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ÏÐÎ ÍÅÇÂIÄÍI ÌÎÄÓËßÐÍI ÇÎÁÐÀÆÅÍÍß 2-ÃÐÓÏÈ ÄÀÍÎÃÎ
ÑÒÅÏÅÍß ÍÀÄ ÍÀÏIÂÏÅÐÂIÑÍÈÌ ËÎÊÀËÜÍÈÌ ÊIËÜÖÅÌ

Let R be a commutative semiprime local ring of characteristic 2, which contain nonprime annihilator of
some element of the ring R. It has been proved, that the number of nonequivalent irreducible matrix
R-representations of nontrivial finite 2-group of arbitrary greater then one degree is infinite if residue
class ring of ring R is infinite.

Íåõàé R � êîìóòàòèâíå íàïiâïåðâiñíå ëîêàëüíå êiëüöå õàðàêòåðèñòèêè 2, ÿêå ìiñòèòü íåãîëîâíèé
àíóëÿòîð äåÿêîãî åëåìåíòà êiëüöÿ R. Ïîêàçàíî, ùî ÷èñëî íååêâiâàëåíòíèõ íåçâiäíèõ ìàòðè÷íèõ
R-çîáðàæåíü ñêií÷åííî¨ íåòðèâiàëüíî¨ 2-ãðóïè íàïåðåä çàäàíîãî áiëüøîãî íiæ îäèíèöÿ ñòåïåíÿ íå-
ñêií÷åííå, ÿêùî ïîëå ëèøêiâ êiëüöÿ R íåñêií÷åííå.

Äîáðå âiäîìî [1],ùî äîâiëüíå ìàòðè÷íå çîáðàæåííÿ ñêií÷åííî¨ ãðóïè G íåçâiäíå íàä
äåäåêiíäîâîþ îáëàñòþ R òîäi i òiëüêè òîäi, êîëè âîíî íåçâiäíå íàä ¨¨ ïîëåì âiäíîøåíü
F , à ÷èñëî íåçâiäíèõ íååêâiâàëåíòíèõ F -çîáðàæåíü ãðóïè G íå ïåðåâèùó¹ ïîðÿäîê
ãðóïè G. ßêùî R � êiëüöå öiëèõ ÷èñåë ñêií÷åííîãî ðîçøèðåííÿ F ïîëÿ Q, òî çà
òåîðåìîþ Æîðäàíà-Öàññåíõàóçà ìíîæèíà F -åêâiâàëåíòíèõ çîáðàæåíü ãðóïè G ðîç-
ïàäà¹òüñÿ íà ñêií÷åííå ÷èñëî êëàñiâ R-åêâiâàëåíòíèõ çîáðàæåíü ãðóïè G (äèâ. òàêîæ
[2, 3]). Ï. Ì. Ãóäèâîê òà �. ß. Ïîãîðiëÿê [4, 5] ïîêàçàëè, ùî íàä íåòåðîâèì ôàêòîði-
àëüíèì êiëüöåì õàðàêòåðèñòèêè p, ÿêå íå ¹ îáëàñòþ ãîëîâíèõ iäåàëiâ, iñíó¹ íåñêií-
÷åííà êiëüêiñòü íååêâiâàëåíòíèõ íåçâiäíèõ ìàòðè÷íèõ çîáðàæåíü ñêií÷åííî¨ p-ãðóïè
H ïîðÿäêó |H| > 1 äîâiëüíîãî íàïåðåä çàäàíîãî ñòåïåíÿ n > 1. Â [10] âèÿñíåíî, êîëè
¹ ñêií÷åííîþ ìíîæèíà íååêâiâàëåíòíèõ íåçâiäíèõ ìàòðè÷íèõ çîáðàæåíü íàïåðåä çà-
äàíîãî ñòåïåíÿ ñêií÷åííî¨ p-ãðóïè íàä êîìóòàòèâíèì àðòiíîâèì ëîêàëüíèì êiëüöåì
õàðàêòåðèñòèêè ps (s > 0). Â [9] ïîêàçàíî, ùî íàä êîìóòàòèâíèì íåòåðîâèì ëîêàëü-
íèì íàïiâïåðâiñíèì íåöiëiñíèì êiëüöåì ç íåñêií÷åííèì ïîëåì ëèøêiâ ÷èñëî íååêâi-
âàëåíòíèõ íåçâiäíèõ ìàòðè÷íèõ çîáðàæåíü ñêií÷åííî¨ p-ãðóïè G ïîðÿäêó |G| > 1
íàïåðåä çàäàíîãî ñòåïåíÿ n > 1 íåñêií÷åííå, ÿêùî |G| > 2 àáî ÷èñëî n íåïàðíå.

