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M. M. Ilaripsi(MykadiB. JepK. YyH-T)

PO3BUHEHHS OYHKIIIN KOMIIJIEKCHOI 3MIHHOI B
KBA3I-OBEPHEHUM JIAKHIIOTOBUI OPIB TUIIY TLJIE

For functions of one complex variable introduced the concept of reciprocal derivative of 2-type
and Thiele type formula for functions expansion in a quasi-inverse continued fraction. Proved
properties of reciprocal derivatives of 2-type and obtained some functions expansions by the Thiele
type formula.

Ilna ekl onHiel koMmrexcHoT aMiHHOT BB TEHO OHATTS 0beDHEHOT MoXinHOL 2-T0 Tuny T8 dop-

myau tuny Tine o8 posBuHeHHsA YHKIUiN B KBa3i-obepHeHuit jaHiorouit api6. JoBeneni Bna-
CTHUBOCTI OOEpPHEHUX TMOXIAHUX 2—-T0 THILY T2 OTPUMAaHI PO3BUHEHHS AesfKNX DyHKUil 3a hopMynow
Ty Tise.

Bceryn. QOyskuis oaHi€l KoMIeKCHOI 3MiHHOI Moxke OyTH HabJymKeHa HaraTodsie-
HOM (1], y3arassHeHuM 6araTodieHoM, JpoboBo-palioHanbHOW0 byHKIiew (2], anpo-
keumaniero Ilane [3] abo nanmroroum npobom [4-6]. 3anava pozBunenHst DYHKIGH
B JIAHIIOTOBAN Jipi HaMeKuTh 40 BaKAABAX 380a4 TeOPil Janutorosux ApodiB, SKa
Mag KpIM TeOpeTHYHOro Iie 1 NpaKTUYHe 3HAYEHHS, OCKIJIbKY TaKl DO3BUHEHHS BH-
KOPHUCTOBYIOTBCs IpU 004mCiIeH] 3HaveHb ¢byHKuii [7, 8].

B poborax [9,10] pocnipkysanacs 3ana4a po3BuHeHHsl DYHKIH OnHi€el AifcHOT
3MmiHHOI B JyaHigoroBuit api6 tumy Tine. Jana pobora mpucBsiueHa y3arajbHEHIIIO
X Pe3yJIbTATiB Ha BUNAJOK PO3BUHEHHs (DYHKIIM KOMIJIEKCHOI 3MIHHOI B KBa3i—
obepHeHuit aHoropuit npi6 Tuny Tie.

1. KBa3i—06epHenuit inTepnonauiiinuii sanmorosuit apié Tuny Tine. He-
xait bynxuis f(z) € C{Z], ac Z C C— xoMmnaxr, Ta BM3HAYEHA 3HAYCHHAMYU B TOUKAX
MHOXKHHH

W={z:2€Z, z#z, xommi#j i,j=0,12,...,n}.

Posrisimemo nmociinosrocTi {vk(2) 1 2 € Z, kK =0,1,2,... }, enemenTH sikol Bu3Ha4a-
OTbCA HaCTyrIHI/IM YHUHOM:

1 zZ— 2k
f(z)= s v (2) = v(z) + S k=012, .. -
7 v\~ ) Uk+4+1\<)

Bkiamaroun esieMeHTH MOCIiZOBHOCTI OOMH B Apyruit yepe3 n + 1 KpOK OTPUMAEMO

zZ— 2 2—21 &= Gpil _z'—zn\—l
vi(21) + va(22) + -+ Un(2n) + vnta(2)

f(z) = (Uo(zo) *

[Tosnauumo gepes by = vi(2x) Ta maCTaBEMO HyJIb 3aMICTD (2 — 2n)/VUnt1(2). Maemo
CKiHYEHHUH JIAHIIOTOBH Ipib

) 8>
Pa(2) z2—20 2Z2—2 z—zn_q

D,n(2) = ="~ = b+ — . 1

" =) (\° b+ b+t b 2
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132 M. M. ITIATIPHA

ﬂxm;o nammorosutt Api6 (1) samoBosnbHsie inTepnossuiiay ymosy Dp(2z) = w;, ge

flw;), i =10,1,2,...,n, To BiH HA3MBacThCA KBa3i-06epHenUM iHTEPIOIALIH-
HUM JIQHIIOTOBUM ,mpoGOM tuny Tine (T-KLJIJT), a #ioro koediuicnrn BusnHauaorses
38 PEKyPEeHTHOIO (hOPMYJIO0 y BHIVIAIL JIAHIOTOBOrO Apo6y aHAIOTIYHO 5K i y BH-
najKy yHKjl gicHol 3minHOi [11,12]

1 2 = k-1 Zp — 21 ZE — 20
By e sty e CERTED e P
: Wy kl '—bk_]_ g ¥ —b]_ + l/wk i bo, :

BsouuTbCs B po3Iiia IOCTiI0BHICTE 0OEPHEHNX MOAUIEHUX PI3HULL 2-TO THILY

[2ons -5 2bmto] = T @
00 o5y lereligll T (@) IRF W,
‘I’k_l[zo, <oy Rk—25 ’“] (Dk 1[20, ) Rk—2) Zk——l]

