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ÏÐÎ ØÂÈÄÊIÑÒÜ ÇÁIÆÍÎÑÒI ÄÎ ÍÎÐÌÀËÜÍÎÃÎ ÇÀÊÎÍÓ

In the contains estimates of the rate of convergence to the normal law that generalise same results of for
variables not identically distribyted.

Â ðîáîòi ìiñòÿòüñÿ îöiíêè øâèäêîñòi çáiæíîñòi äî íîðìàëüíîãî çàêîíó, ùî óçàãàëüíþþòü äåÿêi
ðåçóëüòàòè äëÿ ðiçíî ðîçïîäiëåíèõ âèïàäêîâèõ âåëè÷èí.

Âèêîðèñòàííþ ïñåâäîìîìåíòiâ ó ãðàíè÷íèõ òåîðåìàõ ïðèñâÿ÷åíà âåëèêà êiëüêiñòü
ðîáiò, iíôîðìàöiþ ïðî ÿêi ìîæíà çíàéòè â [1]. Êðiì òîãî, â [1] âiäçíà÷à¹òüñÿ (ñòîð. 38)
ìîæëèâiñòü âèêîðèñòàííÿ ïñåâäîìîìåíòiâ ðiçíî¨ ñòðóêòóðè. Ó ðîáîòi [2] îäåðæàíà
äîñèòü çàãàëüíà îöiíêà øâèäêîñòi çáiæíîñòi äî íîðìàëüíîãî çàêîíó. �¨ óçàãàëüíåííÿì
íà âèïàäîê ðiçíî ðîçïîäiëåíèõ âèïàäêîâèõ âåëè÷èí ïðèñâÿ÷åíi ðîáîòè [3], [4], [5]. Ó
ðîçãëÿäóâàíié ðîáîòi ìè óçàãàëüíþ¹ìî ðåçóëüòàòè [5], ïîñëàáëþ÷è âèìîãè íà ïîðÿäîê
ïñåâäîìîìåíòiâ. Ïðè öüîìó, ÿê íàñëiäîê, óçàãàëüíþþòüñÿ ðåçóëüòàòè ðîáîòè [6]. Ó
âèïàäêó ðiçíî ðîçïîäiëåíèõ âèïàäêîâèõ âåëè÷èí ó ðîáîòàõ [4] i [5] âèêîðèñòîâóþòüñÿ
ïñåâäîìîìåíòè ðiçíî¨ ñòðóêòóðè, à â äàíié ðîáîòi � àíàëîãi÷íi äî ââåäåíèõ ó [5].

Íåõàé ξ1, . . . , ξn, . . . � ïîñëiäîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí ç Mξk =
= 0, Dξk = σ2

k (0 < σ2
k < +∞), ôóíêöiÿìè ðîçïîäiëó Fk (x), õàðàêòåðèñòè÷íèìè ôóíê-

öiÿìè fk (t), Φ (x) � ôóíêöiÿ ðîçïîäiëó ñòàíäàðòíîãî íîðìàëüíîãî çàêîíó, Φn (x)
� ôóíêöiÿ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ξ1+···+ξn

Bn
, äå B2

n = σ2
1 + · · · + σ2

n, σ̄k =

= min (1, σk) , B̄
2
n = σ̄2

1 + · · ·+ σ̄2
n, σ = min

1≤k≤n
σ̄k, ρn = sup

x
|Φn (x)− Φ (x)|.

Òåîðåìà. Íåõàé θk � âåëè÷èíà, äëÿ ÿêî¨ ïðè äåÿêîìó s ∈ [0, r] , 2 < r ≤ 3, äëÿ
âñiõ äiéñíèõ t âèêîíó¹òüñÿ íåðiâíiñòü

ωk (t) =

∣∣∣∣fk (t)− e−
t2σ2

k
2

∣∣∣∣ ≤ θk min (|t|s , |t|r) . (1)

Òîäi iñíó¹ ñòàëà A (s, r) òàêà, ùî äëÿ âñiõ n ≥ 2

ρn ≤ A (s, r)

B̄r−2
n σs+2+δ

max
(
θ̄n, θ̄

α
n

)
, (2)

äå θ̄n = 1
B̄2

n

n∑
k=1

θk, σ = min
1≤k≤n

σ̄k, δ =

{
1, 0 ≤ s < 1,
0, 1 ≤ s ≤ r,

α = min
(
1, n

sn+1

)
.

