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ÏÐÎ ÇÁIÆÍIÑÒÜ ÄÎ ÍÎÐÌÀËÜÍÎÃÎ ÐÎÇÏÎÄIËÓ ×ÈÑËÀ
ÕÈÁÍÈÕ ÐÎÇÂ'ßÇÊIÂ ÑÈÑÒÅÌÈ ÂÈÏÀÄÊÎÂÈÕ ÁÓËÅÂÈÕ
ÐIÂÍßÍÜ, ßÊÀ ÌÀ� ËIÍIÉÍÓ ×ÀÑÒÈÍÓ
Beforehand consistent system of nonlinear random equations over the field GF(2) consisting of
two elements is considered. We assume that coefficients of equations are independent random
variables with known distribution. Conditions under which the number of solutions of the specified
system has asymptotically (as n → ∞, where n – the size of a unknown vector) standard normal
distribution are found. It is supposed, that each equation has a linear part with positive probability,
as against received before results.

Ðîçãëÿäà¹òüñÿ íàïåðåä ñóìiñíà ñèñòåìà íåëiíiéíèõ ðiâíÿíü íàä ïîëåì GF(2), ùî ñêëàäà¹òüñÿ ç
äâîõ åëåìåíòiâ. Ïðèïóñêà¹òüñÿ, ùî êîåôiöi¹íòè ðiâíÿíü ¹ íåçàëåæíèìè âèïàäêîâèìè âåëè÷è-
íàìè ç âiäîìèì ðîçïîäiëîì. Çíàéäåíi óìîâè, ïðè ÿêèõ ÷èñëî ðîçâ'ÿçêiâ çàçíà÷åíî¨ ñèñòåìè ìà¹
àñèìïòîòè÷íî (ïðè n →∞, äå n � ðîçìið íåâiäîìîãî (0,1)-âåêòîðà) ñòàíäàðòíèé íîðìàëüíèé
ðîçïîäië. Íà âiäìiíó âiä îòðèìàíèõ ðàíiøå ðåçóëüòàòiâ, ïðèïóñêà¹òüñÿ, ùî êîæíå ðiâíÿííÿ ç
äîäàòíîþ iìîâiðíiñòþ ìà¹ ëiíiéíó ÷àñòèíó.

1. Âñòóï. Ïîñòàíîâêà çàäà÷i.
Ðîçãëÿíåìî íàä ïîëåì GF(2), ùî ñêëàäà¹òüñÿ ç äâîõ åëåìåíòiâ, ñèñòåìó ðiâ-

íÿíü
gq(n)∑

k=1

∑
1≤j1<...<jk≤n

a
(q)
j1...jk

xj1 . . . xjk
= bq, q = 1, . . . , N, (1)

ÿêà çàäîâîëüíÿ¹ óìîâó (À).
Óìîâà (À): 1) Êîåôiöi¹íòè a

(q)
j1...jk

, 1 ≤ j1 < ... < jk ≤ n, k = 1, . . . , gq(n),
q = 1, . . . , N , ¹ íåçàëåæíèìè âèïàäêîâèìè âåëè÷èíàìè, ÿêi ïðèéìàþòü çíà÷åííÿ
1 ç éìîâiðíiñòþ P

{
a

(q)
j1...jk

= 1
}

= pqk i çíà÷åííÿ 0 ç éìîâiðíiñòþ P
{

a
(q)
j1...jk

= 0
}

=

= 1− pqk.
2) Åëåìåíòè bq, q = 1, ..., N , ÿâëÿþòü ñîáîþ ðåçóëüòàò ïiäñòàíîâêè â ëiâó

÷àñòèíó ñèñòåìè (1) ôiêñîâàíîãî n- âèìiðíîãî (0,1)-âåêòîðà x̄0.
3) Ôóíêöiÿ gq(n), q = 1, ..., N, � íåâèïàäêîâà, gq(n) ∈ {2, ..., n} , q = 1, ..., N.
×åðåç νn ïîçíà÷èìî ÷èñëî õèáíèõ ðîçâ'ÿçêiâ ñèñòåìè (1), òîáòî ÷èñëî ðîçâ'ÿç-

êiâ ñèñòåìè (1), âiäìiííèõ âiä âåêòîðà x̄0.
Íàñ öiêàâëÿòü óìîâè, ïðè ÿêèõ âèïàäêîâà âåëè÷èíà νn ìà¹ ãðàíè÷íèé

(n →∞) íîðìàëüíèé ðîçïîäië.
Ïîêëàäåìî [λ] = 2m, m = n−N , [·] � çíàê öiëî¨ ÷àñòèíè.

2. Ôîðìóëþâàííÿ ðåçóëüòàòiâ.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (À), ïðè n →∞

λ =
1

1 + α + ω
log2

(
log2

n

ϕ(n) ln n

)
,

ϕ(n) > 0, α− const, α > exp{1 + α−1}, ω − const, ω > 0,

(2)

λ →∞; (3)
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δq1(n) ≤ pq1 ≤ 1− δq1(n), q = 1, ..., N, (4)
N∑

q=1

exp {−εnδq1(n)} → 0, n →∞, (5)

äå ε = 2p
(
log2

n
ϕ(n) ln n

)−1

, p− const, 0 < p < 1
1+ln 2

;
äëÿ äîâiëüíîãî q, q = 1, ..., N, iñíó¹ ìíîæèíà Tq òàêà, ùî ïðè âñiõ äîñòàòíüî
âåëèêèõ n

Tq ⊆ {2, 3, ..., gq(n)} , Tq 6= ø, (6)
δqt(n) ≤ pqt ≤ 1− δqt(n), t ∈ Tq; (7)

(2 + (1 + α + ω) ln 2)λ− ln λ

2
+ ln

(
N∑

q=1

Bn (q)

)
→ −∞ (n →∞), (8)

äå Bn (q) = exp

{
−2

∑
t∈Tq

δqt(n)Ct
ε1ϕ(n)

}
, ε1 − const, 0 < ε1 < 1.

Òîäi ôóíêöiÿ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè νn−λ√
λ

ïðÿìó¹ (n →∞) äî ñòàí-
äàðòíî¨ íîðìàëüíî¨ ôóíêöi¨ ðîçïîäiëó.

3. Äîïîìiæíi òâåðäæåííÿ.

Òâåðäæåííÿ 1. ßêùî âèêîíóþòüñÿ óìîâè (2)� (5), òî áóäå ìàòè ìiñöå
ñïiââiäíîøåííÿ

ε

N∑
q=1

δq(n, ε)− ln n →∞, n →∞, (9)

äå δq (n, ε) = min
{
δq1(n), 2 ln n

εn

}
, q = 1, ..., N.

Äîâåäåííÿ. Îñêiëüêè
N∑

q=1

exp {−εnδq(n, ε)} ≤
N∑

q=1

exp {−εnδq1(n)}+ Nn−2,

òî çãiäíî óìîâ (2)�(5) òà ïðèéíÿòèõ âèùå ïîçíà÷åíü (N = n − m, [λ] = 2m)
ìà¹ìî

N∑
q=1

exp {−εnδq1(n)}+ Nn−2 → 0. (10)

Äàëi, çà äîïîìîãîþ íåðiâíîñòi Éåíñåíà îòðèìó¹ìî îöiíêó
N∑

q=1

exp {−εnδq(n, ε)} ≥ N exp

{
− 1

N
εn

N∑
q=1

δq(n, ε)

}
=

= exp

{
ln N − n

N
ε

N∑
q=1

δq(n, ε)

}
.