Â ðîáîòi âèÿñíÿ¹òüñÿ, êîëè ¹ ñêií÷åííîþ ìíîæèíà âñiõ íååêâiâàëåíòíèõ íåçâi-
äíèõ ìàòðè÷íèõ çîáðàæåíü íàïåðåä çàäàíîãî ñòåïåíÿ äîâiëüíî¨ ñêií÷åííî¨ 2-ãðóïè
íàä êîìóòàòèâíèì íåòåðîâèì ëîêàëüíèì íàïiâïåðâiñíèì íåöiëiñíèì êiëüöåì õàðà-
êòåðèñòèêè 2, êiëüöå êëàñiâ ëèøêiâ ÿêîãî íåñêií÷åííå.

Íåõàé R � êîìóòàòèâíå êiëüöå ç îäèíèöåþ. Äàëi ÷åðåç RadR áóäåìî ïîçíà÷àòè
ðàäèêàë Äæåêîáñîíà êiëüöÿ R, radR � ïåðâiñíèé ðàäèêàë êiëüöÿ R, R∗ � ìóëüòè-
ïëiêàòèâíó ãðóïó êiëüöÿ R, detM � äåòåðìiíàíò êâàäðàòíî¨ ìàòðèöi M íàä êîìó-
òàòèâíèì êiëüöåì, Ann a = {x ∈ R|ax = 0} � àíóëÿòîð åëåìåíòà a ∈ R ó êiëüöi R.

Òåîðåìà 1. Íåõàé G = ⟨a⟩ � ñêií÷åííà 2-ãðóïà ïîðÿäêó |G| > 1, R � êîìó-
òàòèâíå íåòåðîâå ëîêàëüíå êiëüöå õàðàêòåðèñòèêè 2 ç íåñêií÷åííèì ïîëåì ëè-
øêiâ, radR = {0} i äëÿ äåÿêîãî íåíóëüîâîãî åëåìåíòà u ∈ R Annu ìiñòèòü íå
ãîëîâíèé iäåàë. Iñíó¹ íåñêií÷åííà êiëüêiñòü íååêâiâàëåíòíèõ íåçâiäíèõ ìàòðè÷íèõ
R-çîáðàæåíü ãðóïè G äîâiëüíîãî íàïåðåä çàäàíîãî ñòåïåíÿ n > 1.

Äîâåäåííÿ. Î÷åâèäíî òåîðåìó äîñèòü äîâåñòè äëÿ âèïàäêó, êîëè G = ⟨a⟩ �
öèêëi÷íà ãðóïà ïîðÿäêó 2. Ç [9] âèïëèâà¹, ùî äîñèòü ðîçãëÿíóòè âèïàäîê, êîëè n
� íåïàðíå ÷èñëî. Íåõàé v, w ∈ Annu, v /∈ wR, w /∈ vR. Ïðèïóñòèìî ñïî÷àòêó, ùî
v2 /∈ vwR+w2R, w2 /∈ v2R+ vwR. Ðîçãëÿíåìî âiäîáðàæåííÿ Γλ âèãëÿäó a→ Γλ(a) =
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= E + S(λ), äå E � îäèíè÷íà ìàòðèöÿ ïîðÿäêó n, S(λ)� êâàäðàòíà ìàòðèöÿ ïîðÿäêó
n íàä êiëüöåì R,

S(λ) =



vw w2 0 0 . . . 0 0 λu
v2 vw 0 0 . . . 0 0 0
vw w2 0 0 . . . 0 0 0
0 0 u 0 . . . 0 0 0
0 0 0 v2 . . . 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 . . . u 0 0
0 0 0 0 . . . 0 v2 0


.

Î÷åâèäíî, Γλ ¹ R-çîáðàæåííÿì ãðóïè G äëÿ áóäü-ÿêîãî λ ∈ R∗.
Ïðèïóñòèìî, ùî çîáðàæåííÿ Γλ çâiäíå. Òîäi äëÿ äåÿêî¨ ìàòðèöi C ∈ GL(n,R)

C−1S(λ)C =

(
A D
0 B

)
, (1)

äå A, B � êâàäðàòíi ìàòðèöi íàä êiëüöåì R âiäïîâiäíî ïîðÿäêiâ r i n−r (1 ≤ r < n).
Íåõàé α, β, γ, δ ∈ R, αu + βv2 + γvw + δw2 = 0. Òîäi αu2 = 0, (αu)2 = 0, αu = 0,

