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ÁÀÇÈÑÈ ÏÐÎÑÒÎÐÓ ÄÈÑÊÐÅÒÍÈÕ ÑÈÃÍÀËIÂ

Let Kα̃ be the matrix of generalized conjunctive transformation which is generated by a boolean vector
α̃. The paper deals with the problem of the construction of transition operator matrix of a bases of the
signal space V2n , which are generated by the sets of columns of matrix Kα̃ and Kβ̃ respectively.

Íåõàé Kα̃ � öå ìàòðèöÿ óçàãàëüíåíîãî êîí'þêòèâíîãî ïåðåòâîðåííÿ, ïîðîäæåíîãî áóëüîâèì âåêòî-
ðîì α̃. Â ðîáîòi ðîçãëÿäà¹òüñÿ çàäà÷à ïîáóäîâè ìàòðèöi îïåðàòîðà ïåðåõîäó âiä áàçèñó ïðîñòîðó
ñèãíàëiâ V2n , ÿêèé çàäà¹òüñÿ ìíîæèíîþ ñòîâïöiâ ìàòðèöi Kα̃, äî iíøîãî áàçèñó öüîãî ïðîñòîðó,
ÿêèé çàäà¹òüñÿ ìíîæèíîþ ñòîâïöiâ ìàòðèöi Kβ̃ âiäïîâiäíî¨ áóëüîâîìó âåêòîðó β̃.

Çíà÷íà ÷àñòèíà àëãîðèòìiâ öèôðîâî¨ îáðîáêè ñèãíàëiâ áàçóþòüñÿ íà ðîçêëàäi äèñ-
êðåòíèõ ñèãíàëiâ ó ñêií÷åííîâèìiðíîìó ïðîñòîði, ÿêèé â öüîìó âèïàäêó ¹ âåêòîðíèì
[1, 2]. Çíàõîäæåííÿ ñïåêòðó ñèãíàëiâ ñêií÷åííîâèìiðíîãî ïðîñòîðó ñèãíàëiâ çâîäè-
òüñÿ äî çíàõîäæåííÿ äîáóòêó äåÿêî¨ ìàòðèöi, ïîáóäîâàíî¨ íà îñíîâi áàçè ïðîñòîðó,
íà ñèãíàë. Îñêiëüêè ñïåêòðè ñèãíàëiâ ó ðiçíèõ áàçàõ ìàþòü, ÿê ïðàâèëî, ðiçíi ñïå-
êòðàëüíi âëàñòèâîñòi, ùî åôåêòèâíî âèêîðèñòîâó¹òüñÿ ïðè ðîçðîáöi ðiçíèõ àëãîðè-
òìiâ öèôðîâî¨ îáðîáêè ñèãíàëiâ [2], òî àêòóàëüíîþ ¹ çàäà÷à ïîáóäîâè íîâèõ áàçèñiâ
ñêií÷åííîâèìiðíèõ ïðîñòîðiâ ñèãíàëiâ òà îïåðàòîðiâ ïåðåõîäó âiä îäíîãî áàçèñó äî
iíøîãî.

Íåõàé f = (f0, f1, . . . , f2n−1)
T � äåÿêà, íåîáîâ'ÿçêîâî áóëüîâà, ôóíêöiÿ âèçíà÷åíà

íà ìíîæèíi Zn
2 , òîáòî fδ � öå çíà÷åííÿ ôóíêöi¨ f íà âåêòîði δ̃ = (δ1, δ2, . . . , δn) ∈ Zn

2 ,
íîìåðîì ÿêîãî ¹ ÷èñëî δ ∈ {0, 1, . . . , 2n − 1}. Ïîçíà÷èìî ÷åðåç V2n ìíîæèíó ôóíêöié,
âèçíà÷åíèõ íà ìíîæèíi Zn

2 , äå Z2 = {0, 1} � ïîëå ç äâîõ åëåìåíòiâ, çi çíà÷åííÿìè
â ìíîæèíi äiéñíèõ ÷èñåë, òîáòî V2n � öå ñêií÷åííîâèìiðíèé ïðîñòið äèñêðåòíèõ
ñèãíàëiâ íàä ïîëåì äiéñíèõ ÷èñåë.

Ââåäåìî â ðîçãëÿä ìàòðèöi

K0 =

(
1 1
0 1

)
, K1 =

(
1 0
1 1

)
i íåõàé

Kα̃ = K(α1, α2, ... , αn) = Kα1 ×Kα2 × · · · ×Kαn ,

äå × � ñèìâîë îïåðàöi¨ êðîíåêåðiâñüêîãî äîáóòêó ìàòðèöü, α̃ = (α1, α2, . . . , αn) ∈ Zn
2 .

