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ÏÅÐÅÒÂÎÐÅÍÍß ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ ÇÀ
ÄÎÏÎÌÎÃÎÞ ÎÏÅÐÀÒÎÐIÂ ÄÐÎÁÎÂÎÃÎ
IÍÒÅÃÐÎ-ÄÈÔÅÐÅÍÖIÞÂÀÍÍß

Transformation of ordinary differential equations and its solutions by fractional derivatives are examined
in the paper.

Ó ñòàòòi ðîçãëÿäàþòüñÿ ïåðåòâîðåííÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü òà ¨õ ðîçâ'ÿçêiâ çà äîïî-
ìîãîþ ïîõiäíèõ äðîáîâîãî ïîðÿäêó.

Ìè âæå çãàäóâàëè ïðî ìîæëèâîñòi ïîõiäíèõ òà iíòåãðàëiâ äðîáîâîãî ïîðÿäêó óçà-
ãàëüíþâàòè ìàòåìàòè÷íi ïîíÿòòÿ òà îá'¹êòè [1]. Ìåòîþ äàíî¨ ñòàòòi ¹ âèñâiòëåííÿ
ùå îäíi¹¨ âëàñòèâîñòi äðîáîâîãî iíòåãðî-äèôåðåíöiþâàííÿ � âèêîðèñòàííÿ éîãî äëÿ
ïåðåòâîðåííÿ äèôåðåíöiàëüíèõ ðiâíÿíü.

1. Çàãàëüíi ïîëîæåííÿ. Íåõàé f(x)� iíòåãðîâíà íà ñêií÷åíîìó ïðîìiæêó (a, b),
a ≥ 0, ôóíêöiÿ. Òîäi íåâèçíà÷åíà ïîõiäíà D′f(x) àáî íåâèçíà÷åíèé iíòåãðàë Drf(x)
äiéñíîãî ïîðÿäêó r > 0 ìàþòü âèãëÿä [2]:

D±rf(x) = {D±rf(x)}+
∞∑
k=1

Ak
(x− a)∓r−k

Γ(1∓ r − k)
, (1)

äå {D±rf(x)} � ãîëîâíå çíà÷åííÿ ïîõiäíî¨ (iíòåãðàëà); Ak � äîâiëüíi ñòàëi iíòåãðî-
äèôåðåíöiþâàííÿ;

{D−rf(x)} = 1
Γ(r)

x∫
a

(x− t)r−1f(t)dt,

{Drf(x)} = 1
Γ(ρ)

dm

dxm

x∫
a

(x− t)ρ−1f(t)dt, r = m− ρ, 0 < ρ ≤ 1,

(2)

m = [r + I] � íàéìåíøå öiëå ÷èñëî, ùî ïåðåâèùó¹ r.
Iñíóþòü (ïðàâäà, áiëüø ãðîìiçäêi) âèðàçè ãîëîâíèõ çíà÷åíü [2], ùî ñïðàâåäëèâi

äëÿ íåïåðåðâíèõ íà (a, b) ôóíêöié. Êîíñòàíòè Ak ïðèçíà÷àþòüñÿ çà çàãàëüíîþ ìåòî-
äèêîþ çàäà÷i Êîøi. ßêùî, íàïðèêëàä, Dry = f(x), òî

y = D−rf(x) +
∞∑
k=1

Ak
(x− a)r−k

Γ(1 + r − k)
, Ak =

(
Dr−ky(x)−D−kf(x)

)∣∣
x=a

. (3)

Ïîâòîðíå çàñòîñóâàííÿ äî (3) îïåðàòîðà Dr äà¹ ó çàãàëüíîìó âèïàäêó

Dry = f(x) +
∞∑
j=1

Bj
(x− a)−r−j

Γ(1− r − j)
, Bj =

(
D−jy(x)−D−r−jf(x)

)∣∣
x=a

. (4)

Ñòîñîâíî ïåðåòâîðåíü (3) i (4) ìîæíà ñêàçàòè òàêå:

