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ÑÈËÜÍÎ ÂÈÐÎÄÆÅÍÀ ÎÁÅÐÍÅÍÀ ÏÀÐÀÁÎËI×ÍÀ ÇÀÄÀ×À IÇ
ÇÀÃÀËÜÍÎÞ ÏÎÂÅÄIÍÊÎÞ ÌÎËÎÄØÈÕ ×ËÅÍIÂ ÐIÂÍßÍÍß

We consider an inverse problem for determining a time-dependent coefficient at the higher order derivative
which vanishes at the initial moment. Conditions of existence and uniqueness of solution for the problem
are established. The behaviour of minor terms are given by known functions.

Ðîçãëÿíóòî îáåðíåíó çàäà÷ó âèçíà÷åííÿ çàëåæíîãî âiä ÷àñó êîåôiöi¹íòà ïðè ñòàðøié ïîõiäíié, ÿêèé
ïåðåòâîðþ¹òüñÿ â íóëü ó ïî÷àòêîâèé ìîìåíò ÷àñó. Âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi êëà-
ñè÷íîãî ðîçâ'ÿçêó çàäà÷i. Ïîâåäiíêà ìîëîäøèõ ÷ëåíiâ îïèñó¹òüñÿ äåÿêèìè çàäàíèìè ôóíêöiÿìè
çàãàëüíîãî âèãëÿäó.

Â ïðÿìîêóòíèêó QT ≡ {(x, t) : 0 < x < h, 0 < t < T} ðîçãëÿíåìî îáåðíåíó
çàäà÷ó âèçíà÷åííÿ ïàðè ôóíêöié (a(t), u(x, t)) ∈ C[0, T ]×C2,1(QT )

∩
C(QT ), ux(0, t) ∈

∈ C(0, T ], a(t) > 0, t ∈ (0, T ], äëÿ ÿêî¨ iñíó¹ ñêií÷åííà äîäàòíà ãðàíèöÿ lim
t→+0

a(t)

tβ
, äå

β > 1− çàäàíå ÷èñëî, i ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ

ut = a(t)uxx + b(x, t)ux + c(x, t)u+ f(x, t), (x, t) ∈ QT , (1)

ïî÷àòêîâó óìîâó
u(x, 0) = φ(x), x ∈ [0, h], (2)

êðàéîâi óìîâè
u(0, t) = µ1(t), u(h, t) = µ2(t), t ∈ [0, T ], (3)

òà óìîâó ïåðåâèçíà÷åííÿ

a(t)ux(0, t) = µ3(t), t ∈ [0, T ]. (4)

Ïîäiáíà îáåðíåíà çàäà÷à, àëå äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi áóëà ðîçãëÿíóòà â
[1]. Âèïàäîê 0 < β < 1 äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi, ðiâíÿííÿ ç ìîëîäøèì ÷ëåíîì
òà ïîâíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ áóâ äîñëiäæåíèé â [2]- [4]. Ó âèïàäêó ñèëüíîãî
âèðîäæåííÿ âiä ìîëîäøèõ ÷ëåíiâ ðiâíÿííÿ âèìàãà¹òüñÿ ïðÿìóâàííÿ äî 0 ïðè t→ +0
íà âiäìiíó âiä ñëàáêîãî âèðîäæåííÿ, äå ïîâåäiíêà ìîëîäøèõ ÷ëåíiâ ïðè t → +0 íå
çàäà¹òüñÿ.

Ïðèïóñêàþ÷è, ùî ôóíêöiÿ a(t) âiäîìà, çâåäåìî çàäà÷ó (1)�(4) äî ñèñòåìè ðiâíÿíü
ñòîñîâíî ôóíêöié u(x, t), v(x, t), a(t), äå v(x, t) ≡ ux(x, t) :

u(x, t) = u0(x, t) +

t∫
0

h∫
0

G1(x, t, ξ, τ)(b(ξ, τ)v(ξ, τ) + c(ξ, τ)u(ξ, τ))dξdτ, (5)

v(x, t) = v0(x, t) +

t∫
0

h∫
0

G1x(x, t, ξ, τ)(b(ξ, τ)v(ξ, τ) + c(ξ, τ)u(ξ, τ))dξdτ, (6)

a(t) =
µ3(t)

v(0, t)
, t ∈ [0, T ], (7)
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äå u0(x, t)− ðîçâ'ÿçîê ðiâíÿííÿ òåïëîïðîâiäíîñòi

ut = a(t)uxx + f(x, t), (x, t) ∈ QT , (8)

ùî çàäîâîëüíÿ¹ óìîâè (2), (3). Âií ìà¹ âèãëÿä

u0(x, t) =

h∫
0

G1(x, t, ξ, 0)φ(ξ)dξ +

t∫
0

G1ξ(x, t, 0, τ)a(τ)µ1(τ)dτ−

−
t∫

0

G1ξ(x, t, h, τ)a(τ)µ2(τ)dτ +

t∫
0

h∫
0

G1(x, t, ξ, τ)f(ξ, τ)dξdτ. (9)

Äèôåðåíöiþþ÷è òà iíòåãðóþ÷è ÷àñòèíàìè öåé âèðàç, îòðèìà¹ìî v0(x, t) :

v0(x, t) =

h∫
0

G2(x, t, ξ, 0)φ
′(ξ)dξ +

t∫
0

G2(x, t, 0, τ)(f(0, τ)− µ′
1(τ))dτ+

+

t∫
0

G2(x, t, h, τ)(µ
′
2(τ)− f(h, τ))dτ +

t∫
0

h∫
0

G2(x, t, ξ, τ)fξ(ξ, τ)dξdτ. (10)

×åðåçGk(x, t, ξ, τ) ïîçíà÷åíî ôóíêöi¨ Ãðiíà ïåðøî¨ òà äðóãî¨ êðàéîâèõ çàäà÷ ðiâíÿííÿ
(8), ÿêi ìàþòü âèãëÿä

Gk(x, t, ξ, τ) =
1

2
√
π(θ(t)− θ(τ))

∞∑
n=−∞

(
exp

(
−(x− ξ + 2nh)2

4(θ(t)− θ(τ))