Ìíîæèíà ñòîâïöiâ ìàòðèöi Kα̃ çàäà¹ áàçèñ ïðîñòîðó ñèãíàëiâ [4, 5].
Ðîçãëÿíåìî çàäà÷ó çíàõîäæåííÿ ìàòðèöi Mα̃,β̃ îïåðàòîðà ïåðåõîäó âiä áàçè ïðî-

ñòîðó ñèãíàëiâ (ôóíêöié) V2n , ÿêà çàäà¹òüñÿ ìíîæèíîþ ñòîâïöiâ ìàòðèöi Kα̃ äî áàçè
öüîãî ïðîñòîðó, ÿêà çàäà¹òüñÿ ìíîæèíîþ ñòîâïöiâ ìàòðèöi Kβ̃.

Òåîðåìà 1. ßêùî Kα̃ òà Kβ̃ � ìàòðèöi óçàãàëüíåíèõ êîí'þíêòèâíèõ ïåðåòâî-

ðåíü âiäïîâiäíî ç ìiòêàìè α̃ = (α1, α2, . . . , αn) òà β̃ = (β1, β2, . . . , βn), ìàòðèöÿ Mα̃,β̃

çàäîâîëüíÿ¹ óìîâó

Kβ̃ =Mα̃,β̃ ·Kα̃,

òî

Mα̃,β̃ =Mp1 ×Mp2 × · · · ×Mpn , (1)
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äå âåêòîð p̃ = (p1, p2, . . . , pn) ∈ Zn
2 äëÿ i = 1, 2, . . . , n âèçíà÷à¹òüñÿ ç óìîâè pi = αi −

− βi, à

M−1 =

(
1 −1
1 0

)
, M0 =

(
1 0
0 1

)
, M1 =

(
0 1

−1 1

)
.

Äîâåäåííÿ. Òåîðåìó äîâåäåìî ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïî n.
Äëÿ k = 1 ìà¹ìî

K0 =

(
1 1
0 1

)
, K1 =

(
1 0
1 1

)
,

òîáòî ìîæëèâi ÷îòèðè âèïàäêè:
1) α1 = 0, β1 = 0, p1 = 0;
2) α1 = 0, β1 = 1, p1 = −1;
3) α1 = 1, β1 = 0, p1 = 1;
4) α1 = 1, β1 = 1, p1 = 0.
Ó âèïàäêó 1) ìà¹ìî:

M0 ·K0 =

(
1 0
0 1

)
·
(

1 1
0 1

)
=

(
1 1
0 1

)
= K0,

òîáòî Mα̃,β̃ =M0.
Ðîçãëÿíåìî âèïàäîê 2):

M−1 ·K0 =

(
1 −1
0 0

)
·
(

1 1
0 1

)
=

(
1 1
0 1

)
= K0,

òîáòî Mα̃,β̃ =M−1.
Ó âèïàäêó 3):

M1 ·K1 =

(
0 1
−1 1

)
·
(

1 0
1 1

)
=

(
1 0
1 1

)
= K1,

òîáòî Mα̃,β̃ =M1.
I, íàðåøòi, ó âèïàäêó 4 îäåðæèìî:

M0 ·K1 =

(
1 0
0 1

)
·
(

1 0
1 1

)
=

(
1 0
1 1

)
= K1,

òîáòî Mα̃,β̃ =M0.
Îòæå äëÿ n = 1 Mα̃,β̃ =Mp.
Íåõàé òåïåð ðiâíiñòü (1) ìà¹ ìiñöå äëÿ k = n, òîáòî äëÿ äîâiëüíèõ âåêòîðiâ α̃ =

= (α1, α2, . . . , αn), β̃ = (β1, β2, . . . , βn) ñïðàâåäëèâà ðiâíiñòü Kβ̃ = Mα̃,β̃ · Kα̃ i Mα̃,β̃

âèçíà÷à¹òüñÿ ç ðiâíîñòi (1).
Ïîêàæåìî, ùî ðiâíiñòü (1) ìà¹ ìiñöå i äëÿ k = n+ 1.
Ðîçãëÿíåìî âåêòîðè γ̃ = (γ1, γ2, . . . , γn+1), δ̃ = (δ1, δ2, . . . , δn+1) ∈ Zn+1

2 , äå γ1 = γ,
δ1 = δ, γi+1 = αi, δi+1 = βi, i = 1, 2, . . . , n, òîáòî Kγ̃ = Kγ ×Kα̃, Kδ̃ = Kδ ×Kβ̃.

Òîäi çíîâó ìîæëèâi ÷îòèðè âèïàäêè:
1) γ = 0, δ = 0, pi = 0;
2) γ = 0, δ = 1, pi = −1;
3) γ = 1, δ = 0, pi = 1;
4) γ = 1, δ = 1, pi = 0.
Ó âèïàäêó 1 ìà¹ìî:
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Kγ̃ = K0 ×Kα̃ =

(
1 1
0 1

)
×Kα̃ =

(
Kα̃ Kα̃

0 Kα̃

)
,

Kδ̃ = K0 ×Kβ̃ =

(
1 1
0 1

)
×Kβ̃ =

(
Kβ̃ Kβ̃

0 Kβ̃

)
,

à Mγ̃,δ̃ =M0 ×Mα̃,β̃ =

(
1 0
0 1

)
×Mα̃,β̃ =

(
Mα̃,β̃ 0

0 Mα̃,β̃

)
.

