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ÎÖIÍÊÀ ÁËÈÇÜÊÎÑÒI ÔÓÍÊÖIÉ ÐÎÇÏÎÄIËÓ ÑÓÌ
ÂÈÏÀÄÊÎÂÈÕ ÂÅËÈ×ÈÍ

The paper contains the estimates of approximation of distribution of two sums of independent random
variables are contained. From this results as a conclusion the rate of convergence to the stable laws of
distribution are made.

Ðîáîòà ìiñòèòü îöiíêè áëèçüêîñòi ðîçïîäiëiâ äâîõ ñóì íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí. Ç öèõ ðå-
çóëüòàòiâ ìîæíà îòðèìàòè îöiíêè øâèäêîñòi çáiæíîñòi äî ñòiéêèõ çàêîíiâ.

Çàäà÷à ïðî áëèçüêiñòü ðîçïîäiëiâ äâîõ ñóì ðîçãëÿäà¹òüñÿ ó ïðàöÿõ [2]�[3], ïðè÷îìó
ó [3] äîñëiäæó¹òüñÿ íàáëèæåííÿ ïðåäñòàâíèêîì iç ïåâíîãî êëàñó ðîçïîäiëiâ. Äàíà
ðîáîòà ïðîäîâæó¹ äîñëiäæåííÿ, ðîçïî÷àòi â [4]�[5], âèêîðèñòîâóþ÷è õàðàêòåðèñòèêè,
ââåäåíi Çîëîòàðüîâèì ó [1].

Íåõàé ξ1, . . . ξn, . . . i η1, . . . ηn, . . . � äâi ïîñëiäîâíîñòi âèïàäêîâèõ âåëè÷èí âiäïîâiä-
íî ç ôóíêöiÿìè ðîçïîäiëó Fi(x) i Gi(x); õàðàêòåðèñòè÷íèìè ôóíêöiÿìè fi(t) i gi(t),

Φn(x) i Qn(x) � âiäïîâiäíî ôóíêöi¨ ðîçïîäiëó âèïàäêîâèõ âåëè÷èí
n∑

i=1

ξi i
n∑

i=1

ηi, à

Hi(x) = Fi(x)−Gi(x).
Ðîçãëÿíåìî íàñòóïíi óìîâè: iñíó¹ ÷èñëî α ∈ (0, 2] i ñòàëà λ > 0 òàêi, ùî

| gk(t) |≤ e−λ|t|α ; (1)

µik =

∞∫
−∞

xkdHi(x) = 0 (i = 1, 2, . . . , k = 0, 1,m), (2)

äå m =

{
1, α ≤ 1,
2, α > 1.

Ââåäåìî ïñåâäîìîìåíòè

χ
(1)
i0 (y) =

∫
|x|≤ y

max (1, | x |α) | Hi(x) | dx, χ
(2)
i0 (y) =

∫
|x|>y

max
(
1, | x |m−1

)
| Hi(x) | dx;

χ
(1)
0 (y) = max

1≤ i≤n
χ
(1)
i0 (y), χ

(2)
0 (y) = max

1≤ i≤n
χ
(2)
i0 (y);

ν
(1)
i0 (y) =

∫
|x|≤ y

max
(
1, | x |α+1

)
| Hi(x) | dx, ν

(1)
0 (y) = max

1≤ i≤n
ν
(1)
i0 (y);

ν
(2)
i0 (y) =

∫
|x|>y

max (1, | x |m) | Hi(x) | dx, ν
(2)
0 (y) = max

1≤ i≤n
ν
(2)
i0 (y).

Íåõàé ρn = sup
X

| Φn(x)−Qn(x) |.
Òåîðåìà. Äëÿ âñiõ íàòóðàëüíèõ n ñïðàâåäëèâèìè ¹ îöiíêè:

ρn ≤ C(1) inf
y>0

{
χ
(1)
0 (y)

n
1
α

+ χ
(2)
0 (y) +

1

n
1
α

max
(
χ0(y), (χ0(y))

n
n+1

)}
, (3)
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ρn ≤ C(2) inf
y>0

{
ν
(1)
0 (y)

n
1
α

+ ν
(2)
0 (y)

}
, (4)

äå χ0(y) = max
(
χ
(1)
0 (y);χ

(2)
0 (y)

)
, C(i) (j = 1, 2) � ñòàëi, ùî çàëåæàòü âiä α i λ.