α ∈ RadR. Êðiì òîãî βv2 + γvw + δw2 = 0 i β, δ ∈ RadR. Çâiäñè i ç (1) îäåðæèìî

C−1MiC ≡
(
Ai Di

0 Bi

)
(mod RadR) (i = 1, 2, 3),

äå

M1 =M1(λ) =



0 0 0 0 . . . 0 0 λ
0 0 0 0 . . . 0 0 0
0 0 0 0 . . . 0 0 0
0 0 1 0 . . . 0 0 0
0 0 0 0 . . . 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 . . . 1 0 0
0 0 0 0 . . . 0 0 0


,

M2 =



0 0 0 0 . . . 0 0 0
1 0 0 0 . . . 0 0 0
0 0 0 0 . . . 0 0 0
0 0 0 0 . . . 0 0 0
0 0 0 1 . . . 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 . . . 0 0 0
0 0 0 0 . . . 0 1 0


, M3 =



0 1 0 0 . . . 0 0 0
0 0 0 0 . . . 0 0 0
0 1 0 0 . . . 0 0 0
0 0 0 0 . . . 0 0 0
0 0 0 0 . . . 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 . . . 0 0 0
0 0 0 0 . . . 0 0 0


,

äå Ai, Bi � êâàäðàòíi ìàòðèöi íàä êiëüöåì R âiäïîâiäíî ïîðÿäêiâ r i n−r (i = 1, 2, 3)
Ëåãêî ïîêàçàòè, ùî

N1 = N1(λ) =


0 λ 0 . . . 0
0 0 0 . . . 0
...

...
...

. . .
...

0 0 0 . . . 0

 , N2 = N2(λ) =



0 0 . . . 0 0 λ
1 0 . . . 0 0 0
0 1 . . . 0 0 0
...

...
. . .

...
...

...
0 0 . . . 1 0 0
0 0 . . . 0 1 0


,
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äå N1 = N1(λ) = (M1(λ)M2)
n−3
2 M1(λ)M3, N2 = N2(λ) =M1(λ) +M2 +M3 + λ−1N1(λ).

Òîäi

C−1NiC ≡
(
A′

i D′
i

0 B′
i

)
(mod RadR) (i = 1, 2), (2)

äå A′
i, B

′
i � êâàäðàòíi ìàòðèöi íàä êiëüöåì R âiäïîâiäíî ïîðÿäêiâ r i n− r (i = 1, 2).

Î÷åâèäíî, îäíà iç ìàòðèöü A1 àáî B1 ñêëàäàþòüñÿ ç íåîáîðîòíèõ åëåìåíòiâ. Íåõàé
öå áóäå ìàòðèöÿ A1. Iç (2) îäåðæó¹ìî:

NiC ≡ C

(
A′

i D′
i

0 B′
i

)
(mod RadR) (i = 1, 2). (3)

Ïîçíà÷èìî: C = ∥cij∥ (cij ∈ R), Ci = (ci1, . . . , cir) (i = 1, . . . , n). Ç (3) äiñòà¹ìî,
ùî C2 ≡ 0 (mod RadR), C1 = C2A2, Ci = Ci+1A2 (i = 2, . . . , n − 1), λCn = C1A2.
Îòæå, Ci ≡ 0 (mod RadR) (i = 1, . . . , n). Çíà÷èòü, detC ≡ 0 (mod RadR). Îäåðæàíå
ïðîòèði÷÷ÿ ïîêàçó¹, ùî çîáðàæåííÿ Γλ íåçâiäíà íàä êiëüöåì R.

Ïðèïóñòèìî, ùî çîáðàæåííÿ Γλ åêâiâàëåíòíå çîáðàæåííþ Γλ′ , äå λ, λ′ ∈ R∗,
λ ̸≡ λ′ (mod RadR). Òîäi äëÿ äåÿêî¨ ìàòðèöi C ∈ GL(n,R) C−1Γλ(a)C = Γλ′(a).
Òîìó C−1M1(λ)C ≡ M1(λ

′) (mod RadR), C−1MiC ≡ Mi (mod RadR) (i = 2, 3). Òî-
äi, C−1(M1(λ)+M2+M3)C ≡M1(λ

′)+M2+M3 (mod RadR) i λ ≡ det(M1(λ)+M2+
+M3) ≡ det(M1(λ

′) +M2 +M3) ≡ λ′ (mod RadR), ùî íåìîæëèâî.
Ïðèïóñòèìî òåïåð, ùî v2 ∈ vwR + w2R. Íåõàé v2 = kvw + lw2 (k, l ∈ R). ßêùî

l ≡ 0 (mod RadR), òî ïîêëàäåìî v1 = v + mw, äå m ∈ R, m ̸≡ 0 (mod RadR),
m ̸≡ k (mod RadR). Òîäi v = v1 + mw i v21 + m2w2 = kv1w + kmw2 + lw2, v21 =
= kv1w + (m2 + km+ l)w2, m2 + km + l ≡ m(m + k) ̸≡ 0 (mod RadR). Îòæå, íå
çìåíøóþ÷è çàãàëüíîñòi áóäåìî ââàæàòè, ùî l ∈ R∗.