Òîäi

Mγ̃,δ̃ ·Kγ̃ =

(
Mα̃,β̃ 0

0 Mα̃,β̃

)
·
(
Kα̃ Kα̃

0 Kα̃

)
=

(
Mα̃,β̃ ·Kα̃ Mα̃,β̃ ·Kα̃

0 Mα̃,β̃ ·Kα̃

)
=

=

(
Kβ̃ Kβ̃

0 Kβ̃

)
=

(
1 1
0 1

)
×Kβ̃ = Kδ̃.

Àíàëîãi÷íî ó âèïàäêó 2 îäåðæèìî, ùî

Kγ̃ = K0 ×Kα̃ =

(
1 1
0 1

)
×Kα̃ =

(
Kα̃ Kα̃

0 Kα̃

)
,

Kδ̃ = K1 ×Kβ̃ =

(
1 0
1 1

)
×Kβ̃ =

(
Kβ̃ 0

Kβ̃ Kβ̃

)
,

Mγ̃,δ̃ =M−1 ×Mα̃,β̃ =

(
1 −1
1 0

)
×Mα̃,β̃ =

(
Mα̃,β̃ −Mα̃,β̃

Mα̃,β̃ 0

)
.

Òîäi Mγ̃,δ̃ ·Kγ̃ =

(
Mα̃,β̃ −Mα̃,β̃

Mα̃,β̃ 0

)
·
(
Kα̃ Kα̃

0 Kα̃

)
=

(
Mα̃,β̃ ·Kα̃ 0

Mα̃,β̃ ·Kα̃ Mα̃,β̃ ·Kα̃

)
=

=

(
Kβ̃ 0

Kβ̃ Kβ̃

)
=

(
1 0
1 1

)
×Kβ̃ = Kδ̃.

Ó âèïàäêó 3:

Kγ̃ = K1 ×Kα̃ =

(
1 0
1 1

)
×Kα̃ =

(
Kα̃ 0
Kα̃ Kα̃

)
,

Kδ̃ = K0 ×Kβ̃ =

(
1 1
0 1

)
×Kβ̃ =

(
Kβ̃ Kβ̃

0 Kβ̃

)
,

Mγ̃,δ̃ =M1 ×Mα̃,β̃ =

(
0 1
−1 1

)
×Mα̃,β̃ =

(
0 Mα̃,β̃

−Mα̃,β̃ Mα̃,β̃

)
.

Òîäi Mγ̃,δ̃ ·Kγ̃ =

(
0 Mα̃,β̃

−Mα̃,β̃ Mα̃,β̃

)
·
(
Kα̃ 0
Kα̃ Kα̃

)
=

(
Mα̃,β̃ ·Kα̃ Mα̃,β̃ ·Kα̃

0 Mα̃,β̃ ·Kα̃

)
=

=

(
Kβ̃ Kβ̃

0 Kβ̃

)
=

(
1 1
0 1

)
×Kβ̃ = Kδ̃.

I ó âèïàäêó 4:

Kγ̃ = K1 ×Kα̃ =

(
1 0
1 1

)
×Kα̃ =

(
Kα̃ 0
Kα̃ Kα̃

)
,
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Kδ̃ = K1 ×Kβ̃ =

(
1 0
1 1

)
×Kβ̃ =

(
Kβ̃ 0

Kβ̃ Kβ̃

)
,

Mγ̃,δ̃ =M0 ×Mα̃,β̃ =

(
1 1
0 1

)
×Mα̃,β̃ =

(
α̃,β̃ 0

0 Mα̃,β̃

)
.

Òîäi Mγ̃,δ̃ ·Kγ̃ =

(
Mα̃,β̃ 0

0 Mα̃,β̃

)
·
(
Kα̃ 0
Kα̃ Kα̃

)
=

(
Mα̃,β̃ ·Kα̃ 0

Mα̃,β̃ ·Kα̃ Mα̃,β̃ ·Kα̃

)
=

=

(
Kβ̃ 0

Kβ̃ Kβ̃

)
=

(
1 0
1 1

)
×Kβ̃ = Kδ̃.

Òåîðåìà äîâåäåíà.
Ç óðàõóâàííÿì âèçíà÷åííÿ ïîëÿ Z2 îòðèìà¹ìî î÷åâèäíèé íàñëiäîê.

Íàñëiäîê 1. Íàä ïîëåì Z2 ñïðàâåäëèâà ðiâíiñòü

Mα̃,β̃ =M ′
p1
×M ′

p2
× · · · ×M ′

pn , (2)

äå pi = αi − βi, i = 1, 2, . . . , n, à

M ′
−1 =

(
1 1
1 0

)
, M ′

0 =

(
1 0
0 1

)
, M ′

1 =

(
0 1
1 1

)
.

Çàóâàæèìî òàêîæ, ùî âèçíà÷åíi â ðiâíîñòÿõ (1) òà (2) ìàòðèöi Mα̃,β̃ ìîæíà ôà-
êòîðèçóâàòè íàä âiäïîâiäíèì ïîëåì.
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