)X;(t) is continuous in probability as well. Hence the set V = |, V,,
is a set of separability of the process X and with probability one

sup(X () —ct) = sup(X (t) — ct) (4)

te B te V

Consider a mapping a,, = {an,(t),m =0,1...} of the set V into the subset V_,
where a,,, (t) € V,,, is such a point that p(t, am(t)) <€y It €V, then a,(t) =t.
If there exist several such points from the set V., that p(t, ., (t)) < €, then we
choose one of them and denote it a,,(t).

It follows from [4, Lemma 1.2|, Chebyshev’s inequality and Assumption 1 that
E(X; (t) — X; (o (1)))°

P {|X; (t) = Xi (e (1) > pF} <

This inequality implies that

D P{IX (1) = Xi (o (1)) > p? } < o0

It follows from the Borel-Kantelli lemma that X; (t) — X; (o, (£)) — 0 as m — oo
with probability one. Since the set V' is countable, then [X (¢) — ct] — [X (au, () —
—cay, (1)) = 0 as n — oo for all ¢ simultaneously.

Let t be an arbitrary point from the set V. Denote by t,, = a,,(t), t,_1 =

am-1 (tm), ... t1 = ay(tz) for any m > 1. Since for all m > 2
X(t)—ct=X(t)—cti+c(ti—t)+> (X X (te_1))
k=2
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+X () — X (o (1))

we have
sup (X (t)—ct) < max (X (u) —cu) +ce+ ) irel‘a/ue}i(X(u) — X (o1 (u))
+X () — X(om(t))- (5)

It follows from (4) and (5) that with probability one

sup (X (t) — ct) < ce+
teT

—|—Ti1_1>réo inf (3};3}5 (X (u) —cu) + q?elxa/),:<X<u) — X (g1 (u))) (6)

Let {gr,k = 1,2,...} be such a sequence that g, > 1 and Y =, q;" < 1. It
follows from the Holder’s inequality, the Fatou’s lemma and (6) that for all A > 0

teB

Eexp {)\sup (X (t) — ct) }

< E lim infexp {/\ (cq + max (X (u) — cu) + Z max (X (u) — X (ag_1(u)) ) }

m—00 uEVe, P u€Ve,

< lim infEexp {)\ (cel + max (X (u) —cu) + Y max(X(u) — X (ag—1 (u)) ) }

m—00 uEVEl 5 ueVek

< lim inf (Eexp {ql)\max (X (u) — cu) } ) " x

m—»00 uGVel

x ﬁ (Eexp {qk)\maX(X(u) ~ X (ap_s (w)) } > " exp {Acer}

s ueVe,

< (Bowp {anmpx (X (0 - cw) | )Jlx

u€Vey

00 1
X H (Eexp {qk)\m%x(X(u) — X (ag_1 (u)) } ) kexp{)\cel} : (7)
ue
k=2 *
Consider each of the factors in the right-hand side of inequality (6) separately.
It follows from inequality (3) that for all 1 <i<n

2(y) 72

Eexp {1 \w;(u) X; (u)} < exp {q%)ﬂwl (2u) i (U)}

and

GAN2w ()0 (ex1) }
) |

Eexp {gi (w;(u)X, (1) — w; (et (w)) X (apy (w)))} < exp {
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Therefore,
1

(Eexp {ql)\max (X (u) — cu) } >‘“ <

u€Vey

< ZEexp{qlAsz X ( }eXp{ gAcu} | <

u€Ve,

< | 32 TIBexp g () X ()} exp {-airen} | <

u€Ve, 1=1

1 N
< (Ng (e1)) e exp {igg (T z:: — Acu) }

and )

(Eexp {qk)\maX(X(u) ~ X(ap(u)) } ) <

u€Ve,

(NB ) max Bexp {qk)\ > wi (u) (Xi(u) — X (rs (u))} ) " <

1

< (N () <max exp {q; w? () o? <ek1>} )

u€eV,
ck i=1

A2 522 D)

< (N () (391))) e p{#gd%w <u>}.

From inequality (7) after substitution of g, = p*=*/(1 —p), k > 1, we have

Bexp { sup (X ()~ of) } <

teB

ueB

< TT s () (340) " e {Sup <z<f—_p> St ) - ”“) '

ueB

= 1 Ky (Pt N 2 2
= H (Ng (U(— ) (Bp )))( ) exp {sup <mZWi (u) 77 (u) — Acu>+
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)\252]) 2:d2ma:><w2 (v) + Aeo™V (ﬁp)} (8)

vEB

From (8) and Chebyshev s 1nequahty

P {sup (X (-1 (1) s

teB

> CoVk—1
< ler;%kl_[l (Ng (a(*l) (ﬁpk)))(l PP exp {sup ( ZW — Acu+

ueB

)\262 n
E d*maxw? (v) + AoV (Bp) — Az 9)
1 vEB

D>|°:1 N

Polynomial )\2A — AB attaints its minimum at the point A = ==, therefore
inf |2 !t i w? (u) 77 (u) + _Fp i d?maxw? (v) | — Ae-
A>0 2(1—p) — ! ‘ 2(1 — p)Q — ‘veB '

02(x+u—0(71 (529))2( —p)’
2(1—p) o w? (u) 77 (u) + B2 > dmax,ep w? (v))

if ¥ +u > o=V (8p) and 0 otherwise due to the restriction A > 0.

