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ÌÅÒÎÄ ÏÎÁÓÄÎÂÈ ÓÇÀÃÀËÜÍÅÍÈÕ ÊÀÍÎÍI×ÍÈÕ
ÏÎËIÍÎÌIÂ ÔÓÍÊÖIÉ ÄÂÎÇÍÀ×ÍÎ� ËÎÃIÊÈ

The paper deals with finding coefficients of generated canonical polynomials for the given boolean
function that is based on the use of properties of generated conjunctive transformations.

Ðîçãëÿäà¹òüñÿ àëãîðèòì çíàõîäæåííÿ êîåôiöi¹íòiâ óçàãàëüíåíèõ êàíîíi÷íèõ ïîëiíîìiâ äëÿ
çàäàíî¨ áóëüîâî¨ ôóíêöi¨, ùî áàçó¹òüñÿ íà âèêîðèñòàííi âëàñòèâîñòåé óçàãàëüíåíèõ êîí'þí-
êòèâíèõ ïåðåòâîðåíü.

Çàäàííÿ áóëüîâèõ ôóíêöié çà äîïîìîãîþ êàíîíi÷íèõ ïîëiíîìiâ (ïîëiíîìiâ Æå-
ãàëêiíà) ¹ äîñèòü çðó÷íèì àíàëiòè÷íèì ñïîñîáîì çàäàííÿ öèõ ôóíêöié ç óðà-
õóâàííÿì îäíîçíà÷íîñòi ¨õ ïðåäñòàâëåííÿ òàêèìè ïîëiíîìàìè. Îäíàê áiëüø çà-
ãàëüíèì ¹ ïðåäñòàâëåííÿ áóëüîâèõ ôóíêöié çà äîïîìîãîþ êàíîíi÷íèõ ïîëiíîìiâ,
ó ÿêi êîæíà çìiííà ìîæå âõîäèòè ëèøå â ïðÿìîìó âèãëÿäi àáî ëèøå iç çàïåðå÷å-
ííÿì (â iíâåðñíîìó âèãëÿäi) [1, 2]. Âèêîðèñòàííÿ óçàãàëüíåíèõ êîí'þíêòèâíèõ
ïåðåòâîðåíü äëÿ ïîáóäîâè âêàçàíèõ êàíîíi÷íèõ ïîëiíîìiâ ç óðàõóâàííÿì ìî-
æëèâîñòi çàñòîñóâàííÿ øâèäêèõ ïåðåòâîðåíü äà¹ ìîæëèâiñòü îáiéòèñÿ áåç ïî-
áóäîâè ìàòðèöi âiäïîâiäíîãî ïåðåòâîðåííÿ i çìåíøèòè êiëüêiñòü íåîáõiäíèõ ïðè
öüîìó àðèôìåòè÷íèõ îïåðàöié [3].

Îçíà÷åííÿ 1. α̃-êàíîíi÷íèì ïîëiíîìîì, ïîáóäîâàíèì iç çìiííèõ X1, X2,
X3, . . . , Xn, íàçèâà¹òüñÿ âèðàç âèãëÿäó

2n−1∑

β=0

⊕aβ ⊗Rβ̃
α̃, (1)

äå β ∈ {0, 1, . . . , 2n−1} � íîìåð íàáîðó β̃ = (β1, β2, . . . , βn), (a0, a1, . . . , a2n−1) ∈
∈ Z2n

2 � âåêòîð êîåôiöi¹íòiâ ïîëiíîìà, Rβ̃
α̃ � åëåìåíòàðíà êîí'þíêöiÿ, ïîáóäî-

âàíà iç çìiííèõ X1, X2, . . . , Xn i ïîðîäæåíà íàáîðàìè α̃ i β̃, ⊕ i ⊗ � âiäïîâiäíî
ñèìâîëè îïåðàöié äîäàâàííÿ i ìíîæåííÿ ïî mod 2.