)
+

+ (−1)k exp

(
−(x+ ξ + 2nh)2

4(θ(t)− θ(τ))

))
, k = 1, 2, θ(t) =

t∫
0

a(τ)dτ. (11)

Îñíîâíi ðåçóëüòàòè ìiñòÿòüñÿ ó íàñòóïíié òåîðåìi.
Òåîðåìà iñíóâàííÿ òà ¹äèíîñòi. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:
1) φ ∈ C1[0, h]; µi ∈ C1[0, T ], i = 1, 2; µ3 ∈ C[0, T ]; f ∈ C1,0(QT ); b, c ∈ C(QT ),

ôóíêöi¨ b, c çàäîâîëüíÿþòü óìîâó Ãåëüäåðà â îáëàñòi QT ïî çìiííié x ç ïîêàçíèêîì
α, 0 < α < 1;

2) f(0, t) − µ′
1(t) > 0, t ∈ [0, T ]; µ3(t) > 0, t ∈ (0, T ], iñíó¹ ãðàíèöÿ lim

t→+0

µ3(t)

t
β+1
2

≡

≡ M, |b(x, t)| ≤ Bt
β−1
2 ψ1(t), |c(x, t)| ≤ Cψ2(t), (x, t) ∈ QT , äå ψi(t)− ìîíîòîííî çðî-

ñòàþ÷i ôóíêöi¨, ψi(t) > 0, t ∈ (0, T ], ψi(0) = 0, i = 1, 2,

t∫
0

ψ2
1(τ)

τ
dτ < ∞, t ∈ [0, T ],

β > 1, M , C, B > 0− äåÿêi êîíñòàíòè;
3) φ(0) = µ1(0), φ(h) = µ2(0).
Òîäi ìîæíà âêàçàòè òàêå ÷èñëî t0, 0 < t0 ≤ T, ÿêå âèçíà÷à¹òüñÿ âèõiäíèìè äà-

íèìè çàäà÷i, ùî iñíó¹ ¹äèíèé ðîçâ'ÿçîê (a(t), u(x, t)) çàäà÷i (1)-(4) ïðè x ∈ [0, h], t ∈
∈ [0, t0]. Âñòàíîâèìî àïðiîðíi îöiíêè ðîçâ'ÿçêó ñèñòåìè (5)-(7). Ç ïðèíöèïó ìàêñèìó-
ìó [5, ñ. 25], âèïëèâà¹

|u(x, t)| ≤ U <∞ â QT . (12)
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Îöiíèìî âèðàç v(0, t), äëÿ ÷îãî âñòàíîâèìî ïîâåäiíêó |v(x, t)|. Ç ðiâíîñòi

h∫
0

G2(x, t, ξ, τ)dξ = 1

ðîáèìî âèñíîâîê ïðî òå, ùî ïåðøèé òà ÷åòâåðòèé äîäàíêè ç ôîðìóëè (10) îáìåæåíi:∣∣∣∣∣
h∫

0

G2(x, t, ξ, 0)φ
′(ξ)dξ

∣∣∣∣∣ ≤ C1,

∣∣∣∣∣
t∫

0

h∫
0

G2(x, t, ξ, τ)fξ(ξ, τ)dξdτ

∣∣∣∣∣ ≤ C2. (13)

Âðàõîâóþ÷è âiäîìó îöiíêó G2(x, t, ξ, τ) ≤
C3√

θ(t)− θ(τ)
+C4 [6, c. 12] òà ÿâíèé âèãëÿä

ôóíêöi¨ Ãðiíà, ìà¹ìî

t∫
0

G2(x, t, 0, τ)(f(0, τ)− µ′
1(τ))dτ ≤ C5 + C6

t∫
0

dτ√
θ(t)− θ(τ)

,

∣∣∣∣∣
t∫

0

G2(x, t, h, τ)(µ
′
2(τ)− f(h, τ))dτ

∣∣∣∣∣ ≤ C7 + C8

t∫
0

dτ√
θ(t)− θ(τ)

. (14)

Òîäi äëÿ |v0(x, t)| îòðèìó¹ìî

|v0(x, t)| ≤ C9 + C10

t∫
0

dτ√
θ(t)− θ(τ)

. (15)

Ââîäÿ÷è ïîçíà÷åííÿ V (t) ≡ max
x∈[0,h]

|v(x, t)| òà âðàõîâóþ÷è îöiíêó
h∫

0

|G1x(x, t, ξ, τ)|dξ ≤

≤ C11√
θ(t)− θ(τ)

, ç (6) ìà¹ìî

V (t) ≤ C12 + C13

t∫
0

dτ√
θ(t)− θ(τ)

+ C14

t∫
0

τ
β−1
2 ψ1(τ)V (τ)√
θ(t)− θ(τ)

dτ + C15

t∫
0

ψ2(τ)dτ√
θ(t)− θ(τ)

.

(16)

Ââåäåìî ïîçíà÷åííÿ

a0(t) ≡
a(t)

tβ
, amax(t) ≡ max

0≤τ≤t
a0(τ), amin(t) ≡ min

0≤τ≤t
a0(τ). (17)

Òîäi (16) çâåäåòüñÿ äî âèãëÿäó

V (t) ≤ C12 +
C16√
amin(t)

t∫
0

dτ√
tβ+1 − τβ+1

+
C17√
amin(t)

t∫
0

τ
β−1
2 ψ1(τ)V (τ) + ψ2(τ)√

tβ+1 − τβ+1
dτ. (18)
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Âñòàíîâèìî ïîâåäiíêó êîæíîãî ç äîäàíêiâ (18). Äëÿ öüîãî ðîçãëÿíåìî íàñòóïíèé

iíòåãðàë, âèêîðèñòîâóþ÷è çàìiíó z =
τ

t
:

t∫
0

dτ√
tβ+1 − τβ+1

=
1

t
β−1
2

1∫
0

dz√
1− zβ+1

≤ 1

t
β−1
2

1∫
0

dz√
1− z

=
C18

t
β−1
2

. (19)

Ëåãêî áà÷èòè, ùî äðóãèé iíòåãðàë ç (18) ìà¹ ïîðÿäîê îñîáëèâîñòi ìåíøèé íiæ
1

t
β−1
2

.