(11)

Iç (10) òà (11), ç óðàõóâàííÿì óìîâ (2) i (3), áåçïîñåðåäíüî ïðèõîäèìî äî (9).
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4. Äîâåäåííÿ òåîðåìè.

Ïîêàæåìî, ùî çà óìîâ òåîðåìè ìîæíà ñêîðèñòàòèñÿ ëåìîþ 2 ðîáîòè [1]. Íå-
õàé ó çàçíà÷åíié ëåìi âèïàäêîâà âåëè÷èíà Y ìà¹ ðîçïîäië Ïóàññîíà ç ïàðàìåò-
ðîì 2m; ðîçïîäië âèïàäêîâî¨ âåëè÷èíè X ñïiâïàäà¹ ç ðîçïîäiëîì âèïàäêîâî¨
âåëè÷èíè νn; ïàðàìåòð γ = 1 + ω.

Ïåðåâiðèìî óìîâó (35) çàçíà÷åíî¨ ëåìè 2, òîáòî çíàéäåìî ñòàëó Ñ òàêó, ùî
äëÿ óñiõ r ≤ (α + γ)λ∗

M(Y )r ≤ C(λ∗)r.

Ç öi¹þ ìåòîþ ïîêàæåìî, ùî ïðè âåëèêèõ çíà÷åííÿõ n ìà¹ ìiñöå ðiâíiñòü

Mνn = 2m (1 + r(n)) , (12)

äå r(n) → 0, n →∞.
Çàçíà÷èìî, ùî â ïðèéíÿòèõ ïîçíà÷åííÿõ (12) ìîæíà çàïèñàòè ó âèãëÿäi

λ∗ = [λ] (1 + r(n)) . (13)

Êîðèñòóþ÷èñü ðiâíiñòþ (23) ðîáîòè [2], ìà¹ìî

Mνn = 2−NS(n, 1; Q1), (14)

äå

S(n, 1; Q1) =

n−ρ (n)∑
i=0

Ci
n−ρ( n)

ρ (n)∑
j=0

i+j≥1

Cj
ρ (n)Q1,

Q1 =
N∏

q=1


1

2
+

1

2

gq(n)∏
t=1

(1− 2pqt)
Γt(i,j)


,

(15)

Γt(i, j) = Ct
i+ρ (n)−j + Ct

ρ (n) − 2Ct
ρ (n)−j , t = 1, ..., gq(n), q = 1, ..., N.

Êîðèñòóþ÷èñü ñïiââiäíîøåííÿìè (14), ìàòåìàòè÷íå ñïîäiâàííÿ Mνn ìîæíà
ïîäàòè ó âèäi

Mνn = 2−N

1∑
∆=0

S(∆) (n, 1; Q1), (16)

äå S(∆) (n, 1; Q1) âiäðiçíÿ¹òüñÿ âiä S (n, 1; Q1) òèì, ùî i òà j, ÿêi ïðèéìàþòü
ó÷àñòü ó çàïèñi S (n, 1; Q1) çãiäíî ç (15), íàáóâàþòü ëèøå òàêèõ çíà÷åíü, ùî
ïðè ∆ = 1 çíàéäåòüñÿ ÷èñëî t ∈ {2, ..., k}, äëÿ ÿêîãî

Γt(i, j) < Ct
k, k = [ε1ϕ(n)] , (17)

ïðè ∆ = 0 ìà¹ ìiñöå
Γt(i, j) ≥ Ct

k, k = [ε1ϕ(n)] , (18)
äëÿ âñiõ t ∈ {2, ..., k}.

Ïîêàæåìî, ùî
2−NS(0) (n, 1; Q1) = 2m (1 + r1(n)) , (19)

äå r1(n) → 0 ïðè n →∞.

Íàóê. âiñíèê Óæãîðîä óí-òó, 2007, âèï. 14�15



92 Â. I. ÌÀÑÎË, Ñ. ß. ÑËÎÁÎÄßÍ

Ñïî÷àòêó ïåðåêîíà¹ìîñÿ, ùî ïàðàìåòð ∆ ìîæå íàáóâàòè çíà÷åííÿ ∆ = 0.
Ñïðàâäi, ó ïðàâié ÷àñòèíi ðiâíîñòi (14) ïðè äîñòàòíüî ìàëîìó ε1 > 0 ìîæå

âèêîíóâàòèñÿ ïðèíàéìíi îäíà ç äâîõ íåðiâíîñòåé i ≥ k àáî j ≥ k, àëå, ÿêùî
i ≥ k òà (àáî) j ≥ k, òî âíàñëiäîê ñïiââiäíîøåííÿ (2.12) íàâåäåíîãî â [3], çãiäíî
ÿêîãî

Γt(i, j) ≥ Ct
i + Ct

j , (20)
îöiíêà (18) áóäå ìàòè ìiñöå äëÿ âñiõ t ∈ {2, ..., k}.

Îòæå, ïàðàìåòð ∆ ìîæå íàáóâàòè çíà÷åííÿ ∆ = 0.
Ïðè ∆ = 0, ç óðàõóâàííÿì (18) òà óìîâ (6), (7), çíàõîäèìî

N∏
q=1

(1−Bn (q)) ≤ Q1 ≤
N∏

q=1

(1 + Bn (q)). (21)

Iç óìîâè (8) âèïëèâà¹
N∑

q=1

Bn (q) → 0, n →∞. (22)

Âèêîðèñòîâóþ÷è (21), (22) òà ñïiââiäíîøåííÿ ln(1 + u) = u + O(u2), |u| < 1,

max
1≤q≤N

Bn(q) → 0, n →∞,
N∏

i=1

(1− xi) ≥ 1−
N∑

i=1

xi, 0 < xi < 1, äîáóòîê Q1 ìîæíà
ïîäàòè ó âèãëÿäi ïðè n →∞

Q1 = 1 + ς(n)
N∑

q=1

Bn (q) + O




(
N∑

q=1

Bn (q)

)2

 , |ς(n)| ≤ 1. (23)

Ç óðàõóâàííÿì îñòàííüî¨ ðiâíîñòi, äîäàíîê S(0) (n, 1; Q1) â ïðàâié ÷àñòèíi (16)
äîïóñêà¹ ïðåäñòàâëåííÿ ïðè n →∞

S(0) (n, 1; Q1) = S(0) (n, 1; 1)


1 + ς(n)

N∑
q=1

Bn (q) + O




(
N∑

q=1

Bn (q)

)2




 . (24)

Ïðè ∆ = 0 ðåàëiçóþòüñÿ íàñòóïíi òðè âàðiàíòè i ≥ k òà j ≥ k, i ≥ k òà j < k,
i < k òà j ≥ k, ùî äàþòü ìîæëèâiñòü çàïèñàòè S(0) (n, 1; 1) ó âèãëÿäi

S(0) (n, 1; 1) = 2n − σ̃0, (25)

äå σ̃0 = 1 +
k∑

i=0

k∑
j=0

C i
n−ρ(n)C

j
ρ(n) ≤

ε1n∑
i=0

ε1n∑
j=0

C i
nC j

n ≤ exp {(σ(ε1) + o(1)) n} , σ(ε1) > 0,

σ(ε1) → o ïðè ε1 → 0, o(1) → 0 ïðè n →∞.
Òóò áóëà âèêîðèñòàíà, çîêðåìà, íåðiâíiñòü

k∑
i=1

C i
n ≤ exp {(σ(ε1) + o(1)) n} , n →∞.