Since .
[T (Ve (o= (3))) " =

k=1

. (u+x—a (ﬁp))}

<D (ﬂlp/ r (Ng (69 (u))) du) : (10)

the assertion of theorem follows from (8) — (10).

Example 1. Consider a mixture of independent sub-Gaussian Wiener processes
W; = {W; (t), t € [a,b]} with constant weighting functions w; () = £. Recall that
a sub-Gaussian Wiener process W = {W (t), t € T} is a sub-Gaussian random
process with covariance function R (t,s) = min (t,s) , t,s € T.

Let’s assume that for 0 < d; < -+ < d,, = 1 we have 7; (u) = diu% and
o; (u) = d;u? . It is easy to see that o1 (u) = u2 and

o Az +u— oD (Bp)*(1 - p)? _

weB 2 ((1 —p) o0, w? (u) 77 (u) + f2p Y 1, dimax,ep w? (v) )

g M0 (o (90F)” e () (o= - 22,
ey (ue 22) S 2 L=p
=1 =1
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Put 7 (u) = u*, a < 5. Then (see, e.g. [1])

exp {% /Oﬁpr (Np (7Y () du } < M(l —2a)77 =

p

Bp
So, it follows from the Theorem 1 that

—2(b—a) (i>2asa—>0.

P {sup (X(1)~1 () >x} <

teB

<0-0 (i) oo {5 (o ()}

It is easy to see that the minimum of the right side of the above inequality is

attained when 3% = m. Therefore, the following estimate holds true for x > 1
ip

teB

1 n
sup nlzl (t)—c x <

<2(b—a)e? <1+Zﬁ) exp{—%(x—l)}.
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CybrayccoBi BUIAJIKOBI BEJUYUHA MAaXKOPYIOThCA 32 PO3IMOILIOM IEHTPOBAHUME
rayCCOBUMU BUIIAKOBUMU BEJUIAHAMHU, & TOMY € IXHIM NPUPOJHUM y3arajbHEHHSIM. Y
it pobOTI PO3TIAMAETHCA 3ajada OIHIOBAHHSA WMOBIPHOCTI MEPEBUINEHHSAM PIiBHS, IO
3a/JaHuil JesKo0 IpsaAMoio ct, ¢ > 0, TPacKTOpisMH 3BayKEHOI CYyMH CyOraycCOBUX BU-
MMaJIKoBUX TmporeciB X;, ¢ = 1,7n, BU3HAUEHUX HA KOMIIAKTHII MHOXKWHI B, i3 nmeBHUMHI
Baropumu yuKmisMu w;(t). A came, OymayiOTbCa OIHKA 3BepXy IMOBIpHOCTEH BUIJISILY
P {sup,cp (X7 wi (t) X;(t)—ct) >}, P {inficp (31, wi (t) Xi(t)—ct) < —x} am
P {sup;cp Y1, w; (t) X;(t)—ct| >z}. Taka 3amada Mae Ge3MOCEPEHE 3aCTOCYBAHHS B
Teopil Yepr upu OniHIOBaHHI fIMOBIpHOCTI nepenoBHeHHs Oydepa x > 0 CKiHYEHHOro pO3Mi-
Py y cucTeMi 3 OJUHUYHUM CEPBEPOM i JIHIHTHOIO IHTEHCUBHICTIO OOCTyrOBYBaHH, a Ta-
KOXK Yy CTPaxOBiii MaTeMaTHIll [pH OIIHIOBaHHI HMOBIpHOCTI GAHKPYTCTBA BiAIOBIIHOIO
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IIPOIIECY PU3UKY. BUKOPHCTOBYIOYHM MeTO METPHYHOI €HTPOIIil, y3arajJbHEHO i IIOKpalle-
HO TIOIIepe/IHI Pe3yJIbTaTH, OTPUMaHI aBTOpoM y poGori [4] miist Giibln 3araabHOrO Kiacy
d-cybrayccoBuX BHIIAJKOBUX IPOIECiB. SIK IPUKIIa/], OTPUMAHY OIIHKY 3aCTOCOBAHO JI0 yCe-
peIHeHol cyMu CyOrayccoBUX BiHEPIBCHKMX BHIIAIKOBUX IPOIECIB — BUIAIKOBUX IIPOIIECIB,
10 MAaIOTh TaKy caMy KoBapiamiiiny dbyHKIfo, sk 1 (raycciBebkuii) BiHepiBebKuil mporiec,
aJie i3 cybrayccoBUMHU TPAEKTOPiAMU.

Kurouosi csioBa: cybrayccoBuit BUIaIKOBUIL IPOTIEC, PO3IOIIJ CYIIPEMYMa, METOJ, METPHU-
9HOI €eHTPOIIi], BIHEPIBCHKUIA ITPOTIEC.
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