Îòæå, ôóíêöiÿ v(x, t) ïîâîäèòü ñåáå ÿê
C19

t
β−1
2

ïðè t→ +0.

Îòðèìàâøè ïîâåäiíêó v(x, t), îöiíèìî v(0, t) çíèçó òà çâåðõó. Ïîêëàâøè â (6)
x = 0, âèêîðèñòàâøè îöiíêè (13), (14) òà óìîâè òåîðåìè, ëåãêî áà÷èòè, ùî

v(0, t) ≥
t∫

0

G2(0, t, 0, τ)(f(0, τ)− µ′
1(τ))dτ − C20 − C21

t∫
0

τ
β−1
2 ψ1(τ)V (τ) + ψ2(τ)√

θ(t)− θ(τ)
dτ.

(20)

Ïåðåòâîðèìî ïåðøèé äîäàíîê ç (20), âiäîêðåìëþþ÷è ç ðÿäó äîäàíîê, ùî âiäïîâiäà¹
n = 0 :

t∫
0

G2(0, t, 0, τ)(f(0, τ)− µ′
1(τ))dτ =

1√
π

t∫
0

f(0, τ)− µ′
1(τ)√

θ(t)− θ(τ)
dτ +

2√
π

t∫
0

f(0, τ)− µ′
1(τ)√

θ(t)− θ(τ)
×

×
∞∑
n=1

exp

(
− n2h2√

θ(t)− θ(τ)

)
dτ ≥ 1√

π

t∫
0

f(0, τ)− µ′
1(τ)√

θ(t)− θ(τ)
dτ.

Òîäi ç (20) ìà¹ìî

v(0, t) ≥ 1√
π

t∫
0

f(0, τ)− µ′
1(τ)√

θ(t)− θ(τ)
dτ − C20 − C21

t∫
0

τ
β−1
2 ψ1(τ)V (τ) + ψ2(τ)√

θ(t)− θ(τ)
dτ. (21)

Âðàõîâóþ÷è (19), ëåãêî áà÷èòè, ùî îñîáëèâiñòü äðóãîãî iíòåãðàëà ç (21) ìåíøà çà
îñîáëèâiñòü ïåðøîãî ïðè t→ +0, òîìó äëÿ äîâiëüíîãî ôiêñîâàíîãî q, 0 < q < 1 iñíó¹
òàêå çíà÷åííÿ t1, 0 < t1 ≤ T, ùî

C21

t∫
0

τ
β−1
2 ψ1(τ)V (τ) + ψ2(τ)√

θ(t)− θ(τ)
dτ + C20 ≤

q√
π

t∫
0

f(0, τ)− µ′
1(τ)√

θ(t)− θ(τ)
dτ, t ∈ [0, t1].

Îñòàòî÷íî îòðèìà¹ìî äëÿ v(0, t) òàêó îöiíêó:

v(0, t) ≥ (1− q)√
π

t∫
0

f(0, τ)− µ′
1(τ)√

θ(t)− θ(τ)
dτ. (22)

Âðàõîâóþ÷è (22), ç (7) ìà¹ìî

a(t) ≤
√
πµ3(t)

(1− q)

t∫
0

f(0, τ)− µ′
1(τ)√

θ(t)− θ(τ)
dτ

.
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Âèêîðèñòîâóþ÷è (17), çíàõîäèìî

a0(t) ≤
√
πµ3(t)

√
amax(t)

(1− q)
√
β + 1tβ

t∫
0

f(0, τ)− µ′
1(τ)√

tβ+1 − τβ+1
dτ

.

Ââåäåìî ïîçíà÷åííÿ

H(t) ≡
√
πµ3(t)

√
β + 1tβ

t∫
0

f(0, τ)− µ′
1(τ)√

tβ+1 − τβ+1
dτ

. (23)

Ç óìîâ òåîðåìè âèïëèâà¹, ùî ôóíêöiÿ H(t) ìà¹ ñêií÷åííó äîäàòíó ãðàíèöþ ïðè
t→ +0, äîäàòíà íà ïðîìiæêó (0, T ] òà íàëåæèòü êëàñó C[0, T ]. Âèêîðèñòà¹ìî îçíà-
÷åííÿ ôóíêöi¨ H(t) äëÿ ïðîäîâæåííÿ îöiíêè a0(t) :

a0(t) ≤
1

1− q
H(t)

√
amax(t) àáî amax(t) ≤

1

1− q
Hmax(t)

√
amax(t),

äå Hmax(t) = max
0≤τ≤t

H(τ). Çâiäñè ìà¹ìî

amax(t) ≤
1

(1− q)2
H2

max(t), t ∈ [0, t1]. (24)

Îñòàòî÷íî îòðèìà¹ìî äëÿ a(t) :

a(t) ≤ A1t
β, äå A1 =

1

(1− q)2
H2

max(T ) > 0, t ∈ [0, t1]. (25)

Äëÿ îöiíêè a(t) çíèçó âèêîðèñòà¹ìî îçíà÷åííÿ ôóíêöi¨ V (t) òà íàñòóïíó îöiíêó
v(0, t) :

v(0, t)≤C22+
1√
π

t∫
0

f(0, τ)− µ′
1(τ)√

θ(t)− θ(τ)
dτ + C23

t∫
0

τ
β−1
2 ψ1(τ)V (τ)√
θ(t)− θ(τ)

dτ + C24

t∫
0

ψ2(τ)dτ√
θ(t)− θ(τ)

.

Ïiäñòàâèìî öåé âèðàç ó ðiâíÿííÿ (7), âèêîðèñòîâóþ÷è îçíà÷åííÿ ôóíêöi¨ amin(t) :

a(t) ≥ µ3(t)

(
C22 +

√
β + 1√
πamin(t)

t∫
0

f(0, τ)− µ′
1(τ)√

tβ+1 − τβ+1
dτ +

C23

√
β + 1√

amin(t)

t∫
0

τ
β−1
2 ψ1(τ)V (τ)√
tβ+1 − τβ+1

dτ+

+
C24

√
β + 1√

amin(t)

t∫
0

ψ2(τ)dτ√
tβ+1 − τβ+1

)−1

.

