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ÎÖIÍÊÀ ØÂÈÄÊÎÑÒI ÇÁIÆÍÎÑÒI ÐÎÇÏÎÄIËÓ ×ÈÑËÀ
ÍÅÏÐÀÂÄÈÂÈÕ ÐÎÇÂ'ßÇÊIÂ Ç ÎÁÌÅÆÅÍÍßÌÈ ÑÈÑÒÅÌÈ
ÍÅËIÍIÉÍÈÕ ÂÈÏÀÄÊÎÂÈÕ ÁÓËÅÂÈÕ ÐIÂÍßÍÜ ÄÎ
ÐÎÇÏÎÄIËÓ ÏÓÀÑÑÎÍÀ
The theorem on a estimation of the rate of convergence (n →∞) to the Poisson with a parameter
2m distribution of the number of false solutions of a beforehand consistent system of nonlinear
random Boolean equations is proved (m = const, m = n−N , n is a number of unknown variables,
N is a number of system equations). The estimation with the additional condition about the
number nonzero components of the solutions is obtained.

Äîâåäåíà òåîðåìà ïðî îöiíêó øâèäêîñòi çáiæíîñòi (n → ∞) äî ïóàññîíiâñüêîãî ç ïàðàìå-
òðîì 2m ðîçïîäiëó ÷èñëà õèáíèõ ðîçâ'ÿçêiâ íàïåðåä ñóìiñíî¨ ñèñòåìè íåëiíiéíèõ âèïàäêîâèõ
áóëåâèõ ðiâíÿíü (m = const, m = n − N , n � êiëüêiñòü íåâiäîìèõ, N � êiëüêiñòü ðiâíÿíü
ñèñòåìè). Äàíà îöiíêà îäåðæàíà ç äîäàòêîâîþ óìîâîþ íà êiëüêiñòü íåíóëüîâèõ êîìïîíåíò
öèõ ðîçâ'ÿçêiâ.

1. Âñòóï. Ïîñòàíîâêà çàäà÷i. Ðîçãëÿíåìî ñèñòåìó ðiâíÿíü
gi(n)∑

k=1

∑
1≤j1<· · ·< jk≤n

a
(i)
j1 ··· jk

xj1 · · · xjk
= bi , i = 1, 2, ..., N, (1)

ó ïîëi GF (2) ïðè óìîâi (À):
êîåôiöi¹íòè a

(i)
j1···jk

(1 ≤ j1 < · · · < jk ≤ n, k = 1, 2, ..., gi(n), i = 1, 2, ..., N)

� íåçàëåæíi âèïàäêîâi âåëè÷èíè, P{a(i)
j1···jk

= 1} = 1− P{a(i)
j1···jk

= 0} = pik;
åëåìåíòè bi (i = 1, 2, ... , N) � ðåçóëüòàò ïiäñòàíîâêè â ëiâó ÷àñòèíó ñè-

ñòåìè (1) ôiêñîâàíîãî n-âèìiðíîãî (0, 1)-âåêòîðà x̄0, ÿêèé ìà¹ ρ(n) íåíóëüîâèõ
êîìïîíåíò;

ôóíêöiÿ gi(n) � íåâèïàäêîâà, gi(n) ∈ {2, 3, ... , n} (i = 1, 2, ... , N).
Ïîçíà÷èìî ÷åðåç M(x̄0, f(n)) ñóêóïíiñòü óñiõ ïîïàðíî ðiçíèõ n-âèìiðíèõ âå-

êòîðiâ x, ÿêi íå ñïiâïàäàþòü ç x0, ùî ìàþòü êiëüêiñòü |x̄| íåíóëüîâèõ êîìïîíåíò,
ÿêà çàäîâîëüíÿ¹ íåðiâíîñòi

|x̄| ≥ f(n), f(n) ∈ {0, 1, 2, ..., n}. (2)

×èñëî âñiõ ðîçâ'ÿçêiâ x̄, x̄ ∈ M(x̄0, f(n)), ñèñòåìè (1) ïîçíà÷èìî ÷åðåç νn. Â
ðîáîòi [1] âèâ÷åíî çáiæíiñòü ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè νn äî ãðàíè÷íîãî
(n → ∞) äëÿ f(n) = 0, n → ∞; â [2, 3] öåé æå ðîçïîäië ðîçãëÿíóòî ïðè äîäà-
òêîâié óìîâi íà ÷èñëî íåíóëüîâèõ êîìïîíåíò (ρ(n) → ∞, n → ∞) âåêòîðà x0.
Â [4] (äèâ. òåîðåìó 1) äîñëiäæåíî ãðàíè÷íèé ðîçïîäië âèïàäêîâî¨ âåëè÷èíè νn ç
îáìåæåííÿìè (2) òà n−ρ(n) →∞ ïðè n →∞. Íàñ öiêàâëÿòü îöiíêè øâèäêîñòi
çáiæíîñòi äî ãðàíè÷íîãî ðîçïîäiëó â çàçíà÷åíié òåîðåìi 1 ç [4].

2. Ôîðìóëþâàííÿ ðåçóëüòàòiâ.

Òåîðåìà. Íåõàé âèêîíóþòüñÿ óìîâè: (À);

n−N = m, m = const, −∞ < m < ∞; (3)
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çíàéäåòüñÿ ôóíêöiÿ ϕ(n), ϕ(n) ≤ n, ïðè ÿêié f(n) = [o(ϕ(n))], f(n) ≥ 2 ïðè
n →∞, äå [ · ] � çíàê öiëî¨ ÷àñòèíè;
äëÿ äîâiëüíîãî i = 1, 2, ..., N iñíó¹ òàêà ìíîæèíà Ti, Ti 6= ∅, ùî ïðè âñiõ
äîñòàòíüî âåëèêèõ n

Ti ⊆ {2, ..., gi(n)} ∩ {2, ..., f(n)}, (4)
1

2
− 1

nEn

≤ pit ≤ 1

2
+

1

nEn

, (5)

äå t ∈ Ti, En →∞ ïðè n →∞;
äëÿ ôiêñîâàíîãî öiëîãî íåâiä'¹ìíîãî l ïðè âñiõ äîñòàòíüî âåëèêèõ n = n(l)

min
{

Ên,
τ
√

µ(n)
}
≥ 2l, (6)

äå µ(n) = n−ρ(n)
ϕ(n) ln n

, τ > 0, Ên

En
→ 0 ïðè n →∞.

Òîäi äëÿ ôiêñîâàíîãî k = 0, 1, 2, ...

