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ÏÐÎ ÑÏÐßÆÅÍI ÅËÅÌÅÍÒÈ ÏÎÐßÄÊÓ 2 Â ÃÐÓÏI
ÓÍIÒÐÈÊÓÒÍÈÕ ÌÀÒÐÈÖÜ ÍÀÄ ÏÎËÅÌ ÕÀÐÀÊÒÅÐÈÑÒÈÊÈ 2

In this paper we study conjugacy classes of the groups of unitriangular matrices over a field of character-
istic 2 that contain (or, equivalently, consist of) elements of order 2.

Ó ñòàòòi âèâ÷àþòüñÿ êëàñè ñïðÿæåíèõ åëåìåíòiâ ãðóï óíiòðèêóòíèõ ìàòðèöü íàä ïîëåì õàðàêòåðè-
ñòèêè 2 ó âèïàäêó, êîëè âîíè ñêëàäàþòüñÿ iç åëåìåíòiâ ïîðÿäêó 2.

Âèâ÷åííþ êëàñiâ ñïðÿæåíèõ åëåìåíòiâ ìàòðè÷íèõ ãðóï ïðèñâÿ÷åíî áàãàòî ðîáiò; âiä-
íîñíî öi¹¨ òåìàòèêè äëÿ ãðóï óíiòðèêóòíèõ ìàòðèöü (à ñàìå òàêi ãðóïè ðîçãëÿäàþ-
òüñÿ ó öié ñòàòòi) äèâ. íàïð., ðîáîòè [1�6] òà ïîñèëàííÿ, ùî ìiñòÿòüñÿ â íèõ. Ó öié
ñòàòòi âèâ÷àþòüñÿ êëàñè ñïðÿæåíèõ åëåìåíòâ ãðóï óíiòðèêóòíèõ ìàòðèöü íàä ïîëåì
õàðàêòåðèñòèêè 2.

Íà ïðîòÿçi âñi¹¨ ñòàòòi k ïîçíà÷à¹ ïîëå õàðàêòåðèñòèêè 2, à k∗ � ìíîæèíó éîãî
îáîðîòíiõ åëåìåíòiâ: k∗ = k \ 0. UTUTUTn(k) (n > 1) ïîçíà÷à¹ ãðóïó âåðõíiõ óíiòðèêóòíèõ
ìàòðèöü íàä ïîëåì k. Ïîðÿäêîì ìàòðèöi A ∈ UTUTUTn(k) ìè íàçèâà¹ìî íàéìåíøå p > 0,
òàêå, ùî Ap = 0; ÿêùî òàêîãî p íå iñíó¹, òî A � ìàòðèöÿ íåñêií÷åííîãî ïîðÿäêó.

Äëÿ íàòóðàëüíèõ ÷èñåë p i q, äå p ≥ q, ïîêëàäåìî [p, q] = {p, p+1, . . . , q}, [p, q]2 =
= [p, q] × [p, q] i ïîçíà÷èìî ÷åðåç [p, q]2< ïiäìíîæèíó â [p, q]2, ùî ñêëàäà¹òüñÿ iç åëå-
ìåíòiâ (i, j), òàêèõ, ùî i < j.

Íàäàëi ìíîæèíà [p, q]2< áóäå çóñòði÷àòèñÿ, ÿê ïðàâèëî, ïðè p = 1, q = n. Åëåìåíòè
iç [1, n]2< (ëiíiéíî) âïîðÿäêó¹ìî íàñòóïíèì ÷èíîì:

(n− 1, n) ≺ (n− 2, n− 1) ≺ (n− 2, n) ≺ . . . ≺ (1, 2) ≺ . . . ≺ (1, n).

Iíøèìè ñëîâàìè, (i, j) ≺ (s, t) äëÿ ðiçíèõ ïàð (i, j) òà (s, t) òîäi i ëèøå òîäi, êîëè àáî
i ≥ s, àáî i = s i j < t.

Äëÿ íåîäèíè÷íî¨ ìàòðèöi A = (aij), i, j = 1, . . . , n, içUTUTUTn(k) ïîçíà÷èìî ÷åðåç µ(A)
ïàðó (p, q) ∈ [1, n]2<, òàêó, ùî apq ̸= 0 i aij = 0 ïðè (i, j) ≺ (p, q).

×åðåç E(n) áóäåìî ïîçíà÷àòè îäèíè÷íó ìàòðèöþ ðîçìiðó n× n, à ÷åðåç Iij(n) �
ìàòðèöþ ðîçìiðó n × n, â ÿêié íà ìiñöi (i, j) ñòî¨òü îäèíè÷íèé åëåìåíò, à íà ðåøòi
ìiñöü ñòîÿòü íóëüîâi åëåìåíòè. ×àñòî çàìiñòü E(n) òà Iij(n) ìè áóäåìî ïèñàòè ïðîñòî
E òà Iij (îñîáëèâî öå ñòîñó¹òüñÿ âèïàäêiâ, êîëè ÿñíî, ïðî ÿêå n iäå ìîâà).

Íåõàé P � ïiäìíîæèíà â [1, n]2<. Åëåìåíò x = (i, j) ∈ [1, n]2< íàçâåìî P -içîëüîâà-
íèì, ÿêùî äëÿ äîâiëüíîãî åëåìåíòó y = (p, q) ∈ P , y ̸= x, ìíîæèíà {i, j} ∩ {p, q}
ïîðîæíÿ (çðîçóìiëî, ùî y = x ìîæå ìàòè ìiñöå ëèøå â òîìó âèïàäêó, êîëè x ∈ P ).
Ïîçíà÷èìî ÷åðåç In ñóêóïíiñòü âñiõ ïiäìíîæèí P ⊂ [1, n]2<, P ̸= ∅, òàêèõ, ùî êîæíèé
åëåìåíò x ∈ P ¹ P -içîëüîâàíèì.

