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ÓÒÎ×ÍÅÍÍß ËÎÊÀËÜÍÎ� ÃÐÀÍÈ×ÍÎ� ÒÅÎÐÅÌÈ
Â ÑÕÅÌI ÑÅÐIÉ

In the contains consider estimates of the rate of convergence in the local limit theorem.

Â ðîáîòi ðîçãëÿäàþòüñÿ îöiíêè øâèäêîñòi çáiæíîñòi â ëîêàëüíié ãðàíè÷íié òåîðåìi.

Â îñòàííi ðîêè ïîæâàâèëèñÿ äîñëiäæåííÿ øâèäêîñòi çáiæíîñòi â ëîêàëüíèõ ãðàíè-
÷íèõ òåîðåìàõ, ç âèêîðèñòàííÿì ïñåâäîìîìåíòiâ ðiçíî¨ ñòðóêòóðè. òàêi äîñëiäæåí-
íÿ âiäîáðàæåíî â ðîáîòàõ [1]�[4]. Â äàíié ðîáîòi ïðîäîâæó¹òüñÿ äîñëiäæåííÿ îöiíîê
øâèäêîñòi çáiæíîñòi â ëîêàëüíié ãðàíè÷íié òåîðåìi â ñõåìi ñåðié ç âèêîðèñòàííÿì
ïñåâäîìîìåíòó îäíîãî âèäó.

Íåõàé ξn1, . . . , ξnn � ïîñëiäîâíiñòü íåçàëåæíèõ îäíàêîâîðîçïîäiëåíèõ â êîæíié
ñåði¨ âèïàäêîâèõ âåëè÷èí ç Mξni = 0, Dξni = 1

n
. Ïîçíà÷èìî ÷åðåç Fn(x) i fn(t) �

âiäïîâiäíî ôóíêöiþ ðîçïîäiëó i õàðàêòåðèñòè÷íó ôóíêöiþ ξni. Íåõàé Sn = ξn1 +
+ ξn2 + · · · + ξnn � âèïàäêîâà âåëè÷èíà ç ôóíêöi¹þ ðîçïîäiëó Φ(x), ùiëüíiñòþ φ(x)
ñòàíäàðòíîãî íîðìàëüíîãî çàêîíó.

Òåîðåìà 1. Íåõàé νn0 =
+∞∫
−∞

max(1,
√
n|x|3) |d (Fn(x)− Φ(x

√
n))|,

+∞∫
−∞

|fn(t)|dt = An <∞, (1)

òîäi ïðè n > 1 i νn0 ≤ c, c ∈
(
0; 1

2

)
sup
x

|Pn(x)− φ(x)| ≤ νn0√
n
c(1) +

(2ν0)
n−1

2π
An, (2)

à ïðè νn0 > c

sup
x

|Pn(x)− φ(x)| ≤ νn0√
n
c(2) +

1

2π
b(n−1)An, (3)

bn = exp

{
− π2

24A2
n

(
2+

πνn0
c
√

n

)2

}
, c(i) � ñòàëi, ùî çàëåæàòü âiä c.

Ïðè äîâåäåííi òåîðåìè âèêîðèñòîâóþòüñÿ íàñòóïíi ëåìè.

Ëåìà 1. Íåõàé hn(t) = fn(t)− e
t2

2 òîäi äëÿ âñiõ t ∈ R

|hn(t)| ≤ νn0min

(
1,

|t|3

6n
3
2

)
≤ νn0

t2

3
√
36n

.

Ëåìà 2. Äëÿ áóäü-ÿêîãî c ∈ (0; 1) ïðè 0 < νn0 ≤ c i |t| ≤
√
−2n ln ν0 = T

(1)
n ,

|fn(t)| ≤ e−c1
t2

n , c1 =
1
2
− 1

3√36
> 0, à ïðè |t| > T

(1)
n |fn(t)| ≤ 2νn0.

ßêùî æ νn0 > c, òî ïðè |t| = c
√
n

νn0
= T

(2)
n , |fn(t)| ≤ e−c2

t2

n , äå c2 =
1
2
−

√
e
6
c > 0.
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Äîâåäåííÿ òåîðåìè. Ó âèïàäêó νn0 = 0 òåîðåìà âèêîíó¹òüñÿ, òîìó áóäåìî
ââàæàòè, ùî νn0 > 0. Îñêiëüêè

Pn(x)− φ(x) =
1

2π

+∞∫
−∞

e−itx
(
fn
n (t)− e−

t2

2

)
dt,

òî

Pn(x)− φ(x) ≤ 1

2π

+∞∫
−∞

∣∣∣fn
n (t)− e−

t2

2

∣∣∣ dt. (4)