∣∣∣∣P{νn = k} − λk

k!
e−λ

∣∣∣∣ ≤
(

2eλ

γ

)γ

×

× [
2 + 2γ+2 (En)−1 + (Θ1 + Θ2)

(
1 + 2γ+2 (En)−1) + 4

(
1 + 2γ (En)−1) Θ3

]
+

+ 4γ

(
2eλ

k

)k

e2λ (En)−1 + γ

(
eλ

k

)k

eλ
[
(Θ1 + Θ2)

(
1 + 2γ+2 (En)−1)] +

+ 4γ

(
eλ

k

)k

eλ
(
1 + 2γ (En)−1) Θ3, (7)

äå λ = 2m, γ = min
{[

log2 Ên

]
,
[

1
τ

log2 µ(n)
]}

, γ ≥ 0,

Θ1 = γ2−(n−ρ(n))+(γ−1)εϕ(n)
√

εϕ(n)
(

(n−ρ(n))e
εϕ(n)

)εϕ(n)

,

Θ2 = 2−n exp
{

ε2γϕ(n)
(
γ + ln

(
ne

ε2γϕ(n)

))
+ 2γ + 2 ln(ε2γϕ(n))

}
,

Θ3 = 2−m×
× exp

{
−n−ρ(n)

2γ + 2γ2γεϕ(n) + 2γ + 2 ln(2γεϕ(n)) + 2γ+1εϕ(n) ln
(

ρ̃(n)e
2γεϕ(n)

)}
,

ρ̃(n) = max{ρ(n), n− ρ(n)}, ε ∈ (0; 1).

Òóò i äàëi ââàæà¹ìî, ùî 00 ≡ 1.

Àíàëiçóþ÷è ïðàâó ÷àñòèíó (7) íåâàæêî çðîáèòè íàñòóïíi çàóâàæåííÿ.

Çàóâàæåííÿ 1. Ïðè âèêîíàííi óìîâ (3�6), γ → ∞ (n → ∞), τ ≥ 2, ïðàâà
÷àñòèíà íåðiâíîñòi (7) ïðÿìó¹ äî íóëÿ ïðè n → ∞. ßêùî æ âèêîíóþòüñÿ
(3�6) i 0 < τ < 2 àáî γ < 2 γ

√
3 eλ, òî îöiíêà (7) òðèâiàëüíà.

Çàóâàæåííÿ 2. ßêùî âèêîíóþòüñÿ óìîâè (3)-(6), τ ≥ 2 , òî ïðè âñiõ
äîñòàòíüî âåëèêèõ n, ïî÷èíàþ÷è ç äåÿêîãî n1, n ≥ n1, ìà¹ ìiñöå îöiíêà

∣∣∣∣P{νn = k} − λk

k!
e−λ

∣∣∣∣ ≤ 3

(
2eλ

γ

)γ

+ 4γe4λ (En)−1 + 9γe2λΘ3.
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Çàóâàæåííÿ 3. ßêùî âèêîíóþòüñÿ óìîâè: (3)-(6), ϕ(n) < ln2 n, En =
(ln n)3/2, Ên = ln n, τ ≥ 2, òî ïðè âñiõ äîñòàòíüî âåëèêèõ n, ïî÷èíàþ÷è ç
äåÿêîãî n2, n ≥ n2, ìà¹ ìiñöå îöiíêà

∣∣∣∣P{νn = k} − λk

k!
e−λ

∣∣∣∣ ≤ 8γe4λ (En)−1 .

Çàóâàæåííÿ 4. ßêùî âèêîíóþòüñÿ óìîâè (3)-(6), τ ≥ 2 òà (EnΘ3)
−1 → 0,

n → ∞, òî ïðè âñiõ äîñòàòíüî âåëèêèõ n, ïî÷èíàþ÷è ç äåÿêîãî n3, n ≥ n3,
ìà¹ ìiñöå îöiíêà

∣∣∣∣P{νn = k} − λk

k!
e−λ

∣∣∣∣ ≤ 3

(
2eλ

γ

)γ

+ 10γe2λΘ3.

3. Äîïîìiæíi òâåðäæåííÿ. Ïîçíà÷èìî x1, ..., xk � ïîïàðíî ðiçíi, âiäìiííi
âiä x0, n-âèìiðíi (0, 1)-âåêòîðè, xν = (xν

1, ..., x
ν
n) , ν = 0, k, 1 ≤ k < ∞.

Îçíà÷åííÿ. i{u1...uν}
(
j{u1...uν}

)
� öå êiëüêiñòü îäèíèöü (íóëiâ) ðîçìiùåíèõ

íà òèõ i òiëüêè òèõ ïîçèöiÿõ â óñiõ âåêòîðàõ xu1 , ..., xus, íà ÿêèõ â óñiõ âå-
êòîðàõ xus+1 , ..., xuk , x0 ðîçìiùåíi íóëi (îäèíèöi).

Ïîçíà÷èìî ÷åðåç Mν
[k]
n � k-é ôàêòîðiàëüíèé ìîìåíò âèïàäêîâî¨ âåëè÷èíè

νn (k = 1, 2, ...); ïîêëàäåìî Mν
[0]
n ≡ 1.

Â ðîáîòi [3] ïîêàçàíî, ùî ïðè âèêîíàííi óìîâè (À), äëÿ k > 1

Mν [k]
n = 2−kNS(n, k; Q), (8)

äå

S(n, k; Q) =

n−ρ(n)∑
s=0

∑
(n− ρ(n))!

(
(n− ρ(n)− s)!

∏
i∈I

i!
)−1

×

×
ρ(n)∑

s′=0
s′+s>1

∑ ′ρ(n)!

(
(ρ(n)− s′)!

∏
j∈J

j!

)−1

Q, (9)

Q =
N∏

i=1


1 +

k∑
ν=1

∑

1 6 u1 < · · · < uν 6 k

gi(n)∏
t=1

(1− 2pit)
Ã{u1 , . . . ., uν}

t, k


 , (10)

ñóìóâàííÿ
∑ (∑ ′) çäiéñíþ¹òüñÿ ïî âñiõ i ∈ I (j ∈ J), äå I = {i{u1,...,uν} :

1 6 u1 < · · · < uν 6 k, ν = 1, ..., k } (J = {j{u1,...,uν} : 1 ≤ u1 < · · · < uν ≤ k, ν =
1, ..., k}), òàêèõ, ùî

∑
i∈I

i = s

(∑
j∈J

j = s′
)

.