Íåõàé X ∈ In i λ � äåÿêå âiäîáðàæåííÿ iç X â k∗; çàìiñòü λ((i, j)) áóäåìî ïèñàòè
λ(i, j). Ìè çiñòàâëÿ¹ìî ïàði (X,λ) ìàòðèöþ M(X,λ) ∈ UTUTUTn(k) íàñòóïíèì ÷èíîì:

M(X,λ) = E(n) +
∑

(i,j)∈X

λ(i, j)Iij(n).

Ëåãêî áà÷èòè, ùî (M(X,λ))2 = E(n).
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Ó öié ñòàòòi ìè äîâåäåìî íàñòóïíó òåîðåìó, ÿêà îïèñó¹ ïîâíó ñèñòåìó ïðåäñòàâ-
íèêiâ êëàñiâ ñïðÿæåíèõ åëåìåíòiâ ãðóïè UTn(k)UTn(k)UTn(k), ùî ñêëàäàþòüñÿ iç åëåìåíòiâ ïî-
ðÿäêó 222.

Òåîðåìà. 1) Íåõàé K � êëàñ ñïðÿæåíèõ åëåìåíòiâ ãðóïè UTUTUTn(k), ùî ñêëàäàþ-
òüñÿ iç åëåìåíòiâ ïîðÿäêó 2. Òîäi iñíóþòü X òà λ, òàêi, ùî M(X,λ) ∈ K.

2) Íåõàé K1, K2 � êëàñè ñïðÿæåíèõ åëåìåíòiâ â UTUTUTn(k), ùî ìiñòÿòü âiäïîâiäíî
åëåìåíòè M(X1, λ1) i M(X2, λ2). ßíùî (X1, λ1) ̸= (X2, λ2), òî K1 ̸= K2.

Òåîðåìà ìîæå áóòè äîâåäåíîþ ç âèêîðèñòàííÿì îäíîãî iç ðåçóëüòàòiâ ðîáîòè [7].
Ìè ïðèâåäåìî ïðÿìå äîâåäåííÿ.

Äîâåäåìî ñïî÷àòêó òâåðäæåííÿ 1). Äîâåäåííÿ áóäåìî ïðîâîäèòè iíäóêöi¹þ ïî n.
Áàçà iíäóêöi¨ � öå âèïàäîê n = 2. Òâåðäæåííÿ â öüîìó âèïàäêó î÷åâèäíå: äîâiëüíà
ìàòðèöÿ A iç UTUTUT2(k) ìà¹ âèãëÿä

A =

(
1 a
0 1

)
=M(X,λ),

äå X = {(1, 2)} i λ(1, 2) = a.
Íåõàé òåïåð n > 2. Çàôiêñó¹ìî â êëàñi K ìàòðèöþ A i íåõàé µ(A) = (p, q).

Âiäìiòèìî, ùî êîëè ìè âèïèñó¹ìî ìàòðèöþ A â ÿâíîìó âèãëÿäi, òî ¨¨ åëåìåíò, ùî
ñòî¨òü íà ïåðåòèíi p-ãî ðÿäêà òà q-ãî ñòîâïöÿ, ìè çàïèñó¹ìî æèðíèì øðèôòîì.

Ùîá iäåÿ äîâåäåííÿ áóëà áiëüø çðîçóìiëîþ, ìè ðîçãëÿíåìî ñïî÷àòêó ÷àñòèííi
âèïàäêè n = 3, 4, 5 (âèïèñóþ÷è âñi ìàòðèöi â ÿâíîìó âèãëÿäi).

Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê n = 3:

A =

 1 a12 a13
0 1 a23
0 0 1

 .

ßêùî (p, q) = (2, 3), òî iç A2 = E âèïëèâà¹, ùî a12 = 0, i ìè ìà¹ìî: 1 −a13
a23

0

0 1 0
0 0 1

 1 0 a13
0 1 a23a23a23
0 0 1

 1 −a13
a23

0

0 1 0
0 0 1

−1

=

=

 1 −a13
a23

0

0 1 0
0 0 1

 1 0 a13
0 1 a23a23a23
0 0 1

 1 a13
a23

0

0 1 0
0 0 1

 =

 1 0 0
0 1 a23a23a23
0 0 1

 ;

i, îòæå, ìàòðèöÿ A ñïðÿæåíà ç ìàòðèöåþ M(X,λ), äå X = {(2, 3)} i λ(2, 3) = a23.
ßêùî (p, q) = (1, 2), òî iç A2 = E âèïëèâà¹, ùî a23 = 0, i ìè ìà¹ìî: 1 0 0

0 1 a13
a12

0 0 1

 1 a12a12a12 a13
0 1 0
0 0 1

 1 0 0
0 1 a13

a12

0 0 1

−1

=

=

 1 0 0
0 1 a13

a12

0 0 1

 1 a12a12a12 a13
0 1 0
0 0 1

 1 0 0
0 1 −a13

a12

0 0 1

 =

 1 a12a12a12 0
0 1 0
0 0 1

 ;

i, îòæå, ìàòðèöÿ A ñïðÿæåíà ç ìàòðèöåþ M(X,λ), äå X = {(1, 2)} i λ(1, 2) = a12.
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Íàðåøòi, ÿêùî (p, q) = (1, 3), òî

A =

 1 0 a13a13a13
0 1 0
0 0 1

 =M(X,λ),

äå X = {(1, 3)} i λ(1, 2) = a13.
Òàêèì ÷èíîì, â óñiõ âèïàäêàõ A ñïðÿæåíà içM(X,λ), äå X = (p, q) i λ(p, q) = apq.
Ðîçãëÿíåìî òåïåð âèïàäîê n = 4:

A =


1 a12 a13 a14
0 1 a23 a24
0 0 1 a34
0 0 0 1

 .