Ðîçãëÿíåìî âiäîáðàæåííÿ Γλ âèãëÿäó a → Γλ(a) = E + S(λ), äå E � îäèíè÷íà
ìàòðèöÿ ïîðÿäêó n, S(λ) � êâàäðàòíà ìàòðèöÿ ïîðÿäêó n íàä êiëüöåì R,

S(λ) =



v w 0 0 . . . 0 0 λu
kv + lw v 0 0 . . . 0 0 0

v w 0 0 . . . 0 0 0
0 0 u 0 . . . 0 0 0
0 0 0 w . . . 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 . . . u 0 0
0 0 0 0 . . . 0 w 0


.

Î÷åâèäíî, Γλ ¹ R-çîáðàæåííÿì ãðóïè G äëÿ áóäü-ÿêîãî λ ∈ R∗.
Ïðèïóñòèìî, ùî çîáðàæåííÿ Γλ çâiäíå. Òîäi äëÿ äåÿêî¨ ìàòðèöi C ∈ GL(n,R)

C−1S(λ)C =

(
A D
0 B

)
, (4)

äå A, B � êâàäðàòíi ìàòðèöi íàä êiëüöåì R âiäïîâiäíî ïîðÿäêiâ r i n−r (1 ≤ r < n).
Íåõàé α, β, γ ∈ R, αu+ βv + γw = 0. Òîäi αu2 = 0, (αu)2 = 0, αu = 0, α ∈ RadR.

Êðiì òîãî βv + γw = 0 i γ ∈ RadR. Çâiäñè i ç (4) îäåðæèìî

C−1MiC ≡
(
Ai Di

0 Bi

)
(mod RadR) (i = 1, 2, 3),
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äå

M1 =M1(λ) =



0 0 0 0 . . . 0 0 λ
0 0 0 0 . . . 0 0 0
0 0 0 0 . . . 0 0 0
0 0 1 0 . . . 0 0 0
0 0 0 0 . . . 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 . . . 1 0 0
0 0 0 0 . . . 0 0 0


, M2 =



0 1 0 0 . . . 0 0 0
l 0 0 0 . . . 0 0 0
0 1 0 0 . . . 0 0 0
0 0 0 0 . . . 0 0 0
0 0 0 1 . . . 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 . . . 0 0 0
0 0 0 0 . . . 0 1 0


,

äå Ai, Bi � êâàäðàòíi ìàòðèöi íàä êiëüöåì R âiäïîâiäíî ïîðÿäêiâ r i n− r (i = 1, 2)
Ëåãêî ïîêàçàòè, ùî

N1 = N1(λ) =


0 λ 0 . . . 0
0 0 0 . . . 0
...

...
...

. . .
...

0 0 0 . . . 0

 , N2 = N2(λ) =



0 0 . . . 0 0 λ
l 0 . . . 0 0 0
0 1 . . . 0 0 0
...

...
. . .

...
...

...
0 0 . . . 1 0 0
0 0 . . . 0 1 0


,

äå N1 = N1(λ) = (M1(λ)M2)
n−1
2 , N2 = N2(λ) =M1(λ) +M2 + λ−1N1(λ). Òîäi çîáðàæå-

ííÿ Γλ íåçâiäíå.
Ïðèïóñòèìî, ùî çîáðàæåííÿ Γλ åêâiâàëåíòíå çîáðàæåííþ Γλ′ , äå λ, λ′ ∈ R∗,

λ ̸≡ λ′ (mod RadR). Òîäi äëÿ äåÿêî¨ ìàòðèöi C ∈ GL(n,R) C−1Γλ(a)C = Γλ′(a). Òîìó
C−1M1(λ)C ≡ M1(λ

′) (mod RadR), C−1M2C ≡ M2 (mod RadR). Òîäi, C−1(M1(λ) +
+M2)C ≡ (M1(λ

′) +M2) (mod RadR) i λ ≡ l−1 det(M1(λ) +M2) ≡ l−1 det(M1(λ
′) +

+M2) ≡ λ′ (mod RadR), ùî íåìîæëèâî. Òåîðåìà äîâåäåíà.
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