Êðiì òîãî, â [3] äîâåäåíî, ùî äëÿ 1 6 u1 < ... < uν 6 k, ν ∈ {1, ..., k} i
t ∈ {1, ..., n} âèêîíó¹òüñÿ íåðiâíiñòü

Γ
{u1,...,uν}
t,k >

∑

(i,j)∈T

(
Ct

i + Ct
j

)
, (11)
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äå T = I{u1,...,uν} × J{u1,...,uν}.
Òóò

I{u1,...,uν} =
{

i{σ1,...,σψ , µ1,...,µl} : A (ψ, l, k)
}

,

J{u1,...,uν} =
{

j{σ1,...,σψ , µ1,...,µl} : A (ψ, l, k)
}

,

äå A (ψ, l, k) � ñêîðî÷åíèé çàïèñ íàñòóïíîãî íàáîðó îáìåæåíü: 1 6 σ1 < ... <
< σψ 6 k, σz ∈ {u1, ..., uν}, z = 1, ..., ψ, ψ = 1, ..., ν, ψ ≡ 1 (mod2) , 1 6 µ1 <
< ... < µl 6 k, µ1, ..., µl /∈ {u1, ..., uν} , l = 0, ..., k − ν.

Íåõàé

Fu1...uν =
k−ν∑

l=0

∑

1≤µ1<...<µl≤k
µl /∈{u1,...,uν}

i{u1...uνµ1...µl}, (12)

Φu1...uν = ρ(n)−
ν∑

q=1

∑
v1<...<vq

vq∈{u1,...,uν}

k−ν∑

l=0

∑

1≤µ1<...<µl≤k
µl /∈{u1,...,uν}

j{v1...vqµ1...µl}, (13)

Γ
{u1...uν}
t,k =

ν∑

ψ=1

(−2)ψ−1
∑

σ1<...<σψ

σψ∈{u1,...,uν}

Ct
Fσ1...σψ

+Φσ1...σψ
+

+
1− (−1)ν

2


Ct

ρ(n) +
ν∑

ψ=1

(−2)ψ
∑

σ1<...<σψ

σψ∈{u1,...,uν}

Ct
Φσ1...σψ


 , (14)

äå 1 6 u1 < ... < uν 6 k, ν ∈ {1, ..., k}, t = 1, 2, ..., gi (n), i = 1, ..., N . Òóò
Fu1...uν (Φu1...uν ) � öå êiëüêiñòü îäèíèöü (íóëiâ) ðîçìiùåíèõ íà îäíèõ i òèõ æå
ïîçèöiÿõ â óñiõ âåêòîðàõ xu1 , ..., xuν , à ó âåêòîði x0 íà öèõ ïîçèöiÿõ çíàõîäÿòüñÿ
íóëi (îäèíèöi).

Ëåìà 1. Íåõàé ìà¹ ìiñöå óìîâà
k−1∑

l=0

∑

16µ1<...<µl6k
µl 6=u

(
i{uµ1...µl} + j{uµ1...µl}

)
> 1, u = 1, k. (15)

Òîäi âèêîíó¹òüñÿ íåðiâíiñòü

Γ
{u}
t,k ≥ Ct−1

f(n)−1, i = 1, N. (16)

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ðiâíîñòi (12), (13) òà (14), îäåðæèìî

Γ
{u}
t,k = Ct

Fu+Φu
+ Ct

ρ(n) − 2Ct
Φu

, u = 1, k. (17)

Òóò Fu =
k−1∑
l=0

∑
1≤µ1<...<µl≤k

µl 6=u

iuµ1...µl
, Φu = ρ(n) − Φ∗

u, äå Φ∗
u =

k−1∑
l=0

∑
1≤µ1<...<µl≤k

µl 6=u

juµ1...µl
.

Çãiäíî (15) î÷åâèäíî, ùî Fu + Φ∗
u ≥ 1. Òîìó, ùîá äîâåñòè ëåìó 1, äîñòàòíüî

çíàéòè îöiíêó äëÿ Γ
{u}
t,k ó äâîõ âèïàäêàõ: Φ∗

u = 0 òà Φ∗
u ≥ 1.
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Íåõàé Φ∗
u = 0. Òîäi iç (17) ñëiäó¹, ùî

Γ
{u}
t,k ≥ Ct

Fu+ρ(n) − Ct
ρ(n) ≥ Ct

1+ρ(n) − Ct
ρ(n) ≥ Ct−1

f(n)−1, i = 1, N. (18)

Iç îñòàííiõ ñïiââiäíîøåíü âèïëèâà¹ (16). Òóò áóëî âèêîðèñòàíî ëåìó 7 ç [5]
(Ct

α−Ct
α−β ≥ βCt−1

α− 1
2
(1+β)

äëÿ öiëèõ äîäàòíèõ α, β òà òàêîãî öiëîãî t, ùî α−β ≥
≥ t) òà òîé ôàêò, ùî Fu + ρ(n) − Φ∗

u ≥ f(n), ÿêèé âèïëèâà¹ ç (2) òà ðiâíîñòi
Fu + Φu = |x̄|.

Íåõàé òåïåð Φ∗
u ≥ 1. Òîäi iç (17), àíàëîãi÷íî äî (18), ìà¹ìî

Γ
{u}
t,k ≥ Ct

ρ(n) − Ct
ρ(n)−Φ∗u ≥ Ct

ρ(n) − Ct
ρ(n)−1 ≥ Ct−1

ρ(n)−1 ≥ Ct−1
f(n) ≥ Ct−1

f(n)−1, i = 1, N.

(19)
Òàêèì ÷èíîì, áåðó÷è äî óâàãè ðiâíiñòü (17), îöiíêè (18) òà (19), îäåðæèìî

(16).

Ëåìà 2. Íåõàé ìà¹ ìiñöå óìîâà
k−2∑

l=0

∑

16µ1<...<µl6k
µl /∈{u1,u2}

(
i{u1µ1...µl} + j{u1µ1...µl} + i{u2µ1...µl} + j{u2µ1...µl}

)
> 1, (20)

1 ≤ u1 < u2 ≤ k.
Òîäi âèêîíó¹òüñÿ íåðiâíiñòü

Γ
{u1,u2}
t,k ≥ Ct−1

f(n)−1, i = 1, N. (21)

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ðiâíîñòi (12), (13) òà (14), îäåðæèìî

Γ
{u1,u2}
t,k = Ct

Fu1+Φu1
+ Ct

Fu2+Φu2
− 2Ct

Fu1u2+Φu1u2
, i = 1, N, (22)

äå
Fu =

k−1∑
l=0

∑
16µ1<...<µl6k

µl /∈{u}

i{uµ1...µl}, Φu = ρ(n) − Φ
′
u, Φ

′
u =

k−1∑
l=0

∑
16µ1<...<µl6k

µl /∈{u}

j{uµ1...µl},

(u = u1, u2),
Fu1u2 =

k−2∑
l=0

∑
16µ1<...<µl6k

µl /∈{u1,u2}

i{u1u2µ1...µl},

Φu1,u2 = ρ(n)−
k−2∑

l=0

∑

16µ1<...<µl6k
µl /∈{u1,u2}

(
j{u1µ1...µl} + j{u2µ1...µl}

)−
k−2∑

l=0

∑

16µ1<...<µl6k
µl /∈{u1,u2}

j{u1u2µ1...µl}.