ßêùî (p, q) = (3, 4), òî ìà¹ìî:
1 0 −a14

a34
0

0 1 −a24
a34

0

0 0 1 0
0 0 0 1




1 a12 a13 a14
0 1 a23 a24
0 0 1 a34a34a34
0 0 0 1




1 0 −a14
a34

0

0 1 −a24
a34

0

0 0 1 0
0 0 0 1


−1

=

=


1 0 −a14

a34
0

0 1 −a24
a34

0

0 0 1 0
0 0 0 1




1 a12 a13 a14
0 1 a23 a24
0 0 1 a34a34a34
0 0 0 1




1 0 a14
a34

0

0 1 a24
a34

0

0 0 1 0
0 0 0 1

 =

=


1 a12 a′13 0
0 1 a23 0
0 0 1 a34a34a34
0 0 0 1

 ,

äå a′13 = a13 − a12a24/a34. Îñêiëüêè îñòàííÿ ìàòðèöÿ ìà¹ ïîðÿäîê 2 (áî ïîðÿäîê äâà
ìà¹ ìàòðèöÿ A), òî a′13 = a23 = 0 i çíà÷èòü ìàòðèöÿ A ñïðÿæåíà ç ìàòðèöåþ

1 a12 0 0
0 1 0 0
0 0 1 a34a34a34
0 0 0 1

 ,

ÿêà ó âèïàäêó, êîëè a12 = 0, äîðiâíþ¹ ìàòðèöi M(X,λ) ïðè X = (3, 4) i λ(3, 4) = a34,
à ó âèïàäêó, êîëè a12 ̸= 0, � ìàòðèöi M(X,λ) ïðè X = {(1, 2), (3, 4) i λ(1, 2) = a12,
λ(3, 4) = a34.

ßêùî (p, q) = (2, 3), òî ìà¹ìî:
1 −a13

a23
0 0

0 1 0 0
0 0 1 a24

a23

0 0 0 1




1 a12 a13 a14
0 1 a23a23a23 a24
0 0 1 0
0 0 0 1




1 −a13
a23

0 0

0 1 0 0
0 0 1 a24

a23

0 0 0 1


−1

=

=


1 −a13

a23
0 0

0 1 0 0
0 0 1 a24

a23

0 0 0 1




1 a12 a13 a14
0 1 a23a23a23 a24
0 0 1 0
0 0 0 1




1 a13
a23

0 0

0 1 0 0
0 0 1 −a24

a23

0 0 0 1

 =
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=


1 a12 0 a′14
0 1 a23a23a23 0
0 0 1 0
0 0 0 1

 ,

äå a′14 = a14 − a13a24/a23 − a13a24/a23 + a13a23a24/a
2
23. Îñêiëüêè îñòàííÿ ìàòðèöÿ ìà¹

ïîðÿäîê 2, òî a12 = 0 i çíà÷èòü ìàòðèöÿ A ñïðÿæåíà ç ìàòðèöåþ
1 0 0 a′14
0 1 a23a23a23 0
0 0 1 0
0 0 0 1

 ,

ÿêà ó âèïàäêó, êîëè a′14 = 0, äîðiâíþ¹ ìàòðèöi M(X,λ) ïðè X = (2, 3) i λ(2, 3) = a23,
à ó âèïàäêó, êîëè a′14 ̸= 0, � ìàòðèöi M(X,λ) ïðè X = {(2, 3), (1, 4) i λ(2, 3) = a23,
λ(1, 4) = a′14.

ßêùî (p, q) = (2, 4), òî ìà¹ìî:
1 −a14

a24
0 0

0 1 0 0
0 0 1 0
0 0 0 1




1 a12 a13 a14
0 1 0 a24a24a24
0 0 1 0
0 0 0 1




1 −a14
a24

0 0

0 1 0 0
0 0 1 0
0 0 0 1


−1

=

=


1 −a14

a24
0 0

0 1 0 0
0 0 1 0
0 0 0 1




1 a12 a13 a14
0 1 0 a24a24a24
0 0 1 0
0 0 0 1




1 a14
a24

0 0

0 1 0 0
0 0 1 0
0 0 0 1

 =

=


1 a12 0 0
0 1 0 a24a24a24
0 0 1 0
0 0 0 1

 .

Îñêiëüêè îñòàííÿ ìàòðèöÿ ìà¹ ïîðÿäîê 2, òî a12 = 0 i çíà÷èòü ìàòðèöÿ A ñïðÿæåíà
ç ìàòðèöåþ 

1 0 a13 0
0 1 0 a24a24a24
0 0 1 0
0 0 0 1

 ,

ÿêà ó âèïàäêó, êîëè a13 = 0, äîðiâíþ¹ ìàòðèöi M(X,λ) ïðè X = (2, 4) i λ(2, 4) = a24,
à ó âèïàäêó, êîëè a13 ̸= 0, � ìàòðèöi M(X,λ) ïðè X = {(1, 3), (2, 4) i λ(1, 3) = a13,
λ(2, 4) = a24.

ßêùî (p, q) = (1, 2), òî ìà¹ìî:
1 0 0 0
0 1 a13

a12

a14
a12

0 0 1 0
0 0 0 1




1 a12a12a12 a13 a14
0 1 0 0
0 0 1 0
0 0 0 1




1 0 0 0
0 1 a13

a12

a14
a12

0 0 1 0
0 0 0 1


−1

=

=


1 0 0 0
0 1 a13

a12

a14
a12

0 0 1 0
0 0 0 1




1 a12a12a12 a13 a14
0 1 0 0
0 0 1 0
0 0 0 1




1 0 0 0
0 1 −a13

a12
−a14

a12

0 0 1 0
0 0 0 1

 =
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=


1 a12a12a12 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 ;

i, îòæå, ìàòðèöÿ A ñïðÿæåíà ç ìàòðèöåþ M(X,λ), äå X = {(1, 2)} i λ(1, 2) = a12.
ßêùî (p, q) = (1, 3), òî ìà¹ìî:

1 0 0 0
0 1 0 0
0 0 1 a14

a13

0 0 0 1




1 0 a13a13a13 a14
0 1 0 0
0 0 1 0
0 0 0 1




1 0 0 0
0 1 0 0
0 0 1 a14

a13

0 0 0 1


−1

=

=


1 0 0 0
0 1 0 0
0 0 1 a14

a13

0 0 0 1




1 0 a13a13a13 a14
0 1 0 0
0 0 1 0
0 0 0 1




1 0 0 0
0 1 0 0
0 0 1 −a14

a13

0 0 0 1

 =

=


1 0 a12a12a12 0
0 1 0 0
0 0 1 0
0 0 0 1

 ;

i, îòæå, ìàòðèöÿ A ñïðÿæåíà ç ìàòðèöåþ M(X,λ), äå X = {(1, 3)} i λ(1, 3) = a13.
Íàðåøòi, ÿêùî (p, q) = (1, 4), òî

A =


1 0 0 a14a14a14
0 1 0 0
0 0 1 0
0 0 0 1

 =M(X,λ),

äå X = {(1, 4)} i λ(1, 4) = a14.
Ðîçãëÿíåìî, íàðåøòi, âèïàäîê n = 5:

A =


1 a12 a13 a14 a15
0 1 a23 a24 a25
0 0 1 a34 a25
0 0 0 1 a45
0 0 0 0 1

 .

Âiäìiòèìî, ùî â öüîìó âèïàäêó ìè íå áóäåìî äîâîäèòè äî êiíöÿ êîæíèé iç íîâèõ
âèïàäêiâ (ÿê ïðè n = 3, 4), à áóäåìî ¨õ çâîäèòè äî âèïàäêó n = 3.

Íåõàé ñïî÷àòêó (p, q) = (4, 5). Òîäi ìà¹ìî:
1 0 0 −a15

a45
0

0 1 0 −a25
a45

0

0 0 1 −a35
a45

0

0 0 0 1 0
0 0 0 0 1




1 a12 a13 a14 a15
0 1 a23 a24 a25
0 0 1 a34 a25
0 0 0 1 a45a45a45
0 0 0 0 1




1 0 0 −a15
a45

0

0 1 0 −a25
a45

0

0 0 1 −a35
a45

0

0 0 0 1 0
0 0 0 0 1


−1

=

=


1 0 0 −a15

a45
0

0 1 0 −a25
a45

0

0 0 1 −a35
a45

0

0 0 0 1 0
0 0 0 0 1




1 a12 a13 a14 a15
0 1 a23 a24 a25
0 0 1 a34 a25
0 0 0 1 a45a45a45
0 0 0 0 1




1 0 0 a15
a45

0

0 1 0 a25
a45

0

0 0 1 a35
a45

0

0 0 0 1 0
0 0 0 0 1

 =
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=


1 a12 a13 a′14 0
0 1 a23 a′24 0
0 0 1 a34 0
0 0 0 1 a45a45a45
0 0 0 0 1

 ,

äå a′14 i a
′
24 � äåÿêi åëåìåíòè. Îñêiëüêè îñòàííÿ ìàòðèöÿ ìà¹ ïîðÿäîê 2 (áî ïîðÿäîê

äâà ìà¹ ìàòðèöÿ A), òî a′14 = a′24 = a34 = 0 i, îòæå, ìàòðèöÿ A ñïðÿæåíà ç ìàòðèöåþ

A′ =


1 a12 a13 0 0
0 1 a23 0 0
0 0 1 0 0
0 0 0 1 a45a45a45
0 0 0 0 1


Âèêðåñëèìî iç A′ 4-é i 5-é ðÿäêè òà 4-é i 5-é ñòîâïöi i ïîçíà÷èìî îòðèìàíó ìà-

òðèöþ ÷åðåç A′. ßêùî A′ = 0, òî A = M(X,λ), äå X = {(4, 5)}, λ(4, 5) = a45. ßêùî
æ A′ ̸= 0, òî çãiäíî (ðîçãëÿíóòîãî âèùå) âèïàäêó n = 3 ìàòðèöÿ A′ ñïðÿæåíà ç
ìàòðèöåþ M(Y, γ) äëÿ äåÿêèõ Y i γ. Iíøèìè ñëîâàìè, iñíó¹ ìàòðèöÿ

S =

 1 s12 s13
0 1 s23
0 0 1

 ,

òàêà, ùî  1 s12 s13
0 1 s23
0 0 1

 1 a12 a13
0 1 a23
0 0 1

 1 s12 s13
0 1 s23
0 0 1

−1

=M(Y, γ).

Ëåãêî áà÷èòè, ùî òîäi
1 s12 s13 0 0
0 1 s23 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1




1 a12 a13 0 0
0 1 a23 0 0
0 0 1 0 0
0 0 0 1 a45a45a45
0 0 0 0 1




1 s12 s13 0
0 1 s23 0
0 0 1 0
0 0 0 1


−1

=M(X,λ),

äå X = Y ∪ {(4, 5)} i λ(s, t) = γ(s, t) ïðè (s, t) ∈ Y , λ(4, 5) = a45.
Íåõàé (p, q) = (3, 4). Òîäi ìà¹ìî:

1 0 −a14
a34

0 0

0 1 −a24
a34

0 0

0 0 1 0 0
0 0 0 1 a35

a34

0 0 0 0 1




1 a12 a13 a14 a15
0 1 a23 a24 a25
0 0 1 a34a34a34 a25
0 0 0 1 0
0 0 0 0 1




1 0 −a14
a34

0 0

0 1 −a24
a34

0 0

0 0 1 0 0
0 0 0 1 a35

a34

0 0 0 0 1


−1

=

=


1 0 −a14

a34
0 0

0 1 −a24
a34

0 0

0 0 1 0 0
0 0 0 1 a35

a34

0 0 0 0 1




1 a12 a13 a14 a15
0 1 a23 a24 a25
0 0 1 a34 a25
0 0 0 1 a45a45a45
0 0 0 0 1




1 0 a14
a34

0 0

0 1 a24
a34

0 0

0 0 1 0 0
0 0 0 1 −a35

a34

0 0 0 0 1

 =
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1 a12 a′13 0 a′15
0 1 a23 0 a′25
0 0 1 a34a34a34 0
0 0 0 1 0
0 0 0 0 1