(2)
¥

/::e@ [Z]“I/J\Z) k=12 gyhyeaas
Koedinjenrn nanmorosoro apoby (1) BusHauaoThCs yepes o6epHeH1 noisiesi
pizHrni 2-ro Ty b = fb,(c [z, 2, doiipmds =Byt Hes. in

2. Obepreni pizauni 2-ro runy. OGeprena nojinena pizumug 2-ro Tuny k-To
HOPSIIKY wf\ [20, 21, - . - , Zx| 3QJIEKATH BiJ IHTEPUOJALIAHAX BY3AB 2y, 21,. . ., 2k T4
3uadensb hyHKuii f(2) B qux By3snax, B TOU Ke 4ac € CUMETPHYHA BiJIHOCHO Ti/IbKH
JIBOX OCTAHHIX CBOIX apPryMEHTIB 2.1 Ta Zr. BBEIEMO B PO3IVISLH, CIIiBBIHOIIEHHST
BUTVISIILY

[k/2]
p§cZ) [Zo, oin s ,Zk] == Z (I)§c2—)27;[20) FAPRRER) Zk~2i]? (3)
i=0

sIke Ha3BeMO obepHeHOI0 pisHuueo 2-ro Tuny. I3 (3) Bummsae, mpo Koe(blmen'm
T-KIJI/L (1) BusHa4aioThesi yepe3 o6epHeHi pi3HAL 2-T0 THIIy HACTYTHHM YHHOM

by = ((,)[ ol b= pg )[zo,zl], b = pf)[zo, I pg_)z[zo, s O
ne k=2,3,...,n, a ToAl JJaHLIOrOBH Ipi6 3aIMINEThCA Y BUIJIALI
D _Pn(Z)_/(g) zZ— 29 z—2z z—-znl\_1 5
i (po MRy LR M) i
Teopema 1. Obeprena pisnuyn S—20 muny pf) (20, 21, - - - 2] CUMeEMPUYHA 6i0-.
HOCHO BCIT CBOIL AP2YMEMNIIIG 20, 21, - .-, 2k, k = 1,2,3,...,Mn. :

Josedenns. Jlerko 6aunTy, mo obepueni pisHuLi 2-To THIY

8 ] s (21 — Zo)wowl’

( )[
Wy — Wy

2o(wy — wy) + 21 (wy — wo) + 29(wo — wy)
zowo(wy — wo) + zywy (we — wp) + 2Zowa(wo — W)

sz) [ZG’ 21, Z2] =

CUMETPHYHI BiTHOCHO CBOIX apryMeHTIB.
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PO3BUHEHHS ®YHKIIV KOMIIJIEKCHOT 3MIHHOI . .. 133

Bacrocyemo dopmysnamu Bamica [13] misi 3HAXOAKEHHS 3HAYEHD THCETHLHUKS,
Pi(z) Ta 3namennuxa Q(z), orprMyemo:

Pon(2) = Ag+ A1z + - + A1 2™ + A 2™, B i)
QZTTL(z) = BO g B1Z st o Bm—lzm_1 et Bmzma Bm o= pgfr)w
P2m+1(z) T CO v Clz 4 9 oL Cm--lzmm1 i C'm zm, C'm = pi(;r)!.-{-la

Qom+1(2) = Eo+ Eyz+ -+ Ep2™ + Hene ™, Emi1 =1,

e Aoy ...y Am, Boy oo oy By, Coy o .., Ciny Eo, - . .y Epy1 Jesiki koeditients. B cummy To-
ro, mo Janmiorosuit api6 (5) irTepnonsiniitauit, To w; = Di(2z) = Pe(2)/Qr(z:),
fogta " s

PosrnsiHemo aBa Bunajku: a) k = 2m; 6) k = 2m + 1.
a) Ilpu k = 2m maemo cucremy JiHifHEX anreOpUYHUX PIBHIHDL

Ao s ’LU()B() + Z()Al = z0w031 v, +281"1Am_1 -~ Z(T)n—l’woB AW z{,"wgBmz—-z{)”,
AQ —wy By + 21 A1 — zyun By A+ - +Z;n"1Am_‘1 - z{"‘lwle 1y = z{"wle::——.z{”,
l AO e wnBO o Z‘n,Al 5 annBl 5 e i z:{l_lAm—l S5 Z::l_lwan—l P ZztwnB-m:”_ZyT g

2)

BigHOCHO 2m + 1 Hesijomoro Ay, Ay, ..., Am—1,Bo, B1,. .., Bm-1, B = pgm. Busna-
YHUK CHCTEMHI
: . =i
1 —wp 20 “zpwo=ed —ZBuwp -+ 2T —2 lwy —2w
2 m—1 m-1
1 —w 2z —zwn 22 —2Z2w - 2 2wy =2l
A == i =
Ll 2 a2 25 R Wiovte 250 L e e, —2lw,
: dl 1
1 wo 2 2w 22 2Zwe -+ 2 25 wo z§'wWo
=1 2
i 1 owy o aw 2 S T 0 P
= (—-l)m ‘ :
| Thaglbot e i, 20 22 W, gl e,
B ¢Bow0 Yepry BU3HAMHHUK
£ iy
T wo %0 ZoWo 2o 2ot <ov “ag v 25 by 2y
L1 w1
Wy 21 ooy 2 ey T w2
Bompr = (1) : .
et e~ R m—1 6 m
| | Wn <n nWyp 2, 2,Wp -~ 4,’: 4;" Wn 2y,
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134 M. M. ITATTPA