Äàëi ïåðåïèøåìî (22) ó íàñòóïíîìó âèãëÿäi

Γ
{u1,u2}
t,k = Ct

Fu1+Φu1
− Ct

Fu1u2+Φu1u2
+ Ct

Fu2+Φu2
− Ct

Fu1u2+Φu1u2
, i = 1, N. (23)

Âèêîðèñòîâóþ÷è âèçíà÷åííÿ ÷èñåë Fu, Φu, (u = u1, u2) òà Fu1u2 , Φu1u2 , ïðåä-
ñòàâèìî (23) íàñòóïíèì ÷èíîì

Γ
{u1,u2}
t,k = Ct

Fu1+Φu1
− Ct

Fu1+Φu1−ψ∗ + Ct
Fu2+Φu2

− Ct
Fu2+Φu2−ψ∗ , i = 1, N, (24)
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äå
ψ∗ =

k−2∑
l=0

∑
16µ1<...<µl6k

µl /∈{u1,u2}

(
i{u1µ1...µl} + j{u2µ1...µl}

)
,

ψ∗ =
k−2∑
l=0

∑
16µ1<...<µl6k

µl /∈{u1,u2}

(
i{u2µ1...µl} + j{u1µ1...µl}

)
.

Çãiäíî óìîâè (20) ìà¹ ìiñöå íåðiâíiñòü

ψ∗ + ψ∗ ≥ 1.

Äàëi çíàéäåìî îöiíêó äëÿ Γ
{u1,u2}
t,k íà âèïàäîê, êîëè ψ∗ = 0 òà ψ∗ ≥ 1.

ßêùî ψ∗ = 0, òî iç ðiâíîñòi (24), âèêîðèñòîâóþ÷è ëåìó 7 ç [5], áåðó÷è äî
óâàãè ñïiââiäíîøåííÿ

Fu + ρ(n)− Φ
′
u ≥ f(n), u = u1, u2, i = 1, N, (25)

ÿêå ìà¹ ìiñöå çãiäíî ðiâíîñòi Fu + Φu = |x̄| òà óìîâè (2), îäåðæèìî

Γ
{u1,u2}
t,k ≥ Ct

Fu2+Φu2
− Ct

Fu2+Φu2−1 ≥ Ct−1

Fu2+ρ(n)−Φ′u2
−1
≥ Ct−1

f(n)−1, (26)

à çâiäñè, â ñâîþ ÷åðãó, ñëiäó¹ (21).
ßêùî ψ∗ ≥ 1, òî àíàëîãi÷íèìè ìiðêóâàííÿìè íåâàæêî îäåðæàòè îöiíêó

Γ
{u1,u2}
t,k ≥ Ct

Fu1+Φu1
− Ct

Fu1+Φu1−1 ≥ Ct−1

Fu1+ρ(n)−Φ
′
u1
−1
≥ Ct−1

f(n)−1, i = 1, N. (27)

Ñïiââiäíîøåííÿ (22), (26) òà (27) äîâîäÿòü ëåìó 2.

Ëåìà 3. Â óìîâàõ òåîðåìè äëÿ öiëèõ íåâiä'¹ìíèõ k,

0 < k ≤ γ, (28)

ïðè âñiõ äîñòàòíüî âåëèêèõ n

Mν [k]
n = λk + ∆(k, n), (29)

äå

|∆(k, n)| ≤
2(m+1)k+2(En)−1 + 2mk(Θ1 + Θ2)

(
1 + 2k+2(En)−1

)
+ 4

(
2m(k−1)

) (
1 + 2k(En)−1

)×

× exp

{
−n− ρ(n)

2k
+2k2kεϕ(n)+2k+2 ln(2kεϕ(n))+2k+1εϕ(n) ln

(
ρ̃(n)e

2kεϕ(n)

)}
.

(30)

Äîâåäåííÿ. Ïðåäñòàâèìî Mν
[k]
n ó âèãëÿäi

Mν [k]
n = 2−kN

∑
∆≥0

S(∆)(n, k; Q), (31)
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äå S(∆)(n, k; Q) âiäðiçíÿ¹òüñÿ âiä S(n, k; Q) òèì, ùî âñi i òà j (i ∈ I, j ∈ J),
ÿêi áåðóòü ó÷àñòü â çàïèñi S(n, k; Q) çãiäíî (9), ïðèéìàþòü ëèøå òàêi çíà÷åííÿ,
ùî iñíó¹ ðiâíî ∆ ïîïàðíî ðiçíèõ íàáîðiâ ωα = {u(α)

1 , ..., u
(α)
ξα
}, 1 ≤ u

(α)
1 < · · · <

< u
(α)
ξα

≤ k, ξα ∈ {1, ..., k}, α = 1, ..., ∆, äëÿ êîæíîãî ç ÿêèõ çíàéäåòüñÿ òàêå
t(α) ∈ {2, ..., r}, ùî âèêîíó¹òüñÿ

Γωα

t(α), k
= 0, (32)

i äëÿ íàáîðiâ {υ1, ..., υγ}, 1 ≤ υ1 < · · · < υγ ≤ k, γ = 1, ..., k, ÿêi çàäîâîëüíÿþòü
ñïiââiäíîøåííþ {υ1, ..., υγ} 6= ωα, α = 1, ... , ∆, ìà¹ ìiñöå îöiíêà

Γ
{υ1, ... , υγ}
t, k ≥ 1 (33)

äëÿ âñiõ t ∈ {2, . . . , r}, r = [εϕ(n)].
Ïîäàìî (31) ó âèãëÿäi

Mν [k]
n = S1 + p1, (34)

äå S1 = 2−kNS(0)(n, k; Q), p1 = 2−kN
2k−1∑
∆=1

S(∆)(n, k; Q).