1) äîâiëüíi ñòàëi Ak i Bj íåñóòü öiëêîì êîíêðåòíó iíôîðìàöiþ ïðî ïî÷àòêîâi âëà-
ñòèâîñòi (x = a) îá'¹êòiâ iíòåãðî-äèôåðåíöiþâàííÿ y(x) òà Dry(x) âiäïîâiäíî;
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2) äëÿ ïîõiäíî¨ íàòóðàëüíîãî ïîðÿäêó íåñêií÷åííà ñóìà ó ïðàâié ÷àñòèíi (4) çíè-
êà¹, ÿê öå ìà¹ ìiñöå ó êëàñè÷íîìó àíàëiçi;

3) ïðèñóòíiñòü íåñêií÷åííèõ ñóì ó âèðàçàõ (3) i (4) ñëiä ïîâ'ÿçóâàòè iç íàñòó-
ïíèì iíòåãðî-äèôåðåíöiþâàííÿì îá'¹êòiâ y(x) òà Dry(x). ßêùî òàêîþ îïåðàöi¹þ áó-
äå äèôåðåíöiþâàííÿ iç ïîðÿäêîì ïîõiäíî¨ s ∈ R, òî (3) ó çàãàëüíîìó âèïàäêó òðåáà
çàïèñóâàòè òàê:

y = D−rf(x) +
∞∑
k=1

Ck
(x− a)s−k

Γ(1 + s− k)
. (5)

Áàãàòî âiäîìèõ äèôåðåíöiàëüíèõ ðiâíÿíü òà ¨õ ðîçâ'ÿçêè ¹ ðåçóëüòàòîì ïðîñòèõ
ïåðåòâîðåíü çà ó÷àñòþ îïåðàòîðiâ äðîáîâîãî iíòåãðîäèôåðåíöiþâàííÿ íàä åëåìåíòàð-
íèìè ïî÷àòêîâèìè (òâiðíèìè) äèôåðåíöiàëüíèìè ðiâíÿííÿìè. Ç öi¹þ ìåòîþ ìîæóòü
âèêîðèñòîâóâàòèñü îïåðàöi¨ iç íàñòóïíèìè ñòðóêòóðàìè:

xβDαf(x), xδDγ
(
xβDαf(x)

)
, xcDb (xaf(x)) , xeDd

(
xcDb

(
xcDb (xaf(x))

))
.

Íåâàæêî ïåðåêîíàòèñü, ùî äëÿ àíàëiòè÷íèõ íà (0, x) ôóíêöié ñïðàâåäëèâå ñïiâ-
âiäíîøåííÿ

Dd
(
xcDb(xaf(x))

)
=xξDε

(
xδDγ

(
xβDαf(x)

))
,

a− b+ c− d = −α+ β − γ + δ − ε+ ξ,
(6)

ÿêùî ïîêëàñòè

α = b− a, β = b, γ = a, δ = a− b+ c, ε = d, ξ = 0 (7)

àáî

α = b− a, β = c, γ = d, δ = b− c+ d, ε = a, ξ = a− b+ c− d i ò. ï. (8)

Ïðàêòè÷íi äi¨, íàïðèêëàä, äëÿ ðåàëiçàöi¨ êîìáiíàöi¨Dγ
(
xβ (Dαf(x))

)
âèêîíóþòüñÿ

ó òàêié ïîñëiäîâíîñòi:
1) îïåðàòîðîì Dα äèôåðåíöiþ¹òüñÿ òâiðíå äèôåðåíöiàëüíå ðiâíÿííÿ, ÿêå ñïðàâ-

äæó¹ ôóíêöiþ f(x) i ÿêå çàïèñó¹òüñÿ iç ïðàâîþ ÷àñòèíîþ âiäïîâiäíî äî (5);
2) â îäåðæàíîìó ðiâíÿííi ïðîâîäèòüñÿ çàìiíà u = xβDαf(x);
3) äèôåðåíöiàëüíå ðiâíÿííÿ iç íîâîþ íåâiäîìîþ u(x) äèôåðåíöiþ¹òüñÿ îïåðàòî-

ðîì Dγ;
4) ðîáèòüñÿ çàìiíà ν(x) = Dγ

(
xβDαf(x)

)
.