Toni 3rigHo i3 npasuiom Kpamepa

i m—1 m—1
1. we 2zo. 20wy " % 2wy 2
1 wy 21 zywp -+ z{”"l z{”"l wyn g
;i |
airie 1o m—1 m—1 ~T ’
@ _ e L ws 2 Zalln %y Zn Wn 2y | (6)
2m e T 2 2 m—1 m—1 2
1 wy 20 zowo 22 Z2wy - 25 % g 20" ’
9 =] e
W ZWE Z sy e @t p il R
Sl , ST g AB om—1  _m—1, l
| b Wn 2 2 Who Zn 2y W 275 20 2R Warrdn: |

Is hopmynn (6) Hesmocepeho BUILIMBAE, O OBEpHeHa PI3HAT 2-r0 TUMY 21m-10

9 i) ¢ ks ]
NOPSIKY pg,,)l (20,21, . - -, Z2m) CHMETPUYHA BIHOCHO BCiX CBOIX apryMeHTiB.

6) Ilpu k = 2m+ 1 anasoriiso oTpuMyeMo cucTeMy JHIHHEX aIreOpHIHX PIBHSHD

CO — woEy + 2001 - ZowokEy + - + z(’)ncm & Zg‘wOEm == Z{,"Hwo,
Co— wnEy + 21C1 = 21unEy ot o+ + ZPC = 2Pun By = 52wy
lCO — wpky + 2,01 — zpw, By 4 -+ + 2rCr — AP W = Z,T-I_lwn‘

BiiHOCHO 2m + 2 HeBimomux Cy, Cy,...,Cp = pg,)lﬂ, B, By B, Toni:

1 Wog Z9 ~oWy --- Z,Sn_—lwo 26’7'100 26n+1’w0
1wy o ;o w22 tun 2wy 2
m~—1 m m+1 |
p(z) foep e L W 2 Saln v 20 Wy 20 W, 20, | )
2m+1 T it
1 Wy Ry RoWo Zg zg W~ v Z{)n z(?)n Wy
2 2 ‘
Lo 0) i@ TN, B R ™ s B 2 AU
9 550
!-1 Wi R Gt W 26 BIW 5o il 10, l
’ 9
I3 dopmynu (7) maemo, mo obepHeHa pizHung 2-ro THITY pg,% +1(%05 - - -, Zomq1] TAKOXK

CHMETPHU9Ha BiJHOCHO BCiX CBOIX apryMeHTIB.

3. Obepneni noxigni 2-ro Tuny. Iipm nobymosi oGeprenoi pizmuni 2-ro THIY
pobmJIoCcs IPUITYIIEHHS, L0 IapaMeTpH, By3Ju iHTepuoussmi, 2,7 = 0,1,2,...,n,
yci pisni. Posrusiremo rpanuysuii Buiagok o6epHeHol pi3Huni 2-ro TuIly, KOJd BCi
BY3J1d, M JesKa IX YaCTuHA, NPSIMYIOTh J0 O/IHOTO 1 TOrO XK IHAYEHHS.

Osnavenns 1. Jxwo icnye epanuys (CKinwene 3nauenna a0 HECKIHYEHICMb)
obepuenol pisnuyi 2-z20 muny p§C2) [20, 215 - - -, 2k), KOAU 6YIAU 20,21, ..., 2k MPAMY-
10Mb 00 2 € Z, M0 80HA HA3UBLEMBCA 0GEPHEHOIO NOTION0I0 2—20 TMUNY © NOSHAMUMO
wepes Mf(z). :
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PO3BMHEHHSA ®YHKUIN KOMIIJIEKCHOI 3MIHHOT . .. 135

3 03HAYEHHS BUILIMBAE, IO

M e pf)] B it s= ¥ z}l'i'rgk_*z pf)[zg, sk, 4 Zl

k+1
IIpu m = 0 i3 (7) maemo
20) 20 f(Z) f(z) z '
- f 2‘1) f(2) 2 e B flz+Az) flz+Az2)(2+A2) |
i zo,zl—-»z | 1 f(z) AL-»O 1 fiz) i e
|1 f(a1) 1 f(z+ A2) [
S rRferag| T2 @+ £,
s B v et o LA S T Vo i
1 flz+ Az) | 0 flz+A2)~ f(z) |

Pozninumo uucesbHuK i 3HaMeHHuK Ha Az Ta mepeigeMo 10 rpaﬁnm npu Az — 0,
MagMo

[epeter R
| f(2) flz+A2)| o 7 2
N 0 )
o) ==l 1 f(z) T PR (8)
. fz+ Az) = f(2)
Az

Busnauumo pekypenTHE CHiBBigHOMICHHS! 7151 OGUKCIeHHs OGEPHEHNX NOXiTHMIX
2-ro tuny. 3 (2) Ta (4) BuMBaE, 10