Ïîêàæåìî, ùî

λk − 2mk

(
2k+2

En

+ (Θ1 + Θ2)

(
1 +

2k+2

En

))
≤ S1 ≤

≤ λk + 2mk

(
2k+2

En

+ (Θ1 + Θ2)

(
1 +

2k+2

En

))
. (35)

Ç öi¹þ ìåòîþ ïðè ∆ = 0 ç óðàõóâàííÿì îöiíêè (33), óìîâ (4) òà (5) âiä
ðiâíîñòi (10) ïåðåéäåìî äî îöiíêè

1− 2k+2

En

≤ Q ≤ 1 +
2k+2

En

. (36)

Äàëi, çãiäíî ïîëiíîìiàëüíî¨ òåîðåìè òà ñïiââiäíîøåííÿ (36), îòðèìó¹ìî

2−kN(2nk − σ0 − σ1)

(
1− 2k+2

En

)
≤ S1 ≤ 2−kN(2nk − σ0 − σ1)

(
1 +

2k+2

En

)
, (37)

äå

σ0 = 1 +
2k−1∑

d=1

S
(0)
d (n, k; 1),

S
(0)
d (n, k; 1) âiäðiçíÿ¹òüñÿ âiä S(n, k; 1) òèì, ùî ÷èñëà i ∈ I (j ∈ J) â ïðàâié

÷àñòèíi ðiâíîñòi (9) çìiíþþòüñÿ òàêèì ÷èíîì, ùî iñíó¹ ðiâíî d åëåìåíòiâ ç ìíî-
æèíè {Γ{u1, . . . , uν}

t,k , 1 ≤ u1 < ... < uν ≤ k, ν = 1, ..., k}, äëÿ êîæíîãî ç ÿêèõ ìà¹
ìiñöå

Γ
{u1,...,uν}
t,k = 0,

d = 1, 2, ..., 2k − 1,

σ1 ≤
k∑

p=1

S(0)
p (n, k; 1). (38)
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S
(0)
p (n, k; 1) âiäðiçíÿ¹òüñÿ âiä S(n, k; 1) òèì, ùî ñóìóâàííÿ â ïðàâié ÷àñòèíi

ðiâíîñòi (9) çäiéñíþ¹òüñÿ ïî òàêèõ i ∈ I (j ∈ J), ùî õî÷à á äëÿ îäíîãî p,
p ∈ {1, ..., k}, ∑

i∈I{p}

i + ρ(n)−
∑

j∈I{p}

j < f(n). (39)

Ïðîâîäÿ÷è ìiðêóâàííÿ àíàëîãi÷íi äî òèõ, ÿêi áóëè çðîáëåíi â [2], ùîäî îöiíêè
äëÿ σ0 (äèâ. [2], ñïiââiä. (25)-(29)), íåâàæêî îäåðæàòè

0 ≤ σ0 ≤ 2knΘ2. (40)

Ïîêàæåìî, ùî
0 ≤ σ1 ≤ 2nkΘ1. (41)

Äëÿ öüîãî, ç óðàõóâàííÿì (39), ïîäàìî S
(0)
p (n, k; 1) íàñòóïíèì ÷èíîì:

S(0)
p (n, k; 1)=

n−ρ(n)∑
s=0

Cs
n−ρ(n)

∑
s1+s2=s

Cs1
s




∑
P

i∈I{p}
i=s1

s1!∏
i∈I{p}

i!







∑
P

i∈I\I{p}
i=s2

s2!∏
i∈I\I{p}

i!


×

×
ρ(n)∑

s′=0

Cs′
ρ(n)




∑
P

j∈J{p}
j=s′

s′!∏
j∈J{p}

j!


 . (42)

Âèêîðèñòîâóþ÷è ïîëiíîìiàëüíó òåîðåìó, ñïiââiäíîøåííÿ (38), (39) òà (42),
îäåðæèìî

σ1 ≤ k

n−ρ(n)∑
s=0

Cs
n−ρ(n)

(
2k−1 − 1

)s




f(n)∑
s1=0

Cs1
s

(
2k−1

)s1




ρ(n)∑

s′=0

Cs′
ρ(n)

(
2k − 1

)s′
.

Çâiäñè, âèêîðèñòîâóþ÷è íåðiâíiñòü r > f(n), ìàòèìåìî

σ1 ≤ k2nk−(n−ρ(n))+(k−1)r

(
r∑

s1=0

Cs1

n−ρ(n)

)
. (43)

Òîäi ç (43), çãiäíî íåðiâíîñòi

n! > nne−n
√

2πn e
1

12n+1 , (44)

ÿêà äîâåäåíà â [6], îäåðæèìî (41).
Áåðó÷è äî óâàãè (3), (34), (37), (40) òà (41), îäåðæèìî (35).
Äàëi ïîêàæåìî, ùî äëÿ ∆ ≥ 1 ìà¹ ìiñöå îöiíêà

p1 ≤ 4
(
2m(k−1)

) (
1 +

2k

En

)
×

× exp

{
−n− ρ(n)

2k
+2k2kεϕ(n)+2k+2 ln(2kεϕ(n)) + 2k+1εϕ(n) ln

(
ρ̃(n)e

2kεϕ(n)

)}
.

(45)
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Ç öi¹þ ìåòîþ, ïîçíà÷èìî ÷åðåç M1

(
M̃1

)
ñóêóïíiñòü óñiõ i, i ∈ I (j, j ∈ J),

ùî íå íàëåæàòü Iωα (Jωα), α = 1, ..., ∆ i ïîêëàäåìî M2 = I\M1, M̃2 = J\M̃1. Äëÿ
ïîòóæíîñòi ìíîæèíè M1

(
M̃1

)
ïðèéìåìî çàïèñ R1

(
R̃1

)
. Íåõàé z � íàéìåíøå

öiëå ÷èñëî, äëÿ ÿêîãî
∆ ≤ 2z − 1, 1 ≤ z ≤ k. (46)

Çãiäíî òâåðäæåííÿ 1 ç [1] îäåðæó¹ìî:

R1 ≤ 2k−z − 1; R̃1 ≤ 2k−z − 1. (47)

Äàëi ïîêëàäåìî
p2 = p1 − S2,

äå

S2 = 2−kN

2k−1∑
∆=1

S
(∆)
(2z−2)(n, k; Q).

S
(∆)
(2z−2)(n, k; Q) âiäðiçíÿ¹òüñÿ âiä S(∆)(n, k; Q) òèì, ùî ñóìóâàííÿ â (9) çäiéñíþ-

¹òüñÿ ç óðàõóâàííÿì óìîâè
∆ < 2z − 1. (48)

Ïîêàæåìî, ùî

S2 ≤ 2mk−m
(
1− 2−k

)N (
1 + 2k(En)−1

)×

× exp

{
k2kεϕ(n) + 2k + 2 ln(2kεϕ(n)) + 2k+1εϕ(n) ln

(
ρ̃(n)e

2kεϕ(n)

)}
. (49)

Ïðè âèêîíàííi (33), ç óðàõóâàííÿì óìîâ (4) òà (5), ìà¹ìî íàñòóïíó íåðiâíiñòü
äëÿ Q ç (10):

Q ≤ Q∗, (50)

äå Q∗ = (∆ + 1)N
(
1 + 2−z+1(2k−∆−1)

En

)
.