Íèæ÷å áóäóòü ðîçãëÿíóòi äåÿêi ïðèêëàäè òàêèõ ïåðåòâîðåíü.

2. Ãiïåðãåîìåòðè÷íå ðiâíÿííÿ. Íåõàé

f(x) = (1− x)−b, |x| < 1, b ∈ R. (9)

Î÷åâèäíî, ùî (9) ñïðàâäæó¹ äèôåðåíöiàëüíå ðiâíÿííÿ

(1− x)y′ − by = 0. (10)

Äëÿ éîãî ïåðåòâîðåííÿ ñêîðèñòà¹ìîñü íàáîðîì îïåðàöié Dγ
(
xβ (Dαf(x))

)
, β = α+γ.

Çàïèñó¹ìî (10) âiäïîâiäíî äî (5):

(1− x)y′ − by =
∞∑
k=1

Ak
xα−k

Γ(1 + α− k)
, α /∈ Z. (11)
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Áåðåìî âiä (11) íåâèçíà÷åíó ïîõiäíó ïîðÿäêó α:

Dα+1y − (xDα+1y + αDαy)− bDαy =
∞∑
j=1

Bj
x−α−j

Γ(1− α− j)
. (12)

Ïðèéìà¹ìî xβDαy = u, β /∈ Z.

(1− x)(u′x−β − βux−β−1)− (α + β)ux−β =
∞∑
j=1

Bj
x−α−j

Γ(1− α− j)
. (13)

Ìíîæèìî ïðàâó i ëiâó ÷àñòèíè îäåðæàíîãî ðiâíÿííÿ íà xβ+1:

x(1− x)u′ − [β + (α− β + b)x]u =
∞∑
j=1

Bj
x1−α+β−j

Γ(1− α− j)
. (14)

I, íàðåøòi, äèôåðåíöiþ¹ìî (14) îïåðàòîðîì Dγ+1 (çâàæàþ÷è ïðè öüîìó, ùî ìîëîäøà
ïîõiäíà ïîâèííà ìàòè ïîðÿäîê r):

Dγ+2u+ [1− β + γ − (α− β + 2γ + b+ 2)x]Dγ+1u− (1 + γ)(α− β + γ + b)Dγu =

=
∞∑
j=1

Bj
Γ(2− α + β − j)x−α+β−γ−j

Γ(1− α− j)Γ(1− α + β − γ − j)
+

∞∑
i=1

Ci
x−γ−1−i

Γ(−γ − i)
.

Ïîêëàäåìî Dγu = ν, α = 1 − c, β = a − c, γ = a − 1, Ci = 0, i îäåðæó¹ìî
ãiïåðãåîìåòðè÷íå ðiâíÿííÿ [3, 4]:

x(1− x)ν ′′ + [c− (a+ b+ 1)x]ν ′ − abν = 0. (15)

À òåïåð ïðîâåäåìî òàêi æ ïåðåòâîðåííÿ iç ðîçâ'ÿçêàìè ðiâíÿííÿ (11). ×àñòèí-
íèé ðîçâ'ÿçîê íåîäíîðiäíîãî ðiâíÿííÿ òà éîãî ïåðåòâîðåíi àíàëîãè áóäåìî ïîçíà÷àòè
çiðî÷êîþ.

y = (1− x)−b =
∞∑
i=0

Γ(b+i)xi

i! Γ(b)
= 1F0(b; x);

y∗ =
∞∑
i=0

Γ(2+b−c+i−k)x2+c−k+i

Γ(3−c−k+i)
= Db−1

(
xb−c+1−k

1−x

)
, b− c /∈ Z, k = 1, 2, ...