Ëåìà 1. ßêùî âèêîíó¹òüñÿ óìîâà (2), òî äëÿ áóäü-ÿêèõ äiéñíèõ t i y > 0 âèêî-
íó¹òüñÿ íåðiâíiñòü

ωi(t) =| fi(t)− gi(t) |≤

≤ min

{
21−δ

m!(m+ 1)δ
| t |α+1 ν

(1)
i0 (y) +

2

m!
| t |m ν

(2)
i0 (y), ν

(1)
i0 (y) + ν

(2)
i0 (y) ,

21−δ

mδ
| t |α

(
ν
(1)
i0 (y) + ν

(2)
i0 (y)

)}
,

äå δ = α + 1−m.
Äîâåäåííÿ. Çà óìîâîþ (2)

ωj(t)=

∣∣∣∣∣∣
∞∫

−∞

eitxdHj(x)

∣∣∣∣∣∣ =
∣∣∣∣∣∣

∞∫
−∞

(
eux−

m∑
k=o

(itx)k

k!

)
dHj(x)

∣∣∣∣∣∣ ≤
∞∫

−∞

∣∣∣∣∣eux−
m∑
k=o

(itx)k

k!

∣∣∣∣∣ | dHj(x) |=

=

∫
|x|≤y

∣∣∣∣∣eux−
m∑
k=o

(itx)k

k!

∣∣∣∣∣ | dHj(x) | +
∫

|x|>y

∣∣∣∣∣eux−
m∑
k=o

(itx)k

k!

∣∣∣∣∣ | dHj(x) |≤

≤
∫

|x|≤y

21−δ | tx |m+δ

m!(m+ 1)δ
| dHj(x) | +

∫
|x|>y

2 | tx |m

m!
| dHj(x) |=

=
21−δ | t |m+δ

m!(m+ 1)δ

∫
|x|≤y

| x |m+δ| dHj(x) | +
2 | t |m

m!

∫
|x|>y

| x |m| dHj(x) |=

21−δ | t |α+1

m!(m+ 1)δ

∫
|x|≤y

|x |α+1|dHj(x) | +
2 | t |m

m!

∫
|x|>y

|x |m |dHj(x) |≤

≤ 21−δ | t |α+1

m!(m+ 1)δ
ν
(1)
j 0 (y) +

2 |x |m

m!
ν
(2)
j 0 (y).

ωj(t)=

∣∣∣∣ ∞∫
−∞
eitxdHj(x)

∣∣∣∣ ≤ ν
(1)
j 0 (y) + ν

(2)
j 0 (y),

ωj(t)=

∣∣∣∣ ∞∫
−∞

(
eitx−

m−1∑
k=o

(itx)k

k!

)
dHj(x)

∣∣∣∣ ≤ ∞∫
−∞

21−δ|tx|m−1+δ

(m−1)!mδ | dHj(x) |≤

≤ 21−δ

mδ | t |α
(
ν
(1)
j 0 (y) + ν

(2)
j 0 (y)

)
.

Ëåìó äîâåäåíî.

Ëåìà 2. Íåõàé

0 < c < min

{
λ2e2(α−m−2);

λm

4
e−λ

}
; y > 0, ν0(y) = max

(
ν
(1)
0 (y), ν

(2)
0 (y)

)
,
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âèêîíóþòüñÿ óìîâè (1) i (2), à òàêîæ ν
(2)
0 (y) ≤ c. Òîäi ïðè ν0(y) ≤ c i | t |≤ T1 =

=
(
− 1

λ
ln ν0(y)

) 1
α âèêîíó¹òüñÿ íåðiâíiñòü

|fi(t)| ≤ e−|t|αc1 , (5)

äå c1 =
λ
2
−
√
c 21+m−α

mα+1−m > 0.

ßêùî ν0(y) ≤ c i | t |> T1, òî

|fi(t)| ≤ 3ν0(y). (6)

ßêùî ν0(y) > c i | t |≤ T2 =
c

ν
(1)
0 (y)

, òîäi âèêîíó¹òüñÿ íåðiâíiñòü

|fi(t)| ≤ e−|t|αc2 , (7)

äå c2 = λ− eλ 4
m
c > 0.

Äîâåäåííÿ. Ðîçãëÿíåìî âèïàäîê ν0(y) ≤ c i | t |≤ T1. Òîäi iç ëåìè 1 (δ = α+1−m):

|fi(t)| ≤ gi(t) + ωi(t) ≤ e−λ|t|α + ωi(t) = e−
λ|t|α

2

(
e−

λ|t|α
2 + e

λ|t|α
2 ωi(t)

)
≤

≤ e−
λ| t |α

2

(
1 + e

λ| t |α
2

21−δ|t|α
mδ

(
ν
(1)
i 0 (y) + ν

(2)
i 0 (y)

))
≤

≤ e−
λ| t |α

2

(
1 + e

λ
2
Tα
1 ν0(y)

22−δ

mδ

)
≤ e−

λ| t |α
2

(
1 +

√
c2

2−δ

mδ

)
≤ e−| t |αc1 .