Ñïiââiäíîøåííÿ (24), (25) äàþòü

2−NS(0) (n, 1; Q1) = 2m (1 + r1(n)) ,
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äå r1(n) = O (exp {n (σ(ε1) + o(1)− ln 2)}), ùî äîâîäèòü (19).
Ïîêàæåìî, ùî ïðè ∆ = 1

2−NS(1) (n, 1; Q1) = r2(n), (26)

äå r2(n) → 0, n →∞.
Äiéñíî, ïðè ∆ = 1 iç (17) òà (20) âèïëèâà¹, ùî âèêîíóþòüñÿ íàñòóïíi îáìå-

æåííÿ:
0 ≤ i ≤ k òà 0 ≤ j ≤ k. (27)

Çàñòîñîâóþ÷è (20) ïðè t = 1 òà óìîâó (4), ìà¹ìî äëÿ q, q = 1, ..., N, îöiíêó
∣∣∣∣∣∣

gq(n)∏
t=1

(1− 2pqt)
Γt(i,j)

∣∣∣∣∣∣
≤ exp {−2δq1(n)(i + j)} .

Îñòàíí¹ ñïiââiäíîøåííÿ, çãiäíî îáìåæåííÿ (27) òà ðiâíîñòi e−y = 1− y + O(y2),
0 ≤ y < ∞, ìîæíà ïîäàòè íàñòóïíèì ÷èíîì:

∣∣∣∣∣∣

gq(n)∏
t=1

(1− 2pqt)
Γt(i,j)

∣∣∣∣∣∣
≤ 1− 2δq (n, ε) (i + j) (1 + o(1)) , n →∞. (28)

Çãiäíî (28) îòðèìó¹ìî

2−NS(1) (n, 1; Q1) ≤ 2 exp

{
(ln n)− (1 + o(1))

N∑
q=1

δq (n, ε)

}
(1 + o(1)) , n →∞.

(29)
Ç óðàõóâàííÿì òâåðäæåííÿ 1 òà (29), ìà¹ìî (26) ïðè îáìåæåííÿõ (27).
Ðiâíîñòi (19) òà (26) äàþòü ñïiââiäíîøåííÿ (12), â ÿêîìó

r(n) = r1(n) + 2−mr2(n), (30)

äå r2(n) = O(exp{(ln n)− (1 + o(1))
N∑

q=1

δq (n, ε)}) ïðè n →∞.

Çà äîïîìîãîþ (12) ïåðåêîíó¹ìîñÿ ó ñïðàâåäëèâîñòi ñïiââiäíîøåííÿ (35) ðîáîòè
[1] ïðè r ≤ (1 + α + ω)λ∗, ÿêùî ñòàëó C < ∞ âèáðàòè òàêèì ÷èíîì, ùîá
C > (1 + r(n))−r äëÿ r ≤ (1 + α + ω)λ∗, îñêiëüêè

max
0≤r≤(1+α+ω)λ∗

(1 + r(n))−r = exp {O (2mr1(n) + r2(n))} → 1, n →∞.

Ïåðåéäåìî äî ïåðåâiðêè óìîâè (38) (ëåìà 2, [1]), çãiäíî ÿêî¨ äëÿ óñiõ
r ≤ (α + γ)λ∗ ïîâèííî âèêîíóâàòèñü ïðè n →∞

max
1≤r≤(α+γ)λ ∗

∣∣M(X)r(M(Y )r)
−1 − 1

∣∣ e2λ ∗

√
λ∗
→ 0.

Ç öi¹þ ìåòîþ ñêîðèñòà¹ìîñÿ ðiâíiñòþ (2.21) ðîáîòè [3]

M (νn)r = 2−r NS(n, r; Q), r ≥ 1, (31)
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äå

S(n, r; Q) =

n−ρ(n)∑
s=0

∑
(n− ρ(n)) !

(
(n− ρ(n)− s) !

∏
i∈I

i!

)−1

×

×
ρ(n)∑

s′=0
s′+s≥1

∑ ′ (ρ(n))!

(
(ρ(n)− s′) !

∏
j∈J

j!

)−1

Q,

(32)

Q =
N∏

q=1


1 +

r∑
ν=1

∑
1≤u1<...<uν≤r

gq(n)∏
t=1

(1− 2pqt)
Γ
{u1,...,uν}
t,r


 ,

ñóìóâàííÿ
∑

(
∑ ′ ) çäiéñíþ¹òüñÿ ïî âñiì i ∈ I (j ∈ J), äå I (J)� ñóêóïíiñòü

öiëèõ íåâiä'¹ìíèõ ÷èñåë, I = { i{u1,...,uν} : 1 ≤ u1 < ... < uν ≤ r, ν = 1, ..., r } ,
(J =

{
j{u1,...,uν} : 1 ≤ u1 < ... < uν ≤ r, ν = 1, ..., r

}
), òàêà, ùî

∑
i∈I

i = s

(∑
j∈J

j = s′
)

;

â ðiâíîñòi (32) ÷èñëà i (i ∈ I) , j (j ∈ J) çàäîâîëüíÿþòü ñïiââiäíîøåííÿ
∑

i∈I{u},j∈J{u}

(i + j) ≥ 1, u = 1, ..., r, (33)

r−2∑

l=0

∑
1≤µ1<...<µl≤r

(
i{u1,µ1,...,µl} + j{u1,µ1,...,µl} + i{u2,µ1,...,µl} + j{u2,µ1,...,µl}

) ≥ 1,

1 ≤ u1 < u2 ≤ r.

(34)

ßâíèé âèãëÿä âèðàçó Γ
{u1,...,uν}
t, r äëÿ 1 ≤ u1 < ... < uν ≤ r, ν ∈ {1, ..., r}, t =

1, 2, ..., gq (n), q = 1, ..., N , íàâåäåíî â ( [3], ðiâíiñòü (2.11)).
Ïîäàìî ðiâíiñòü (31) íàñòóïíèì ÷èíîì:

M (νn)r =
1

2rN

2r−1∑
∆=0

S(∆) (n, r; Q), (35)

äå S(∆) (n, r; Q) âiäðiçíÿ¹òüñÿ âiä S (n, r; Q) òèì, ùî óñi i òà j, i ∈ I, j ∈ J ,
ÿêi ïðèéìàþòü ó÷àñòü ó çàïèñi S (n, r; Q) çãiäíî ç (32), íàáóâàþòü ëèøå òàêèõ
çíà÷åíü, ùî iñíó¹ òî÷íî ∆ ðiçíèõ íàáîðiâ

ωα =
{

u
(α)
1 , ..., u

(α)
ξα

}
, 1 ≤ u

(α)
1 < ... < u

(α)
ξα
≤ r,

ξα ∈ {1, 2, ..., r} , α = 1, 2, ..., ∆,

äëÿ êîæíîãî ç ÿêèõ çíàéäåòüñÿ ÷èñëî t(α) ∈ {2, ..., k} òàêå, ùî

Γωα

t(α), r
< Ct(α)

k , k = [ε1ϕ(n)] , (36)

i äëÿ íàáîðiâ {ϑ1, ..., ϑq} , 1 ≤ ϑ1 < ... < ϑq ≤ r, q = 1, ..., r, ùî çàäîâîëüíÿþòü
ñïiââiäíîøåííþ

{ϑ1, ..., ϑq} 6= ωα, α = 1, 2, ..., ∆,

Íàóê. âiñíèê Óæãîðîä óí-òó, 2007, âèï. 14�15



ÏÐÎ ÇÁIÆÍIÑÒÜ ÄÎ ÍÎÐÌÀËÜÍÎÃÎ ÐÎÇÏÎÄIËÓ ×ÈÑËÀ ÕÈÁÍÈÕ . . . 95

ìà¹ ìiñöå îöiíêà
Γ
{ϑ1,...,ϑq}
t, r ≥ Ct

k, (37)
äëÿ óñiõ t ∈ {2, ..., k} .