Çâåäåìî öþ íåðiâíiñòü äî âèãëÿäó

a0(t) ≥
√
amin(t)

(
C22

√
amin(t)t

β

µ3(t)
+

√
β + 1√
π

tβ

µ3(t)

t∫
0

f(0, τ)− µ′
1(τ)√

tβ+1 − τβ+1
dτ+

+ C25
tβ

µ3(t)

t∫
0

τ
β−1
2 ψ1(τ)V (τ)√
tβ+1 − τβ+1

dτ + C26
tβ

µ3(t)

t∫
0

ψ2(τ)dτ√
tβ+1 − τβ+1

)−1

.
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Âðàõîâóþ÷è óìîâó íà ïîâåäiíêó ôóíêöi¨ µ3(t) òà îçíà÷åííÿ H(t), ìà¹ìî

a0(t) ≥
√
amin(t)

(
C27

√
amin(t)t

β−1
2 +

1

H(t)
+ C28t

β−1
2

t∫
0

τ
β−1
2 ψ1(τ)V (τ)√
tβ+1 − τβ+1

dτ+

+ C29t
β−1
2

t∫
0

ψ2(τ)dτ√
tβ+1 − τβ+1

)−1

≥
√
amin(t)H(t)

(
C30t

β−1
2 + 1+

+ C31t
β−1
2

t∫
0

τ
β−1
2 ψ1(τ)V (τ)√
tβ+1 − τβ+1

dτ + C32t
β−1
2

t∫
0

ψ2(τ)dτ√
tβ+1 − τβ+1

)−1

. (26)

Ç òîãî, ùî ôóíêöiÿ V (t) ïîâîäèòü ñåáå ÿê
1

t
β−1
2

, ðîáèìî âèñíîâîê, ùî iñíó¹ òàêå

çíà÷åííÿ t2, 0 < t2 ≤ T, ùî

C30t
β−1
2 + C31t

β−1
2

t∫
0

τ
β−1
2 ψ1(τ)V (τ)√
tβ+1 − τβ+1

dτ + C32t
β−1
2

t∫
0

ψ2(τ)dτ√
tβ+1 − τβ+1

≤ q, t ∈ [0, t2].

Òîäi ìà¹ìî ç (26)

a0(t) ≥
√
amin(t)H(t)

1 + q
àáî amin(t) ≥

H2
min(t)

(1 + q)2
, t ∈ [0, t2], (27)

äå Hmin(t) = min
0≤τ≤t

H(τ). Îñòàòî÷íî îòðèìà¹ìî äëÿ a(t) :

a(t) ≥ A0t
β, t ∈ [0, t2], äå A0 =

1

(1 + q)2
H2

min(T ) > 0. (28)

Ïiäñòàâèìî â (18) îòðèìàíó îöiíêó amin(t) ç (27):

V (t) ≤ C12 +
C33

t
β−1
2

+
C34

tβ/2

t∫
0

τ
β−1
2 ψ1(τ)V (τ)√

t− τ
dτ +

C35

tβ/2

t∫
0

ψ2(τ)dτ√
t− τ

. (29)

Ââiâøè íîâó ôóíêöiþ w(t) ≡ V (t)t
β−1
2 , çâåäåìî (29) äî íåðiâíîñòi

w(t) ≤ C36 +
C34√
t

t∫
0

ψ1(τ)w(τ)√
t− τ

dτ +
C35√
t

t∫
0

ψ2(τ)dτ√
t− τ

. (30)

Ïîêëàäåìî t = σ, äîìíîæèìî îáèäâi ÷àñòèíè íåðiâíîñòi íà
1√
t− σ

i ïðîiíòåãðó¹ìî

âiä 0 äî t :

t∫
0

w(σ)dσ√
t− σ

≤2C36

√
t+C34

t∫
0

dσ√
σ(t− σ)

σ∫
0

ψ1(τ)w(τ)√
σ − τ

dτ + C35

t∫
0

dσ√
σ(t− σ)

σ∫
0

ψ2(τ)dτ√
σ − τ

.
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Çìiíþþ÷è ïîðÿäîê iíòåãðóâàííÿ â äðóãîìó òà òðåòüîìó äîäàíêàõ òà âèêîðèñòîâóþ÷è

ðiâíiñòü

t∫
τ

dσ√
(t− σ)(σ − τ)

= π, îòðèìà¹ìî

t∫
0

w(σ)dσ√
t− σ

≤ 2C36

√
t+ C34πψ1(t)

t∫
0

w(τ)dτ√
τ

+ 2C35πψ2(t)
√
t. (31)

Ïåðåïèøåìî íåðiâíiñòü (30) ó âèãëÿäi

w(t) ≤ C36 +
C34ψ1(t)√

t

t∫
0

w(τ)dτ√
t− τ

+ 2C35ψ2(t).

Ïiäñòàâèâøè îöiíêó (31) â äàíó íåðiâíiñòü, ìà¹ìî

w(t) ≤ C36 + C37ψ1(t) + C38ψ1(t)ψ2(t) + 2C35ψ2(t) +
C39ψ

2
1(t)√
t

t∫
0

w(τ)dτ√
τ

àáî

w(t)
√
t

ψ2
1(t)

≤ C40

√
t

ψ2
1(t)

+ C39

t∫
0

w(τ)dτ√
τ

. (32)

Ïîçíà÷èìî ïðàâó ÷àñòèíó íåðiâíîñòi ÷åðåç χ(t). Òîäi

χ′(t)− C39ψ
2
1(t)

t
χ(t) ≤ C40

( √
t

ψ2
1(t)

)′

.

Ðîçâ'ÿçóþ÷è äàíó íåðiâíiñòü ñòîñîâíî χ(t), îòðèìó¹ìî

χ(t) ≤ C40

√
t

ψ2
1(t)

+ C41

t∫
0

1√
τ
exp

(
C39

t∫
τ

ψ2
1(σ)

σ
dσ

)
dτ.