2 2 2k — Zk—1
pi(g )[207 . azk] = pgg_).g[ZO’ coey Rf— 2] ) >
Pk 1[20, 1 By Bbbs . Dot | B0 sy Mot
Hexalt 29 =2y =+ = 2p_; = 2, & 2z = u. Toxi
2
pk l[z Z,Z]—P£31[Z,---,Z,u] i 1
= — s :
Z—Uu pi)[z,...,z,u] p£)2[z,...,z,z]
Axnasoriuso
2 2
r'i(c)u"a ',zau] “pfc)uw ,z,u,u] 1
2 9
e pl(c)[ Zy ">2)u’ul pl(c)2[ Z’U’]
2 2
p,(c_)l[z,...,z,u,u]-—p,(c_)l[z,..,,z,u,u,u] 1
1 ) ¢ 1?
Z=U p,(f)[ Sk ..,z,u,u,uj—p,‘c_)z[z,...,z,u,u]
2
penlzu. . u] = p [y 1
kgl 2
A= pPz, 5, ..., u) — pP,lu, ..., 4]
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136 M. M. IIATTPHA

Jonapmy & coiBBigHOIIEHL Ta MEPEHIIOBINA A0 MPAHUI HOPH ¥ HPIMYIOYOMY [0 2,
MAaEMO

2 5 (2 :

vt P U s k
nmp’” } Pty s —, (" (2)) = —— ’“~ .
U—rz Z — U lmJ(z)—w ‘l‘sz} ﬂx](z) e 4 Z}

o

Kinnese oTpuMy€eMO HaCTYIIHE pEKYPEHTHE CHIBBIIHOIEHHS JJIsl 3HAXOI2KEHHS 00ep-
HEHHX TNOXITHHUX 2-TO THITY

[k} ( ) e k [k—2] \ -
f f ! i f(Z}, k" B 273’4a (9)
(*=1f (2))
3 . -
4. Brnacrusocri obeprennx noximumx 2-ro runy. Iz (8) Gednocepennno mu-

IJINBa€ HACTYITHE TBEPIKCHHS.

Teopema 2. 1) Hezat 6 mouyi %y € 3 gﬁy}mum F(25) 5 0. Todi:'a) Mf{(zp) = oo,

axuso f'(z0) = 0; 6) M f(20) = 0, arnwo f'(20) =
2) Hexal 6 mowyi 29 € Z noxiona gymnryii f (zo) # 0. Todi Mf(2) = o0, axwo

flza) 5= 00.
3) Hexatli C = Const,C # 0, modi "'C = oo.

Teopema 3. Hexati dan xoocrnozo z € Z gynwyii u = f(z) ma v = g(z) maromo
crinyent obepreni norioni 2-20 muny. Todi icwyroms obepreni noxioni 2—-20 muny
cymu, pisnuni, JobYmEy ma “acmry YuT GYHKUIY § Maoms Micue Gopmyau:

4 2.0 1],
i acfusy) Py Hy
(U:E’U) = w2 Oy 492 .0y’

Loeederns. I3 (8) Buiusae, w0

uw - Wy« My u/v) Mgy . Ty

JODES /o) =

w -y 4 g - Dy

My — ey

it (uwo v)2

(uov) =~ 2% (10)
(wo1)

ze "o" omgma i3 omepamiit "+","—""x"":" 3 inmoro Goky 3 (8) maemo, mo w =

= —w? /M. lincrapusom snazenns v’ 1a v’ y (10) oTpuMyeEMO TBEpPAMKEHHS Teope-

Teopema 4. Axwo Pynruii w; = fi(2), ¢ = 1 2,3,...,n, maromo obeprert no-

. 2w n g
% ( 3 wi) IT M, o T (w; - M)
i=1 : (1] (n wi> P! i O

T n L L n n
i=1 2ow? - T] W i=1 2wy 1 ey
i=1 j=1 =1 j= .
G J#i

Losedennsn. Cuissignomennsi (11) ZoBOISTHCS 32 IHAYKIIEIO COMPAIOYACH HA
TeopeMy 3.

Teopema 5. Hexat gynryin w = f(2) dar wosicrozo z € Z mae ofepreni nozion:
2-20 muny do n—20 nopadxy exaouno i C— cmana, modi BUKOHYITRBCR CRIBBIOHO-
WEHHA ‘

Bl Cay) = L. Bml, Rl (Cip) =G Py m=05%"."

Q
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Aosedernns. Teopema ,H.OBo,zmec;{ 3a imgykmiero. Ilpu m = 0 3 (8) Gesmocepe-
zepo Bammsag, mo (Cw) = & - Pw, B(Cw) = C - Mw . Hpunycrumo, mo Tsep-
JI?KEHHsI TeOPEMU BUKOHYETbCH mm m = Zk. Toni npu m = 2k + 1 i3 (9) sBunuusac,
51{0

2k+1 2k + 1
[2k+1] e
R (24 (Cw)) )), e Gt ([2k] s Gl we G .
Amnasoriuno npu m = 2k + 2
{%”](Cw) = 2k+2 £ [%]/ é 2k + 2 [%],w) i _(17 kel

{[2k+11 (2 Y/
X \v W

2k+1]49)/
}/ [ lf)”)

/
BaypaxkerHs 1. Hewat Mw obeprena noxidna Tine [14] dymwuii w = f(z) Ha

xomnaxmi 7. Ananoziuno, ax iy eunedxy dynruii diticnoi aminnoi [15], obepreni

noxioni Tine Oan PYHKYIL KOMNAEKCHOT 3MIHHOT 80400110 BAGCTTIUGOCTILAMU.