Ïðè n = 1 i s > 0

ρ1 ≤
1

s
A1 (s, r)

max

(
θ̄1, θ̄

1
s+1

1

)
σ̄1

.

Îñêiëüêè

ωk (t) ≤ κk (r)
|t|r

22r−5
, κk (r) =

∞∫
−∞

|x|r−1 |Hk (x)| dx,

ωk (t) ≤ κk0 (r)min

(
|t| , |t|r

22r−5

)
, κk0 (r) =

∞∫
−∞

max
(
1, |x|r−1) |Hk (x)| dx,
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ωk (t) ≤ νk0 (r)min

(
1,

|t|r

6r−2

)
, νk0 (r) =

∞∫
−∞

max (1, |x|r) |dHk (x)|,

òî, ïîêëàäàþ÷è â óìîâi òåîðåìè θk = κk (r) , s = r; θk = κk0 (r) , s = 1 i θk = νk0 (r) , s =
= 0 i âðàõîâóþ÷è, ùî ρ1 ≤ ν10 (r), îäåðæèìî íàñòóïíèé íàñëiäîê.

Íàñëiäîê. Äëÿ âñiõ n ≥ 1

ρn ≤ A (3, r)

B̄r−2
n σr+2

max

 1

B̄2
n

n∑
k=1

κk (r),

(
1

B̄2
n

n∑
k=1

κk (r)

) n
rn+1

 ,

ρn ≤ A (1, r)

B̄r−2
n σ3

max

 1

B̄2
n

n∑
k=1

κk0 (r),

(
1

B̄2
n

n∑
k=1

κk0 (r)

) n
n+1

 ,

ρn ≤ A (0, r)

B̄r−2
n σ3

1

B̄2
n

n∑
k=1

νk0 (r).

Âiäçíà÷èìî, ùî iç äàíîãî íàñëiäêó âèïëèâàþòü ðåçóëüòàòè [4], [2].
Äîâåäåííÿ òåîðåìè.
Äëÿ äîâåäåííÿ âèêîðèñòà¹ìî íåðiâíiñòü (íàñëiäîê iç [7], ñòîð. 299)

ρn ≤ 2

π

X∫
0

∣∣∣∣∣
n∏

k=1

fk (t)− e−
t2

2

∣∣∣∣∣ dtt +
24

π
√
2πX

, (3)

â ÿêié ïîêëàäåìî X = TBn, äå T =
(
θ̄n
)−p

c
r+2

2(r−2) , c ∈
(
0, 1

2

)
� äåÿêà ñòàëà, âèáið ÿêî¨

âèçíà÷èìî ïiçíiøå,

p =

{
1

r−2
, θ̄n ≥ 1;

min
(
1, n

sn+1

)
, θ̄n < 1.

Îñêiëüêè äëÿ äîâiëüíîãî äiéñíîãî t ([5])

e−
t2σ2

k
2 − 1 ≤ e−

c
2 − 1

c
σ̄2
k min

(
c, t2

)
, (4)

òîìó

|fk (t)| ≤ e−
t2σ2

k
2 + ωk (t) ≤ exp

{
e−

c
2 − 1

c
σ̄2
k min

(
c, t2

)
+ ωk (t)

}
, (5)

e−
t2σ2

k
2 = 1 + e−

t2σ2
k

2 − 1 ≤ exp

{
e−

t2σ2
k

2 − 1

}
≤ exp

{
e−

c
2 − 1

c
σ̄2
k min

(
c, t2

)}
, (6)

à

exp

{
1− e−

c
2

c
σ̄2
k min

(
c, t2

)}
≤ e

c
2 . (7)

Òóò âðàõîâó¹òüñÿ, ùî ôóíêöiÿ 1−e−t

t
¹ ñïàäíîþ ïðè t > 0 i lim

t→0+0

1−e−t

t
= 1.
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Ïîêëàäåìî T1 =
√
c, T2 = min (T1, T ). ßêùî T2 = T1 (â öüîìó âèïàäêó θ̄n ≤ c

2
p(r−2) ),

òî ïðè |t| ≤ T1Bn

n∑
k=1

ωk

(
t

Bn

)
≤

n∑
k=1

θk |t|r

Br
n

= θ̄nB̄
2
n

|t|r

Br
n

≤ t2

B2
n

θ̄nB̄
2
n (T1)

r−2 ≤

≤ t2

B2
n

B̄2
nc

2
p(r−2)

+ r−2
2 ≤ cB̄2

n min

(
c,
t2

B2
n

)
, (8)