Ïiäñòàâèâøè îòðèìàíó îöiíêó â (32), îäåðæó¹ìî

w(t) ≤ C40 + C42ψ
2
1(t) exp

( t∫
0

ψ2
1(σ)

σ
dσ

)
.

Òîäi ç óìîâ òåîðåìè ìà¹ìî

V (t) ≤ C43

t
β−1
2

, t ∈ [0, t2] àáî |v(x, t)| ≤ C43

t
β−1
2

, (x, t) ∈ [0, h]× (0, t2], (33)

äå C45− êîíñòàíòà, ùî âèçíà÷à¹òüñÿ âèõiäíèìè äàíèìè.
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Ââåäåìî íîâó ôóíêöiþ ṽ(x, t) ≡ v(x, t)t
β−1
2 i ïîäàìî ñèñòåìó (5)-(7) ó âèãëÿäi

u(x, t) = u0(x, t) +

t∫
0

h∫
0

G1(x, t, ξ, τ)(b(ξ, τ)
ṽ(ξ, τ)

τ
β−1
2

+ c(ξ, τ)u(ξ, τ))dξdτ, (x, t) ∈ Qt0

(34)

ṽ(x, t) = v0(x, t)t
β−1
2 + t

β−1
2

t∫
0

h∫
0

G1x(x, t, ξ, τ)(b(ξ, τ)
ṽ(ξ, τ)

τ
β−1
2

+ c(ξ, τ)u(ξ, τ))dξdτ,

(x, t) ∈ Qt0 , (35)

a(t) =
µ3(t)t

β−1
2

ṽ(0, t)
, t ∈ [0, t0], äå t0 = min{t1, t2}. (36)

Çàïèøåìî ñèñòåìó ðiâíÿíü (34)-(36) â îïåðàòîðíié ôîðìi

ω = Pω, (37)

äå ω = (u, ṽ, a), P = (P1, P2, P3), îïåðàòîðè P1, P2, P3 âèçíà÷àþòüñÿ ïðàâèìè ÷àñòè-
íàìè ðiâíÿíü (34)-(36). Âèçíà÷èìî ìíîæèíó N = {(u(x, t), ṽ(x, t), a(t)) ∈ C(Qt0) ×

×C(Qt0)×C[0, t0] : |u(x, t)| ≤ U, |ṽ(x, t)| ≤ C43, A0 ≤
a(t)

tβ
≤ A1}. Çãiäíî ç îòðèìàíèìè

îöiíêàìè (12), (33), (25), (28) îïåðàòîð P ïåðåâîäèòü ìíîæèíó N â ñåáå. Ïîêàæåìî,
ùî îïåðàòîð P öiëêîì íåïåðåðâíèé íà N. Çãiäíî ç òåîðåìîþ Àðöåëà-Àñêîëi äëÿ öüîãî
ñëiä âñòàíîâèòè, ùî äëÿ äîâiëüíîãî ε > 0 iñíó¹ òàêå δ > 0, ùî

|Pi(x2, t2)− Pi(x1, t1)| < ε, i = 1, 2, |P3(t2)− P3(t1)| < ε,

∀ (u(x, t), ṽ(x, t), a(t)) ∈ N,

ÿêùî |t2 − t1| < δ, |x2 − x1| < δ, äå (x1, t1), (x2, t2) ∈ Qt0 . Äîâåäåííÿ êîìïàêòíîñòi
ïîêàæåìî íà ïðèêëàäi îäíîãî ç äîäàíêiâ, ùî âõîäèòü äî iíòåãðàëüíîãî îïåðàòîðà P :

K ≡

∣∣∣∣∣tβ−1
2

2

t2∫
0

(f(0, τ)− µ′
1(τ))G2(0, t2, 0, τ)dτ − t

β−1
2

1

t1∫
0

(f(0, τ)− µ′
1(τ))G2(0, t1, 0, τ)dτ

∣∣∣∣∣.
Ïðèïóñòèìî, ùî ti > 0, i = 1, 2 äîñèòü ìàëi. Ðîçãëÿíåìî íàñòóïíèé iíòåãðàë

K̂ ≡ t
β−1
2

t∫
0

(f(0, τ)− µ′
1(τ))G2(0, t, 0, τ)dτ =

t
β−1
2

√
π

( t∫
0

f(0, τ)− µ′
1(τ)√

θ(t)− θ(τ)
dτ+

+ 2

t∫
0

f(0, τ)− µ′
1(τ)√

θ(t)− θ(τ)

∞∑
n=1

exp

(
− n2h2

θ(t)− θ(τ)

)
dτ

)
≡ K̂1 + K̂2.

Âèêîðèñòà¹ìî ïîçíà÷åííÿ (17) òà îçíà÷åííÿ ôóíêöi¨ θ(t). Òîäi äëÿ äðóãîãî äîäàíêà
îòðèìà¹ìî îöiíêó:

K̂2 ≤
2
√
β + 1t

β−1
2√

πamin(t)
max
t∈[0,T ]

(f(0, t)− µ′
1(t))

t∫
0

1√
tβ+1 − τβ+1

×

×
∞∑
n=1

exp

(
− n2h2(β + 1)

amax(t)(tβ+1 − τβ+1)

)
dτ.
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Ç îçíà÷åííÿ ìíîæèíè N ðîáèìî âèñíîâîê ïðî îáìåæåíiñòü ïiäiíòåãðàëüíîãî âèðàçó
K̂2. Îòæå, K̂2 ïðÿìó¹ äî íóëÿ ïðè t → +0. Ðîçãëÿíåìî ïåðøèé äîäàíîê K̂1, âèêîðè-
ñòîâóþ÷è òåîðåìó ïðî ñåðåäí¹ òà çàìiíó çìiííèõ z =

τ

t
:

K̂1 =
t
β−1
2

√
β + 1√

πa0(t̃)
(f(0, t̃)− µ′

1(t̃))

t∫
0

dτ√
tβ+1 − τβ+1

=

=
(f(0, t̃)− µ′

1(t̃))
√
β + 1√

πa0(t̃)