@Yy + O) = Py 0, @Gy 4 ) = PPy, 00 C = conigl, k= 0(112 50T

Ane drn obeprenus noTidnur £-20 muny nodioHL BAGCTIUBOCTNL HE MAIOTID MICUA,
OCKINOKU

2
w10t Meror= (S5 e

5. Possunenss: qegkux byHKNil KoMIUIEKCHOI 3MiHHO]I B JIaHIforoBuil Api6
3 popmyaoro Tuny Tine. 3 (4) maemo

bo(2) = hmp bi(z) = lim pi[z0, 21] = "f(2),

1
'l = 7oy =

bk(Z) = lim pg)[Z(),Zl,...,Zk] “‘PE‘,Z.,).Q[ZO’zl,---,ZIc] = W, ]{722,3,4,...

2040092
- §Ikmo npumycTyuTH, mWo GyEKnis f(z) Ha KoMuakTi Z Mae cKinyeHl obepreHi moxi-

JTHI 2-T0 THITY JOBLIBHOTO TIOPSOKY, TO B OKOJI TOUKH 2y (MYHKI{IO MOXKHA PO3BHHYTH
B JaHIorosuit api6 3a dhopmyuoo Tumy Tine

-1
1 Z— 2 2z — 2 Z— Z

\ £(2) TG + 2/ (W) + o+ nf () + )

Jlanmorosuii api6 (12) Ha3uUBAETHCA KBadi-OOEPHEHUM JIAHIIOTOBUM APOOOM THILY
Tine. OTpuMaeMO PO3BUHEHHS NeAKUX QYHKINA B JIAHIIOrOBUH Japib Takoro BUIJIALY.

(12)

fz)=

5.1. ®yuknig w = e*. [loBeleMo HAaCTyIIHe TBEPIKEHHS.

Teopema 6. Qynxyia y = €* mae obepneni noTioni 2-20 muny 006iAbHOZ0 TO-
PAOKY, AKi 06HUCAI010MOCA 30 HOPMYALMU

rlg? = (—1)"e™%, Pailef 2 (O (0 1 D e®, 0 =10,1,2,.... (13)
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Hoeederna. Jlerko Gauury, mo Ye? = 7%, Me? = —¢?, He? = —g 7% Blg? =
2¢#. Orxe, mpu n = 0,1 (13) mators micie. TTpunycTuMo, MO BOHKH BAKOHYIOTHCH
s n=k. Togi nna n =k + 1 i3 dopmynu (9) Maemo

ary, ¢ o1\
FAG R Y

2+ o2 le? = k,— k+1 -z
Hhrtle? = ([2k+1]ez)/ le? = (—l)k"‘l(k : l)ez e ("‘1) g = ("'1> g
2k +3 2k +3 &
N = Ty [Ty (Yl S 2l

Orxke, POpMyJIa BUKOHYETHCS 1 B bOMY BHIMAIKY.
I3 (13) Bunnumsae, mo
2n

({2n-1]ez)/ = firle? — n—fle® = (_1)n 2e7%,

2n+ 1 2n41] 2 [2n—1] .2 7 -..\ +1 o
(iznigzY solitillef lrile? = (S1) % {24 16 B2 142 8y

Orpumyemo possunerHs bYHKII W = €* B OKOJI TOYKH 2 = 2, 33 (HOPMYJIOI0 THILY
Tine (12)

i Zom B R By B B T 2 R Bt B ik
e~# 4+ —e + —2e 4 Je> + 2e7* + —betr 4 —De P4 ot

b4

R — Zx 2 Zx
+ DR+ (L) @k 4 Demt -

abo 1icss eKBIBaJEHTHHX NepeTBOPEHb

€ Z—Ze Z—Zy Z—Z¢ RZ—2% 2Z—2¢ 2Z— 2
1+ -1+ -2 4+ 3 4+ 2 4+ -5 4+ =2 + .-+

2z

Z— Z Z — Zy
+ (=1)F2+4 (—112k+1)+ .-

3okpema 1ipu 2, = 0 MagMo po3BuHeHH: GYHKIIT e B KBa3i—00epHeHui TaHIIOroBHH

Api6 runy Tine :

sl LA e M & % o
C 1+ =14 =24 3+ 24+ =5+ =2+ .-+ (=1)"2+ (=1)"H(2n+ 1)+ -]

ez

sike 30iraeThes i3 BiIOMEM po3BHHEHHAM i€l MYHKIHI , AKe OTpuMaHe 33 MeTOIOM
Jlarpar»ka 3HAXOKeHHS DO3R'A3Ky nudepeHiansHoro pisHsauas Pikkari [4].

5.2. @yuxuis w = (c+ z)*. Hexait ¢ € C, ¢ = const. loBememo Teopemy.

