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ÊÎËÈÂÀÍÍß ÊÐÓÃËÎ� ÌÅÌÁÐÀÍÈ Ç ÂÈÏÀÄÊÎÂÈÌÈ
ÏÎ×ÀÒÊÎÂÈÌÈ ÓÌÎÂÀÌÈ

The boundary-value problem of the mathematic physics of round membrane’s vibration where the ini-
tial conditions are jointly SSubφ (Ω) random fields is analyzed in the work. The method of Fourier is
justificated for the such problem. The random series with representing the solving are investigated.

Ó ðîáîòi ðîçãëÿäà¹òüñÿ êðàéîâà çàäà÷à ìàòåìàòè÷íî¨ ôiçèêè ïðî êîëèâàííÿ êðóãëî¨ ìåìáðàíè, êîëè
ïî÷àòêîâi óìîâè ¹ ñóìiñíî SSubφ (Ω) âèïàäêîâi ïîëÿ. Îá ðóíòîâàíî ìåòîä Ôóð'¹ äëÿ òàêî¨ çàäà÷i.
Äîñëiäæåíi âèïàäêîâi ðÿäè, ÿêi çîáðàæóþòü ðîçâ'ÿçîê.

Ó ðîáîòi ðîçãëÿíóòî êðàéîâó çàäà÷ó ìàòåìàòè÷íî¨ ôiçèêè ïðî êîëèâàííÿ êðóãëî¨
ìåìáðàíè, êîëè ïî÷àòêîâi óìîâè ¹ ñóìiñíî SSubφ (Ω) âèïàäêîâi ïîëÿ. Îòðèìàíî óìî-
âè iñíóâàííÿ ç éìîâiðíiñòþ îäèíèöÿ äâi÷i íåïåðåðâíî äèôåðåíöiéîâíîãî ðîçâ'ÿçêó
òàêî¨ çàäà÷i. Îñíîâíèì çàâäàííÿì ðîáîòè ¹ âèêîðèñòàííÿ ìåòîäó Â. Â. Áóëäèãiíà
òà Þ. Â. Êîçà÷åíêà ïðè îá ðóíòóâàííi çàñòîñóâàííÿ ìåòîäó Ôóð'¹ äî êðàéîâî¨ çà-
äà÷i ìàòåìàòè÷íî¨ ôiçèêè iç âèïàäêîâèìè ïî÷àòêîâèìè óìîâàìè äëÿ ãiïåðáîëi÷íîãî
ðiâíÿííÿ, à òàêîæ äîñëiäæåííÿ âëàñòèâîñòåé éîãî ðîçâ'ÿçêó.

Ïîäiáíi çàäà÷i äëÿ êîëèâàííÿ ïðÿìîêóòíî¨ òà êðóãëî¨ ìåìáðàíè, êîëè ïî÷àòêîâi
óìîâè ¹ ñòðîãî ñóáãàóññîâèìè âèïàäêîâèìè ïî÷àòêîâèìè óìîâàìè, ðîçãëÿäàëèñü â
[1,2], ðiâíÿííÿ ãiïåðáîëi÷íîãî òèïó ìàòåìàòè÷íî¨ ôiçèêè ó áàãàòîâèìiðíîìó âèïàäêó
ç ñóìiñíî SSubφ (Ω) âèïàäêîâèìè ïî÷àòêîâèìè óìîâàìè äîñëiäæóâàëîñÿ â [3].

Ðîçãëÿíåìî çàäà÷ó ïðî âiëüíi êîëèâàííÿ êðóãëî¨ îäíîðiäíî¨ ìåìáðàíè ðàäióñà R,
ÿêùî â ïî÷àòêîâèé ìîìåíò ÷àñó ïîëîæåííÿ òà øâèäêiñòü ¨¨ òî÷îê ¹ äåÿêi âèïàäêîâi
ïîëÿ, à êðàé ìåìáðàíè íåðóõîìî çàêðiïëåíèé [4]. Äàíà çàäà÷à ïðèâîäèòü äî ðîçâ'ÿ-
çóâàííÿ íàñòóïíî¨ êðàéîâî¨ çàäà÷i:

∂2u

∂x2
+
∂2u

∂y2
− ∂2u

∂t2
= 0,

u |t=0 = ξ (x, y) ,
∂u

∂t

∣∣∣∣
t=0

= η (x, y) ,

u|x2+y2=R2 = 0.

Âçÿâøè öåíòð ìåìáðàíè çà ïî÷àòîê êîîðäèíàò i ïåðåéøîâøè â ðiâíÿííi êîëèâàí-
íÿ ìåìáðàíè äî ïîëÿðíèõ êîîðäèíàò, îòðèìà¹ìî çàäà÷ó: â îáëàñòi B = {(t, ρ, φ) :
0 ≤ t ≤ T, 0 ≤ ρ ≤ R, 0 ≤ φ ≤ 2π} çíàéòè ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ

∂2u (t, ρ, φ)

∂t2
=
∂2u (t, ρ, φ)

∂ρ2
+

1

ρ

∂u (t, ρ, φ)

∂ρ
+

1

ρ2
∂2u (t, ρ, φ)

∂φ2
, (1)

ùî çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè

u (0, ρ, φ) = ξ(ρ, φ),
∂u (0, ρ, φ)

∂t
= η(ρ, φ), (2)

0 ≤ ρ ≤ R, 0 ≤ φ ≤ 2π,

êðàéîâó óìîâó
u (t, R, φ) = 0, 0 ≤ t ≤ T. (3)
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Ïî÷àòêîâi óìîâè (ξ(ρ, φ), ρ ∈ [0, R], φ ∈ [0, 2π]) i (η(ρ, φ), ρ ∈ [0, R], φ ∈ [0, 2π]) ¹ ñó-
ìiñíî SSubφ(Ω) âèïàäêîâi ïîëÿ [3,6].