1∫
0

dz√
1− zβ+1

,

äå t̃ ∈ [0, T ]. Ïîçíà÷èìî lim
t→+0

K̂1 = κ0. Òîäi, ïîâåðòàþ÷èñü äî K, îòðèìà¹ìî

K ≤

∣∣∣∣∣tβ−1
2

2

t2∫
0

(f(0, τ)− µ′
1(τ))G2(0, t2, 0, τ)dτ − κ0

∣∣∣∣∣+
+

∣∣∣∣∣tβ−1
2

1

t1∫
0

(f(0, τ)− µ′
1(τ))G2(0, t1, 0, τ)dτ − κ0

∣∣∣∣∣.
Ìîæíà âêàçàòè òàêå çíà÷åííÿ t∗, ùî êîëè 0 < ti < t∗, i = 1, 2, áóäóòü âèêîíóâàòèñü
íåðiâíîñòi: ∣∣∣∣∣tβ−1

2
i

ti∫
0

(f(0, τ)− µ′
1(τ))G2(0, ti, 0, τ)dτ − κ0

∣∣∣∣∣ < ε

2
.

Îòæå, K < ε, êîëè 0 < ti < t∗, i = 1, 2. Âèïàäîê ti > t∗, i = 1, 2 òà äîñëiäæåííÿ
iíøèõ iíòåãðàëüíèõ îïåðàòîðiâ, ùî âõîäÿòü â P1, P2, P3, ïðîâîäÿòüñÿ àíàëîãi÷íî äî
âèïàäêó ñèëüíîãî âèðîäæåííÿ äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi [1]. Îïåðàòîð P öiëêîì
íåïåðåðâíèé íà N. Çà òåîðåìîþ Øàóäåðà iñíó¹ ðîçâ'ÿçîê ñèñòåìè (34)-(36), ÿêèé
âîëîäi¹ ïîòðiáíîþ ãëàäêiñòþ. Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i (1)-(4) äîâåäåíî.

Ïåðåéäåìî äî äîâåäåííÿ ¹äèíîñòi ðîçâ'ÿçêó. Ïðèïóñêàþ÷è, ùî iñíóþòü äâà ðîç-
â'ÿçêè (ai(t), ui(x, t), vi(x, t)), i = 1, 2 ñèñòåìè (5)�(7) òà ââîäÿ÷è ïîçíà÷åííÿ a(t) ≡
≡ a1(t)−a2(t), u(x, t) ≡ u1(x, t)−u2(x, t), v(x, t) ≡ v1(x, t)−v2(x, t), îòðèìà¹ìî íàñòóïíó
ñèñòåìó ðiâíÿíü:

u(x, t) = u0(x, t) +

t∫
0

h∫
0

G1
1(x, t, ξ, τ)(b(ξ, τ)v(ξ, τ) + c(ξ, τ)u(ξ, τ))dξdτ+

+

t∫
0

h∫
0

(G1
1(x, t, ξ, τ)−G2

1(x, t, ξ, τ))(b(ξ, τ)v2(ξ, τ) + c(ξ, τ)u2(ξ, τ))dξdτ, (x, t) ∈ QT ,

(38)

v(x, t) = v0(x, t) +

t∫
0

h∫
0

G1
1x(x, t, ξ, τ)(b(ξ, τ)v(ξ, τ) + c(ξ, τ)u(ξ, τ))dξdτ+
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+

t∫
0

h∫
0

(G1
1x(x, t, ξ, τ)−G2

1x(x, t, ξ, τ))(b(ξ, τ)v2(ξ, τ) + c(ξ, τ)u2(ξ, τ))dξdτ, (x, t) ∈ QT ,

(39)

a(t) = −a1(t)a2(t)
v(0, t)

µ3(t)
, t ∈ [0, T ], (40)

äå u0(x, t) = u01(x, t) − u02(x, t), v0(x, t) = v01(x, t) − v02(x, t), G
i
1(x, t, ξ, τ) � ôóíêöi¨

Ãðiíà ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿíü ut = ai(t)uxx, i = 1, 2.
Äîâåäåííÿ ¹äèíîñòi ðîçâ'ÿçêó áàçó¹òüñÿ íà âñòàíîâëåííi îöiíîê ðîçâ'ÿçêó ñèñòåìè

ðiâíÿíü (38)-(40). Îöiíèìî äîäàíêè, ùî âõîäÿòü äî v0(x, t). Ïîçíà÷èìî

ãmax(t) ≡ max
0≤τ≤t

|a0(τ)|, a0(t) ≡
a(t)

tβ
.

Ëåãêî ïåðåêîíàòèñÿ ó ïðàâèëüíîñòi íàñòóïíèõ îöiíîê:

R1 ≡
h∫

0

|(G1
2(x, t, ξ, 0)−G2

2(x, t, ξ, 0))φ
′(ξ)|dξ ≤ C44ãmax(t),

R4 ≡
t∫

0

h∫
0

|(G1
2(x, t, ξ, τ)−G2

2(x, t, ξ, τ))fξ(ξ, τ)|dξdτ ≤ C45tãmax(t). (41)

Äëÿ îöiíêè íàñòóïíîãî âèðàçó âèäiëèìî ç ðÿäó äîäàíîê, ùî âiäïîâiäà¹ n = 0 :

R2 ≡
t∫

0

∣∣∣∣∣ f(0, τ)− µ′
1(τ)√

π(θ1(t)− θ1(τ))

∞∑
n=−∞

exp

(
− (x+ 2nh)2

4(θ1(t)− θ1(τ))

)
− f(0, τ)− µ′

1(τ)√
π(θ2(t)− θ2(τ))

×

×
∞∑

n=−∞

exp

(
− (x+ 2nh)2

4(θ2(t)− θ2(τ))

)∣∣∣∣∣dτ ≤ C46

( t∫
0

exp

(
− x2

4(θ1(t)− θ1(τ))

)
×

×

∣∣∣∣∣ 1√
θ1(t)− θ1(τ)

− 1√
θ2(t)− θ2(τ)

∣∣∣∣∣dτ +
t∫

0

1√
θ2(t)− θ2(τ)

∣∣∣∣∣exp
(
− x2

4(θ1(t)− θ1(τ))

)
−

− exp

(
− x2

4(θ2(t)− θ2(τ))

)∣∣∣∣∣dτ +
t∫

0

∣∣∣∣∣ 1√
θ1(t)− θ1(τ)

∞∑
n=−∞
n ̸=0

exp

(
− (x+ 2nh)2

4(θ1(t)− θ1(τ))

)
−

− 1√
θ2(t)− θ2(τ)

∞∑
n=−∞
n ̸=0

exp

(
− (x+ 2nh)2

4(θ2(t)− θ2(τ))

)∣∣∣∣∣dτ
)

= C46

3∑
i=1

R2i.