Âiäïîâiäíî äî âèêîíàíèõ íàä (11) äié çàïèñó¹ìî iíòåãðàëè (15):

ν = Da−1
(
xa−cD1−c(1− x)−b

)
= Γ(c)

Γ(a) 2F1(a, b; c; x);

ν∗=Da−1
(
xa−cDb−c xb−c+1−k

1−x

)
= Γ(2−c)x1−c

Γ(a+1−c)Γ(b+1−c)
· 2F1(a+ 1− c, b+ 1− c; 2− c;x).

(16)

ßêùî ñêîðèñòàòèñÿ ñïiââiäíîøåííÿìè (6) i (7), òî òâiðíå ðiâíÿííÿ (10) ìàëî áè iíøèé
âèãëÿä, àëå çàâåðøàëüíèé ðåçóëüòàò áóâ áè íåçìiííèì. Íàïðèêëàä, ïåðøèé ðîçâ'ÿçîê
(15) ïðè öüîìó âèãëÿäàâ áè òàê: ν = x1−cDa−c

(
xa−1(1− x)−b

)
, à òâiðíå ðiâíÿííÿ

ïîâèííî ñïðàâäæóâàòè ôóíêöiþ f(x) = xa−1(1− x)−b.
Çàçíà÷èìî òàêîæ, ùî âèêîðèñòàíèé âèùå ìåõàíiçì ïåðåòâîðþ¹ ôóíêöi¨ 1F0() äî

âèãëÿäó 2F1() . Òîìó ìîæíà ÷åêàòè, ùî ïîâòîðíå çàñòîñóâàííÿ äî (15) ïîäiáíîãî ïåðå-
òâîðåííÿ ïiäâèùèòü ïîðÿäîê öüîãî ðiâíÿííÿ, à éîãî ðîçâ'ÿçêè áóäóòü óçàãàëüíþâàòè
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ðÿä Ãàóñà i ìiñòèòè ñòðóêòóðè 3F2(). Ïåðåêîíà¹ìîñü ó öüîìó çà äîïîìîãîþ êîìáiíàöi¨
îïåðàòîðiâ Dd−1

(
xd−eD1−eν(x)

)
, d /∈ e.

x(1− x)ν ′′ + [c− (a+ b+ 1)x]ν ′ − abν =
∞∑
i=1

Li
x1−e−i

Γ(2− e− i)
, Li = const;

1) D1−e : (x− x2)D3−eν + [c+ 1− e− (a+ b+ 2e− 1)x]D2−eν−

−[(1− e)(a+ b− e+ 1) + ab]D1−eν =
∞∑
j=1

Mj
xe−1−j

Γ(e−j)
, Mj = const;

2) xd−eD1−ev = Z : x2(1− x)Z ′′ + x[c+ e− 2d+ 1− (a+ b− 2d+ 3)x]Z ′−

−[(d− e)(c− d) + (a+ 1− d)(b+ 1− d)x]Z =
∞∑
j=1

Mj
xd−j

Γ(e−j)
;

3) Dd : x2(1− x)Dd+2Z + x[c+ e+ 1− x(a+ b+ d+ 3)]Dd+1Z+

+[ce− (a+ b+ 1)(d+ 1)x− abx]DdZ − abdDd−1Z = 0;

4) Dd−1Z = w(x):
x2(1− x)w′′′ + x[c+ e+ 1− (a+ b+ d+ 3)x]w′′+

+ [ce− (a+ b+ 1)(d+ 1)x− abx]w′ − abdw = 0. (17)

ßêùî d ̸= e, c, e /∈ Z, òî

w1 = 3F2(a, b, d; c, e; x) =
Γ(e)
Γ(d)

Dd−1[xd−eD1−e
2F1(a, b; c; x)];

w2 = x1−c
3F2(a+ 1− c, b+ 1− c, d+ 1− c; 2− c, e+ 1− c; x) =

=
Γ(e+ 1− c)

Γ(d+ 1− c)
Dd−e

[
xd−eD1−e

(
x1−c · 2F1(a+ 1− c, b+ 1− c; 2− c; x)

)]
; (18)

w∗
3 = x1−e

3F2(a+ 1− e, b+ 1− e, d+ 1− e; c+ 1− e, 2− e; x) =

= Γ(2−e)
Γ(d+1−e)

Dd−1
[
xd−e

2F1(a+ 1− e, b+ 1− e; c+ 1− e; x)
]
.