ßê i â äåòåðìiíîâàíîìó âèïàäêó ðîçâ'ÿçîê øóêà¹òüñÿ ó âèãëÿäi

u(t, ρ, φ) =
∞∑
k=1

∞∑
n=0

(
ânk cos

√
λnkt+ b̂nk sin

√
λnkt

)
Jn

(√
λnkρ

)
cosnφ+

+
∞∑
k=1

∞∑
n=0

(
ǎnk cos

√
λnkt+ b̌nk sin

√
λnkt

)
Jn

(√
λnkρ

)
sinnφ, (4)

äå

ânk =

2π∫
0

R∫
0

ξ(ρ, φ)ρJn
(√

λnkρ
)
cosnφdρdφ

2π∫
0

R∫
0

ρJ2
n

(√
λnkρ

)
cos2 nφdρdφ

, n = 0, 1, 2 . . . ;

ǎnk =

2π∫
0

R∫
0

ξ(ρ, φ)ρJn
(√

λnkρ
)
sinnφdρdφ

π
R∫
0

ρJ2
n

(√
λnkρ

)
dρ

, n = 0, 1, 2 . . . ;

b̂nk =

2π∫
0

R∫
0

η(ρ, φ)ρJn
(√

λnkρ
)
cosnφdρdφ

√
λnk

2π∫
0

R∫
0

ρJ2
n

(√
λnkρ

)
cos2 nφdρdφ

, n = 0, 1, 2 . . . ;

b̌nk =

2π∫
0

R∫
0

η(ρ, φ)ρJn
(√

λnkρ
)
sinnφdρdφ

√
λnkRπ

R∫
0

ρJ2
n

(√
λnkρ

)
dρ

, n = 0, 1, 2 . . . ;

√
λnk =

νnk

R
, νnk � âëàñíi çíà÷åííÿ êðàéîâî¨ çàäà÷i

z′′(ρ) +
1

ρ
z′(ρ) + (λ− µ2(ρ2))z(ρ) = 0,

z(R) = 0, |z(0)| <∞,

ÿêi âèçíà÷àþòüñÿ àñèìïòîòè÷íèìè ðiâíîñòÿìè (äèâ. [5])

νnk ∼= kπ +

(
n− 1

2

)
π

2
. (5)

Âëàñíèì çíà÷åííÿì âiäïîâiäàþòü âëàñíi ôóíêöi¨

zk(ρ) = CJn

(νk
R
ρ
)
, k = 1, 2, 3, . . . ,

C � äåÿêà ñòàëà , Jn
(√

λnkρ
)
� ôóíêöi¨ Áåññåëÿ ïåðøîãî ðîäó n-ãî ïîðÿäêó. Íåõàé

D = [0, R] × [0, 2π] × [0, T ], à C(D) � ïðîñòið íåïåðåðâíèõ íà D ôóíêöié, ÿêèé ¹
ñåïàðàáåëüíèì áàíàõîâèì ïðîñòîðîì.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè:
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1) iñíóþòü íåïåðåðâíi ç éìîâiðíiñòþ îäèíèöÿ ïîõiäíi ∂2ξ
∂ρ2

, ∂2ξ
∂φ2 ,

∂2ξ
∂ρ∂ξ

, ∂η
∂ρ
, ∂η

∂φ
;

2) äëÿ âñiõ 0 ≤ t ≤ T, 0 ≤ ρ ≤ R, 0 ≤ φ ≤ 2π ðÿä (4) i ðÿäè

−
∞∑
k=1

∞∑
n=0

n
(
ânk cos

√
λnkt+ b̂nk sin

√
λnkt

)
Jn
(√

λnkρ
)
sinnφ+

+
∞∑
k=1

∞∑
n=0

n
(
ǎnk cos

√
λnkt+ b̌nk sin

√
λnkt

)
Jn
(√

λnkρ
)
cosnφ,

∞∑
k=1

∞∑
n=0

√
λnk

(
−ânk sin

√
λnkt+ b̂nk cos

√
λnkt

)
Jn
(√

λnkρ
)
cosnφ+

+
∞∑
k=1

∞∑
n=0

√
λnk

(
−ǎnk sin

√
λnkt+ b̌nk cos

√
λnkt

)
Jn
(√

λnkρ
)
sinnφ,

∞∑
k=1

∞∑
n=0

(
ânk cos

√
λnkt+ b̂nk sin

√
λnkt

)
J ′
n

(√
λnkρ

)
cosnφ+

+
∞∑
k=1

∞∑
n=0

(
ǎnk cos

√
λnkt+ b̌nk sin

√
λnkt

)
J ′
n

(√
λnkρ

)
sinnφ,

∞∑
k=1

∞∑
n=0

n2
(
ânk cos

√
λnkt+ b̂nk sin

√
λnkt

)
Jn
(√

λnkρ
)
cosnφ+

+
∞∑
k=1

∞∑
n=0

n2
(
ǎnk cos

√
λnkt+ b̌nk sin

√
λnkt

)
Jn
(√

λnkρ
)
sinnφ,

∞∑
k=1

∞∑
n=0

λnk

(
ânk cos

√
λnkt+ b̂nk sin

√
λnkt

)
Jn
(√

λnkρ
)
cosnφ+

+
∞∑
k=1

∞∑
n=0

λnk
(
ǎnk cos

√
λnkt+ b̌nk sin

√
λnkt

)
Jn
(√

λnkρ
)
sinnφ,

∞∑
k=1

∞∑
n=0

(
ânk cos

√
λnkt+ b̂nk sin

√
λnkt

)
J ′′
n

(√
λnkρ

)
cosnφ+

+
∞∑
k=1

∞∑
n=0

(
ǎnk cos

√
λnkt+ b̌nk sin

√
λnkt

)
J ′′
n

(√
λnkρ

)
sinnφ,

äå çãiäíî [7]

J ′
n

(√
λnkρ

)
=

√
λnk
2

(
Jn−1

(√
λnkρ

)
+ Jn+1

(√
λnkρ

))
,

J ′′
n

(√
λnkρ

)
=
λnk
4

(
Jn−2

(√
λnkρ

)
− 2Jn

(√
λnkρ

)
+ Jn+2

(√
λnkρ

))
,

çáiãàþòüñÿ ðiâíîìiðíî çà éìîâiðíiñòþ. Òîäi ç éìîâiðíiñòþ îäèíèöÿ ôóíêöiÿ u(t, ρ, φ),
ùî çîáðàæåíà ó âèãëÿäi ðÿäó (4), áóäå äâi÷i íåïåðåðâíî äèôåðåíöiéîâíèì ðîçâ'ÿçêîì
çàäà÷i (1)�(3).

