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I. 51. Cemumninus (YKropoachbKuii HaIl. yH-T)

JOCJITIZKEHHA PO3B’43HOCTI BUPO/I2KEHNX CUCTEM
JAVNPEPEHIIIAJIBHUX PIBHAHB 3A JIOITOMOT OO
IICEBOOBEPHEHOI MATPUIII TA OPTOIIPOEKTOPIB

In this article the problem of existence and constructing of the general solution of singular systems
of differential equations is under the consideration.

V nmaniit ctaTTi pO3TIISIA€THCS MPOOIEMa iCHYBaHHS Ta TOOYI0BY 3arajIbHOTO PO3B’sA3KYy BUPOIZKE-
HAX CHCTEM IupepeHIiaaTbHuX PiBHHD.

[Iix gac po3B’g3aHHg PISHOMAHITHUX 3a7adY, 10 BUHUKAIOTH B TAKHX MPHUKJIA-
JTHUX TAJIy3sX, 9K MaTeMaTHIHa eKOHOMiKa, po0oToTexHiKa, 00poOKka nmudpoBux 30-
OpakeHb, TeOpist KepyBaHHsI, TEOPisl €JICKTPOHHUX CXEM Ta €JIEKTPUIHUX KL, PaJIio-
disnka, ximiuna Ta Giosorivna KineTuku To1o [1,2|, ZOCTIIHUKE CTHKAIOTHCS 3 BU-
PO/IZKEHUMU cucTeMaMu TudepeHIliaIbHuX PiBHAHD. TaKi CUCTeMH pPO3T/IAIal0ThCS
gK yKpalucbkumu |3, 4] Ta pocificekumu [5-7| Buennmu, tak i 3akopaonnumu [8,9].

Y naniit poboTi JOCTIIZKYIOTHCS BUPOIZKEHI cUcTeMU JTudepeHIlialbHIX PiBHSIHD
y BUNQJIKY, KOJIM MPU TOXIHINA TTyKaHOT (PYHKIIIT 3HAXOIUTHCS HLILIIOTEHTHUN OJI0K
2Kopnana. st Takux BUPOIZKEHUX CUCTEM OJeprKaHo HeoOXigHI Ta J0CTaTHI YMOBH
iCHyBaHHST PO3B’S3KY.

1. IlocranoBka 3amaui. Po3rignemMo BHPOMKEHY cuHCTeMY dudepeHniaTbHuIX
PiBHSIHD

% — AW + f(#), € [ab], (1)

e J  (m X m)-BuMipHa cTasa MaTpuI BUTJISILY:

010 ...0
001 ..0
J=1: 0 ]
000 ...1
000 ...0

A(t) — (m X m)-BuMipHa MaTpHUIs, KOMIOHEHTH KOl € JIHCHUMU HeNepePBHUME HA
[a,b] dyuxniavm: A(t) € Cla,b]; f(t) — m-sumipna BekTop-dyHKIIisS i3 TPOCTOPY
Cla, b].

ITi 1 po3B’I3KOM BUPOJIZKEHOT cncremn jandepentiaabaux piBastab (1) Gyaemo po-
3yMiTH HemepepBHO jaudepeHniiioBay Ha [a, b] m-BuMipHy BekTOp-DyHKIII Y(t), KA
3a10B0JibHsI€ cucremy (1).

Oznauennsa 1. Mampuus G* posmiprocmi (n X m), axa 3adooavrae ymosu

1. GGG = G, 2. G*GG* = G,
3. (GGHT = GG, 4. (GTG)T = GG,

nasusaemuvca nceedoobepreroto 3a Mypom-Tewpoysom [10,11] daa (m X n)-eumiproi
mampuyi G.
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Osznauenns 2. Opmonpoexmopom Pg do (m X n)-eumipnoi mampuui G Ha-
ausaemues (N X n)-6umipha mampuus, aka npoekmye npocmip R™ wa adpo Ker(G)
mampui G:

Ps :R" — Ker(G), Ker(G) = PsR".

Oznauvenns 3. Opmonpoexkmopom do (n X m)-eumiproi mampuyi G nasusa-
emwvea (mxXm)-sumipna  mampuuys Pgt, axa npoexmye npocmip R™ wna adpo
Ker(G") mampuui G :

Por i R™ = Ker(GT), Ker(G') = PgrR™.

2. CTpyKTypa 3arajibHOTO PO3B’A3KY BUPO/IKEHUX CUCTEM audepeHmiaib-
HUX PiBHAHB. IIpeacraBumo marpunio A(f) HACTYNHHM YUHOM

Di(t)  Ds(t)
Alt) = ,

ama(t) Ds(t)
e Di(t) — ((m — 1) x 1)-umipna, Dy(t) — ((m — 1) x (m — 1))-umipna, D3(t) —
(1 x (m — 1))-BumipHa MaTpHI.