Îöiíêó R23 ïðîâåäåìî ó òàêèé ñïîñiá

R23 =

t∫
0

∣∣∣∣∣
θ1(t)−θ1(τ)∫

θ2(t)−θ2(τ)

∂

∂z

(
1√
z

∞∑
n=−∞
n ̸=0

exp

(
−(x+ 2nh)2

4z

))
dz

∣∣∣∣∣dτ ≤

≤ C47

t∫
0

|θ1(t)− θ1(τ)− θ2(t) + θ2(τ)|dτ ≤ C47

t∫
0

dτ

t∫
τ

|a1(σ)− a2(σ)|dσ ≤
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≤ C48ãmax(t)t
β+2.

Ùîá îöiíèòè R22, âèêîðèñòà¹ìî (25) òà íåðiâíiñòü |ex − ey| ≤ |x− y|max{ex, ey}:

R22 ≤
x2

4

t∫
0

1√
θ2(t)− θ2(τ)

∣∣∣∣∣ 1

θ1(t)− θ1(τ)
− 1

θ2(t)− θ2(τ)

∣∣∣∣∣ exp
(
− x2

C49(tβ+1−τβ+1)

)
dτ=

=
x2

4

t∫
0

|θ2(t)− θ2(τ)− θ1(t) + θ1(τ)|
(θ2(t)− θ2(τ))3/2(θ1(t)− θ1(τ))

exp

(
− x2

C49(tβ+1 − τβ+1)

)
dτ.

Âðàõîâóþ÷è (27), ìà¹ìî

|θ1(t)− θ1(τ)− θ2(t) + θ2(τ)| ≤
t∫

τ

|a0(σ)|σβdσ ≤ tβ+1 − τβ+1

β + 1
ãmax(t),

θi(t)− θi(τ) =

t∫
τ

ai0(σ)σ
βdσ ≥ H2

min(t)

(1 + q)2
tβ+1 − τβ+1

β + 1
, i = 1, 2. (42)

Çà äîïîìîãîþ íåðiâíîñòi xpe−qx2 ≤ Cp,q, x ≥ 0, p ≥ 0, q > 0 òà îöiíêè (42) îòðèìà¹ìî

R22 ≤ C50ãmax(t)

t∫
0

dτ√
tβ+1 − τβ+1

≤ C51ãmax(t)

t
β−1
2

.

Áåðó÷è äî óâàãè (42), îöiíèìî âèðàç R21:

R21 ≤
t∫

0

|θ2(t)− θ2(τ)− θ1(t) + θ1(τ)|√
(θ2(t)− θ2(τ))(θ1(t)− θ1(τ))(

√
θ2(t)− θ2(τ) +

√
θ1(t)− θ1(τ))

dτ ≤

≤ C52ãmax(t)

t∫
0

dτ√
tβ+1 − τβ+1

≤ C53ãmax(t)

t
β−1
2

.

Îòæå,

R2 ≤
C54ãmax(t)

t
β−1
2

.

Íàñòóïíèé äîäàíîê, ùî âõîäèòü äî v0(x, t), îöiíþ¹òüñÿ àíàëîãi÷íî äî ïîïåðåäíüîãî:

R3 ≡
t∫

0

∣∣∣∣∣ µ′
2(τ)− f(h, τ)√
π(θ1(t)− θ1(τ))

∞∑
n=−∞

exp

(
−(x+ h(2n− 1))2

4(θ1(t)− θ1(τ))

)
−

− µ′
2(τ)− f(h, τ)√
π(θ2(t)− θ2(τ))

∞∑
n=−∞

exp

(
−(x+ h(2n− 1))2

4(θ2(t)− θ2(τ))

)∣∣∣∣∣dτ ≤ C55ãmax(t)

t
β−1
2

. (43)

Îñòàòî÷íî ìà¹ìî

|v0(x, t)| ≤
C56ãmax(t)

t
β−1
2

.
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Ïîäiáíèìè ìiðêóâàííÿìè îòðèìó¹ìî òàêó îöiíêó âèðàçó |u0(x, t)|:

|u0(x, t)| ≤ C57ãmax(t).

Ââîäÿ÷è ïîçíà÷åííÿ U(t) = max
x∈[0,h]

|u(x, t)|, V (t) = max
x∈[0,h]

|v(x, t)| òà âèêîðèñòîâóþ÷è

îöiíêè ôóíêöié v0(x, t), u0(x, t), ç ðiâíÿíü (38), (39) îòðèìó¹ìî

U(t) ≤ C58ãmax(t) + C59

t∫
0

(τ
β−1
2 ψ1(τ)V (τ) + ψ2(τ)U(τ))dτ, (44)

V (t) ≤ C60ãmax(t)

t
β−1
2

+
C61

tβ/2

t∫
0

τ
β−1
2 ψ1(τ)V (τ) + ψ2(τ)U(τ)√

t− τ
dτ. (45)

Ðîçâ'ÿçóþ÷è íåðiâíiñòü (44) ñòîñîâíî U(t)

U(t) ≤ C62ãmax(t) + C63

t∫
0

τ
β−1
2 ψ1(τ)V (τ)dτ (46)

i ïiäñòàâëÿþ÷è (46) â (45), ïðèõîäèìî äî íåðiâíîñòi âiäíîñíî V (t) :

V (t) ≤ C64ãmax(t)

t
β−1
2

+
C61

tβ/2

t∫
0

τ
β−1
2 ψ1(τ)V (τ)√

t− τ
dτ +

C65

tβ/2

t∫
0

ψ2(τ)dτ√
t− τ

τ∫
0

σ
β−1
2 ψ1(σ)V (σ)dσ.