Äîâåäåííÿ. Îñêiëüêè iñíóþòü ïiäïîñëiäîâíîñòi ÷àñòèííèõ ñóì ðÿäiâ ç óìîâè 2),
ÿêi çáiãàþòüñÿ ðiâíîìiðíî ç éìîâiðíiñòþ îäèíèöÿ â C(D), òî äàíà òåîðåìà äîâîäèòüñÿ
ÿê i â äåòåðìiíîâàíîìó âèïàäêó.

Ïåðåòâîðèìî ôóíêöi¨ J ′
n

(√
λnkρ

)
, J ′′

n

(√
λnkρ

)
, âèêîðèñòàâøè iíòåãðàëüíå ïåðåòâî-

ðåííÿ ôóíêöi¨ Áåññåëÿ ïåðøîãî ðîäó öiëîãî ïîðÿäêó [7]

Jn (z) =
1

π

π∫
0

cos (z sin θ − nθ) dθ, n = 0, 1, 2, . . . . (6)
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Îòðèìà¹ìî

J ′
n

(√
λnkρ

)
=

√
λnk

2π

[
π∫
0

cos
(√

λnkρ sin θ − (n− 1)θ
)
dθ +

+
π∫
0

cos
(√

λnkρ sin θ − (n+ 1)θ
)
dθ

]
=

√
λnk

2π

π∫
0

[
cos
(√

λnkρ sin θ − (n− 1)θ
)
+

+ cos
(√

λnkρ sin θ − (n− 1)θ
)]
dθ =

√
λnk

2π

π∫
0

[
2 cos

√
λnkρ sin θ−nθ+θ+

√
λnkρ sin θ−nθ−θ

2
×

× cos
√
λnkρ sin θ−nθ+θ−

√
λnkρ sin θ+nθ+θ

2

]
dθ =

√
λnk

π

π∫
0

cos
(√

λnkρ sin θ − nθ
)
cos θdθ,

J ′′
n

(√
λnkρ

)
= λnk

4π

[
π∫
0

cos
(√

λnkρ sin θ − (n− 2)θ
)
dθ −

− 2
π∫
0

cos
(√

λnkρ sin θ − nθ
)
dθ +

π∫
0

cos
(√

λnkρ sin θ − (n+ 2)θ
)
dθ

]
=

= λnk

4π

π∫
0

[
cos
(√

λnkρ sin θ − (n− 2)θ
)
− 2 cos

(√
λnkρ sin θ − nθ

)
+

+ cos
(√

λnkρ sin θ − (n+ 2)θ
)]

= λnk

4π

π∫
0

[(
−2 sin

√
λnkρ sin θ−nθ+2θ+

√
λnk sin θ−nθ

2
×

× sin
√
λnkρ sin θ−nθ+2θ−

√
λnk sin θ+nθ

2

)
−
(
−2 sin

√
λnkρ sin θ−nθ−2θ+

√
λnk sin θ−nθ

2
×

× sin
√
λnkρ sin θ−nθ+2θ−

√
λnk sin θ+nθ

2

)]
dθ = λnk

2π

π∫
0

[
− sin

(√
λnkρ sin θ − nθ + θ

)
sin θ +

+ sin
(√

λnkρ sin θ − nθ − θ
)
sin θ

]
dθ = −λnk

2π

π∫
0

[(
2 sin

√
λnkρ sin θ−nθ+θ−

√
λnkρ sin θ+nθ+θ

2
×

× cos
√
λnkρ sin θ−nθ+θ+

√
λnkρ sin θ−nθ−θ

2

)
sin θ

]
dθ = −λnk

π

π∫
0

sin2 θ cos
(√

λnkρ sin θ − nθ
)
dθ.

Îòæå

J ′
n

(√
λnkρ

)
=

√
λnk
π

π∫
0

cos
(√

λnkρ sin θ − nθ
)
cos θdθ, (7)

J ′′
n

(√
λnkρ

)
= −λnk

π

∫ π

0

sin2 θ cos
(√

λnkρ sin θ − nθ
)
dθ. (8)

Ïîçíà÷èìî äëÿ k ≥ 1, n ≥ 0

S
(01)
n1k1

(t, ρ, φ) =

k1∑
k=1

n1∑
n=0

(
ânk cos

√
λnkt+ b̂nk sin

√
λnkt

)
Jn

(√
λnkρ

)
cosnφ,

S
(02)
n1k1

=

k1∑
k=1

n1∑
n=0

(
ǎnk cos

√
λnkt+ b̌nk sin

√
λnkt

)
Jn

(√
λnkρ

)
sinnφ,

S
(11)
n1k1

=

k1∑
k=1

n1∑
n=0

n
(
ânk cos

√
λnkt+ b̂nk sin

√
λnkt

)
Jn

(√
λnkρ

)
sinnφ,

S
(12)
n1k1

=

k1∑
k=1

n1∑
n=0

n
(
ǎnk cos

√
λnkt+ b̌nk sin

√
λnkt

)
Jn

(√
λnkρ

)
cosnφ,

S
(21)
n1k1

=

k1∑
k=1

n1∑
n=0

√
λnk

(
−ânk sin

√
λnkt+ b̂nk cos

√
λnkt

)
Jn

(√
λnkρ

)
cosnφ,
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S
(22)
n1k1

=

k1∑
k=1

n1∑
n=0

λnk

(
−ǎnk sin

√
λnkt+ b̌nk cos

√
λnkt

)
Jn

(√
λnkρ

)
sinnφ,

S
(31)
n1k1

=

k1∑
k=1

n0∑
n=0

(
ânk cos

√
λnkt+ b̂nk sin

√
λnkt

)
J ′
n

(√
λnkρ

)
cosnφ,

S
(32)
n1k1

=

k1∑
k=1

n1∑
n=0

(
ǎnk cos

√
λnkt+ b̌nk sin

√
λnkt

)
J ′
n

(√
λnkρ

)
sinnφ,

S
(41)
n1k1

=

k1∑
k=1

n0∑
n=0

n2
(
ânk cos

√
λnkt+ b̂nk sin

√
λnkt

)
Jn

(√
λnkρ

)
cosnφ,

S
(42)
n1k1

=

k1∑
k=1

n1∑
n=0

n2
(
ǎnk cos

√
λnkt+ b̌nk sin

√
λnkt

)
Jn

(√
λnkρ

)
sinnφ,

S
(51)
n1k1

=

k1∑
k=1

n1∑
n=0

λnk

(
ânk cos

√
λnkt+ b̂nk sin

√
λnkt

)
Jn

(√
λnkρ

)
cosnφ,

S
(52)
n1k1

=

k1∑
k=1

n1∑
n=0

λnk

(
ǎnk cos

√
λnkt+ b̌nk sin

√
λnkt

)
Jn

(√
λnkρ

)
sinnφ,

S
(61)
n1k1

=

k1∑
k=1

n1∑
n=0

(
ânk cos

√
λnkt+ b̂nk sin

√
λnkt

)
J ′′
n

(√
λnkρ

)
cosnφ,

S
(62)
n1k1

=

k1∑
k=1

n1∑
n=0

(
ǎnk cos

√
λnkt+ b̌nk sin

√
λnkt

)
J ′′
n

(√
λnkρ

)
sinnφ.