Íåõàé ν0(y) ≤ c i | t |> T1. Òîäi iç ëåìè 1

|fi(t)| ≤ e−λ| t |α + ωi(t) ≤ e−λ| tα| + ν
(1)
i0 (y) + ν

(2)
i0 (y) ≤ 3ν0(y).

Íåõàé ν0(y) > c, ν
(2)
0 (y) ≤ c i | t |≤ T2. Òîäi iç ëåìè 1 (âðàõîâóþ÷è, ùî T2 ≤ 1)

|fi(t)| ≤ e−λ| t |α + ωi(t) = e−λ| t |α (1 + eλ| t
α|ωi(t)

)
≤

≤ e−λ| t |α
(
1 + eλT

α
2 | t |α

(
21−δ| t |

m!(m!+1)δ
ν
(1)
i 0 (y) +

2| t |m−α

m!
ν
(2)
i 0 (y)

))
≤

≤ e−λ| t |α
(
1 + eλ | t |α

(
21−δ| t |

m!(m!+1)δ
c

ν
(1)
0 (y)

ν
(1)
0 (y) + 2| t |m−α

m!
c

))
≤

≤ e−λ| t |α (1 + eλ | t |α 4
m!
c
)
≤ e−| t |αc2 .

Ëåìó äîâåäåíî.

Äîâåäåííÿ òåîðåìè. Íåõàé y > 0 i âèêîíó¹òüñÿ óìîâà ν(2)0 (y) ≤ c, äå ñòàëà c

âèçíà÷åíà ó ëåìi 2. Îñêiëüêè ó âèïàäêó ν(2)0 (y) > c ρn ≤ ν
(2)
0 (y)

c
i òåîðåìà ñòà¹ î÷åâèä-

íîþ.

Íåõàé j=

{
1, ïðè ν0(y) ≤ c,
2, ïðè ν0(y) > c,

òîäi ïðè | t |≤ Tj i ν
(2)
0 (y) ≤ c iç ëåì 1 i 2 îäåðæèìî∣∣∣∣ n∏

i=1

fj(t)−
n∏

i=1

gj(t)

∣∣∣∣≤ n∑
i=1

(
21−δ| t |α+1

m!(m!+1)δ
ν
(1)
i 0 (y) +

2
m!

| t |m ν
(2)
i 0 (y)

)
e−λ| t |α(i−1)e−cj | t |α(n−1)≤

≤
(
21−δ | t |α+1

m!(m! + 1)δ
ν
(1)
0 (y) +

2

m!
| t |m ν

(2)
0 (y)

)
ne−cj |t|α(n−1). (8)
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Iç âèêîíàííÿ óìîâè (1) âèïëèâà¹, ùî

|Q′
n(x)| =

∣∣∣∣∣∣ 12π
+∞∫

−∞

e−itx

n∏
i=1

gi(t)dt

∣∣∣∣∣∣ ≤ 1

2π

+∞∫
−∞

e−λn| t |αdt =
Γ( 1

α
)

πα(λn)
1
α

,

òîìó ([6], ñòîð. 299) ∀X :

ρn ≤ 2

π

X∫
0

∣∣∣∣∣
n∏

i=1

fj(t)−
n∏

i=1

gj(t)

∣∣∣∣∣ dtt +
24Γ

(
1
α

)
π2α(λn)

1
αX

. (9)

Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê ν0(y) > c. Ó öüîìó âèïàäêó ó (9) ïîêëàäåìîX = T2.
Òîäi äëÿ iíòåãðàëà â (9) iç (8) ïðè n > 1 îäåðæèìî

I =
T2∫
0

∣∣∣∣ n∏
i=1

fj(t)−
n∏

i=1

gj(t)

∣∣∣∣ dtt ≤
T2∫
0

2n
(
tα+1ν

(1)
0 (y) + tmν

(2)
0 (y)

)
e−tαc2(n−1) dt

t ≤

≤ 2nν
(1)
0 (y)

(c2(n−1))1+
1
α α

∞∫
0

z
1
α e−zdz +

2nν
(2)
0 (y)

(c2(n−1))
m
α α

∞∫
0

z
m
α
−1e−zdz ≤

≤ ν
(1)
0 (y)

C1

n
1
α

+ ν
(2)
0 (y)

C2

n
m−α

α

. (10)