à ïðè T1Bn ≤ |t| ≤ TBn (îñêiëüêè θ̄n ≤ c
2

p(r−2) < 1, òî p = min
(
1, n

sn+1

)
i p ≤ n

sn+1
àáî

n (1− sp) ≥ p i 1− sp > 0)

n∑
k=1

ωk

(
t

Bn

)
≤

n∑
k=1

θk |t|s

Bs
n

≤ θ̄nB̄
2
n

|t|s

Bs
n

≤ θ̄nB̄
2
nT

s = B̄2
n

(
θ̄n
)1−sp

c
r+2

2(r−2)
s ≤

≤ B̄2
nc

2(1−sp)
p(r−2)

+
(r+2)s
2(r−2) ≤ B̄2

nc
2

p(r−2)
+ s

2 ≤ B̄2
nc

2 = cB̄2
n min

(
c,
t2

B2
n

)
. (9)

Íåõàé T2 = T
(
θ̄n ≥ c

2
p(r−2)

)
. Òîäi ïðè |t| ≤ TBn

n∑
k=1

ωk

(
t

Bn

)
≤

n∑
k=1

θk |t|r

Br
n

≤ θ̄nB̄
2
n

t2

B2
n

T r−2 =
t2

B2
n

B̄2
n

(
θ̄n
)1−(r−2)p

c
r+2
2 .

Îñêiëüêè ïðè θ̄n ≥ 1 p = 1
r−2

, òî
(
θ̄n
)1−(r−2)p

= 1, à ïðè θ̄n < 1 p = min
(
1, n

sn+1

)
≤ 1 i

1− (r − 2) p ≥ 1− (r − 2) = 3− r ≥ 0, òî
(
θ̄n
)1−(r−2)p

< 1. Òîìó

n∑
k=1

ωk

(
t

Bn

)
≤ t2

B2
n

B̄2
nc

2 ≤ cB̄2
n min

(
c,
t2

B2
n

)
. (10)

Iç (8)�(10) âèïëèâà¹, ùî ïðè |t| ≤ TBn

n∑
k=1

ωk

(
t

Bn

)
≤ cB̄2

n min

(
c,
t2

B2
n

)
. (11)

Íåõàé ψni (t) =
i−1∏
k=1

e
− t2σ2

k
2B2

n

n∏
k=i+1

fk

(
t

Bn

)
, i = 1, 2, ..., n, ïðè n ≥ 2 i ψni (t) = 1 ïðè

n = 1

(
0∏

k=1

ak = 1,
n∏

k=n+1

ak = 1

)
.

Iç (5), (6)

|ψni (t)| ≤ exp

{
e−

c
2 − 1

c

(
σ̄2
1 + · · ·+ σ̄2

i−1

)
min

(
c,
t2

B2
n

)
+

+
e−

c
2 − 1

c

(
σ̄2
i+1 + · · ·+ σ̄2

n

)
min

(
c,
t2

B2
n

)
+

n∑
k=i+1

ωk

(
t

Bn

)}
=

= exp

{
e−

c
2 − 1

c

(
B̄2

n − σ̄2
i

)
min

(
c,
t2

B2
n

)
+

n∑
k=i+1

ωk

(
t

Bn

)}
. (12)
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Òîäi iç (11) i (7) ïðè n ≥ 2 i |t| ≤ TBn

|ψni (t)| ≤ e
c
2 exp

{
e−

c
2 − 1

c
B̄2

n min

(
c,
t2

B2
n

)
+ cB̄2

n min

(
c,
t2

B2
n

)}
≤

≤ e
c
2 exp

{
−c1B̄2

n min

(
c,
t2

B2
n

)}
, (13)

äå c1 = 1−e−
c
2

c
− c i ñòàëó c âèáåðåìî òàê, ùîá c1 > 0.

Iç âiäîìî¨ íåðiâíîñòi∣∣∣∣∣
n∏

k=1

ak −
n∏

k=1

bk

∣∣∣∣∣ ≤
n∑

k=1

|ak − bk|
k−1∏
j=1

|bj|
n∏

j=k+1

|aj|,

i (13) ïðè n ≥ 2 i |t| ≤ TBn∣∣∣φn (t)− e−
t2

2

∣∣∣ ≤ n∑
i=1

ωi

(
t

Bn

)
|ψni (t)| ≤ e

c
2

n∑
i=1

θi |t|r

Br
n

e
−c1B̄2

n min

(
c, t2

B2
n

)
=

=
|t|r

Br
n

B̄2
nθ̄ne

c
2 exp

{
−c1B̄2

n min

(
c,
t2

B2
n

)}
. (14)