Òåîðåìà 2. Íåõàé âèïàäêîâi ïîëÿ ξ(ρ, φ), η(ρ, φ) ¹ ñóìiñíî ñòðîãî Subφ(Ω). Äëÿ
òîãî, ùîá ç éìîâiðíiñòþ îäèíèöÿ iñíóâàâ äâi÷i íåïåðåðâíî äèôåðåíöiéîâíèé ðîçâ'ÿ-
çîê çàäà÷i (1)�(3) â îáëàñòi D, ùî çîáðàæåíèé ó âèãëÿäi ðiâíîìiðíî çáiæíîãî çà
éìîâiðíiñòþ ðÿäó (4) äîñòàòíüî, ùîá âèêîíóâàëèñü óìîâè:

1) iñíóâàëè íåïåðåðâíi ç éìîâiðíiñòþ îäèíèöÿ ïîõiäíi ∂2ξ
∂ρ2

, ∂2ξ
∂φ2 ,

∂2ξ
∂ρ∂ξ

, ∂η
∂ρ
, ∂η

∂φ
;

2) äëÿ âñiõ ρ ∈ [0, R], φ ∈ [0, π], t ∈ [0, T ] çáiãàëèñÿ ðÿäè

∞∑
k=1

∞∑
n=0

∞∑
l=1

∞∑
m=0

(
Eânkâml cos

√
λnkt cos

√
λmlt + Eb̂nkb̂ml sin

√
λnkt sin

√
λmlt+

+ 2Eânkb̂ml cos
√
λnkt sin

√
λmlt

)
× Jn(

√
λnkρ)Jm(

√
λmlρ) cosnφ cosmφ,

∞∑
k=1

∞∑
n=0

∞∑
l=1

∞∑
m=0

√
λnk

√
λml

(
Eǎnkǎml sin

√
λnkt sin

√
λmlt +

+Eb̌nkb̌ml cos
√
λnkt cos

√
λmlt− 2Eǎnkb̌ml sin

√
λnkt cos

√
λmlt

)
×

×Jn(
√
λnkρ)Jm(

√
λmlρ) sinnφ sinmφ,

∞∑
k=1

∞∑
n=0

∞∑
l=1

∞∑
m=0

nm
(
Eânkâml cos

√
λnkt cos

√
λmlt +

+Eb̂nkb̂ml sin
√
λnkt sin

√
λmlt+ 2Eânkb̂ml cos

√
λnkt sin

√
λmlt

)
×

×Jn(
√
λnkρ)Jm(

√
λmlρ) cosnφ cosmφ,
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∞∑
k=1

∞∑
n=0

∞∑
l=1

∞∑
m=0

nm
(
Eǎnkǎml cos

√
λnkt cos

√
λmlt +

+Eb̌nkb̌ml sin
√
λnkt sin

√
λmlt+ 2Eǎnkb̌ml cos

√
λnkt sin

√
λmlt

)
×

×Jn(
√
λnkρ)Jm(

√
λmlρ) sinnφ sinmφ,

∞∑
k=1

∞∑
n=0

∞∑
l=1

∞∑
m=0

(
Eǎnkǎml cos

√
λnkt cos

√
λmlt +

+Eb̌nkb̌ml sin
√
λnkt sin

√
λmlt+ 2Eǎnkb̌ml cos

√
λnkt sin

√
λmlt

)
×

×Jn(
√
λnkρ)Jm(

√
λmlρ) sinnφ sinmφ,

∞∑
k=1

∞∑
n=0

∞∑
l=1

∞∑
m=0

√
λnk

√
λml

(
Eânkâml sin

√
λnkt sin

√
λmlt +

+Eb̂nkb̂ml cos
√
λnkt cos

√
λmlt− 2Eânkb̂ml sin

√
λnkt cos

√
λmlt

)
×

×Jn(
√
λnkρ)Jm(

√
λmlρ) cosnφ cosmφ,

∞∑
k=1

∞∑
n=0

∞∑
l=1

∞∑
m=0

(
Eânkâml cos

√
λnkt cos

√
λmlt +

+Eb̂nkb̂ml sin
√
λnkt sin

√
λmlt+ 2Eânkb̂ml cos

√
λnkt sin

√
λmlt

)
×

×J ′
n(
√
λnkρ)J

′
m(

√
λmlρ) cosnφ cosmφ,

∞∑
k=1

∞∑
n=0

∞∑
l=1

∞∑
m=0

nm
(
Eǎnkǎml cos

√
λnkt cos

√
λmlt +

+Eb̌nkb̌ml sin
√
λnkt sin

√
λmlt+ 2Eǎnkb̌ml cos

√
λnkt sin

√
λmlt

)
×

×J ′
n(
√
λnkρ)J

′
m(

√
λmlρ) sinnφ sinmφ,

∞∑
k=1

∞∑
n=0

∞∑
l=1

∞∑
m=0

n2m2
(
Eânkâml cos

√
λnkt cos

√
λmlt +

+Eb̂nkb̂ml sin
√
λnkt sin

√
λmlt+ 2Eânkb̂ml cos

√
λnkt sin

√
λmlt

)
×

×Jn(
√
λnkρ)Jm(

√
λmlρ) cosnφ cosmφ,

∞∑
k=1

∞∑
n=0

∞∑
l=1

∞∑
m=0

n2m2
(
Eǎnkǎml cos

√
λnkt cos

√
λmlt +

+Eb̌nkb̌ml sin
√
λnkt sin

√
λmlt+ 2Eǎnkb̌ml cos

√
λnkt sin

√
λmlt

)
×

×Jn(
√
λnkρ)Jm(

√
λmlρ) sinnφ sinmφ,

∞∑
k=1

∞∑
n=0

∞∑
l=1

∞∑
m=0

λnkλml

(
Eânkâml cos

√
λnkt cos

√
λmlt +

+Eb̂nkb̂ml sin
√
λnkt sin

√
λmlt+ 2Eânkb̂ml cos

√
λnkt sin

√
λmlt

)
×

×Jn(
√
λnkρ)Jm(

√
λmlρ) cosnφ cosmφ,

∞∑
k=1