Ïîêàæåìî, ùî ïðè n →∞

sup
1≤r≤(α+γ)λ ∗

∣∣∣∣
S(0) (n, r; Q)

2r NM (Y )r

− 1

∣∣∣∣
e2λ ∗

√
λ∗
→ 0. (38)

Ñïî÷àòêó çàçíà÷èìî, ùî ðiâíiñòü ∆ = 0 äiéñíî ìîæå âèêîíóâàòèñü.
Ñïðàâäi, ÿêùî äëÿ âñiõ i, i ∈ I, òà (àáî) j, j ∈ J , ìà¹ ìiñöå ïðèíàéìíi

îäíà ç äâîõ íåðiâíîñòåé i ≥ k àáî j ≥ k, òî çãiäíî (2.12) ðîáîòè [3], îöiíêà (37)
ñïðàâäæó¹òüñÿ äëÿ âñiõ íàáîðiâ {ϑ1, ..., ϑq} , 1 ≤ ϑ1 < ... < ϑq ≤ r, q = 1, ..., r
òà t ∈ {2, ..., k}. Ó ñâîþ ÷åðãó ðiâíiñòü i = k òà (àáî) j = k ìîæå âèêîíóâàòèñÿ
äëÿ âñiõ i ∈ I, òà (àáî) j ∈ J , îñêiëüêè äëÿ r ≤ (α + γ)λ∗ ç óðàõóâàííÿì óìîâè
(2) òà ðiâíîñòåé (12), (13)

2rk ≤ max (n− ρ(n), ρ(n)) . (39)

Îòæå, ïàðàìåòð ∆ ìîæå íàáóâàòè çíà÷åííÿ ∆ = 0.
Íåõàé u = (2r − 1)

N∑
q=1

Bn (q), òîäi ïðè ∆ = 0, âèêîðèñòîâóþ÷è íåðiâíîñòi

(37), (4) òà ñïiââiäíîøåííÿ
u → 0 (n →∞), (40)

ÿêå âèïëèâà¹ ç (8), äîáóòîê Q ìîæíà ïîäàòè ó âèãëÿäi

Q = 1 + ς(n)u + O
(
u2

)
, |ς(n)| ≤ 1

àíàëîãi÷íî (23).
Çâiäñè îòðèìó¹ìî çà äîïîìîãîþ ïîëiíîìiàëüíî¨ òåîðåìè òà ðiâíîñòi (32)

S(0) (n, r; Q) = (2r n − σ0)
(
1 + ς(n)u + O

(
u2

))
, (41)

äå

σ0 = 1 +
2r−1∑
q=1

S(0)
q (n, r; 1), (42)

S
(0)
q (n, r; 1) âiäðiçíÿ¹òüñÿ âiä S (n, r; 1) òèì, ùî ÷èñëà i ∈ I òà j ∈ J â ïðàâié

÷àñòèíi ðiâíîñòi (32) çìiíþþòüñÿ òàêèì ÷èíîì, ùî iñíó¹ òî÷íî q âèðàçiâ âèäó
Γ
{u1,...,uν}
t, r , äëÿ êîæíîãî ç ÿêèõ

Γ
{u1,...,uν}
t, r < C t

k , (43)

äå q = 1, 2, 3, ..., 2r − 1.
Íåõàé óñi âèðàçè âèäó Γ

{u1,...,uν}
t, r , 1 ≤ u1 < ... < uν ≤ r, ν ∈ {1, ..., r}, çàíó-

ìåðîâàíi ÷èñëàìè 1, 2, 3, ..., 2r − 1. Òîäi ñóìó S
(0)
q (n, r; 1) ìîæíà ïðåäñòàâèòè

íàñòóïíèì ÷èíîì:

S(0)
q (n, r; 1) =

∑
1≤γ1<...<γq≤2r−1

S
(0)
〈γ1,...,γq〉 (n, r; 1), (44)
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q = 1, 2, 3, ..., 2r − 1, äå S
(0)
〈γ1,...,γq〉 (n, r; 1) âiäðiçíÿ¹òüñÿ âiä S

(0)
q (n, r; 1) òèì, ùî

ñïiââiäíîøåííÿ (43) âèêîíó¹òüñÿ òiëüêè äëÿ âèðàçiâ Γ
{u1,...,uν}
t, r , ÿêèì âiäïîâiäà-

þòü íîìåðè γ1, γ2, ..., γq. Ïîçíà÷èìî ÷åðåç A (γ1, ..., γq) /B (γ1, ..., γq) / ìíîæèíó
óñiõ òèõ i ∈ I /j ∈ J/, ÿêi âèêîðèñòîâóþòüñÿ ïðè çàïèñi îöiíêè (2.12) ðîáîòè [3]
äëÿ óñiõ γ1, γ2, ..., γq. Çãiäíî (43) òà (2.12) ðîáîòè [3] ÷èñëî åëåìåíòiâ ìíîæèíè
A (γ1, ..., γq) /B (γ1, ..., γq) / íå ìåíøà, íiæ 2r−1:

|A (γ1, ..., γq)| ≥ 2r−1, (45)
|B (γ1, ..., γq)| ≥ 2r−1. (46)

Òåïåð ñóìó S
(0)
q (n, r; 1) ìîæíà ïîäàòè òàê:

S(0)
q (n, r; 1) =

∑
1≤γ1<...<γq≤2r−1

n−ρ(n)∑
s=0

Cs
n−ρ(n)×

×
∑

s1+s2=s

Cs1
s





∑
1

s1 !∏
i∈A(γ1,..., γq)

i !








∑
2

s2 !∏
i∈I\A(γ1,..., γq)

i !


×

×
ρ(n)∑

s′=0

∑

s′1+s′2=s′
C

s′1
s′





∑
3

s′1!∏
j∈B(γ1,..., γq)

j !








∑
4

s′2!∏
j∈J\B(γ1,..., γq)

j !


,

(47)

äå
∑

1 � öå ñóìà çà âñiìà i ∈ A (γ1, ..., γq) òàêèìè, ùî
∑

i = s1,
∑

2 � öå ñó-
ìà çà âñiìà i ∈ I\A (γ1, ..., γq) òàêèìè, ùî

∑
i = s2,

∑
3 � öå ñóìà çà âñiìà

j ∈ B (γ1, ..., γq) òàêèìè, ùî
∑

j = s′1,
∑

4 � öå ñóìà çà âñiìà j ∈ J\B (γ1, ..., γq)
òàêèìè, ùî

∑
j = s′2.