Iç (3) îäåðæó¹ìî

ρn ≤ 2

π

 T2Bn∫
0

∣∣∣φn (t)− e−
t2

2

∣∣∣ dt
t
+

TBn∫
T2Bn

∣∣∣φn (t)− e−
t2

2

∣∣∣ dt
t

+
24

π
√
2πTBn

=

=
2

π
(I1 + I2) +

24

π
√
2π

θ̄pn

c
r+2

2(r−2)Bn

. (15)

Iç (14) ïðè n ≥ 2

I1 ≤ e
c
2 θ̄nB̄

2
n

T2Bn∫
0

tr−1

Br
n

e
−c1B̄2

n
t2

B2
n dt =

θ̄n
B̄r−2

n

e
c
2

1

2c
r
2
1

c1B̄2
nT

2
2∫

0

τ
r−2
2 e−τdτ ≤

≤ θ̄n
B̄r−2

n

e
c
2

1

2c
r
2
1

Γ
(r
2

)
. (16)

ßêùî T2 = T , òî I2 = 0, i ïðè âèêîíàííi óìîâè θ̄n
B̄r−2

n
≥ θ̄

1
r−2
n

B̄n
îäåðæó¹ìî íåðiâíiñòü

(2). ßêùî æ öÿ óìîâà íå âèêîíó¹òüñÿ, òî (2) ñòà¹ î÷åâèäíîþ. Òîìó áóäåìî ââàæàòè,

ùî T2 = T1 (ó öüîìó âèïàäêó θ̄n ≤ c
2

p(r−2) i p = α). Äëÿ îöiíêè I2 âèêîðèñòà¹ìî
íåðiâíiñòü ([4])

∣∣∣∣∣
n∏

i=1

ai −
n∏

i=1

bi

∣∣∣∣∣ ≤
n∑

i=1

|ai − bi|
n∑

l = 1
l ̸= i

|bl|
n∏

k = 1
k ̸= i, l

(|bk|+ |ak − bk|) +
n∏

k=1

|ak − bk| ,
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ó ÿêié ïîêëàäåìî ai = fi

(
t

Bn

)
, bi = e

− t2σ2
i

2B2
n . Òîäi

∣∣∣φn (t)−e−
t2

2

∣∣∣≤ n∑
i=1

ωi

(
t

Bn

) n∑
l = 1
l ̸= i

e
− t2σ2

l
2B2

n

n∏
k = 1
k ̸= i, l

(
e
− t2σ2

k
2B2

n +ωk

(
t

Bn

))
+

n∏
k=1

ωk

(
t

Bn

)
. (17)

Iç (5), (6), (7) i (11) ïðè n > 2 i T1Bn < |t| ≤ TBn

n∏
k = 1
k ̸= l, i

(
e
− t2σ2

k
2B2

n + ωk

(
t

Bn

))
≤ exp

{
e−

c
2 − 1

c

(
B̄2

n − σ̄2
i − σ̄2

l

)
min

(
c,
t2

B2
n

)
+

+
n∑

k=1

ωk

(
t

Bn

)}
≤ ec exp

{
e−

c
2 − 1

c
B̄2

n min

(
c,
t2

B2
n

)
+ cB̄2

nmin

(
c,
t2

B2
n

)}
≤ ece−c1cB̄2

n ,

i ïðè n = 2
n∏

k = 1
k ̸= l, i

(
e
− t2σ2

k
2B2

n + ωk

(
t

Bn

))
= 1. Òîìó iç (17) ïðè n ≥ 2 i T1Bn < |t| ≤ TBn

∣∣∣φn (t)− e−
t2

2

∣∣∣ ≤ n∑
i=1

θi |t|s

Bs
n

n∑
l = 1
l ̸= i

e
− t2σ2

l
2B2

n ece−cc1B̄2
n +

n∏
k=1

ωk

(
t

Bn

)
≤

≤ (n− 1) e
− t2σ2

2B2
n ece−cc1B̄2

n θ̄nB̄
2
n

|t|s

Bs
n

+
n∏

k=1

(
θk
|t|s

Bs
n

)
. (18)