Äàëi, ç (11) òà (32) ñëiäó¹, ùî

0 ≤ i < r (0 ≤ j < r) (51)

äëÿ âñiõ i ∈ M2 (j ∈ M̃2).
Âèêîðèñòîâóþ÷è (50), îöiíèìî S2 íàñòóïíèì ÷èíîì

S2 ≤ 2−kN+2k

n−ρ(n)∑
s=0

Cs
n−ρ(n)

s∑
s1=0

Rs−s1
1




∑
P

i∈M2

i=s1

Cs1
s

s1!∏
i∈M2

i!


×

×
ρ(n)∑

s′=0

Cs′
ρ(n)

s′∑

s′1=0

R̃
s′−s′1
1




∑
P

j∈M̃2

j=s′1

C
s′1
s′

s′1!∏
j∈M̃2

j!


 Q∗.

Íàóê. âiñíèê Óæãîðîä óí-òó, 2007, âèï. 14�15



ÎÖIÍÊÀ ØÂÈÄÊÎÑÒI ÇÁIÆÍÎÑÒI ÐÎÇÏÎÄIËÓ ×ÈÑËÀ ÍÅÏÐÀÂÄÈÂÈÕ . . . 83

Çâiäñè, çãiäíî (47), (48) òà (51) ìà¹ìî

S2 ≤ 2−N(k−z)+2k+(k−z)n
(
1− 2−k

)N (
1 + 2k(En)−1

) 2kr∑
s1=0

Cs1

n−ρ(n)2
ks1

2kr∑

s′1=0

C
s′1
ρ(n)2

ks′1 ≤

≤ 2−(k−z)N+2k+(k−z)n+k2kεϕ(n)
(
1−2−k

)N (
1+2k(En)−1

)
(2kεϕ(n))2

(
C

2kεϕ(n)
ρ̃(n)

)2

.

(52)

Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (3), (44) òà (52), îòðèìà¹ìî (49).
Íåõàé ìàþòü ìiñöå îáìåæåííÿ:

∆ = 2z − 1, 1 ≤ z ≤ k, (53)

R1 < 2k−z − 1, R̃1 ≤ 2k−z − 1. (54)
Ïîêëàäåìî

p3 = p2 − S3,

S3 = 2−kN

2k−1∑
∆=1

S
(∆)
(2z−1)(n, k; Q).

S
(∆)
(2z−1)(n, k; Q) âiäðiçíÿ¹òüñÿ âiä S(∆)(n, k; Q) òèì, ùî ñóìóâàííÿ â (9) çäiéñíþ-

¹òüñÿ ç óðàõóâàííÿì îáìåæåíü (53) òà (54).
Ïîêàæåìî, ùî ïðè îáìåæåííÿõ (53) òà (54) ìà¹ ìiñöå îöiíêà

S3 ≤ 2mk−m
(
1− 2−k

)n−ρ(n) (
1 + 2k(En)−1

)×

× exp

{
2k2kεϕ(n) + 2k + 2 ln(2kεϕ(n)) + 2k+1εϕ(n) ln

(
ρ̃(n)e

2kεϕ(n)

)}
. (55)

Áåðó÷è äî óâàãè (50), ç óðàõóâàííÿì (53), çàïèøåìî îöiíêó

S3 ≤ 2−N(k−z)+2k

n−ρ(n)∑
s=0

Cs
n−ρ(n)

s∑
s1=0

Rs−s1
1




∑
P

i∈M2

i=s1

Cs1
s

s1!∏
i∈M2

i!


×

×
ρ(n)∑

s′=0

Cs′
ρ(n)

s′∑

s′1=0

R̃
s′−s′1
1




∑
P

j∈M̃2

j=s′1

C
s′1
s′

s′1!∏
j∈M̃2

j!




(
1 + 2k(En)−1

)
.

Çâiäñè, çãiäíî (3) òà (54), îäåðæèìî

S3 ≤ 22k+m(k−1)
(
1 + 2k(En)−1

) (
1− 2−k

)n−ρ(n)
22k2kεϕ(n)(2kεϕ(n))2

(
C

2kεϕ(n)
ρ̃(n)

)2

.

(56)
Òåïåð, âèêîðèñòîâóþ÷è (44) òà (56), îòðèìà¹ìî (55).
Äàëi ïåðåâiðèìî, ùî êîëè ∆ = 2z − 1, 1 ≤ z ≤ k, i z ∈ {k, k − 1} àáî

k ∈ {1, 2}, òî iñíó¹ òàêå α, α ∈ {1, 2, ..., ∆}, äëÿ ÿêîãî ξα ≤ 2. Äiéñíî, ÿêùî
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z = k àáî k ∈ {1, 2}, òî, î÷åâèäíî iñíó¹ çàçíà÷åíå α. ßêùî z = k − 1, òî íà
îñíîâi çàóâàæåííÿ 2 â [1] iñíó¹ çàçíà÷åíèé ïàðàìåòð α, äëÿ ÿêîãî ξα ≤ 2. Òîäi
ëåìà 1, ëåìà 2 òà óìîâà (4) äîçâîëÿþòü âñòàíîâèòè, ùî ÿêùî ξα ≤ 2 äëÿ äåÿêîãî
α, òî Γωα

t,k ≥ 1.
Íåõàé ìàþòü ìiñöå îáìåæåííÿ

ξα ≥ 3, α = 1, ... , ∆, ∆ = 2z − 1, 1 ≤ z ≤ k − 2, 3 ≤ k < ∞, (57)

R1 = R̃1 = 2k−z − 1. (58)
Ïîêëàäåìî

p4 = p3 − S4,

S4 = 2−kN

2k−1∑
∆=1

S
(∆)

(R1,R̃1)
(n, k; Q).