Hexait
y(t) = col [y (t), v(t)]

ne v(t) = col(ya(t),...,ym(t)) (m — 1)-Bumipra BeKTOP-DYHKITIS;

Jl = [Em—h Om—l,l]a ‘]2 = [01,771_17 ]']’

J1 — ((m — 1) X m)-Bumipna marpuns, Jo — m-BuMipauii BeKTOp-psijiok; E,, 1 —
((m —1) x (m — 1))-BumipHa OJMHWYHA MATPHUIIS.
Tosi BUpOJIZKeHY cucTeMy piBHsSHD (1) MOXKHA 3allCATH HACTYITHUM YHHOM

9 = Dyt 6) + Daltyo(r) + 1 (1), ©)
0= ana(n(t) + Dy(t)o(t) + L0, ®)

ne (2) — ne cucrema 3Buvaiinux andepenmiaanbaux piBHsSHb M — 1 MOpsaaKy, (3) —
ajareOpailuHe pPiBHAHHII.

Crpykrypa Ppo3B’s3Ky BHUPOJKEeHOI cucremu udepeHiiajibuux piHsnb (1)
3a/1eKaTh BiJl 3HAYCHHS (g, 1 (1).

Y BHIQJIKY, KO y, 1 (1) #0 VE € [a, b] 3aranbHuil po3s’si30K BUPOJIZKEHOT crCTeMN
nudepentianbaux piBHsHD (1) Mae Burs [12]:

y(t) =Y (t)e+ K@)o(t) + W) (), (4)

ne Y(t) — (mx(m—1))-BumipHa MaTpuIls, sika CKJIAZAETHCsT 3 M — 1 JiHifiHO He3au-
JKHUX PO3B’si3KiB Bignmosignoi (1) oxHopigroi Bupomzkenoi cucremn: Y (t) =K (t)V (t);
V(t) ((m—1)x(m—1))-snvipra dyHmamenTasbHa MATPHIS BiAMOBLAHOT (5) 01HO-
pigHol cucTeMu AudepeHIiaTbHuX PiBHIHD

%: (Dz(t)—;Dl(t)Dg(t)) o(t)+ (Jl -

am,l(t)

—GDOR) 0. )
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0(t) — nestkuil yacTUHHUIT PO3B'SI30K HEOJHOPIAHOT cucTremu JudepeHIiaIbHIX
piBusinasg (5); K(t) — (m x (m — 1))-samipua, W (t) — (m x m)-sumipna marpuii
BUTJISILY

1 1
————Djs(1) Otm—1  ——=
K@= 0 W) = G, (1)
Emfl Omfl,mfl Omfl,l

c€ R™~! — BekTOp JIOBLIBHUX CTAJIUX.
PosristneMo BUIAJI0K, KOIH Gy, 1(t) = 0. Toxi anreGpaiune piBusuns (3) nabye
BUTJISIILY
Ds(t)o(t) = —=J2f(t). (6)
Ockiabku rankDs(t) = 1 Vt € [a, b], To 3rigno [13], anrebpaiuna cucrema (6) €
3aBYKIN PO3B SI3HOIO 1 MPW IThOMY Ma€ k-mapaMerpudany, k = m — 2, ciM’ 10 po3B’s3KiB
BUIJISTY
o(t) = Ppyc — D;(t>‘]2f(t)= (7)
ae Dy (t) — expuna ncesnoobepuena 3a Mypom-Tlenpoysom a0 Ds(t) marpuns; Pp,, 1) —
((m—1) x k)-Bumipna Marpuns, sika CKIaIaeThes 3 k JTHIAHO HE3aM€KHUX CTOBIIIIB
MaTpuIi-opronpoekTopa Pp, ), ¢ € R¥ — BekTOp JOBLILHIX CTAJINX.
[TizcraBumo orpumane 3uadentst v(t) surasiay (7) B cucremy (2). Orpumaemo

Dy®)y1(t) = ((Poyeiw)’ = Dolt) Poyyin) e+ 7(1), (8)
e
r(t) = Da(t)DF (1) J2f(t) = (DF (1) Jof () = Juf (D).