Î÷åâèäíî, ùî êîæíèé ïîëiíîì (1) îäíîçíà÷íî âèçíà÷à¹òüñÿ âåêòîðîì ã =
= (a0, a1, . . . , a2n−1) ∈ Z2n

2 ñâî¨õ êîåôiöi¹íòiâ, òîáòî ðiçíèõ ïîëiíîìiâ ¹ ñòiëüêè,
ñêiëüêè iñíó¹ ðiçíèõ ìiæ ñîáîþ áóëüîâèõ âåêòîðiâ äîâæèíè 2n, òîáòî 22n . Î÷åâè-
äíî òàêîæ, ùî ðiçíi α̃-êàíîíi÷íi ïîëiíîìè çàäàþòü ðiçíi áóëüîâi ôóíêöi¨. À îò-
æå, çàäà÷à ïîáóäîâè α̃-êàíîíi÷íîãî ïîëiíîìà ôóíêöi¨ f(X1, X2, . . . , Xn) ðîçâ'ÿ-
çó¹òüñÿ îäíîçíà÷íî. Íåõàé òåïåð (1) α̃-êàíîíi÷íèé ïîëiíîì áóëüîâî¨ ôóíêöi¨
f(X1, X2, . . . , Xn) çàäàíî¨ âåêòîðîì f = (f0, f1, . . . , f2n−1)

T , òîáòî

f = a0 ⊗R
(0,0,...,0)
α̃ ⊕ a1 ⊗R

(0,0,...,1)
α̃ ⊕ · · · ⊕ a2n−1 ⊗R

(1,1,...,1)
α̃ . (2)

Ç óðàõóâàííÿì âëàñòèâîñòi 4 ìàòðèöi óçàãàëüíåíîãî êîí'þíêòèâíîãî ïåðå-
òâîðåííÿ Kα̃ [3] ðiâíiñòü (2) ìîæíà ïåðåïèñàòè ó ìàòðè÷íîìó âèãëÿäi:

f = Kα̃ ⊗ a, (3)
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äå ⊗ � ñèìâîë îïåðàöi¨ ìíîæåííÿ ïî mod 2, a = (a0, a1, . . . , a2n−1)
T � âåêòîð

êîåôiöi¹íòiâ ïîëiíîìà.
Îñêiëüêè íàä ïîëåì GF (2) ìàòðèöÿ Kα̃ îáåðíåíà ñàìà ñîái, òî

a = Kα̃ ⊗Kα̃ ⊗ a.

Çâiäêè, ç óðàõóâàííÿì (3), îòðèìà¹ìî

a = Kα̃ ⊗ f. (4)

Ðiâíiñòü (4) ¹ îñíîâîþ àëãîðèòìó ïîáóäîâè α̃-êàíîíi÷íîãî ïîëiíîìà çàäàíî¨
áóëüîâî¨ ôóíêöi¨ [3].

Çàïðîïîíîâàíèé àëãîðèòì ìîæíà ìîäèôiêóâàòè, ÿêùî ââåñòè â ðîçãëÿä ìî-
äèôiêîâàíå óçàãàëüíåíå êîí'þíêòèâíå ïåðåòâîðåííÿ, ÿêå âèçíà÷à¹òüñÿ ìàòðè-
öåþ

K ′
α̃ = K ′

(α1,α2,...,αn) = K ′
α1
×K ′

α2
× · · · ×K ′

αn
,

äå

K ′
0 =

(
1 1
1 0

)
, K ′

1 =

(
1 0
1 1

)
= K1.

Íàïðèêëàä, äëÿ n = 3, α̃ = (1, 0, 1) ìàòðèöÿ K ′
(1,0,1) áóäå ìàòè âèãëÿä:

K ′
(1,0,1) =




1 0 1 0 0 0 0 0
1 1 1 1 0 0 0 0
1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 1 0 1 0
1 1 1 1 1 1 1 1
1 0 0 0 1 0 0 0
1 1 0 0 1 1 0 0




.

Íàä ïîëåì GF (2)

(K ′
0)
−1

=

(
0 1
1 1

)
.

Òîäi íà îñíîâi âëàñòèâîñòåé êðîíåêåðiâñüêîãî äîáóòêó ìàòðèöü íàä öèì ïîëåì

(K ′
α̃)
−1

=
(
K ′

α1

)−1 × (
K ′

α2

)−1 × · · · × (
K ′

αn

)−1
.