S
(∆)

(R1,R̃1)
(n, k; Q) âiäðiçíÿ¹òüñÿ âiä S(∆)(n, k; Q) òèì, ùî ñóìóâàííÿ â (9) çäié-

ñíþ¹òüñÿ ç óðàõóâàííÿì îáìåæåíü (57) òà (58).
Ïåðåêîíà¹ìîñÿ ó òîìó, ùî ÿêùî âèêîíóþòüñÿ (57) òà (58), òî

S4 ≤ 2mk−m
(
1− 2−k

)n (
1 + 2k(En)−1

)×

× 22k

22k2kεϕ(n)(2kεϕ(n))2

(
ρ̃(n)√
εϕ(n)

)2
√

εϕ(n) (
ρ̃(n)

2kεϕ(n)

)2ε2kϕ(n)

(
√

εϕ(n))2. (59)

ßêùî ìàþòü ìiñöå (57) òà (58), òî çãiäíî òâåðäæåííÿ 2 â [1] ìíîæèíà M1

(M̃1) ìiñòèòü íå ìåíøå òðüîõ åëåìåíòiâ imν ∈ M1 (jm̃ν ∈ M̃1), ν = 1, 3, òàêèõ,
ùî äëÿ äåêîãî α ∈ {1, ..., ∆} (α̃ ∈ {1, ..., ∆})

|ωη ∩m(η, ν)| = 2, ν = 1, 3, |ωη ∩ (aη ∪ bη)| = 3, η ∈ {α, α̃} (60)

äëÿ äîâiëüíèõ aη, bη ∈ {m(η, ν) : ν = 1, 3}, aη 6= bη, äå m(η, ν) = {mν , ÿêùî η =
α; m̃ν , ÿêùî η = α̃}, ν = 1, 3. Äëÿ çàäàíîãî η, âíàñëiäîê (20) ç [1] i (60),

Γωα̃
t,k ≥ γ

{aα̃∪bα̃}
t , t ∈ {2, ..., r}, (61)

Γωα
t,k ≥ γ

{aα∩bα}
t . (62)

Îöiíþþ÷è ïðàâó ÷àñòèíó (61) ç äîïîìîãîþ ñïiââiäíîøåííÿ (23), âñòàíîâëåíîãî
â [1], çíàõîäèìî

γ
{aα̃∪bα̃}
t ≥ t−1j∗(j∗ − 2−1(j∗ − 1))Ct−2

(j∗/2)+(3j∗/4)+5/4 (63)

çà óìîâè, ùî j∗ ≥ t, äå j∗ = min{jaα̃
, jbα̃

}, j∗ = max{jaα̃
, jbα̃

}. Àíàëîãi÷íî äî (23)
ç [1], îäåðæèìî

γ
{aα∩bα}
t ≥ t−1i∗(i∗ − 2−1(i∗ − 1))Ct−2

(i∗/2)+(3i∗/4)+5/4 (64)

çà óìîâè, ùî i∗ ≥ t, äå i∗ = min{iaα , ibα}, i∗ = max{iaα , ibα}.
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ßêùî i∗ ≥
√

εϕ(n), j∗ ≥
√

εϕ(n), òî íåðiâíîñòi i∗ ≥ t, j∗ ≥ t, t ∈ {2, ..., r}
î÷åâèäíî, âèêîíóþòüñÿ äëÿ 0 < ε < 1 i òîìó iç (63) òà (64) âèïëèâà¹

Γ
ωη

t,k ≥ ε(2t)−1(ϕ(n))2Ct−2
(5
√

εϕ(n)/4)−5/4
, η ∈ {α, α̃},

ùî ñóïåðå÷èòü (32) ïðè äîñòàòíüî ìàëîìó ε > 0 i t ∈ {2, ..., r}.
Òàêèì ÷èíîì, ïðè îáìåæåííÿõ (57) òà (58) ïðèíàéìíi îäèí åëåìåíò i∗ ∈ M1

(j∗ ∈ M̃1) çàäîâîëüíÿ¹ íåðiâíîñòi

i∗ <
√

εϕ(n) (j∗ <
√

εϕ(n)). (65)

Áåðó÷è äî óâàãè (50), îöiíèìî S4 íàñòóïíèì ÷èíîì

S4 ≤ 2−kN+2k

n−ρ(n)∑
s=0

Cs
n−ρ(n)

∑
s1+s2=s

Cs1
s




∑
P

i∈M2

i=s2

s2!∏
i∈M2

i!


×

×
∑

i∗+s∗=s1

Ci∗
s1




∑
P

i∈M1\i∗
i=s∗

s∗!∏
i∈M1\i∗

i!


×

×
ρ(n)∑

s′=0

Cs
ρ(n)

∑

s′1+s′2=s

C
s′1
s′




∑
P

j∈M̃2

j=s′2

s′2!∏
j∈M̃2

i!




∑

j∗+s′∗=s′1

Cj∗
s′1




∑
P

j∈M̃1\j∗
j=s′∗

s′∗!∏
j∈M̃1\j∗

j!


 Q∗.

Çâiäñè, âèêîðèñòîâóþ÷è (57) òà (58), îäåðæèìî

S4 ≤ 2−kN+2k

n−ρ(n)∑
s=0

Cs
n−ρ(n)

∑
s1+s2=s

Cs1
s 2ks2

∑
i∗+s∗=s1

Ci∗
s1

(
2k−z − 2

)s∗ ×

×
ρ(n)∑

s′=0

Cs′
ρ(n)

∑

s′1+s′2=s′
C

s′1
s′ 2

ks′2
∑

i∗+s′∗=s′1

Ci∗
s′1

(
2k−z − 2

)s′∗ Q∗. (66)

Îöiíþþ÷è ïðàâó ÷àñòèíó (66) çà äîïîìîãîþ (65), çíàõîäèìî

S4 ≤ 2−kN+2k

n−ρ(n)∑
s=0

Cs
n−ρ(n)

(
2k−z − 2

)s
2k2kr

2kr∑
s1=0

Cs1

n−ρ(n)

√
εϕ(n)∑
i∗=0

Ci∗
n−ρ(n)×

×
ρ(n)∑

s′=0

Cs′
ρ(n)

(
2k−z − 2

)s′
2k2kr

2kr∑

s′1=0

C
s′1
ρ(n)

√
εϕ(n)∑
j∗=0

Cj∗
ρ(n) Q∗. (67)

Áåðó÷è äî óâàãè (3), (44), (57), (58) òà (67), îòðèìà¹ìî (59).
ßêùî

R1 = 2k−z − 1, R̃1 < 2k−z − 1, (68)
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òî ìiðêóâàííÿ, çà äîïîìîãîþ ÿêèõ îäåðæàíî (55) òà (59), äàþòü, ç óðàõóâàííÿì
(57), îöiíêó

S5 ≤ 2mk−m
(
1− 2−k

)n (
1 + 2k(En)−1

)×

× 22k

22k2kεϕ(n)(2kεϕ(n))2

(
ρ̃(n)√
εϕ(n)