∞∑
n=0

∞∑
l=1

∞∑
m=0

λnkλml

(
Eǎnkǎml cos

√
λnkt cos

√
λmlt +

+Eb̌nkb̌ml sin
√
λnkt sin

√
λmlt+ 2Eǎnkb̌ml cos

√
λnkt sin

√
λmlt

)
×

×Jn(
√
λnkρ)Jm(

√
λmlρ) sinnφ sinmφ,

∞∑
k=1

∞∑
n=0

∞∑
l=1

∞∑
m=0

(
Eânkâml cos

√
λnkt cos

√
λmlt +

+Eb̂nkb̂ml sin
√
λnkt sin

√
λmlt+ 2Eânkb̂ml cos

√
λnkt sin

√
λmlt

)
×

×J ′′
n(
√
λnkρ)J

′′
m(

√
λmlρ) cosnφ cosmφ,
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∞∑
k=1

∞∑
n=0

∞∑
l=1

∞∑
m=0

(
Eǎnkǎml cos

√
λnkt cos

√
λmlt +

+Eb̌nkb̌ml sin
√
λnkt sin

√
λmlt+ 2Eǎnkb̌ml cos

√
λnkt sin

√
λmlt

)
×

×J ′′
n(
√
λnkρ)J

′′
m(

√
λmlρ) sinnφ sinmφ;

3) äëÿ n ≥ 1, k = 0, 1, . . . 6, i = 1, 2

sup
|ρ−ρ1|≤h
|φ−φ1|≤h
|t−t1|≤h

(
E
∣∣S(ki)

n (t, ρ, φ)− S(ki)
n (t1, ρ1, φ1)

∣∣2) 1
2 ≤ σk(h),

äå σk (h) � íåïåðåðâíi ìîíîòîííî çðîñòàþ÷i ôóíêöi¨, òàêi ùî σk (h) → 0 ïðè h→ 0
i âèêîíó¹òüñÿ óìîâà ∫

0+

Ψ

(
ln

1

σ
(−1)
k (ε)

)
dε <∞,

äå Ψ(u) = u
φ(−1)(u)

, σ
(−1)
k (ε) � îáåðíåíà äî ôóíêöi¨ σk (ε) .

Äîâåäåííÿ. Äîâåäåííÿ òåîðåìè âèïëèâà¹ ç òåîðåìè 4.2 ðîáîòè [3]

Òåîðåìà 3. Íåõàé âèïàäêîâi ïîëÿ (ξ(ρ, φ), ρ ∈ [0, R], φ ∈ [0, 2π]), (η(ρ, φ), ρ ∈ [0, R],
φ ∈ [0, 2π]) ¹ ñóìiñíî ñòðîãî Subφ(Ω).

B(ρ, φ, ρ̄, φ̄) = B0000(ρ, φ, ρ̄, φ̄) = Eξ(ρ, φ)ξ(ρ̄, φ̄),

R(ρ, φ, ρ̄, φ̄) = R0000(ρ, φ, ρ̄, φ̄) = Eη(ρ, φ)η(ρ̄, φ̄).

Äëÿ òîãî ùîá ç éìîâiðíiñòþ îäèíèöÿ iñíóâàâ äâi÷i íåïåðåðâíî äèôåðåíöiéîâíèé
ðîçâ'ÿçîê çàäà÷i (1)�(3) â îáëàñòi D, ùî çîáðàæó¹òüñÿ ó âèãëÿäi ðiâíîìiðíî çái-
æíîãî çà éìîâiðíiñòþ ðÿäó (4), äîñòàòíüî, ùîá âèêîíóâàëèñü óìîâè:

1) iñíóâàëè íåïåðåðâíi ÷àñòèííi ïîõiäíi

B1010 =
∂4B(ρ, φ, ρ̄, φ̄)

∂ρ2∂ρ̄2
, B0202 =

∂4B(ρ, φ, ρ̄, φ̄)

∂φ2∂φ̄2
, B1212 =

∂4B(ρ, φ, ρ̄, φ̄)

∂ρ∂ρ̄∂φ∂φ̄
,

R1010 =
∂2B(ρ, φ, ρ̄, φ̄)

∂ρ∂ρ̄
, R0202 =

∂2B(ρ, φ, ρ̄, φ̄)

∂φ∂φ̄
,

i äëÿ äîñòàòíüî ìàëèõ h âèêîíóâàëèñü íåðiâíîñòi:

sup
|ρ−ρ̄|≤h
|φ−φ̄|≤h

(Bz(ρ, φ, ρ, φ)−Bz(ρ̄, φ̄, ρ̄, φ̄)− 2Bz(ρ, φ, ρ̄, φ̄))
1
2 ≤ Cz

|lnh|δ
,

sup
|ρ−ρ̄|≤h
|φ−φ̄|≤h

(Rz(ρ, φ, ρ, φ)−Rz(ρ̄, φ̄, ρ̄, φ̄)− 2Rz(ρ, φ, ρ̄, φ̄))
1
2 ≤ Cz1

|lnh|δ
,

äå δ > 1 − 1
p
; z = (0000); (1010); (0202); (1212); z1 = (0000); (1010); (0202),

Cz > 0, Cz1 > 0;
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2) çáiãàëèñÿ íàñòóïíi ðÿäè

∞∑
k=1

∞∑
n=0

∞∑
l=1

∞∑
m=0

[
|Eânkâml|+ |Eb̂nkb̂lm|+ 2|Eânkb̂ml|

]
<∞,

∞∑
k=1

∞∑
n=0

∞∑
l=1

∞∑
m=0

[
|Eǎnkǎml|+ |Eb̌nkb̌lm|+ 2|Eǎnkb̌ml|

]
<∞;

3) äëÿ äîâiëüíèõ δ > 1− 1
p
i |h| < 1 âèêîíóâàëèñÿ íàñòóïíi óìîâè

∞∑
k=1

∞∑
n=0

(n+ k)2
[(
E(ânk)

2
) 1

2 +
(
E(b̂nk)

2
) 1

2

]
×
(
2 (ln (k + n))δ + (lnn)δ

)
<∞,

∞∑
k=1

∞∑
n=0

(n+ k)2
[(
E(ǎnk)

2
) 1

2 +
(
E(b̌nk)

2
) 1

2

]
×
(
2 (ln (k + n))δ + (lnn)δ

)
<∞.