Ockinbku rankDy(t) = 1 Vt € [a,b], To anrebpaiuna cucrema (8) € po3B’sI3HOIO
TOJI1 1 TLIBKHU TOJI1, KOJIM BUKOHYETHCS yMOBaA

Pz | (Pos) = Dat)Poy) e+ r(8)] =0, (9)

ae Pp oy — (kx (m —1))-nvipna MaTpung, siKa cKIaJa€Tbes 3 k iniliHO Hesa-
JIEZKHUX Ps/IKIB MATPHUII-OPTOIPOEKTOPA PDI(t), i mpu boMy Mae k-mapaMerpudHy
CiM'10 PO3B’SA3KIB BUIJISILY

01(8) = D) [ ((Poa) = Da®)Ppyy) e+ (8)] (10)

ne D (t) emmna ncesmoobeprena 3a Mypom-Ilenpoysom 1o Di(t) marpums.
O6’eanyoun (7) 1 (10) omeprknMo 3araibHUN PO3B’SI30K BUPOKEHOT CHCTEMN
mudepenianbHuX piBHsIHDb (1):

y(t) =Y (t)e+ Wi(t), (11)

ne Y(t) — (mx(m—2))-suMipaa MaTpuId, sKa CKJIATAETHC 3 M — 2 JiHIfHO He3a-
JKHUX PO3B’s13KiB BiaosigHol (1) ogHOPiAHOT BUPOKEHOT cucTeMu audepeHtiaib-
HUX PIBHAHD

% _ AWy(t), telab). (12)
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Wi(t) — (m X 1)-Bumipua MaTpuis BUTISALY

D (t) ((PDSk(t)), - D2(t)PD3k(t))
Y(t) = :

PDBk(t)

D (1) (Do) D5 (0 12f (1) = (DF (1)1 (1) = T/ (1))
Wi(t) = ,

—Dy (t)J2f (t)

ceR™2 - BEKTOP JTOBLIbHHUX CTAJIUX

Teopema 1. Hexat das supodocenoi cucmemu dudepernuyianrvrur pietans (1)
BUKOHYEMBEA YMOBaA: G, 1(t) = 0. Todi supodoicena cucmema dudepenuyianvur pic-
nans (1) mamume (m — 2)-napamempuuny cim’o posze’askie suzasdy (11) modi i
minvky modi, Koau uKoHyemves ymosa (9).

3. Copgxkeni cucremn audepeHmIaAIbHUX PiBHAHB. [lopsan i3 ogHOPIIHOO
BUPOJIZKEHOIO cUCTEMOIO JiiucbepeHIiaibiuX piBHsnb (12) posrisinemo BianoBijany iii
CHPSIZKEHY CHCTEMY
Ji
JTd—?Z — —AT(H)F(t), te€lab]. (13)

Hexait BukonyeThcs ymona
T T ' T T 7
P o ((PDlz (t)) + D] ()P}, 1y ) d =0, (14)

.
ne By

JKHUX PsJIKIB MaTPUII-OPTONPOEKTOPa Fp, (1.
Tozi 3arajabHuil po3B’s130K crpsizkeHol cucremn (13) Mae Taky »K CTPYKTYDY, IO
if 3arasbHWI PO3B’SI30K OJHOPIIHOT BUpOzKeHOT crctemn (12), a came:

(k x (m — 1))-BumipHa MaTpuIs, Ka CKIaIaeThes 3 k JiHiiiHO He3ase-

g(t) = Y(t)d7 (15)

e Y(t) — (m x (m — 2))-suMipHa MaTpung, gKa CKJIQJAEThCa 3 M — 2 JIHIKHO
He3aJIe’KHUX PO3B’A3KiB OJHOPIIHOT BUPOZKeHOT cuctemu piBHsHb (13), mpuaomy

-
PDlZ(t)

Y<t> = . , )
—bi () ((P;J(t)) +D2T(t)PL;Z(t>)

ae D] (t)  emmma ncespoobepuena 3a Mypowm-Ilenpoysom g0 Dj (t) marpuus,
d € R™2 BexTOp JOBITLHUX CTAJINX.

BasteXKHICTh MiZK PO3B’A3KaMu BUpOzKeHoT cucremu (12) Ta po3s’si3kaMu cripsi-
JKeHOT 710 Hei cuctemu (13), BCTAHOBIIIOE HACTYIIHA JIEMA.
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Jlema 1. Hexati y(t) — pose’asox cucmemu (12), a y(t) — poss’asox cucmemu

(13). Todi suronyemoca piricmo

(Jy(t),y(t)) = const ¥t € |a,b].

d dy
Hosedenns. Ockinbku J—y:A(t)y(t) i JT—y:—AT(t)gj(t), TO

dt dt
Lerya).50) = Seyter, a0 = A5+, S () =
= (D 50+ (o), L (0 = (AW, 50 + (1), ~AT () =0,

dt

3BIJIKW 1 BUTIJINBAE TREPIYKEHHS JIEMU.
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