)√
εϕ(n) (

ρ̃(n)

2kεϕ(n)

)2ε2kϕ(n)

(
√

εϕ(n)), (69)

äå S5 = p4 = 2−kN
2k−1∑
∆=1

S
(∆)
(R1)(n, k; Q). Òóò S

(∆)
(R1)(n, k; Q) âiäðiçíÿ¹òüñÿ âiä

S(∆)(n, k; Q) òèì, ùî ñóìóâàííÿ â (9) çäiéñíþ¹òüñÿ ç óðàõóâàííÿì (57) òà (68).
Àíàëiçóþ÷è îáìåæåííÿ (48), (53), (54), (57), (58) òà (68), íåâàæêî ïåðåêî-

íàòèñÿ ó òîìó, ùî íèìè âè÷åðïóþòüñÿ óñi ìîæëèâi âàðiàíòè ïiäñóìîâóâàííÿ çà
ïàðàìåòðàìè s, s′, i, j (i ∈ I, j ∈ J) â (9), ïðè ÿêèõ íåðiâíiñòü (45) ìà¹ ìiñöå
äëÿ ∆ ≥ 1.

Òàêèì ÷èíîì, ñïiââiäíîøåííÿ (49), (55), (59) òà (69) â óìîâàõ ëåìè äîâîäÿòü
(45).

Äàëi, â ñèëó (34), (35), çíàõîäèìî, ùî Mν
[k]
n = λk + ∆(k, n), äå

∆(k, n) = ψ(k, n) + p1,

− 2mk

(
2k+2

En

+ (Θ1 + Θ2)

(
1 +

2k+2

En

))
≤ ψ(k, n) ≤

≤ 2mk

(
2k+2

En

+ (Θ1 + Θ2)

(
1 +

2k+2

En

))
. (70)

Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (45) òà (70), ç óðàõóâàííÿì (28), ìà¹ìî,
î÷åâèäíî, (29) òà (30).

4. Äîâåäåííÿ òåîðåìè. Ðîçãëÿíåìî íàñòóïíó íåðiâíiñòü ïðè ôiêñîâàíèõ
öiëèõ q, q ≥ 0: ∣∣∣∣P{νn = q} − λq

q!
e−λ

∣∣∣∣ ≤ R1 + R2 + R3, (71)

äå

R1 =

∣∣∣∣∣P{νn = q} −
q+2ν−1∑

k=q

(−1)k−qCq
kBkn

∣∣∣∣∣ ,

R2 =

∣∣∣∣∣
q+2ν−1∑

k=q

(−1)k−qCq
k

[
Bkn − λk

k!

]∣∣∣∣∣ ,

R3 =

∣∣∣∣∣
q+2ν−1∑

k=q

(−1)k−qCq
k

λk

k!
− λq

q!
e−λ

∣∣∣∣∣ ,

Bkn − k-é áiíîìiàëüíèé ìîìåíò âèïàäêîâî¨ âåëè÷èíè νn, k ≥ 0.
Âèáåðåìî n òàê, ùîá äëÿ ôiêñîâàíîãî öiëîãî q ≥ 0

λq+2ν

q!(2ν)!
<

(
2eλ

γ

)γ

, (72)
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äå 2ν = γ − q ≥ 0, ïàðàìåòð γ âèçíà÷åíèé ó ôîðìóëþâàííi òåîðåìè.
Iç íåðiâíîñòi

R3 <
λq+2ν

q!(2ν)!

òà (72), âèïëèâà¹, ùî

R3 <

(
2eλ

γ

)γ

. (73)

Âèêîðèñòîâóþ÷è (28)-(30), çíàõîäèìî, ùî
∣∣∣∣Bq+2ν, n − λq+2ν

(q + 2ν)!

∣∣∣∣ =
1

(q + 2ν)!
|∆(q + 2ν, n)| ≤

≤ 2(q+2ν)m

(q + 2ν)!

(
2q+2ν+2 (En)−1 + (Θ1 + Θ2)

(
1 + 2q+2ν+2 (En)−1)) +

+ 4
2(q+2ν)m

(q + 2ν)!

((
1 + 2q+2ν (En)−1) Θ3

)
. (74)

Äàëi ïåðåïèøåìî (74) íàñòóïíèì ÷èíîì
∣∣∣∣Bq+2ν, n − λq+2ν

(q + 2ν)!

∣∣∣∣ ≤

≤ 2mγ

γ!

(
2γ+2 (En)−1+(Θ1+Θ2)

(
1+2γ+2 (En)−1)+ 4

(
1+2γ (En)−1) Θ3

)
. (75)

Çãiäíî íåðiâíîñòi Áîíôåððîíi [7] ìà¹ìî

0 ≤ P{νn = q} −
q+2ν−1∑

k=q

(−1)k−qCq
kBkn ≤ Cq

q+2νBq+2ν, n. (76)

Iç (75), âèêîðèñòîâóþ÷è (72), ç óðàõóâàííÿì (76), çíàõîäèìî, ùî

R1 <

(
2eλ

γ

)γ

×

× (
1 + 2γ+2 (En)−1 + (Θ1 + Θ2)

(
1 + 2γ+2 (En)−1) + 4

(
1 + 2γ (En)−1) Θ3

)
. (77)

Ðîçãëÿíåìî âèðàç R2 =

∣∣∣∣∣
q+2ν−1∑

k=q

(−1)k−qCq
k

[
Bkn − λk

k!

]∣∣∣∣∣. Áåðó÷è äî óâàãè (28)-

(30), íåâàæêî ïîêàçàòè, ùî

sup
q≤k≤q+2ν−1

Cq
k

∣∣∣∣Bkn − λk

k!

∣∣∣∣ ≤ 4

(
2eλ

q

)q

e2λ(En)−1+

+

(
eλ

q

)q

eλ
(
(Θ1 + Θ2)

(
1 + 2γ+2 (En)−1) + 4

(
1 + 2γ (En)−1) Θ3

)
. (78)
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Çãiäíî íåðiâíîñòi (78) çàïèøåìî

R2 <

q+2ν−1∑

k=q

Cq
k

∣∣∣∣Bkn − λk

k!

∣∣∣∣ ≤ 4

(
2eλ

q

)q

γe2λ(En)−1+

+

(
eλ

q

)q

γeλ
(
(Θ1 + Θ2)

(
1 + 2γ+2 (En)−1) + 4

(
1 + 2γ (En)−1) Θ3

)
. (79)

Òàêèì ÷èíîì, ç óðàõóâàííÿì (71), (73), (77) òà (79), îòðèìó¹ìî (7). Òåîðåìà
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