Äîâåäåííÿ. Óìîâà 1) äàíî¨ òåîðåìè çàáåçïå÷ó¹ âèêîíàííÿ óìîâè 1) òåîðåìè 2.
Óìîâà 2) âèïëèâà¹ ç óìîâè 2) òi¹¨ æ òåîðåìè, ÿêùî âðàõóâàòè, ùî

∣∣Jn (√λnkρ)∣∣ = 1
π

∣∣∣∣ π∫
0

cos
(√

λnkρ sin θ − nθ
)
dθ

∣∣∣∣ ≤
≤ 1

π

π∫
0

∣∣cos (√λnkρ sin θ − nθ
)∣∣ dθ ≤ 1

π

π∫
0

dθ ≤ 1.

Ðîçãëÿíåìî (
E
∣∣∣S(01)

nk (t, ρ, φ)− S
(01)
nk (t, ρ1, φ1)

∣∣∣2) 1
2

=

=

(
E

∣∣∣∣ k1∑
k=1

n1∑
n=0

(
ânk cos

√
λnkt+ b̂nk sin

√
λnkt

)
Jn
(√

λnkρ
)
cosnφ −

−
k1∑
k=1

n1∑
n=0

(
ânk cos

√
λnkt1 + b̂nk sin

√
λnkt1

)
Jn
(√

λnkρ1
)
cosnφ1 )

1
2 ≤

≤
k1∑
k=1

n1∑
n=0

(
E (ânk)

2) 1
2
∣∣cos√λnkt (Jn (√λnkρ)) cosnφ −

− cos
√
λnkt1

(
Jn
(√

λnkρ1
))

cosnφ1

∣∣+
+

k1∑
k=1

n1∑
n=0

(
E
(
b̂nk

)2) 1
2 ∣∣sin√λnkt (Jn (√λnkρ)) cosnφ −

− sin
√
λnkt1

(
Jn
(√

λnkρ1
))

cosnφ1

∣∣ .
Âèêîðèñòîâóþ÷è iíòåãðàëüíå ïðåäñòàâëåííÿ ôóíêöi¨ Áåññåëÿ ïåðøîãî ðîäó öiëîãî
ïîðÿäêó (6), ìîæíà çðîáèòè îöiíêè∣∣cos√λnktJn (√λnkρ) cosnφ− cos

√
λnkt1Jn

(√
λnkρ1

)
cosnφ1

∣∣ =
=

∣∣∣∣cos√λnkt( 1
π

π∫
0

cos
((√

λnkρ
)
sin θ − nθ

))
cosnφ −

− cos
√
λnkt1

(
1
π

π∫
0

cos
((√

λnkρ1
)
sin θ − nθ

))
cosnφ1

∣∣∣∣ =
=

∣∣∣∣ 1π π∫
0

[
cos

√
λnkt cos

((√
λnkρ

)
sin θ − nθ

)
cosnφ −
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− cos
√
λnkt1 cos

((√
λnkρ1

)
sin θ − nθ

)
cosnφ1

]
dθ
∣∣ ≤

≤ 1
π

π∫
0

∣∣cos√λnkt cos ((√λnkρ) sin θ − nθ
)
cosnφ −

− cos
√
λnkt1 cos

((√
λnkρ1

)
sin θ − nθ

)
cosnφ1

∣∣ dθ ≤
≤ 1

π

π∫
0

[∣∣cos√λnkt− cos
√
λnkt1

∣∣+ ∣∣cos ((√λnkρ) sin θ − nθ
)
−

− cos
((√

λnkρ1
)
sin θ − nθ

)∣∣+ |cosnφ1 − cosnφ1|
]
dθ ≤

≤ 2
π

π∫
0

[∣∣∣sin √
λnk(t−t1)

2

∣∣∣+ ∣∣∣sin √
λnk(ρ−ρ1) sin θ

2

∣∣∣+ ∣∣∣sin n(φ−φ1)
2

∣∣∣] dθ.
Âèêîðèñòà¹ìî àñèìïòîòè÷íå ïðåäñòàâëåííÿ çíà÷åíü λnk (5) i ðiâíiñòü |sinuv| ≤

≤ (ln(|v|+eδ))
δ

(|ln|u||)δ , δ > 0 (äèâ. [2]), òîäi∣∣cos√λnktJn (√λnkρ) cosnφ− cos
√
λnkt1Jn

(√
λnkρ1

)
cosnφ1

∣∣ ≤
≤ 2

π

π∫
0

∣∣∣∣∣∣
(
ln

∣∣∣∣√λnk
2

∣∣∣∣+eδ
)δ

|ln |t−t1||δ

∣∣∣∣∣∣+
∣∣∣∣∣∣
(
ln

∣∣∣∣√λnk
2

∣∣∣∣+eδ
)δ

|ln |ρ−ρ1||δ

∣∣∣∣∣∣+
∣∣∣∣(ln|n2 |+eδ)

δ

|ln |φ−φ1||δ

∣∣∣∣
 dθ ≤

≤ 2

(
2
(ln(( k+n

2 ) π
R
+eδ))

δ

|ln|h||δ +
(ln(n

2
+eδ))

|ln|h||δ

)
≤

≤ 2

|ln|h||δ

((
2 ln

((
k+n
2

)
π
R
+ eδ

))δ
+
(
ln
(
n
2
+ eδ

))δ) ≤

≤ 2

|ln|h||δ

(
2 (ln(k + n))δ + (lnn)δ

)
.∣∣sin√λnktJn (√λnkρ) cosnφ− sin

√
λnkt1Jn

(√
λnkρ1

)
cosnφ1

∣∣ ≤
≤ 2

|ln|h||δ

(
2 (ln(k + n))δ + (lnn)δ

)
.