 ,

äå a′13, a
′
15 i a′25 � äåÿêi åëåìåíòè. Îñêiëüêè îñòàííÿ ìàòðèöÿ ìà¹ ïîðÿäîê 2, òî

a′13 = a23 = 0 i, îòæå, ìàòðèöÿ A ñïðÿæåíà ç ìàòðèöåþ

A′ =


1 a12 0 0 a′15
0 1 0 0 a′25
0 0 1 a34a34a34 0
0 0 0 1 0
0 0 0 0 1


Âèêðåñëèìî iç A′ 3-é i 4-é ðÿäêè òà 3-é i 4-é ñòîâïöi i ïîçíà÷èìî îòðèìàíó ìà-

òðèöþ ÷åðåç A′. ßêùî A′ = 0, òî A = M(X,λ), äå X = {(3, 4)}, λ(3, 4) = a34. ßêùî
æ A′ ̸= 0, òî çãiäíî (ðîçãëÿíóòîãî âèùå) âèïàäêó n = 3 ìàòðèöÿ A′ ñïðÿæåíà ç
ìàòðèöåþ M(Y, γ) äëÿ äåÿêèõ Y i γ. Iíøèìè ñëîâàìè, iñíó¹ ìàòðèöÿ

S =

 1 s12 s13
0 1 s23
0 0 1

 ,

òàêà, ùî  1 s12 s13
0 1 s23
0 0 1

 1 a12 a′15
0 1 a′25
0 0 1

 1 s12 s13
0 1 s23
0 0 1

−1

=M(Y, γ).

Ëåãêî áà÷èòè, ùî òîäi
1 s12 0 0 s13
0 1 0 0 s23
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1




1 a12 0 0 a′15
0 1 0 0 a′25
0 0 1 a34a34a34 0
0 0 0 1 0
0 0 0 0 1




1 s12 0 0 s13
0 1 0 0 s23
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1


−1

=M(X,λ),

äå X = Y ∪ {(3, 4)} i λ(s, t) = γ(s, t) ïðè (s, t) ∈ Y , λ(3, 4) = a34.
Âèïàäêè, êîëè (p, q) = (3, 5), (2, 3), (2, 4), (2, 5) ðîçãëÿäàþòüñÿ àíàëîãi÷íèì ÷èíîì:
a) ñïî÷àòêó ïåðåõîäèìî äî ìàòðèöi A′, ÿêà ñïðÿæåíà äî ìàòðèöi A i òàêà, ùî p-i

òà q-i ðÿäêè ìàòðèöi A′ − E ¹ íóëüîâèìè;
b) ïîòiì ïåðåõîäèìî äî ìàòðèöi A′ ÿêà (çãiäíî âæå ðîçãëÿíóòîãî âèïàäêó n = 3)

ñïðÿæåíà äî äåÿêî¨ ìàòðèöi M(Y, γ);
c) íàðåøòi ïîêàçó¹ìî, ùî ìàòðèöÿA′ (à çíà÷èòü iA) ñïðÿæåíà äî ìàòðèöiM(X,λ),

äå X = Y ∪ {(p, q)} i λ(s, t) = γ(s, t) ïðè (s, t) ∈ Y , λ(p, q) = apq.
À âèïàäêè, êîëè (p, q) = (1, 2), (1, 3), (1, 4), (1, 5) ðîçãëÿäàþòüñÿ òàêèì æå ÷èíîì,

ÿê âiäïîâiäíi âèïàäêè ïðè n = 4.
Ó âèïàäêó, êîëè n > 5, òâåðäæåííÿ 1) òåîðåìè äîâîäèòüñÿ ïî òié æå ñõåìi, ùî

i ó âèïàäêàõ n = 4, 5. Áiëüø òî÷íî, âèïàäîê µ(A) = (1, q) ðîçãëÿäà¹òüñÿ òàêèì æå
÷èíîì, ÿê âiäïîâiäíèé âèïàäîê äëÿ n = 4, à ó âèïàäêó µ(A) = (p, q), p ̸= 1, ðiçíèöÿ
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â äîâåäåííi ïîëÿãà¹ ëèøå â òîìó, ùî ïðè ðîçãëÿäi êðîêó b) çàìiñòü âèïàäêó n = 3
òðåáà êîðèñòó¹ìîñÿ íàøèì iíäóêòèâíèì ïðèïóùåííÿì, à ñàìå òâåðäæåííÿì 1) ïðè
m = n− 2.

Ïåðåä òèì, ÿê ïåðåéòè äî äðóãî¨ ÷àñòèíè òåîðåìè, ñôîðìóëþ¹ìî äâà ïðîñòi òâåð-
äæåííÿ (ÿêi ¹ âiðíèìè äëÿ ïîëÿ äîâiëüíî¨ õàðàêòåðèñòèêè).

Ëåìà. Íåõàé A = (aij) i B = (bij) (i, j = 1, . . . , n) � íåîäèíè÷íi ñïðÿæåíi ìà-
òðèöi iç UTUTUTn(k). Òîäi

a) µ(A) = µ(B), i ÿêùî ïðè öüîìó µ(A) = (p, q), òî apq = bpq;
b) ìàòðèöi A− E i B − E ìàþòü îäíàêîâèé ðàíã.
Øëÿõîì áåçïîñåðåäíüîãî ìíîæåííÿ ìàòðèöü ëåãêî äîâåñòè, ùî µ(SAS−1) = µ(A);

çâiäñè âèïëèâà¹ òâåðäæåííÿ a) ëåìè. Òâåðäæåííÿ b) ëåìè âèïëèâà¹ iç òîãî, ùî êîëè
SAS−1 = B, òî S(A− E)S−1 = B − E.