Teopema 7. (A) Sxwo a € C\Z, mo dynryia w = (¢ + 2)* mae obepreni
nozioni 2-20 muny 006iAvH020 NOPAOKY, AKI OGYUCMIOIOMLCA 30 HOPpMYIaMU

n

IT(m-a) :
ST, - il P, )

T

IT (m+ a)

m=1
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n-+1
(n+1) [ (m+a)
[2n+1](c +2)% = : m=2 (C 4 z)a+1’ =020 (15)
I] (m - a)

m=0

(B) fAxwo o = n, mo dynryia w = (c+ z)" mae obepreni noxidni 2-z0 muny do
2n-20 mopadky exmouno, Ak susnanaromvcs sa dopmyaamu (14) ma (15), xpim
moeo

HlE s 21 i (16)

(C) Sxwo o = —n, mo Pynryia w = (c+ 2)™" Mmae obepreni nowioni 2-20 muny
do (2n — 1)~20 nopadry erar0uno, AKi susnanaomvea 3a dopmysamu (14) ma (15),
KPiM 020

Br-tl(e 4 2)7" = 0. (17)

Losederiria. (A) s nosenenns dopmyi (14) ta (15) ckopucraemocst MeTogom
IIOBHOI MaTEeMaTHIHOI inAykHil. I3 osnadenna obeprenoi moxiguol 2-ro tumy Ta (9)
MaEMO

ot 2=t 2% Mok = DL L L e
b PREIN0 6 L0040 | 1 S il
Ch) ~ ((c4+ 2)e+ry (c+z)a_1+a(c+z) i
3] &l 3(1 +a) 1o 228 e+ ) \ap
e Moy poriey e e i s e a7 0

Otxe, npu n = 0,1 dopmynu (14) Ta (15) BuKOHYIOTbCS. 3poOGUMO HPUIYIEHHS,
O BOHK MaioTh Micue npu n =k. Toxi npu n =k + 1 i3 (9) maemo

3 k k+1
2 I (m ~ o) I1 (m~ o) I1(m—a)
RO o) = ————u—ﬁ’;‘o (c+2)™ %+ T:——-——l (c+2)™@ = ’;C—:Ell’——-—-——(cﬁ-z)—a ;
IT(m+a) I (m + a) IT(m+a)
m=1 m=1 m=1
k41 k+1
(2k+3) [T(m+ ) (k+1) JI (@+m)
(2(k+1)+1}(c+ Z)a ik — m=1 (c+ z)a+1 s - m=2 (c+ z)a+1 L
- ] m=a) I1(m-c)
m=0 m=0
k+2
(k+2) ] (¢ +m)
. = m= (c s Z)a+1
+1
[l (@ —m)

@opmyinu (14) i (15) BHKOHYIOTHCS i B LIbOMY BHIRJKY, & TOJAI BOHM BHKOHYIOThCS
IPH JOBIJIBHOMY 7.
Teepikenns Teopemu y sunajakax (B)

, (C), a raxox dopmymnu (16), (17) Ges-
HOCEDeIHBO BHIUTHBAKTL i3 (A) Biamowimro mpu

IpU OV = T2 TA O = —1.
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I3 (14)—(15) orpumyemo, wo upu n =1,2,3,...

om ) 2 ]2 (m—a)
RN on AR T N o) |/ (AU (= SR UL PRI (- R _.__T_n'__o___.A, 7 o i e © 710\
([2"*1](6-'('2)0‘), G, WK<y W e} = = -G gy y (18
Il (m+ «)
m=1

2n+1 '
—_ [2n41]) o [2n—1] [0 T By
———— = c+2z2)% ~ ct+z)® =
([2n)(c+ z)a)l ( + ) ( + ) ﬁ
‘.
m=0 -.
ITicyist eKBiBAJEHTHAX NEPETBOPEHb OTPUMYEMO po3BuHeHHA ByHKILI w = (c+ 2)* B
OKOJII TOYKHM Z = 2, B JIAHIIOTOBUM 1pib

e (—a)(z—2z) (1+a)(z—2z) (Q-a)z—2z) 2+a)(z—2)
Pis DaRpy g Dipne i g

(c+2) =

(2-0a)(z—z) (nta)z—z) @m—oa)(z—2z)
e 59 s a o 2 + (n+1)0 + ---
e v = ¢+ 2.
3 (20) punmBae pospusenns GyHkii w = (1 + 2)* B okoni TouKH 2z, = 0

@)

(—a)z (1+a)z (1-oa)z (n+a)z (n—a)z
1 + 2 + 3 4+ 2 4+ @n+l)+ -

1
1 o
{14z) i

B xHwmsi [4] po3BUHEHHS OTPUMAHO 3a JONOMOTO0 MeToAy Jlarpam:xa BiAllyKaHHS
po3B’s3Ky audepenmiaabHoro pisusHug Pikkari.

5.3. ®yakuii w = \/c+ 2z, w = 1/\/c+z. Iz reopemn 7 ta (18)—(19) Bunin-
Ba€ HACTYIIHE TBED/KEHHS.