Àíàëîãi÷íî ìîæíà çíàéòè(
E
∣∣∣S(02)

nk (t, ρ, φ)− S
(02)
nk (t, ρ1, φ1)

∣∣∣2) 1
2

≤

≤
k1∑
k=1

n1∑
n=0

(
E (ânk)

2) 1
2
∣∣cos√λnkt (Jn (√λnkρ)) cosnφ −

− cos
√
λnkt1

(
Jn
(√

λnkρ1
))

cosnφ1

∣∣+
+

k1∑
k=1

n1∑
n=0

(
E
(
b̂nk

)2) 1
2 ∣∣sin√λnkt (Jn (√λnkρ)) cosnφ −

− sin
√
λnkt1

(
Jn
(√

λnkρ1
))

cosnφ1

∣∣ .∣∣cos√λnktJn (√λnkρ) sinnφ− cos
√
λnkt1Jn

(√
λnkρ1

)
sinnφ1

∣∣ ≤
≤ 2

|ln|h||δ

(
2 (ln(k + n))δ + (lnn)δ

)
.∣∣sin√λnktJn (√λnkρ) sinnφ− sin

√
λnkt1Jn

(√
λnkρ1

)
sinnφ1

∣∣ ≤
≤ 2

|ln|h||δ

(
2 (ln(k + n))δ + (lnn)δ

)
.

Îòæå (
E
∣∣∣S(01)

nk (t, ρ, φ)− S
(01)
nk (t1, ρ1, φ1)

∣∣∣2) 1
2

≤ C01

|ln |h||δ
,

äå

C01 = 2
∞∑
k=1

∞∑
n=0

[
(Eâ2nk)

1
2 + (Eb̂2nk)

1
2

]
×
(
2 (ln(k + n))δ + (lnn)δ

)
.
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E
∣∣∣S(02)

nk (t, ρ, φ)− S
(02)
nk (t1, ρ1, φ1)

∣∣∣2) 1
2

≤ C02

|ln |h||δ
,

äå

C02 = 2
∞∑
k=1

∞∑
n=0

[
(Eǎ2nk)

1
2 + (Eb̌2nk)

1
2

]
×
(
2 (ln(k + n))δ + (lnn)δ

)
.

Ðîçãëÿíåìî (
E
∣∣∣S(31)

nk (t, ρ, φ)− S
(31)
nk (t, ρ1, φ1)

∣∣∣2) 1
2

≤

≤
k1∑
k=1

n1∑
n=0

(
E (ânk)

2) 1
2
∣∣cos√λnkt (J ′

n

(√
λnkρ

))
cosnφ −

− cos
√
λnkt1

(
J ′
n

(√
λnkρ1

))
cosnφ1

∣∣+
+

k1∑
k=1

n1∑
n=0

n

(
E
(
b̂nk

)2) 1
2 ∣∣sin√λnkt (J ′

n

(√
λnkρ

))
cosnφ −

− sin
√
λnkt1

(
J ′
n

(√
λnkρ1

))
cosnφ1

∣∣ .(
E
∣∣∣S(32)

nk (t, ρ, φ)− S
(32)
nk (t, ρ1, φ1)

∣∣∣2) 1
2

≤

≤
k1∑
k=1

n1∑
n=0

n
(
E (ǎnk)

2) 1
2
∣∣cos√λnkt (J ′

n

(√
λnkρ

))
sinnφ −

− cos
√
λnkt1

(
J ′
n

(√
λnkρ1

))
sinnφ1

∣∣+
+

k1∑
k=1

n1∑
n=0

n
(
E
(
b̌nk
)2) 1

2 ∣∣sin√λnkt (J ′
n

(√
λnkρ

))
sinnφ −

− sin
√
λnkt1

(
J ′
n

(√
λnkρ1

))
sinnφ1

∣∣ .
Âèêîðèñòîâóþ÷è ïðåäñòàâëåííÿ (7) ìîæíà çàïèñàòè∣∣cos√λnktJ ′

n

(√
λnkρ

)
cosnφ− cos

√
λnkt1J

′
n

(√
λnkρ1

)
cosnφ1

∣∣ =
=

∣∣∣∣cos√λnkt(√
λnk

π

π∫
0

cos θ cos
((√

λnkρ
)
sin θ − nθ

))
cosnφ −

− cos
√
λnkt1

(
√
λnk

π

π∫
0

cos θ cos
((√

λnkρ1
)
sin θ − nθ

))
cosnφ1

∣∣∣∣ =
=

∣∣∣∣√λnk

π

π∫
0

cos θ
[
cos

√
λnkt cos

((√
λnkρ

)
sin θ − nθ

)
cosnφ −

− cos
√
λnkt1 cos

((√
λnkρ1

)
sin θ − nθ

)
cosnφ1

]
dθ
∣∣ ≤

≤
√
λnk

π

π∫
0

|cos θ|
∣∣cos√λnkt cos ((√λnkρ) sin θ − nθ

)
cosnφ −

− cos
√
λnkt1 cos

((√
λnkρ1

)
sin θ − nθ

)
cosnφ1

∣∣ dθ ≤
≤ 2(k+n)

R|ln|h||δ

(
(2 ln (k + n))δ + (lnn)δ

)
.

Àíàëîãi÷íî ìîæíà çíàéòè∣∣sin√λnktJ ′
n

(√
λnkρ

)
cosnφ− sin

√
λnkt1J

′
n

(√
λnkρ1

)
cosnφ1

∣∣ ≤
≤ 2(k+n)

R|ln|h||δ

(
(2 ln (k + n))δ + (lnn)δ

)
.

Îòæå (
E
∣∣∣S(31)

nk (t, ρ, φ)− S
(31)
nk (t1, ρ1, φ1)

∣∣∣2) 1
2

≤ C31

|ln |h||δ
,

Íàóê. âiñíèê Óæãîðîä óí-òó, 2004, âèï. 9



ÊÎËÈÂÀÍÍß ÊÐÓÃËÎ� ÌÅÌÁÐÀÍÈ Ç ÂÈÏÀÄÊÎÂÈÌÈ ÏÎ×ÀÒÊÎÂÈÌÈ ÓÌÎÂÀÌÈ 75

äå

C31 =
2

R

∞∑
k=1

∞∑
n=0

(k + n)
[
(Eâ2nk)

1
2 + (Eb̂2nk)

1
2

]
×
(
(2 ln (k + n))δ + (lnn)δ

)
.