Ïåðåõîäèìî òåïåð äî äîâåäåííÿ òâåðäæåííÿ 2) òåîðåìè. Íàì ïîòðiáíî äîâåñòè,
ùî ìàòðèöi M(X,λ) i M(X ′, λ′) ñïðÿæåíi òîäi i ëèøå òîäi, êîëè (X,λ) = (X ′, λ′)
(òîáòî êîëè öi ìàòðèöi ðiâíi).

Öå òâåðäæåííÿ, ÿê i òâåðäæåííÿ 1), áóäåìî äîâîäèòè iíäóêöi¹þ ïî n. Âèïàäîê
n = 2 î÷åâèäíèé: iç ðiâíîñòi(

1 s12
0 1

)(
1 a
0 1

)(
1 s12
0 1

)−1

=

(
1 a
0 1

)
(äëÿ äîâiëüíèõ s12, a ∈ k) ìà¹ìî, ùî ìàòðèöi

A =

(
1 a
0 1

)
=M(X,λ)

òà

A′ =

(
1 a′

0 1

)
=M(X,λ′)

(òóò X = {(1, 2)}, λ(1, 2) = a, λ′(1, 2) = a′) ñïðÿæåíi òîäi i ëèøå òîäi, êîëè λ = λ′,
àáî, ùî òå ñàìå, (X,λ) = (X,λ′).

Ùîá iäåÿ äîâåäåííÿ áóëà áiëüø çðîçóìiëîþ, ìè ðîçãëÿíåìî ñïî÷àòêó ÷àñòèííi
âèïàäêè n = 3 i n = 4 (âèïèñóþ÷è âñi ìàòðèöi â ÿâíîìó âèãëÿäi).

ßêùî n = 3, òî çãiäíî ðîçãëÿíóòîãî âèùå äëÿ ìàòðèöi âèäóM(X,λ) ìîæëèâi òàêi
âèïàäêè:

M1(a) =

 1 0 0
0 1 aaa
0 0 1

 , M2(a) =

 1 aaa 0
0 1 0
0 0 1

 , M3(a) =

 1 0 aaa
0 1 0
0 0 1

 ,

äå a ̸= 0. I çãiäíî òâåðäæåííÿ a) ëåìè äâi òàêi ìàòðèöi Mi(a) i Mj(b) ñïðÿæåíi òîäi i
ëèøå òîäi, êîëè âîíè ðiâíi (iíøèìè ñëîâàìè, i = j i a = b), ùî i òðåáà áóëî äîâåñòè.

ßêùî n = 4, òî çãiäíî ðîçãëÿíóòîãî âèùå äëÿ ìàòðèöi âèäóM(X,λ) ìîæëèâi òàêi
âèïàäêè:

M1(a) =


1 0 0 0
0 1 0 0
0 0 1 aaa
0 0 0 1

 , M2(a, b) =


1 b 0 0
0 1 0 0
0 0 1 aaa
0 0 0 1

 ,

M3(a) =


1 0 0 0
0 1 aaa 0
0 0 1 0
0 0 0 1

 , M4(a, b) =


1 0 0 b
0 1 aaa 0
0 0 1 0
0 0 0 1

 ,
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M5(a) =


1 0 0 0
0 1 0 aaa
0 0 1 0
0 0 0 1

 , M6(a, b) =


1 0 b 0
0 1 0 aaa
0 0 1 0
0 0 0 1

 ,

M7(a) =


1 aaa 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 , M8(a) =


1 0 aaa 0
0 1 0 0
0 0 1 0
0 0 0 1

 ,

M9(a) =


1 0 0 aaa
0 1 0 0
0 0 1 0
0 0 0 1

 ,

äå a, b ̸= 0.
ßêùî M i M ′ � äâi ñïðÿæåíi ìàòðèöi òàêîãî òèïó, òî çãiäíî òâåðäæåííÿ a) ëåìè

M = M ′, êîëè M = Mi(a),M
′ = Mi(a

′), i = 1, 3, 5, 7, 8, 9. Çíà÷èòü, çíîâó æ òàêè
çãiäíî òâåðäæåííÿ a) ëåìè, çàëèøèëîñÿ ðîçãëÿíóòè òàêi âàðiàíòè:

4.1) M =M1(a),M
′ =M2(a, b);

4.2) M =M2(a, b),M
′ =M2(a, b

′);
4.3) M =M3(a),M

′ =M4(a, b);
4.4) M =M4(a, b),M

′ =M4(a, b
′);

4.5) M =M5(a),M
′ =M6(a, b

′);
4.6) M =M6(a, b),M

′ =M6(a, b
′).

Àëå çãiäíî òâåðäæåííÿ a) ëåìè âàðiàíòè 4.1), 4.3) i 4.5) íåìîæëèâi, i òîìó íàì
òðåáà ðîçãëÿíóòè ëèøå âèïàäêè 4.2), 4.4) i 4.6).

Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê 4.2). Íåõàé ìàòðèöi M = M2(a, b) i M ′ = M2(a, b
′)

ñïðÿæåíi. Öå îçíà÷à¹, ùî iñíó¹ ìàòðèöÿ

S =


1 s12 s13 s14
0 1 s23 s24
0 0 1 s34
0 0 0 1

 ,

òàêà, ùî
1 s12 s13 s14
0 1 s23 s24
0 0 1 s34
0 0 0 1




1 b 0 0
0 1 0 0
0 0 1 aaa
0 0 0 1




1 s12 s13 s14
0 1 s23 s24
0 0 1 s34
0 0 0 1


−1

=


1 b′ 0 0
0 1 0 0
0 0 1 aaa
0 0 0 1

 .

Çâiäñè ìà¹ìî, ùî (
1 s12
0 1

)(
1 b
0 1

)(
1 s12
0 1

)−1

=

(
1 b′

0 1

)
.