Iç (9), (10) i âèçíà÷åííÿ X = T2 ïðè n > 1

ρn ≤ 2

π

(
ν
(1)
0 (y)

C1

n
1
α

+ ν
(2)
0 (y)C2

)
+

24Γ
(
1
α

)
ν0(y)

π2(λn)
1
α c

,

à ÿêùî âðàõóâàòè, ùî â ðîçãëÿäóâàíîìó âèïàäêó ρ1 <
ν0(y)
c
, òî îäåðæèìî ñïðàâåäëè-

âiñòü (4).
Íåõàé ν(1)0 ≤ c. Ïîêëàäåìî â (9) X = c(ν0(y))

−1. Âèçíà÷èìî X1 = min(X,T1). Òîäi
äëÿ iíòåãðàëà â (9) îäåðæèìî

I =
X∫
0

∣∣∣∣ n∏
k=1

fk(t)−
n∏

k=1

gk(t)

∣∣∣∣ dtt ≤

≤
X1∫
0

∣∣∣∣∣
n∏

k=1

fk(t)−
n∏

k=1

gk(t)

∣∣∣∣∣ dtt +
X∫

X1

n∏
k=1

|fk(t)|
dt

t
+

X∫
X1

n∏
k=1

|gk(t)|
dt

t
= L1+L2+L3. (11)

Îñêiëüêè X1 ≤ T1, òî iç (8), àíàëîãi÷íî äî (10), ïðè n > 1

L1 ≤ ν
(1)
0 (y)

C1

n
1
α

+ ν
(2)
0 (y)

C2

n
m−α

α

. (12)

Áóäåìî ââàæàòè, ùî X1 = T1, áî ó âèïàäêó X1 = X L2 = L3 = 0. Âðàõîâóþ÷è
íåðiâíiñòü () i óìîâó T1 ≤ 1 îöiíèìî iíòåãðàë L3:

L3=

X∫
X1

n∏
k=1

|gk(t)|
dt

t
≤
∫
T1

Xe−λtαnt−1dt ≤ 1

α

+∞∫
Tα
1 λn

z−1e−zdz ≤ e−Tα
1 λn

αT α
1 λn

≤ ν
(1)
0 (y)

n
1
α

C5. (13)
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Îöiíèìî iíòåãðàë L2. Iç (8) îäåðæó¹ìî:

L2 =

X∫
X1

∣∣∣∣∣
n∏

k=1

fk(t)

∣∣∣∣∣ dtt ≤
X∫

X1

(
5ν0(y) | t |α+1

)n
t−1dt ≤ (5ν0(y))

n

∫
T1

Xt(α+1)n−1dt ≤

≤ (5ν0(y))
n X(α+1)n

(α+ 1)n
=

(ν0(y))
n−(α+1)n

(α + 1)n

(
5cα+1

)n ≤ (ν0(y))
−nα

(α + 1)n

(
5cα+1

)
.

Îñêiëüêè çà ëåìîþ 2 c < e−
α
2 , òî 5cα+1 < 1. Òîìó

L2 ≤

(
ν
(1)
0 (y)

)−1

n
1
α

C6. (14)

Iç (13), (14)

L2 + L3 ≤ C7n
− 1

α max
(
ν
(1)
0 (y), ν

(1)
0 (y)−1

)
. (15)

Iç ëåìè 1 i (9) îäåðæó¹ìî:

ρ1 ≤ 2
π

X∫
0

|f1(t)− g1(t)| dt
t
+

24Γ( 1
α)

Xπ2λ
1
α
≤

≤ 2
π

X∫
0

(
2m−α

mα+1−m t
α+1ν

(1)
01 (y) + 2tmν

(2)
01 (y)

)
dt
t
+

24Γ( 1
α)

Xπ2λ
1
α
≤

≤ 2
π

(
2m−α

mα+1−m t
α+1ν

(1)
01 (y)

1
α+1

Xα+1 + 2
m
ν
(2)
01 X

m
)
+

24Γ( 1
α)ν01(y)

π2λ
1
α

≤

≤ C8

(
ν
(1)
01 (y) + ν

(1)
01 (y)

)
. (16)

Iç âèçíà÷åííÿ X, íåðiâíîñòi (9) i íåðiâíîñòi (11)�(16) îäåðæó¹ìî ñïðàâåäëèâiñòü
íåðiâíîñòi (4).

Äîâåäåííÿ íåðiâíîñòi (3) ïîâíiñòþ àíàëîãi÷íå äî âèùåíàâåäåíîãî. Ëèøå ïðè ¨¨
äîâåäåííi ïîêëàäà¹ìî X = c (χ0(y))

n
n+1 .
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