(
E
∣∣∣S(32)

nk (t, ρ, φ)− S
(32)
nk (t1, ρ1, φ1)

∣∣∣2) 1
2

≤ C32

|ln |h||δ
,

äå

C32 =
2

R

∞∑
k=1

∞∑
n=0

(k + n)
[
(Eǎ2nk)

1
2 + (Eb̌2nk)

1
2

]
×
(
(2 ln (k + n))δ + (lnn)δ

)
.

Ðîçãëÿíåìî (
E
∣∣∣S(61)

nk (t, ρ, φ)− S
(61)
nk (t, ρ1, φ1)

∣∣∣2) 1
2

≤

≤
k1∑
k=1

n1∑
n=0

(
E (ânk)

2) 1
2
∣∣cos√λnkt (J ′′

n

(√
λnkρ

))
cosnφ −

− cos
√
λnkt1

(
J ′′
n

(√
λnkρ1

))
cosnφ1

∣∣+
+

k1∑
k=1

n1∑
n=0

(
E
(
b̂nk

)2) 1
2 ∣∣sin√λnkt (J ′′

n

(√
λnkρ

))
cosnφ −

− sin
√
λnkt1

(
J ′′
n

(√
λnkρ1

))
cosnφ1

∣∣ .(
E
∣∣∣S(62)

nk (t, ρ, φ)− S
(62
nk (t, ρ1, φ1)

∣∣∣2) 1
2

≤

≤
k1∑
k=1

n1∑
n=0

n
(
E (ǎnk)

2) 1
2
∣∣cos√λnkt (J ′′

n

(√
λnkρ

))
sinnφ −

− cos
√
λnkt1

(
J ′′
n

(√
λnkρ1

))
sinnφ1

∣∣+
+

k1∑
k=1

n1∑
n=0

n
(
E
(
b̌nk
)2) 1

2 ∣∣sin√λnkt (J ′′
n

(√
λnkρ

))
sinnφ −

− sin
√
λnkt1

(
J ′′
n

(√
λnkρ1

))
sinnφ1

∣∣ .
Âèêîðèñòîâóþ÷è ïðåäñòàâëåííÿ (8) ìîæíà çàïèñàòè∣∣cos√λnktJ ′′

n

(√
λnkρ

)
cosnφ− cos

√
λnkt1J

′′
n

(√
λnkρ1

)
cosnφ1

∣∣ =
=

∣∣∣∣cos√λnkt(−λnk

π

π∫
0

sin2 θ cos
((√

λnkρ
)
sin θ − nθ

))
cosnφ −

− cos
√
λnkt1

(
−λnk

π

π∫
0

sin2 θ cos
((√

λnkρ1
)
sin θ − nθ

))
cosnφ1

∣∣∣∣ =
=

∣∣∣∣−λnk

π

π∫
0

sin2 θ
[
cos

√
λnkt cos

((√
λnkρ

)
sin θ − nθ

)
cosnφ −

− cos
√
λnkt1 cos

((√
λnkρ1

)
sin θ − nθ

)
cosnφ1

]
dθ
∣∣ ≤

≤ λnk

π

π∫
0

∣∣sin2 θ
∣∣ ∣∣cos√λnkt cos ((√λnkρ) sin θ − nθ

)
cosnφ −

− cos
√
λnkt1 cos

((√
λnkρ1

)
sin θ − nθ

)
cosnφ1

∣∣ dθ ≤
≤ 2(k + n)2π

R |ln |h||δ
(
2 (ln(k + n))δ + (lnn)δ

)
.

Òîäi (
E
∣∣∣S(61)

nk (t, ρ, φ)− S
(61)
nk (t1, ρ1, φ1)

∣∣∣2) 1
2

≤ C61

|ln |h||δ
,
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äå

C61 =
2π

R

∞∑
k=1

∞∑
n=0

(k + n)2
[
(Eâ2nk)

1
2 + (Eb̂2nk)

1
2

]
×
(
2 (ln(k + n))δ + (lnn)δ

)
.

(
E
∣∣∣S(62)

nk (t, ρ, φ)− S
(62
nk (t1, ρ1, φ1)

∣∣∣2) 1
2

≤ C62

|ln |h||δ
,

äå

C62 =
2π

R

∞∑
k=1

∞∑
n=0

(k + n)2
[
(Eǎ2nk)

1
2 + (Eb̌2nk)

1
2

]
×
(
2 (ln(k + n))δ + (lnn)δ

)
.

Îöiíêè äëÿ

(
E
∣∣∣S(ij)

nk (t, ρ, φ)− S
(ij)
nk (t1, ρ1, φ1)

∣∣∣2) 1
2

, i = 1; 2; 4; 5, j = 1; 2 ìîæíà îòðè-

ìàòè àíàëîãi÷íî.
Îòæå, âèêîíàííÿ óìîâè 3 äàíî¨ òåîðåìè çàáåçïå÷ó¹ âèêîíàííÿ óìîâè 3 òåîðåìè

2.
Ó ðîáîòi îòðèìàíî óìîâè iñíóâàííÿ ç éìîâiðíiñòþ îäèíèöÿ äâi÷i íåïåðåðâíî äèôå-

ðåíöiéîâíîãî ðîçâ'ÿçêó çàäà÷i ïðî âiëüíi êîëèâàííÿ êðóãëî¨ ìåìáðàíè, êîëè ïî÷àòêî-
âi óìîâè ¹ cóìiñíî SSubφ(Ω) âèïàäêîâi ïîëÿ. Îòðèìàíi ðåçóëüòàòè ìàþòü òåîðåòè÷íå
òà ïðàêòè÷íå çàñòîñóâàííÿ ïðè âèâ÷åííi ðiâíÿíü ìàòåìàòè÷íî¨ ôiçèêè ç âèïàäêîâèìè
ïî÷àòêîâèìè óìîâàìè. Âîíè ìîæóòü âèêîðèñòîâóâàòèñÿ ïðè ìîäåëþâàííi ðîçâ'ÿçêó
äàíîãî ðiâíÿííÿ íà êîìï'þòåðàõ.
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