I çãiäíî ðîçãëÿíóòîãî âèùå âèïàäêó n = 2 åëåìåíòè b i b′ ðiâíi ìiæ ñîáîþ, à öå
îçíà÷à¹, ùî M =M ′, ùî i òðåáà áóëî äîâåñòè.

Ðîçãëÿíåìî òåïåð âèïàäîê 4.4).
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Íåõàé ìàòðèöi M = M4(a, b) i M ′ = M4(a, b
′) ñïðÿæåíi. Öå îçíà÷à¹, ùî iñíó¹

ìàòðèöÿ

S =


1 s12 s13 s14
0 1 s23 s24
0 0 1 s34
0 0 0 1

 ,

òàêà, ùî
1 s12 s13 s14
0 1 s23 s24
0 0 1 s34
0 0 0 1




1 0 b 0
0 1 0 aaa
0 0 1 0
0 0 0 1




1 s12 s13 s14
0 1 s23 s24
0 0 1 s34
0 0 0 1


−1

=


1 0 b′ 0
0 1 0 aaa
0 0 1 0
0 0 0 1

 .

Çâiäñè ìà¹ìî ðiâíiñòü

S =

 1 s12 s13
0 1 s23
0 0 1

 1 0 b
0 1 0
0 0 1

 1 s12 s13
0 1 s23
0 0 1

−1

=

 1 0 b′

0 1 0
0 0 1

 .

I çãiäíî ðîçãëÿíóòîãî âèùå âèïàäêó n = 3 åëåìåíòè b i b′ ðiâíi ìiæ ñîáîþ, à öå
îçíà÷à¹, ùî M =M ′, ùî i òðåáà áóëî äîâåñòè.

Ðîçãëÿíåìî íàðåøòi âèïàäîê 4.6). Íåõàé ìàòðèöi M = M4(a, b) i M ′ = M4(a, b
′)

ñïðÿæåíi, òîáòî

S =


1 s12 s13 s14
0 1 s23 s24
0 0 1 s34
0 0 0 1

 ,

òàêà, ùî
1 s12 s13 s14
0 1 s23 s24
0 0 1 s34
0 0 0 1




1 0 0 b
0 1 aaa 0
0 0 1 0
0 0 0 1




1 s12 s13 s14
0 1 s23 s24
0 0 1 s34
0 0 0 1


−1

=


1 0 0 b′

0 1 aaa 0
0 0 1 0
0 0 0 1

 .

Öÿ ðiâíiñòü åêâiâàëåíòíà íàñòóïíié ðiâíîñòi:
1 s12 s13 s14
0 1 s23 s24
0 0 1 s34
0 0 0 1




1 0 0 b
0 1 aaa 0
0 0 1 0
0 0 0 1

 =


1 0 0 b′

0 1 aaa 0
0 0 1 0
0 0 0 1




1 s12 s13 s14
0 1 s23 s24
0 0 1 s34
0 0 0 1

 .

Iç ñêàëÿðíèõ ðiâíîñòåé, ùî âiäïîâiäàþòü ïàðàì (1, 3) i (2, 4)*) âèïëèâà¹ âiäïîâiäíî,
ùî s12 = 0 i s34 = 0. À çíà÷èòü îñòàííÿ ìàòðè÷íà ðiâíiñòü ìà¹ âèãëÿä

1 0 s13 s14
0 1 s23 s24
0 0 1 0
0 0 0 1




1 0 0 b
0 1 aaa 0
0 0 1 0
0 0 0 1

 =


1 0 0 b′

0 1 aaa 0
0 0 1 0
0 0 0 1




1 0 s13 s14
0 1 s23 s24
0 0 1 0
0 0 0 1

 ,

*)Ñêàëÿðíà ðiâíiñòü, ùî âiäïîâiäà¹ ïàði (i, j) � öå ðiâíiñòü xij = yij , äå xij (âiäïîâiäíî yij) �
åëåìåíò ìàòðèöi X = (xij) (âiäïîâiäíî åëåìåíò ìàòðèöi Y = (yij)), ÿêà ñòî¨òü â ëiâié (âiäïîâiäíî
ïðàâié) ÷àñòèíi ìàòðè÷íî¨ ðiâíîñòi.
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çâiäêè âèïëèâà¹, ùî(
1 s14
0 1

)(
1 b
0 1

)
=

(
1 b′

0 1

)(
1 s14
0 1

)
.

Îñòàííÿ ìàòðè÷íà ðiâíiñòü åêâiâàëåíòíà ðiâíîñòi

(
1 s14
0 1

)(
1 b
0 1

)(
1 s14
0 1

)−1

=

(
1 b′

0 1

)
,

à òîäi çãiäíî ðîçãëÿíóòîãî âèùå âèïàäêó n = 2 åëåìåíòè b i b′ ðiâíi ìiæ ñîáîþ, à öå
îçíà÷à¹, ùî M =M ′, ùî i òðåáà áóëî äîâåñòè.

Ðîçãëÿíåìî òåïåð âèïàäîê, êîëè n > 4. Â öüîìó âèïàäêó òâåðäæåííÿ 2) òåîðåìè
äîâîäèòüñÿ ïî òié æå ñõåìi, ùî i ó âèïàäêàõ n = 3, 4; ðiçíèöÿ ïîëÿãà¹ ëèøå â òîìó,
ùî çàìiñòü âèïàäêó n = 2, 3 òðåáà êîðèñòóâàòèñÿ íàøèì iíäóêòèâíèì ïðèïóùåííÿì.