Î÷åâèäíî, ùî ùå îäíå çàñòîñóâàííÿ ïîäiáíîãî ïåðåòâîðåííÿ äîçâîëèòü îäåðæàòè
óçàãàëüíåíi ãiïåðãåîìåòðè÷íi ôóíêöi¨, ó ñêëàäi ÿêèõ áóäóòü ñòðóêòóðè 4F3().

3. Âèðîäæåíå ãiïåðãåîìåòðè÷íå ðiâíÿííÿ. Òóò ìè çíîâó ñêîðèñòà¹ìîñü îïå-
ðàöiéíîþ ñòðóêòóðîþ Dγ

(
xβ (Dαf(x))

)
, β = α + γ.

Íåõàé
f(x) = epx, p = const. (19)

Òîäi òâiðíèì áóäå ðiâíÿííÿ

y′ − py =
∞∑
k=1

Ak
xα−k

Γ(1 + α− k)
. (20)

Íàäàëi ïðîâîäèìî äi¨, àíàëîãi÷íi ïîïåðåäíüîìó ïðèêëàäó.

Dα+1y − pDαy =
∞∑
j=1

Bj
x−α−j

Γ(1− α− j)
;
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xα+γDαy = u : xu′ − (α + γ + px)u =
∞∑
j=1

Bj
xγ+1−j

Γ(1− α− j)
;

Dγ+1 : xDγ+2u+ (1− α− px)Dγ+1u− p(γ + 1)Dγu =
∞∑
i=1

Ci
x−γ−1−i

Γ(−γ − i)
;

Ïðèéìà¹ìî Dγu = v, p = 1, γ = a − 1, α = 1 − c, Ci = 0, i îäåðæó¹ìî âèðîäæåíå
ãiïåðãåîìåòðè÷íå ðiâíÿííÿ [4]:

xv′′ + (c− x)v − av = 0. (21)

Éîãî ðîçâ'ÿçêè ìàþòü âèãëÿä:

v1 = 1 + a
c
x
1!
+ a(a+1)

c(c+1)
x2

2!
+ . . . = Φ(a; c; x) = Γ(c)

Γ(a)
Da−1(xa−cD1−cex);

v∗2 = x1−cΦ(a+ 1− c; 2− c; x) =
Γ(2− c)

Γ(a+ 1− c)
Da−1

(
xa−cD1−c(Dc+k−2ex)

)
= (22)

=
Γ(2− c)

Γ(a+ 1− c)
Da−1

(
xa−cex

)
, c /∈ Z, k = 1, 2, . . .

Ïîâòîðíå çàñòîñóâàííÿ äî (21) ïåðåòâîðåííÿ Db−1
(
xb−dD1−dν(x)

)
ïðèâîäèòü éîãî

äî ðiâíÿííÿ òðåòüîãî ïîðÿäêó iç äâîìà íîâèìè ïàðàìåòðàìè b i d:

x2w′′′ + x(c+ d+ 1− x)w′′ + [ad− (a+ b+ 1)x]w′ − abw = 0. (23)

Iíòåãðàëàìè (23) ¹ óçàãàëüíåíi âèðîäæåíi ãiïåðãåîìåòðè÷íi ôóíêöi¨ (b ̸=d, c, d /∈Z).

w1 = 1 +
ab

cd

x

1!
+
a(a+ 1)b(b+ 1)

c(c+ 1)d(d+ 1)

x2

2!
+ . . . = Φ(a, b; c, d; x) =

=
Γ(c)Γ(d)

Γ(a)Γ(b)
Db−1

[
xb−dDa−d(xa−cD1−cex)

]
; (24)

w2 = x1−cΦ(a+ 1− c, b+ 1− c; 2− c, d+ 1− c; x) =

=
Γ(2− c)Γ(b+ 1− d)