Teopema 8. Obepreni noxidni 2-z0 muny Pynkyii w = y/c + z 3nazodamovca
30 dopmysramu
1

(2n+1)ve+7
[2n+1](\/m) S _2(n+ 1)(271_; 1)@n +3) (Ve + z)3, 'n =995,

Koediuienmu poseunenns yiei Gynruii 6 xKeasi-obeprenul AaHYI0206020 Opoby muny
Tine (12) 6 okoai MoKy z = 24 Pi6HL

IQnI(\'/c+ Z) e

(/TR =

1 e P
[1] *\ e —2/ Z*\B

2n ‘ -2

(et ) (@n-1)2n+l)yetz
s = 2n + EF RS, m= L.
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IMicnst exBiBaneHTHHX meperBopeHb 3 (20) MaeMo posBuHeHHsi QyHKO w =
¢+ 2z B oKosl TOYKM z = 2z, B jaHIoropuil api6 3a dbopmystow tuiy Tine

/,—T"Zw_\/_?? 2= 5\ BB T e et VB )Y TR L 2,)
e S e Dl B b o el o Al

@Cn+1)(z—2z) (2n-—1)(z—2)

19": CH 2y s (21)

4ot 2 + 2(m+1) 4+ -
3 (21) mpu 2, =0, ¢ = 1 purusae possusenus GyHKIil w = /1 + 2z B oKoJIi HyJIs:
—_ 1 oz 2 203 2 (2n.—1)2
Wil 3z 5z (i 8z 2n+1)z (2n-1)

1= 2+ 2+ 6.2 + 104 -4+ 2 4+ 22n+1)+ o

Teopema 9. Obepneni noxioni 2-z20 muny gynxyii w = 1/v/c+ z obuucaioro-
mMbCA 36 Hopmyaor

"(1/vVe+z) = (n+1)Ve+z, o=l AE 2. 28,

Koeiyienmy po3guHerta Pyrkyii 6 aanyrozoeuts dpib 3a gopmyaoto muny Tire 6
0KOML TOUKY Z = Zy PIBHI

101(1/\/c+ 2) = W i z,‘ [1](1/\/5_.?—;) = 2¢/c+ 2,

([n-1](1/\/H—z)), =2vc+ 2, =23 s

3 Teopemu 9 BHIUIMBAE, NI0 B OKOJII TOYKH 2 = 2, GyHKOis w = 1/v/c+ z pos-
BUBAEThCA B KBa3i—o0epuenuit janmorouit qpi6 Tine HacTynHuM umHOM

1 1 & =2y 2= 2 — 24 il
e, W ) V= 1
Verz (W 20+ 20 4 ot 28 +> VoG

B gacrunromy Bumaaxy mpu ¢ = 1,z, = 0 mMaemo posBuHeHHs byHKIH w =

= 1/4/1+ z B okozi HyNst

o 1z =z &
UVITET IR 24 2 ek 24

5.4. ®yuknis w = In(c + z). Hexait 3agana nci—byskuis

J1 2) £S
__u 1 }__ i
¢(z)--—-—-—-—————d v+ (z—1) E +1 5 TR

& n=0
ne y— crania Oirepa. ITokazxkemo, 1[0 Ma€ MiCIe HaCTyIHE cniBBi)momeHHﬁ JJIsT Tii-

JIOUHCIIOBYUX 3HAYEHb MCi—hyHKIi:

n—1

> (2k+1)(wo+3(k+1))(L+wo+p(k+1)) = n(wo +9(n)) (wo +¥h(n+1)), (22)
=0

e 1~ — conet
Je Wy const.
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Losederrs. Cuissignomenns (22) moseneMo 3a imaykmieo. Ilpn n = 0 cuis-
Bignomcuna Tpusiasivae. [Ipu n = 2 maemo

(wo + ¥(1))(1 + wo + ¥(1)) it 3(wo +%(2))(1 + wo + ¥(2)) =

= (wo + 9%(2) — 1)(wo + ¥(2)) + 3(wo + (2))(1 + wo + ¥(2)) =
= (wo + ¥(2))(4(wo + ¥(2)) +2)) = 2*(wo + %(2)) (w0 + ¥(3)).

pumnycrumo, wo (22) BukonyeThest npu 1 = 8. Toxi npu n = s + 1 Maemo

8 s—1
> @k + 1) (wo+p(k+1)A+wo+p(k+1)) =D (2k+1)(wo+(k +1))(1 +wo+
k=0 k=0 '

(k1) + 25+ 1) (wo+ s+ ) L+ 9(5-+1) = 82(up-H5(6)) (o (s 1))+
+(25+1)(wo+ (s +1)) (1 +wo +9(s+1)) = (wo +¥(s+1))(s*(wo + (s +1) — 1)+
+(25+1) + (25 + 1) (wo + ¥(s + 1)) = (s + 1) (wo + (s + 1)) (wo + ¥(s + 2)).

Orxe, (22) BUKOHYETHCS | B 1IbOMY BUIAIKY.

Teopema 10. Qynxuyia w = In(c + 2), de ¢ = const,z # —c, mae obepreni
nozioni 2-20 muny 0o8iabH020 NOPAOKY, AKL 0GUUCAIONTOCA 3G POPMYAAMY

P

finisch o 25, +In(c+2)’ (2)
Lrttlln(c 4 2) = —(c + 2) i(Qm +1) (2 Sm + In(c + z))z, (24)

de Sp=0,S, =v+¢(n+1),ne NU{0}.