Ïîêëàäåìî u = fn(t), v = e−
t2

2n .
Iç ðiâíîñòi

un − vn = (u− v)
n∑

k=1

un−kvk−1,

ëåì 1 òà 2 ïðè n > 1, |t| ≤ T
(i)
n (i = 1 ïðè 0 < νn0 ≤ c, i = 2 ïðè νn0 > c) îäåðæèìî∣∣∣fn

n (t)− e−
t2

2

∣∣∣ ≤ ∣∣∣fn
n (t)− e−

t2

2

∣∣∣ · n∑
k=1

|fn(t)|n−ke−
t2(k−1)

2n ≤

≤ νn0|t|3

6n
3
2

n∑
k=1

e−cit
2 n− k

n
e−

t2

2n
(k−1) ≤ νn0|t|3

6
√
n
e−

1
2
cit

2

. (5)

Òîäi iç (4)

|Pn(x)− φ(x)| ≤ 1

2π

∫
|t|≤T

(i)
n

∣∣∣fn
n (t)− e−

t2

2

∣∣∣ dt+ 1

2π

∫
|t|>T

(i)
n

|fn
n (t)| dt+

+
1

2π

∫
|t|≤T

(i)
n

e−
t2

2 dt = I1 + I2 + I3.

Ïðè n > 1 (i = 1, 2) iç (5)

I1 =
1

2π

∫
|t|≤T

(i)
n

∣∣∣fn
n (t)− e−

t2

2

∣∣∣ dt ≤ 1

2π

νn0√
n

∫
|t|≤T

(i)
n

|t|3

6
e−

1
2
cit

2

dt ≤ c3
νn0√
n
. (6)

Iç óìîâè (1) i ëåìè 2 ïðè n > 1, i = 1

I2 =
1

2π

∫
|t|>T

(i)
n

|fn
n (t)| dt ≤

(2νn0)
n−1

2π

∫
|t|>T

(i)
n

|fn
n (t)| dt ≤

(2νn0)
n−1

2π
An. (7)

Iç óìîâè (1) âèïëèâà¹, ùî ùiëüíiñòü ðîçïîäiëó ξni iñíó¹ i îáìåæåíà ÷èñëîì An

2π
, òîìó

ïðè |t| ≥ T
(2)
n iç [5]

|fn(t)| ≤ exp

− π2

24A2
n

(
2 + π νn0

c
√
n

)2
 = bn.
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Òîäi ïðè νn0 > c äëÿ I2 îäåðæèìî îöiíêó

I2 ≤
1

2π
bn−1
n An. (8)

Äëÿ îöiíêè I3 âèêîðèñòà¹ìî íåðiâíiñòü

+∞∫
a

e−
t2

2 dt ≤ e−
a2

2 , (a > 0).

Òîìó ó âèïàäêó i = 1, νn0 ≤ c

I3 =
1

2π

∫
|t|>T

(1)
n

e−
t2

2 dt ≤ 2

2πT
(1)
n

e−
(T (1)

n )
2

2 =
1

π
√
−2 ln νn0

√
n
νnn0 ≤

≤ νn0

π
√
n
√
−2 ln c

cn−1 ≤ c5
νn0√
n
, (9)

à ïðè i = 2, (νn0 > c)

I3 ≤
1

2π

∫
|t|>T

(2)
n

t

T
(2)
n

e−
t2

2 dt ≤ C6
νn0√
n
. (10)

Îá'¹äíóþ÷è (6), (7), (9) îäåðæó¹ìî (2) i îá'¹äíóþ÷è (6), (8), (10) îäåðæó¹ìî (3).
Òåîðåìà äîâåäåíà.

ßêùî æ ξn1, . . . , ξnn � ïîñëiäîâíiñòü ñåðié íåçàëåæíèõ îäíàêîâîðîçïîäiëåíèõ â
êîæíié ñåði¨ âèïàäêîâèõ âåëè÷èí ç Mξni = 0, Dξni = 1, Pn(t) � ùiëüíiñòü ðîçïîäiëó
âèïàäêîâî¨ âåëè÷èíè

Sn =
ξn1 + . . .+ ξnn√

n
,

ν ′n0 =

+∞∫
−∞

max(1, |x|3)|d(Fn(x)− Φ(x))|,

òî ñïðàâåäëèâà òàêà òåîðåìà

Òåîðåìà 2. Íåõàé
+∞∫

−∞

|fn(t)|dt = An <∞,

òîäi ïðè n > 1 i ν ′n0 ≤ c, c ∈
(
0; 1

2

)
sup
x

|Pn(x)− φ(x)| ≤ ν ′n0√
n

{
c(4) + c(5)A

}
,

à ïðè ν ′n0 > cc

sup |Pn(x)− φ(x)| ≤ c(6)
ν ′n0√
n
+

√
n

2π
bn−1
n A,

äå bn = exp

− π2

24A2
n

(
2+

πν′n0
c

)2

, c(4) − c(6) � ñòàëi, ÿêi çàëåæàòü òiëüêè âiä c.

Âiäçíà÷èìî, ùî äîâåäåííÿ öi¹¨ òåîðåìè àíàëîãi÷íå äîâåäåííþ òåîðåìè 1.
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