Ñïiââiäíîøåííÿ (42), (44)-(47) òà ïîëiíîìiàëüíà ôîðìóëà äîçâîëÿþòü îòðèìàòè
äëÿ σ0 íàñòóïíó îöiíêó:

σ0 ≤ 1 +
2r−1∑
q=1

C q
2r−1

n−ρ(n)∑
s=0

Cs
n−ρ(n)

∑
s1+s2=s

Cs1
s

(
2r−1

)s1
(
2r−1 − 1

)s2 ×

×
ρ(n)∑

s′=0

Cs′
ρ(n)

∑

s′1+s′2=s′
C

s′1
s′

(
2r−1

)s′1
(
2r−1 − 1

)s′2 ≤

≤ 22r−12(r−1)n

(∑
s1

Cs1

n−ρ(n)

(
2r−1

)s1

) 
∑

s′1

C
s′1
ρ(n)

(
2r−1

)s′1


 ,

(48)

äå ñóìóâàííÿ ïî s1 òà s′1 âiäáóâàþòüñÿ íà ïðîìiæêó 0 ≤ s1 ≤ 2r−1k òà 0 ≤
s′1 ≤ 2r−1k âiäïîâiäíî. Âåðõíi îáìåæåííÿ äëÿ s1 òà s′1 â îñòàííiõ ñïiââiäíî-
øåííÿõ âèïëèâàþòü iç (2.12) ðîáîòè [3], (36) òà ïðèïóùåííÿ i ∈ A (γ1, ..., γq) ,
j ∈ B (γ1, ..., γq).
Âðàõîâóþ÷è íåðiâíîñòi 0 ≤ s1 ≤ 2r−1k òà 0 ≤ s′1 ≤ 2r−1k, ñïiââiäíîøåííÿ (48)
ìîæíà ïåðåïèñàòè ó âèãëÿäi

σ0 ≤ 22r−12(r−1)n2(r−1) 2r[ε1ϕ(n)]




2r−1[ε1ϕ(n)]∑
s1=0

Cs1

n−ρ(n)







2r−1[ε1ϕ(n)]∑

s′1=0

C
s′1
ρ(n)


 .
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Îñòàííþ íåðiâíiñòü, ç óðàõóâàííÿì (39), ìîæíà çàïèñàòè òàê

σ0 ≤ 22r−12(r−1) n2(r−1) 2r[ε1ϕ(n)]
((

2r−1[ε1ϕ (n)]− 1
)
C2r−1[ε1ϕ(n)]

n

)2

,

çâiäêè çà äîïîìîãîþ ôîðìóëè Ñòiðëiíãà îòðèìó¹ìî

σ0 ≤ 22r−12(r−1) n2(r−2)[ε1ϕ (n)]

(
ne

[ε1ϕ(n)]

)2r[ε1ϕ(n)]

. (49)

Ç óðàõóâàííÿì (41), äðiá S(0)(n,r;Q)
2rN2mr ìîæíà ïîäàòè ó âèãëÿäi 1− σ0

2r n + |O (u)|, çà
äîïîìîãîþ ÿêîãî ñïiââiäíîøåííÿ (38) ìîæíà çàïèñàòè íàñòóïíèì ÷èíîì:

sup
1≤r≤(α+γ)λ ∗

( σ0

2r n
+ |O (u)|

) e2λ∗

√
λ∗
→ 0, n →∞. (50)

Êîðèñòóþ÷èñü óìîâàìè (2), (3), (8) òà ñïiââiäíîøåííÿì (13) íåâàæêî ïîêàçàòè,
ùî

u
e2λ∗

√
λ∗
→ 0, n →∞. (51)

Çà äîïîìîãîþ óìîâ (2), (3) òà ñïiââiäíîøåíü (13), (49) âñòàíîâëþ¹ìî

σ0

2r n

e2λ∗

√
λ∗
→ 0, n →∞. (52)

Âèêîðèñòîâóþ÷è (51) òà (52), îòðèìà¹ìî (50).
Iç ñïiââiäíîøåííÿ (50) òà ðiâíîñòi M (Y )r = 2r m áåçïîñåðåäíüî âèïëèâà¹ (38).

Çãiäíî (35) òà (38) äëÿ çàâåðøåííÿ ïåðåâiðêè óìîâè (38) (ëåìà 2, [1]) ïîòði-
áíî âñòàíîâèòè, ùî äëÿ 1 ≤ r ≤ (α + γ)λ∗ i ∆ ≥ 1

1

2r N+r m

(
2r−1∑
∆=1

S(∆) (n, r; Q)

)
e2λ∗

√
λ∗
→ 0, n →∞. (53)

Ïîçíà÷èìî ÷åðåç M1 /M̃1/ ñóêóïíiñòü óñiõ i, i ∈ I /j, j ∈ J/, ùî íå íàëå-
æàòü Iωα /Jωα/, α = 1, ..., ∆, i ïîêëàäåìî M2 = I\M1, M̃2 = J\M̃1.

Íåõàé z� íàéìåíøå öiëå ÷èñëî, äëÿ ÿêîãî

∆ ≤ 2z − 1, 1 ≤ z ≤ r. (54)

Òîäi ÷èñëî åëåìåíòiâ ìíîæèíè M1

(
M̃1

)
, çãiäíî ([3], òâåðäæåííÿ 2.1), çàäîâîëü-

íÿ¹ íåðiâíîñòi:
|M1| ≤ 2r−z − 1,

(∣∣∣M̃1

∣∣∣ ≤ 2r−z − 1
)

. (55)

Âèêîðèñòîâóþ÷è (4) òà (36), äëÿ q = 1, ..., N òà α = 1, ..., ∆, çíàõîäèìî îöiíêó
∣∣∣∣∣∣

gq(n)∏
t=1

(1− pqt)
Γωα

t,r

∣∣∣∣∣∣
≤ (1− 2δq1(n))Γωα

1,r . (56)
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Íåõàé âèêîíó¹òüñÿ îáìåæåííÿ (×1): iñíó¹ i ∈ M2 òà (àáî) j ∈ M̃2 òàêå, ùî
0 ≤ i ≤ k òà (àáî) 0 ≤ j ≤ k.
Çà äîïîìîãîþ (2.12) ðîáîòè [3] òà (56) ìà¹ìî äëÿ q, q = 1, ..., N , òà α, α = 1, ..., ∆,
íàñòóïíó îöiíêó:

∣∣∣∣∣∣

gq(n)∏
t=1

(1− 2pqt)
Γωα

t,r

∣∣∣∣∣∣
≤ exp

{−2δq1(n)
(
s(α) + s̃(α)

)}
, (57)

äå s(α) =
∑

i∈Iωα

i, s̃(α) =
∑

j∈Jωα

j.

Çãiäíî îáìåæåíü (×1), ñïiââiäíîøåííÿ (57) ìîæíà ïîäàòè íàñòóïíèì ÷èíîì:
∣∣∣∣∣∣

gq(n)∏
t=1

(1− 2pqt)
Γωα

t,r

∣∣∣∣∣∣
≤ 1− 2δq(n, ε)

(
s(α) + s̃(α)

)
(1 + o(1)) , n →∞. (58)

Ç óðàõóâàííÿì (58) îòðèìó¹ìî äëÿ ∆ < 2z − 1

|Q| ≤ 2zNQ2, (59)

äå Q2 = (2z−1)N exp

{
−2−z+1 (1 + o(1))

N∑
q=1

δq(n, ε)
∆∑

α=1

(
s(α) + s̃(α)

)
+ (2r−∆−1)u

(2z−1)(2r−1)

}
.