Zosedenrs. CKoprCTaEMOCS METOIOM IIOBHOI MaTeMaTHYHO!I inaykmil. [Tpu n =
=0,13 (8) a (9) maemo

1
250+ In(c+ 2)’

On(c+ z) = Mln(c+ 2) = —(c+ 2)(2S, + In(c + 2))?,

1
251 +In(c+ 2)’

Flnc+2) = ~(c+2) )_(2n+1)(25n+1n(c+2))"

m=0

"ln(c+2) =

@opmysnu BipHi. 3p0OUMO NPUITYIIEHHS, IO HPA N = | (popMme (23)- (.&4) BHUKOHY-

oTbed. Toni
21+ 2

((‘"”]IH(C + z))/
=204+ 1) . 1
Zm~0(2m +1)(28, +In(c+ 2))(2Sm + In(c+ 2) +2) 25 +In{c+2)

o 3namennuka mepioro npoby 3acrocyemo (22), Maemo

+ ®n(c+ 2) =

B+lin(c + 2) =

[21+2] ln(c + Z)
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1 1
.+. = .
25 +In(c+2) 251 +In(c+2)

B cBow yepry

20+ 3
(21+3] 4 [2041]7, ( pg L %t s O
In(c+2) (ot )Y +#*n(e+2) (c+2)(2l+3) (2Sz+1 +1n(c+2))
1 : 141 :
—(c+2) Z(Zm +1)(25n +In(c+ 2))” = ~(c+2) Z(Qm +1)(2S,, + In(c+ z))2
m=0 ‘ m=0

Dopwmymu (23)—(24) BukonytOTHCS | TpH N = [ + 1.
I3 (23)~(24) 6esnocepepo BurMBaE, MO KoediieHTH PO3BUHEHAS byHKIH W =
In(c + 2) B nanmorosuit api6 ( 12) B okosi TouKY 7 = 2, GymyTs piemi

1

Py iaddae L il ) e 2
TR In(c + z.) (c+ z) In*(c+ z.),

“ln(c+ z,) =

2k B : -2/k
(#-1ln(c + z*))l 3o (28k-1 + In(c+ 2.)) (25, + In(c + )

2k+1
(eMin(c + 2))

Maemo possunennst byukuii In(c + 2) B nanmorosuit 1pi6

;= —(c+ )2k +1)(25% + In(c + 2.))°.

1 " Z— 2 L 2
In(c+ 2.) .. —(c+2,) In*(c+ z,) + ]n(c+z)(2§12+ln(c+z)) +

In(c+ 2) = (

Z oL Z iw
—1
+ —(c+ 2)(25) + In(c + Za) 2ok (251 Hn(ct2+)) (282 Hin(c+2x)) i

2 — 2 Z— 2 )"1
+ i + —(c+2)(2k+1)28 + In(c+ 2)2+ --- )

(2Sy . 1 +In(e4-2.))(2Sy +Inlct-2.)

<

3pobuMo 1o3HAMEHHs a4 = ¢ + 24, H, = 25, + In(c+ z.),n = 0,1,2,...,H_; = 1.
Tozi micisa ekBiBaJIEHTHNX IEPETBOPEHDb PO3BMHEHHS 3AIMINETHLCH Y BAIVISLIL

;.'Ho (2—2)H.1 (z2—z)H1 (2—2)Hy (z—2)H

In{c+2) = —

1 - aH, + 2 + 3aH, +. 1 +
(z — 2z ) Hy (B 2} (2 =2 He s

+ B5aHy + -+ 2/k + (2k+1DaHp+ -

Y Bunmagky z, = 0,c = e Maemo

3 z 4z 3z H,ﬁ")z H,go_)lz
-2+ 98k Lok e+ o0 ko (Ok4 1)eHD +

i1
ln(c+z)=I_—:-
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Bucuosku. [ns dyakuil ogaiel koMumekcHol 3MiaHOT 3808001 Ha Komitaxti 2 C C
posraaasuca obepreni moxipxol 2-ro Tunmy. Beranoesneni BiacTuBOCTI Takmx mo-
XiIHUX, 30KpeMa OTpuMaHi (GopMYIH JId 3HAXOMKEHHS 00epHEeHHX HOXigHuxX 2-T0
TUIY JUIA CYMH, PisHuLi, 1oOyTKy Ta dacTku aBox ¢hyukuii. Orpumano anajior ¢op-
mynu Tine y Bunaaxy possuuenss QyHKUil B KBa3i—00epHEHUN JIAHIIOTOBH Ipif.
Posrnsinyra dopmyna Tuny Tine ne nepenbayae BUKOPUCTAHHS aHI OCHOBHOIQ JIH-
hepennianbuoro pirasHus Pikkarti, ani noganus Qyskmil yepez rinepreoMerputmi
dbyuknii abo BimpomeHHs rinepreoMerpudHux GYHKIiN, ani obumciaeHHs Koedimi-
EHTIB BIUIIOBIAHOIO JIAHLFOrOBOrO npoly 4Yepes BIJHONICHHS! TAHKE/IEBUX BU3HAYHH-
KiB, siKi CKyIageHi i3 koediIieHTiB po3BuHeHHs (DYHKIII B creneHesuil psiy1. B pobori
noOyaoBani popMasibHi PO3BUHEHHA NEAKHX (PYHKIIH 38 JOIOMOrQK (hOpMy/Id TH-
ny Tise B KBa3i-06epHeHN JAHIOrOBAH Opif, OCKIIBKM MATAHHES 361KHOCTI TAKHUX
PO3BHIEHD Ta BCTAHOBJIeHHsI obsacTell piBHOMipHOL 30iKHOCT] B 1iit poboTi HE PO3-
VIS IQJTHACS.
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