Îäíi¹þ ç îñîáëèâîñòåé ìàòðèöi K ′
α̃ ¹ òå, ùî â β-ó ñòîâïöi öi¹¨ ìàòðèöi ïîìi-

ùåíi çíà÷åííÿ åëåìåíòàðíî¨ êîí'þíêöi¨ Rβ̃
α̃ íà åëåìåíòàõ ìíîæèíè Zn

2 . Òîìó ç
óðàõóâàííÿì âëàñòèâîñòåé ìàòðèöi K ′

α̃, àíàëîãi÷íî (4), îòðèìà¹ìî

a = (K ′
α̃)
−1 ⊗ f. (5)

Ïðè çíàõîäæåííi ìàòðè÷íîãî äîáóòêó (5) òàêîæ ìîæëèâå âèêîíàííÿ øâèä-
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êèõ ïåðåòâîðåíü íà îñíîâi ôàêòîðèçàöi¨ ìàòðèöi (K ′
α̃)−1 çà äîïîìîãîþ ìàòðèöü

F
(n)

(K′
0)−1 =




0 1 0 0 0 0 . . . 0 0
0 0 0 1 0 0 . . . 0 0
... ... ... ... ... ... . . . ... ...
0 0 0 0 0 0 . . . 0 1
1 1 0 0 0 0 . . . 0 0
0 0 1 1 0 0 . . . 0 0
... ... ... ... ... ... . . . ... ...
0 0 0 0 0 0 . . . 1 1




, F
(n)

(K′
1)−1 =




1 0 0 0 0 0 . . . 0 0
0 0 1 0 0 0 . . . 0 0
... ... ... ... ... ... . . . ... ...
0 0 0 0 0 0 . . . 1 0
1 1 0 0 0 0 . . . 0 0
0 0 1 1 0 0 . . . 0 0
... ... ... ... ... ... . . . ... ...
0 0 0 0 0 0 . . . 1 1




.

Ç âèãëÿäó öèõ ìàòðèöü ëåãêî îòðèìàòè ôîðìóëè øâèäêèõ ïåðåòâîðåíü äëÿ
îá÷èñëåííÿ äîáóòêó

(K ′
α̃)
−1 ⊗ f = F

(n)

(K′
α1)

−1 ⊗
(

F
(n)

(K′
α2)

−1 ⊗ · · · ⊗
(

F
(n)

(K′
αn)

−1 ⊗ f

)
· · ·

)
. (6)

Îòðèìà¹ìî:
(

F
(n)

(K′
0)
−1 ⊗ f

)

i

=

{
f2i+1, ÿêùî i < 2n

2
,

f2i−2n ⊕ f2i−2n+1, ÿêùî i ≥ 2n

2
,

(7)

(
F

(n)

(K′
1)
−1 ⊗ f

)

i

=

{
f2i, ÿêùî i < 2n

2
,

f2i−2n ⊕ f2i−2n+1, ÿêùî i ≥ 2n

2
,

(8)

i = 0, 1, . . . , 2n − 1.
Ïðèêëàä 1. Äëÿ áóëüîâî¨ ôóíêöi¨ f = (0, 0, 1, 1, 1, 0, 1, 0)T ïîáóäóâàòè α̃-

êàíîíi÷íèé ïîëiíîì äëÿ α̃ = (1, 0, 1).
Îá÷èñëèâøè äîáóòîê (K ′

α̃)−1 ⊗ f íà îñíîâi ôîðìóë (7), (8) îòðèìà¹ìî:

(K ′
α̃)
−1 ⊗ f = (1, 0, 1, 0, 0, 1, 1, 0)T .

Çãiäíî (5) ìà¹ìî a0 = a2 = a5 = a6 = 1, a1 = a3 = a4 = a7 = 0. Ïîáóäó¹ìî
åëåìåíòàðíi êîí'þíêöi¨ Rβ̃

α̃ äëÿ çàäàíîãî α̃ = (1, 0, 1) òà íàáîðiâ β̃ ç íîìåðàìè
β ∈ {0, 2, 5, 6}, íà ÿêèõ äîáóòîê (K ′

α̃)−1 ⊗ f ïðèéìà¹ çíà÷åííÿ ðiâíå 1:

R
(0,0,0)
(1,0,1) = 1, R

(0,1,0)
(1,0,1) = Ȳ , R

(1,0,1)
(1,0,1) = XZ, R

(1,1,0)
(1,0,1) = XȲ .

Áóäó¹ìî ñóìó ïî mod 2 çíàéäåíèõ åëåìåíòàðíèõ êîí'þíêöié, îòðèìà¹ìî

P(1,0,1)(f) = 1⊕ Ȳ ⊕XȲ ⊕XZ.
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