Âèêîðèñòîâóþ÷è íåðiâíiñòü (18) äëÿ I2 ïðè n ≥ 2 îäåðæó¹ìî

I2 =

TBn∫
T1Bn

∣∣∣φn (t)− e−
t2

2

∣∣∣ dt
t
≤ (n− 1) ece−cciB̄

2
n θ̄n

B̄2
n

Bs
n

TBn∫
T1Bn

e
− t2σ2

2B2
n ts−1dt+

TBn∫
T1Bn

n∏
k=1

(
θkt

s

Bs
n

)
dt

t
=

= (n− 1) ece−cciB̄
2
n θ̄n

B̄r
n

B̄r−2
n

2
s−2
2

σs

T2σ2

2∫
T2
1 σ2

2

e−ττ
s−2
2 dτ +

(
n∏

k=1

θk

) T∫
T1

tsn−1dt. (19)

Îñêiëüêè ôóíêöiÿ yr+2e−cc1y2 îáìåæåíà ïðè y > 0, à

T2σ2

2∫
T2
1 σ2

2

e−ττ
s−2
2 dτ ≤

{ √
2

T1σ
Γ
(
s+1
2

)
≤
√

2π
c

1
σ
, ïðè s < 1,

Γ
(
s
2

)
≤ Γ

(
1
2

)
=

√
π, ïðè s ≥ 1,
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òî iñíó¹ ñòàëà C3, çàëåæíà ëèøå âiä c, ùî ïåðøèé äîäàíîê ó ëiâié ÷àñòèíi (19) íå
ïåðåâèùó¹ C3 (c)

θ̄n
B̄r−2

n

1
σs+2+δ , äå δ = 0 ïðè s ≥ 1 i δ = 1 ïðè s < 1.

Çãiäíî íåðiâíîñòi, ùî ïîâ'ÿçó¹ ñåðåäí¹ ãåîìåòðè÷íå i ñåðåäí¹ àðèôìåòè÷íå, îäåð-
æó¹ìî

n∏
k=1

θk ≤


n∑

k=1

θk

n


n

≤ θ̄nnσ
2n,

à
T∫

T1

tsn−1dt ≤ 1

T
1
3
1

T∫
T1

tsn−
2
3dt ≤ 1

T
1
3
1

1

sn+ 1
3

T sn+ 1
3 .

Òîäi ïðè s ≤ 1
3
i n ≥ 2 (ó öüîìó âèïàäêó p = 1)

(
n∏

k=1

θk

)n T∫
T1

tsn−1dt ≤ θ̄
n−(sn+ 1

3)p
n c

r+2
2(r−2) (sn+

1
2)−

1
6 · 3σ2n ≤ θ̄n θ̄

2
3
n− 4

3
n c

r+2
2(r−2)(sn+

1
2)−

1
6 · 3 ≤

≤ θ̄nc
2

r−2(
2n−4

3 )+ r+2
4(r−2)

− 1
6 · 3 ≤ C4 (c, r)

θ̄n
B̄r−2

n

,

à ïðè s > 1
3
(îñêiëüêè θ̄n < 1 , à n (1− sp) ≥ p)(

n∏
k=1

θk

) T∫
T1

tsn−1dt ≤ θ̄nn
1

sn
T sn ≤ θ̄pn

B̄n

C5 (c, r) .

Âðàõîâóþ÷è öi ðåçóëüòàòè, iç (19) îäåðæó¹ìî

I2 ≤ C6 (c, r)
θ̄n

B̄r−2
n σs+2+δ

+ C7 (c, r)
θ̄pn
B̄n

. (20)

Iç (15), (16) i (20) îäåðæó¹ìî (2).

Íåõàé n = 1. ßêùî θ̄1 > c
2

p(r−2) , òî

ρ1 ≤ c−
2

p(r−2) θ̄1.

Íåõàé s > 0 i θ̄1 ≤ c
2

p(r−2) , òîäi

ρ1 ≤
2

π

X∫
0

∣∣∣∣f1( t

σ1

)
− e−

t2

2

∣∣∣∣ dtt +
24

π
√
2πX

≤

≤ 2

π

θ1
σs
1

X∫
0

ts−1dt+
24

π
√
2π

θ̄p1
σ1
c−

r+2
2(r−2) ≤ 2

π

θ1
σs
1

Xs

s
+

24

π
√
2π

θ̄p1
σ1
c−

r+2
2(r−2) ≤

≤ 1

s
C8 (c, r)

θ̄p1
σr−2
1

.
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Òîìó ïðè s > 0

ρ1 ≤
1

s
C9 (c, r)

max
(
θ̄1, θ̄

p
1

)
σ̄1

.
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