Îòðèìàíà íåðiâíiñòü ðîçâ'ÿçó¹òüñÿ àíàëîãi÷íî äî (29). Âðàõîâóþ÷è ïiñëÿ öüîãî (46),
îòðèìà¹ìî

V (t) ≤ C66ãmax(t)

t
β−1
2

, U(t) ≤ C67ãmax(t), t ∈ (0, t0]

àáî

|v(x, t)| ≤ C66ãmax(t)

t
β−1
2

, |u(x, t)| ≤ C67ãmax(t), (x, t) ∈ Qt0 . (47)

Íà çàâåðøåííÿ âñòàíîâèìî îöiíêó |v(0, t)|, ÿêà äåùî âiäðiçíÿ¹òüñÿ âiä îöiíêè
|v(x, t)|. Çàóâàæóþ÷è, ùî ïiäiíòåãðàëüíèé âèðàç R3 ïðè x = 0 îáìåæåíèé, îòðè-
ìó¹ìî R3 ≤ C68ãmax(t). Îöiíêè R1, R4 íå çìiíþþòüñÿ. Îöiíêó âèðàçó R2 ïðîâåäåìî
òî÷íiøå. Ïiäñòàâëÿþ÷è x = 0 â R2 òà âèäiëÿþ÷è ç ðÿäiâ äîäàíêè, ùî âiäïîâiäàþòü
n = 0, ìà¹ìî

R̃2 ≡
1√
π

t∫
0

∣∣∣∣∣ 1√
θ1(t)− θ1(τ)

− 1√
θ2(t)− θ2(τ)

∣∣∣∣∣(f(0, τ)− µ′
1(τ))dτ+

+
2√
π

t∫
0

(f(0, τ)− µ′
1(τ))

∣∣∣∣∣ 1√
θ1(t)− θ1(τ)

∞∑
n=1

exp

(
− n2h2

θ1(t)− θ1(τ)

)
−

− 1√
θ2(t)− θ2(τ)

∞∑
n=1

exp

(
− n2h2

θ2(t)− θ2(τ)

)∣∣∣∣∣dτ ≡ R̃21 + R̃22.
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Îöiíèìî R̃22:

R̃22 =
2√
π

t∫
0

(f(0, τ)− µ′
1(τ))

∣∣∣∣∣
θ1(t)−θ1(τ)∫

θ2(t)−θ2(τ)

∂

∂z

(
1√
z

∞∑
n=1

exp

(
−n

2h2

z

))
dz

∣∣∣∣∣dτ ≤

≤ C69ãmax(t).

Äëÿ îöiíêè R̃21 âèêîðèñòà¹ìî (42) òà îçíà÷åííÿ ôóíêöi¨ H(t) :

R̃21 =
1√
π

t∫
0

|θ1(t)− θ1(τ)− θ2(t) + θ2(τ)|(f(0, τ)− µ′
1(τ))√

(θ1(t)− θ1(τ))(θ2(t)− θ2(τ))(
√
θ1(t)− θ1(τ) +

√
θ2(t)− θ2(τ))

dτ ≤

≤
√
β + 1(1 + q)3ãmax(t)

2
√
πH3

min(t)

t∫
0

f(0, τ)− µ′
1(τ)√

tβ+1 − τβ+1
dτ ≤ (1 + q)3µ3(t)ãmax(t)

2H4
min(t)t

β
.

Îòæå, ìà¹ìî òàêó îöiíêó

|v0(0, t)| ≤
(1 + q)3µ3(t)ãmax(t)

2H4
min(t)t

β
+ C70ãmax(t). (48)

Ïiäñòàâëÿþ÷è (48) ó (39) òà âðàõîâóþ÷è (47), îòðèìó¹ìî

|v(0, t)| ≤ (1 + q)3µ3(t)ãmax(t)

2H4
min(t)t

β
+ C71ãmax(t) + C72ãmax(t)

ψ1(t) + ψ2(t)

t
β−1
2

. (49)

Âèêîðèñòîâóþ÷è (24) òà (49), ç ðiâíÿííÿ (40) çíàõîäèìî

|a0(t)| ≤
H4

max(t)

(1− q)4
tβ

µ3(t)
|v(0, t)| ≤

≤

(
(1 + q)3H4

max(t)

2(1− q)4H4
min(t)

+ C73t
β−1
2 + C74(ψ1(t) + ψ2(t))

)
ãmax(t)

àáî

ãmax(t) ≤

(
(1 + q)4H4

max(t)

2(1− q)4H4
min(t)

+ C73t
β−1
2 + C74(ψ1(t) + ψ2(t))

)
ãmax(t). (50)

Ç òîãî, ùî lim
t→+0

Hmax(t) = lim
t→+0

Hmin(t), âèïëèâà¹, ùî äëÿ çàäàíîãî q, 0 < q < 1, iñíó¹

òàêå ÷èñëî t∗, 0 < t∗ ≤ T , ùî
H4

max(t)

H4
min(t)

≤ 1+q, C73t
β−1
2 +C74(ψ1(t)+ψ2(t)) ≤ q, t ∈ [0, t∗].

Çàôiêñó¹ìî ÷èñëî q òàê, ùîá 0 < q <
5
√
2− 1

5
√
2 + 1

. Îòðèìà¹ìî

(1 + q)4H4
max(t)

2(1− q)4H4
min(t)

+ C73t
β−1
2 + C74(ψ1(t) + ψ2(t)) ≤

(1 + q)4

2(1− q)4
(1 + q) + q < 1.

Òîäi ç (50) âèïëèâà¹ ãmax(t) ≡ 0 ïðè t ∈ [0, t0], äå t0 = min{t1, t2, t∗}. Çâiäñè îòðèìó¹ìî
a(t) ≡ 0, t ∈ [0, t0], u(x, t) ≡ 0, v(x, t) ≡ 0, x ∈ [0, h], t ∈ [0, t0]. Îòæå, ¹äèíiñòü ðîçâ'ÿçêó
çàäà÷i (1)-(4) âñòàíîâëåíî, ùî çàâåðøó¹ äîâåäåííÿ òåîðåìè.
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