Γ(a+ 1− c)Γ(b+ 1− c)
Db−1

[
xb−d(xa−cex)

]
; (25)

w∗
3 = x1−dΦ(a+ 1− d, b+ 1− d; c+ 1− d, 2− d; x) =

=
Γ(c+ 1− d)Γ(2− d)

Γ(a+ 1− d)Γ(b+ 1− d)
Db−1

[
xb−dDa−d(xa−cDd−cex)

]
. (26)

4. Ðiâíÿííÿ Áåññåëÿ. Ó ðiâíÿííi ãàðìîíiéíèõ êîëèâàíü � y′′ + y = 0, y = y(x)
� âèêîíó¹ìî çàìiíó íåçàëåæíî¨ çìiííî¨ i âðàõîâó¹ìî, ùî íàñòóïíîþ áóäå îïåðàöiÿ
äèôåðåíöiþâàííÿ ïî z îïåðàòîðîì Da: z = x2; y(x) → u(z);

4zu′′ + 2u′ + u =
∞∑
k=1

Ak
za−k

Γ(1 + α− k)
. (27)

4zDa+2u+ (4a+ 2)Da+1u+Dau =
∞∑
j=1

Bj
z−a−j

Γ(1− α− j)
.
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Ïðîâîäèìî ùå îäíó çàìiíó: zβDαu = ν;

4z2ν ′′ + z(2 + 4α− 8β)ν ′ + [z + 2β(2β − 2α + 1)]ν =
∞∑
j=1

Bj
zβ−α+1−j

Γ(1− α− j)
.

Ïîâåðòà¹ìîñÿ äî ïî÷àòêîâî¨ íåçàëåæíî¨ çìiííî¨ x = z
1
2 , ν(z) → w(x):

x2w′′ + (2α− 4β)xw′ + [x2 + 2β(2β − 2α + 1)]w =
∞∑
j=1

Bj
x2β−2α+2−2j

Γ(1− α− j)
. (28)

ßêùî ïîêëàñòè α = 1
2
− ν,β = −ν

2
, Bj = 0, òî ðiâíÿííÿ (28) íàáóâà¹ êàíîíi÷íîãî

âèãëÿäó [4]:
xw′′ + xw′ + (x2 − ν2)w = 0, (29)

à éîãî ðîçâ'ÿçêè ìàþòü òàêå ïîäàííÿ:

w1 = N1z
− ν

2D
1
2
−ν sin z

1
2

∣∣∣
z=x2

= Jν(x);

w2 = N2z
− ν

2D
1
2
−νu∗(z)

∣∣∣
z=x2

= J−ν(x), ν /∈ Z,

(30)

äå N1 i N2 � íîðìóâàëüíi ìíîæíèêè; u∗ = Dν− 3
2
−k
(
zν−1+kDν− 1

2
+k sin z

1
2

)
, k = 1, 2, . . .

� ÷àñòèííèé ðîçâ'ÿçîê (27).
Íà çàêií÷åííÿ âiäçíà÷èìî, ùî ïîäiáíó ñòðóêòóðó ïåðåòâîðåíü ìàþòü ðiâíÿííÿ

îðòîãîíàëüíèõ ïîëiíîìiâ òà áàãàòî iíøèõ ðiâíÿíü.

Âèñíîâêè. Íàâåäåíèé òóò ìåòîä ïåðåòâîðåííÿ äîçâîëÿ¹:
1) ðîçâèâàòè äèôåðåíöiàëüíi ðiâíÿííÿ i çáiëüøóâàòè òàêèì ÷èíîì ¨õ iíôîðìàòèâ-

íiñòü âíàñëiäîê ïiäâèùåííÿ ïîðÿäêó i ââåäåííÿ íîâèõ ïàðàìåòðiâ;
2) óçàãàëüíþâàòè ôóíêöi¨ i íàäàâàòè ¨ì íîâi âëàñòèâîñòi.
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