Ïðè âèêîíàííi îáìåæåííÿ (×1) ìà¹ìî
2r−1∑
∆=1

S(∆) (n, r; Q) =
r∑

z=1

2z−1∑

∆=2z−1

∑
1≤γ1<...<γ∆≤2r−1

S
(∆)
〈(×1); γ1,...,γ∆〉 (n, r; Q), (60)

äå S
(∆)
〈(×1); γ1,...,γ∆〉 (n, r; Q) âèçíà÷à¹òüñÿ àíàëîãi÷íî S (∆) (n, r; Q) ç äîäàòêîâîþ

óìîâîþ 〈(×1) ; γ1, ..., γ∆〉.
Ç óðàõóâàííÿì (59) êîæåí äîäàíîê ó ïðàâié ÷àñòèíi (60) äîïóñêà¹ îöiíêó

S
(∆)
〈(×1); γ1,...,γ∆〉 (n, r; Q) ≤ 2zNS

(∆)
〈(×1); γ1,...,γ∆〉 (n, r; 1) Q2. (61)

Âèêîðèñòîâóþ÷è (55), çíàõîäèìî

S
(∆)
〈(×1); γ1,...,γ∆〉 (n, r; 1) ≤

n−ρ(n)∑
s=0

Cs
n−ρ(n)

(
2r−z − 1

)s×

×
s∑

s2=0
s2≤(2r−1) k

Cs2
s (2r − 1)s2

ρ(n)∑

s′=0

Cs′
ρ(n)

(
2r−z − 1

)s′
s′∑

s′2=0
s′2≤(2r−1) k

C
s′2
s′ (2r − 1)s′2 .

(62)

Ñïiââiäíîøåííÿ (54), (59)-(62) äàþòü íåðiâíiñòü
2r−1∑
∆=1

S(∆) (n, r; Q) ≤ 22r+r n−m (2r − 1)2(2r−1) ε1ϕ (n)×

×



(2r−1) k∑
s2=0

Cs2

n−ρ(n)







(2r−1) k∑

s′2=0

C
s′2
ρ (n)


 Q2.

(63)
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Âðàõîâóþ÷è, äàëi, ùî

(2r−1) k∑

l=0

C l
W ≤

(
We

(2r − 1) ε1ϕ (n)

)(2r−1) ε1ϕ (n) √
(2r − 1) ε1ϕ (n),

äå W ∈ {n− ρ(n), ρ(n)}, îöiíêó (63) ìîæíà ïåðåïèñàòè ó âèãëÿäi:

2r−1∑
∆=1

S(∆) (n, r; Q) ≤ 22r+r n−m×

×
(

(n− ρ(n)) ρ(n) e2

ε2
1ϕ

2 (n)

)(2r−1) ε1ϕ (n)

(2r − 1) ε1ϕ (n) Q2.

(64)

Ñïiââiäíîøåííÿ (59) òà (64) äàþòü íåðiâíiñòü:

1

2r N+r m

2r−1∑
∆=1

S(∆) (n, r; Q)
e2λ∗

√
λ∗
≤ exp

{
−N

2z

(
1− 2z

N
2r ln 2 +

2z

N
m ln 2 −

−2z

N
r ln 2− 2z

N
ln (ε1ϕ (n))− 2z(2r − 1) ε1ϕ (n)

N
ln

(
(n− ρ(n)) ρ(n) e2

ε2
1ϕ

2 (n)

)
− 2z

N
2λ∗+

+
2z−1

N
ln λ∗ +

2

N
(1 + o(1))

N∑
q=1

δq(n, ε)
∆∑

α=1

(
s(α) + s̃(α)

)− 2(2r −∆− 1)

N(2z − 1)(2r − 1)
u

)}
,

ïðàâà ÷àñòèíà ÿêî¨ ïðÿìó¹ äî íóëÿ ïðè n →∞ çãiäíî (2), (3), (13) òà (40).
Îòæå, ñïiââiäíîøåííÿ (53) ìà¹ ìiñöå ïðè îáìåæåííÿõ (×1) òà ∆ < 2z−1 äëÿ

1 ≤ r ≤ (α + γ)λ∗, n →∞.
Íåõàé òåïåð

∆ = 2z − 1, s∗ + s̃∗ ≥ 1, (65)

äå s∗ =
∑

i∈M2

i, s̃∗ =
∑

j∈M̃2

j.

Âðàõîâóþ÷è (40), (65), òà íåðiâíiñòü
∆∑

α=1

(
s(α) + s̃(α)

) ≥ s∗+ s̃∗, îòðèìó¹ìî íàñòó-
ïíó îöiíêó äëÿ Q â ïðàâié ÷àñòèíi (60):

|Q| ≤ 2zNQ3, (66)

äå Q3 = exp

{
−2−z+1 (1 + o(1)) (s∗ + s̃∗)

N∑
q=1

δq(n, ε) + 2r−∆−1
2z(2r−1)

u

}
, n →∞.

Ç óðàõóâàííÿì (66), êîæåí äîäàíîê ó ïðàâié ÷àñòèíi (60) äîïóñêà¹ îöiíêó

S
(∆)
〈(×1); γ1,...,γ∆〉 (n, r; Q) ≤ 2zNS

(∆)
〈(×1); γ1,...,γ∆〉 (n, r; 1) Q3. (67)
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Âèêîðèñòîâóþ÷è (55), (66), (67), çíàõîäèìî íàñòóïíó îöiíêó ïðè n →∞:

1

2r N+r m

2r−1∑
∆=1

S(∆) (n, r; Q)
e2λ∗

√
λ∗
≤ 22r−m

√
λ∗

exp

{
e2λ∗ +

2r −∆− 1

2z(2r − 1)
u

}
×

×(
∞∑

l=0

1

l!
((n− ρ(n))(2r − 1) exp{−2−z+1(1 + o(1))

N∑
q=1

δq(n, ε)})l)×

×(
∞∑

l̃=0
l̃+l≥1

1

l̃!
(ρ(n)(2r − 1) exp{−2−z+1(1 + o(1))

N∑
q=1

δq(n, ε)})l̃).

(68)

Çãiäíî óìîâ (2), (3), ïðåäñòàâëåííÿ (13), (40) òà òâåðäæåííÿ 1, ïðàâà ÷àñòèíà
íåðiâíîñòi (68) ïðÿìó¹ äî íóëÿ, ùî äîâîäèòü (53) ïðè îáìåæåííÿõ (×1), (65)
äëÿ 1 ≤ r ≤ (α + γ)λ∗, n →∞.