Îòæå, íåõàé ìàòðèöi M = M(X,λ) = (mij), i, j = 1, 2 . . . n, i M ′ = M(X ′, λ′) =
= (m′

ij), i, j = 1, 2 . . . n, ñïðÿæåíi. Òîäi çãiäíî òâåðäæåííÿ b) ëåìè |X| = |X ′| i, ÿêùî
|X| = 1, òî M = M ′; çîêðåìà, M = M ′, ÿêùî µ(M) = (1, q) àáî µ(M ′) = (1, q) (áî
òîäi çãiäíî òâåðäæåííÿ a) ëåìè X = X ′ = {(1, q)}).

Òàêèì ÷èíîì, ìîæíà ââàæàòè, ùî |X| = |X ′| > 1 (i òîäi µ(M) ̸= (1, q), µ(M ′) ̸=
̸= (1, q)). Òîäi ìíîæèíè Y = X ∩ [1, n − 1]2<, Y

′ = X ′ ∩ [1, n − 1]2<, Z = X ∩ [2, n]2< òà
Z ′ = X ′ ∩ [2, n]2< íåïóñòi. Ïîêëàäåìî α = λ|Y , α′ = λ′|Y , β = λ|Z , β′ = λ′|Z .

Íåõàé

M(X,λ) =



1 a12 a13 . . . a1,n−1 a1n
0 1 a23 . . . a2,n−1 a2n
0 0 1 . . . a3,n−1 a3,n
...

...
...

. . .
...

...
0 0 0 . . . 1 an−1,n

0 0 0 . . . 0 1


,

M(X ′, λ′) =



1 a′12 a′13 . . . a′1,n−1 a′1n
0 1 a′23 . . . a′2,n−1a′2,n−1a′2,n−1 a′2n
0 0 1 . . . a′3,n−1 a′3,n
...

...
...

. . .
...

...
0 0 0 . . . 1 a′n−1,n

0 0 0 . . . 0 1


.

Òîäi

M(Y, α) =



1 a12 a13 . . . a1,n−2 a1,n−1

0 1 a23 . . . a2,n−2 a2,n−1

0 0 1 . . . a3,n−1 a3,n−1
...

...
...

. . .
...

...
0 0 0 . . . 1 an−1,n−1

0 0 0 . . . 0 1


,
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M(Y, α′) =



1 a′12 a′13 . . . a′1,n−2 a′1,n−1

0 1 a′23 . . . a′2,n−2 a′2,n−1

0 0 1 . . . a′3,n−1 a′3,n−1
...

...
...

. . .
...

...
0 0 0 . . . 1 a′n−1,n−1

0 0 0 . . . 0 1


,

M(Z, β) =



1 a13 a14 . . . a1,n−1 a1n
0 1 a24 . . . a2,n−1 a2n
0 0 1 . . . a3,n−2 a3,n
...

...
...

. . .
...

...
0 0 0 . . . 1 an−1,n

0 0 0 . . . 0 1


,

M(Z, β′) =



1 a′13 a′14 . . . a′1,n−1 a′1n
0 1 a′24 . . . a′2,n−1 a′2n
0 0 1 . . . a′3,n−2 a′3,n
...

...
...

. . .
...

...
0 0 0 . . . 1 a′n−1,n

0 0 0 . . . 0 1


.

Îñêiëüêè M =M(X,λ) i M ′ =M(X ′, λ′) ñïðÿæåíi, òî iñíó¹ ìàòðèöÿ

S =



1 s12 s13 . . . s1,n−1 s1n
0 1 s23 . . . s2,n−1 s2n
0 0 1 . . . s3,n−1 s3,n
...

...
...

. . .
...

...
0 0 0 . . . 1 sn−1,n

0 0 0 . . . 0 1


,

òàêà, ùî

SM(X,λ)S−1 =M(X ′, λ′). (1)

Iç (1) âèïëèâàþòü, î÷åâèäíî, ðiâíîñòi

TM(Y, α)T−1 =M(Y ′, α′), (2)

RM(Z, β)R−1 =M(Z ′, β′), (3)

äå

T =



1 s12 s13 . . . s1,n−2 s1,n−1

0 1 s23 . . . s2,n−2 s2,n−1

0 0 1 . . . s3,n−2 s3,n−1
...

...
...

. . .
...

...
0 0 0 . . . 1 sn−1,n−1

0 0 0 . . . 0 1


,
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S =



1 s13 s14 . . . s1,n−1 s1n
0 1 s24 . . . s2,n−1 s2n
0 0 1 . . . s3,n−1 s3,n
...

...
...

. . .
...

...
0 0 0 . . . 1 sn−1,n

0 0 0 . . . 0 1


.

Çãiäíî iíäóêöiéíîãî ïðèïóùåííÿ iç ðiâíîñòåé (2), (3) âèïëèâà¹, ùî

M(Y, α) =M(Y ′, α′), (4)

M(Z, β) =M(Z ′, β′). (5)

Iç ðiâíîñòåé (4), (5) ìà¹ìî, ùî aij = a′ij äëÿ äîâiëüíèõ i, j, òàêèõ, ùî (i, j) ̸= (1, n). I
çíà÷èòü çàëèøèëîñÿ äîâåñòè, ùî a1n = a′1n.

Iç ëåìè ìà¹ìî, ùî àáî a1n = 0 i a′1n = 0, àáî a1n ̸= 0 i a′1n ̸= 0. Ó ïåðøîìó
âèïàäêó çðàçó æ ìà¹ìî, ùî a1n = a′1n. Ó äðóãîìó âèïàäêó aij = a′ij = 0 ïðè i = 1,
j = 2, . . . , n− 1 i ïðè i = 2, . . . , n− 1, j = n. Òîäi, çàïèñàâøè ìàòðè÷íó ðiâíiñòü (1) ó
âèãëÿäi

SM(X,λ) =M(X ′, λ′)S

i ðîçãëÿäàþ÷è ¨¨ ñêàëÿðíó ðiâíiñòü, ùî âiäïîâiäà¹ ïàði (1, n), ìà¹ìî, ùî a1n + s1n =
= s1n + a′1n, çâiäêè a1n = a′1n, øî i òðåáà áóëî äîâåñòè.
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