Ïîêàæåìî, ùî íåðiâíiñòü s∗+ s̃∗ ≥ 1 âèêîíó¹òüñÿ, ÿêùî â ñïiââiäíîøåííi (54)
àáî r ∈ {1, 2}, àáî z ∈ {r, r − 1}. ßêùî z = r (àáî r ∈ {1, 2}), òî, î÷åâèäíî, iñíó¹
α ∈ {1, 2, ..., ∆}, äëÿ ÿêîãî |ωα| ≤ 2. ßêùî z = r − 1, òî çãiäíî [4], çàóâàæåííÿ
2, ïåðåêîíó¹ìîñÿ â iñíóâàííi òàêîãî α ∈ {1, 2, ..., ∆}, ùî |ωα| ≤ 2. Äàëi, çà
äîïîìîãîþ ñïiââiäíîøåíü (33) òà (34) ìîæíà âñòàíîâèòè, ùî ÿêùî |ωα| ≤ 2 äëÿ
äåÿêîãî α ∈ {1, 2, ..., ∆}, òî s(α) + s̃(α) ≥ 1.

Îòæå, äëÿ çàâåðøåííÿ äîâåäåííÿ (53) çàëèøèëîñü ïåðåâiðèòè, ùî ïðè îáìå-
æåííÿõ (×2) ìà¹ ìiñöå

s∗ + s̃∗ = 0; (69)

|ωα| ≥ 3, α = 1, ..., ∆, ∆ = 2z − 1, 1 ≤ z ≤ r − 2, 3 ≤ r < ∞. (70)
Çãiäíî (69), ∆ = 2z − 1, îòðèìà¹ìî íàñòóïíó îöiíêó äëÿ Q:

|Q| ≤ 2zNQ4, (71)

äå Q4 = exp
{

2r−∆−1
2z(2r−1)

u
}
.

Ïðè îáìåæåííÿõ (×2) ïîäàìî
2r−1∑
∆=1

S(∆) (n, r; Q) ó âèãëÿäi

2r−1∑
∆=1

S(∆) (n, r; Q) =
r∑

z=1

2z−1∑

∆=2z−1

∑
1≤γ1<...<γ∆≤2r−1

S
(∆)
〈(×2); γ1,...,γ∆〉 (n, r; Q), (72)

äå S
(∆)
〈(×2); γ1,...,γ∆〉 (n, r; Q) âèçíà÷à¹òüñÿ àíàëîãi÷íî S

(∆)
〈γ1,...,γ∆〉 (n, r; Q) ç äîäàòêî-

âîþ óìîâîþ (×2).
Ç óðàõóâàííÿì (71) êîæåí äîäàíîê ó ïðàâié ÷àñòèíi (72) äîïóñêà¹ îöiíêó

S
(∆)
〈(×2); γ1,...,γ∆〉 (n, r; Q) ≤ 2zNS

(∆)
〈(×2); γ1,...,γ∆〉 (n, r; 1) Q4. (73)

ßêùî âèêîíóþòüñÿ |M1| < 2r−z − 1 òà |M̃1| < 2r−z − 1, òî çíàõîäèìî

S
(∆)
〈(×2); γ1,...,γ∆〉 (n, r; 1) ≤ (2r−z − 1)n. (74)
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Ñïiââiäíîøåííÿ (71)�(74) äàþòü íåðiâíiñòü

1

2r N+r m

2r−1∑
∆=1

S(∆) (n, r; Q)
e2λ∗

√
λ∗
≤ exp

{
− n

2r−z

(
1− 2r−z

n
2r ln 2 +

+
2r−z

n
m ln 2− 2r−z

n
2λ∗ +

2r−z−1

n
ln λ∗ +

2r−z

n

2r −∆− 1

2z(2r − 1)
u

)}
,

ïðàâà ÷àñòèíà ÿêî¨ ïðÿìó¹ äî íóëÿ ïðè n → ∞ çãiäíî (2), (3), ïðåäñòàâëåííÿ
(13), (40), ùî äîâîäèòü (53) ïðè îáìåæåííÿõ (×2), |M1| < 2r−z−1, |M̃1| < 2r−z−1,
1 ≤ r ≤ (α + γ)λ∗, n →∞.

Ïåðåêîíà¹ìîñÿ â ñïðàâåäëèâîñòi (53) çà óìîâ (×2) òà

|M1| = |M̃1| = 2r−z − 1. (75)

Ïðè âèêîíàííi (70) òà (75) ìíîæèíà M1 (M̃1) ìiñòèòü çãiäíî [4], òâåðäæåííÿ 2,
íå ìåíøå òðüîõ åëåìåíòiâ imν ∈ M1 (jm̃ν ∈ M̃1), ν = 1, 3, òàêèõ, ùî äëÿ äåÿêîãî
α ∈ {1, ..., ∆} (α̃ ∈ {1, ..., ∆})

|ωζ ∩m(ζ, ν)| = 2, ν = 1, 3, |ωζ ∩ (aζ ∪ bζ) | = 3, ζ ∈ {α, α̃}, (76)

äëÿ äîâiëüíèõ aζ , bζ ∈
{
m(ζ, ν) : ν = 1, 3

}
, aζ 6= bζ , äå m(ζ, ν) = {mν , ÿêùî

ζ = α; m̃ν , ÿêùî ζ = α̃, ν = 1, 3}. Äëÿ çàçíà÷åíîãî ζ, çãiäíî (76) òà ðiâíîñòi äëÿ
Γ
{u1,..., uν}
t, r , 1 ≤ u1 < ... < uν ≤ r, ν = 1, ..., r, t = 1, ..., n, äîâåäåíî¨ â [4], ðiâíiñòü

(20), ìà¹ìî
Γ

ωζ

t, r ≥ γ
{aζ∩bζ}
t , t ∈ {2, ..., k} , ζ ∈ {α, α̃}. (77)

Ïðàâà ÷àñòèíà (77) äîïóñêà¹ îöiíêó

γ
{aζ∩bζ}
t ≥ t−1c∗(ζ)

(
c∗(ζ)− 2−1 (c∗(ζ)− 1)

)
C t−2

(c∗(ζ)/2)+(3c∗(ζ)/4)−(5/4) (78)

ïðè óìîâi, ùî c∗(ζ) ≥ t, äå ζ ∈ {α, α̃}, c∗(α) = min {iaα , ibα} , c∗(α) = max {iaα , ibα},
c∗(α̃) = min {jaα̃

, jbα̃
} , c∗(α̃) = max {jaα̃

, jbα̃
}. Ñïiââiäíîøåííÿ (78) äîâîäèòüñÿ

àíàëîãi÷íî òîìó, ÿê öå çðîáëåíî â [4], äèâ. (23).
ßêùî c∗(ζ) ≥ ε1ϕ (n) ln n, ζ ∈ {α, α̃}, òî íåðiâíiñòü c∗(ζ) ≥ t, t ∈ {2, ..., k},

î÷åâèäíî, âèêîíó¹òüñÿ äëÿ 0 < ε1 < 1 i òîìó iç (77)�(78) ñëiäó¹ äëÿ çàçíà÷åíèõ
c∗(ζ) òà t ïðè n →∞

Γ
ωζ

t, r ≥ (2t)−1 (ε1ϕ (n) ln n)2Ct−2
(5 ε1ϕ(n) ln n/4)−(5/4), ζ ∈ {α, α̃},

ùî ñóïåðå÷èòü (36) ïðè äîñòàòíüî ìàëîìó ε1 > 0 i t ∈ {2, ..., k}.
Òàêèì ÷èíîì, ïðè îáìåæåííÿõ (70) òà (75) ïðèíàéìíi îäèí åëåìåíò c∗(α)

ìíîæèíè M1, c∗(α) ∈ M1 (îäèí åëåìåíò c∗(α̃) ∈ M̃1), çàäîâîëüíÿ¹ íåðiâíîñòi
c∗(α) < ε1ϕ (n) ln n (c∗(α̃) < ε1ϕ (n) ln n). Âðàõîâóþ÷è öåé ôàêò, çíàõîäèìî, ùî
ïðè (×2) òà (75)

S
(∆)
〈(×2); γ1,...,γ∆〉 (n, r; 1) ≤ (

2r−z
)n

(
1− 1

2r−z

)n

ε1ϕ (n) ln n×

×
(

en

ε1ϕ(n) ln n

)2ε1ϕ(n) ln n

.

(79)
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Âèêîðèñòîâóþ÷è òåïåð (71)-(73) òà (79), ìà¹ìî

2r−1∑
∆=1

S(∆) (n, r; Q) ≤ 22r+r n−m

(
1− 1

2r−z

)n

×

×ε1ϕ (n) ln n

(
n

ε1ϕ(n) ln n

)2ε1ϕ(n) ln n

exp

{
ε1ϕ (n) ln n +

2r −∆− 1

2z (2r − 1)
u

}
.

Îñòàííÿ íåðiâíiñòü, óìîâè (2), (3), ñïiââiäíîøåííÿ (13) òà (40) äîçâîëÿþòü
ïåðåêîíàòèñÿ â òîìó, ùî

1

2r N+r m

2r−1∑
∆=1

S(∆) (n, r; Q)
e2λ∗

√
λ∗
≤ exp

{
− n

2r−z

(
1− 2r−z

n
2r ln 2 +

2r−z

n
m ln 2 −

−2r−z

n
ln (ε1ϕ (n) ln n)− 2r−z+1

n
ε1ϕ (n) ln n ln

(
n

ε1ϕ (n) ln n

)
− 2r−z

n
ε1ϕ (n) ln n−

−2r−z(2r −∆− 1)

n 2z(2r − 1)
u− 2r−z+1

n
λ∗ +

2r−z−1

n
ln λ∗

)}
→ 0, n →∞,

ùî é äîâîäèòü (53) ïðè ïðè îáìåæåííÿõ (×2) òà (75).
ßêùî |M1| = 2r−z − 1 , |M̃1| < 2r−z − 1 àáî |M1| < 2r−z − 1 òà |M̃1| = 2r−z − 1,
òî, êîìáiíóþ÷è ïîïåðåäíi ìiðêóâàííÿ, âñòàíîâëþ¹ìî, ùî ìà¹ ìiñöå (53).

Àíàëiçóþ÷è îáìåæåííÿ (×1), (×2), ïåðåêîíó¹ìîñÿ ó òîìó, ùî âñòàíîâëåíå
ïðè öèõ îáìåæåííÿõ ñïiââiäíîøåííÿ (53) ìà¹ ìiñöå ïðè âñiõ ìîæëèâèõ çíà-
÷åííÿõ ïàðàìåòðiâ s, s′, i, j (i ∈ I, j ∈ J) ïiäñóìîâóâàííÿ â (32), ïðè ÿêèõ
íåðiâíiñòü (36) ìà¹ ìiñöå äëÿ ∆ ≥ 1.

Ñïiââiäíîøåííÿ (35), (38) òà (53) äîâîäÿòü óìîâó (38) ðîáîòè [1], â ÿêié
âèïàäêîâà âåëè÷èíà Y ìà¹ ðîçïîäië Ïóàññîíà ç ïàðàìåòðîì 2m.

Òàêèì ÷èíîì, óìîâè ëåìè 2 ðîáîòè [1] ïåðåâiðåíi i çãiäíî öi¹¨ ëåìè ìà¹ìî, ç
óðàõóâàííÿì (3) òà (13),

max
0≤t≤(1+ω)λ ∗

|P {νn ≥ t} − P {Y ≥ t}| → 0 ïðè n →∞. (80)

Ñïiââiäíîøåííÿ (80) çàïèøåìî íàñòóïíèì ÷èíîì:

max
−
√

λ∗≤l≤ω
√

λ ∗

∣∣∣∣P
{

νn − λ∗√
λ∗

≥ l

}
− P

{
Y − λ∗√

λ∗
≥ l

}∣∣∣∣ → 0, n →∞, (81)

äå l = t−λ∗√
λ∗

.
Ïîêàæåìî, ùî ðîçïîäiëè âèïàäêîâèõ âåëè÷èí νn−λ∗√

λ∗
i νn−λ√

λ
ñïiâïàäàþòü ïðè

n → ∞. Äiéñíî, êîðèñòóþ÷èñü ïðåäñòàâëåííÿì [λ] = λ − ε(n), äå 0 ≤ ε(n) < 1
ïðè n →∞ òà ðiâíiñòþ (13),

νn − λ∗√
λ∗

=
νn − λ√

λ
+ ηn, (82)

äå ηn = νn−λ√
λ

(
O

(
ε(n)

λ

)
+ O(r(n))

)
− λr(n)−ε(n)(1+r(n))√

λ∗
.
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Âèïàäêîâà âåëè÷èíà ηn ïðÿìó¹ çà éìîâiðíiñòþ äî íóëÿ ïðè n → ∞. Ñïðàâäi,
äëÿ äîâiëüíîãî ε > 0

P {|ηn| > ε} ≤ 1

ε
M |ηn| ≤ 1

ε

(∣∣∣∣O
(

1√
λ

)∣∣∣∣ +
∣∣∣O

(√
λr(n)

)∣∣∣
)

(83)

i çãiäíî (2) i (30) ïðàâà ÷àñòèíà (83) ïðÿìó¹ äî íóëÿ iç çðîñòàííÿì n, òîáòî

P {|ηn| > ε} → 0, n →∞. (84)

Iç (82), (84) òà òåîðåìè ( [5], ñò.157) âèïëèâà¹, ùî ðîçïîäiëè âèïàäêîâèõ
âåëè÷èí νn−λ∗√

λ∗
i νn−λ√

λ
ñïiâïàäàþòü ïðè n → ∞. Àíàëîãi÷íî ìîæíà ïåðåâiðèòè,

ùîY−λ∗√
λ∗

i Y−[λ]√
[λ]

ìàþòü îäíàêîâi ðîçïîäiëè ïðè n →∞.
Òàêèì ÷èíîì, ñïiââiäíîøåííÿ (81) ìîæíà çàïèñàòè

max
−
√

λ≤l≤ω
√

λ

∣∣∣∣∣P
{

νn − λ√
λ

≥ l

}
− P

{
Y − [λ]√

[λ]
≥ l

}∣∣∣∣∣ → 0, n →∞. (85)

Äàëi çàçíà÷èìî, ùî âèïàäêîâà âåëè÷èíà Y−[λ]√
[λ]

ïðè λ →∞ ìà¹ ñòàíäàðòíèé
íîðìàëüíèé ðîçïîäië.

Îòæå, çãiäíî (85), óìîâè (3) òà ñïiââiäíîøåííÿ (13), âèïàäêîâà âåëè÷èíà
Y−λ√

λ
ïðè n →∞ ìà¹ òàêîæ íîðìàëüíèé ðîçïîäië ç ïàðàìåòðàìè (0,1). Òåîðåìà
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