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PO TEHEPATPUCH EKCTPEMYMIB TA IX JOITOBHEHb
JIJISI MAHKE HAIIIBHENIEPEPBHUX IMIIOYUCJIOBHAX ITYACCOHIBCHBKHX
INPOLECIB HA JJAHIIIOTAX MAPKOBA

For an integer-valued compound Poisson process with geometrically distributed jumps of a certain sign (these processes
are called lattice almost upper (or lower) semicontinuous) defined on a finite regular Markov chain, we establish relations
(without projections) for the moment generating functions of extrema and their complements . Unlike the relations obtained
earlier in terms of projections, the proposed new relations for the moment generating functions are determined by the
inversion of the perturbed matrix cumulant function. These matrix relations are expressed via the moment generating
functions for the distributions of the corresponding jumps.

JIJ1s 11e104MCIeHHOr0 CIOKHOTO IIyaCCOHOBCKOTO IPOLIEcca ¢ TE€OMETPUUYECKH paclpeieIeHHbIMU CKauKaMH OIHOTO 3HaKa
(Takme mpoIeccsl Ha3bIBAIOTCS IIOYTH IIOIYHEHPEPHIBHBIME CBEPXYy HIH CHH3Y), 3aJaHHOTO Ha KOHEYHOH DETyIspHOM
nenu MapkoBa, yCTaHOBJIEHBI COOTHOIIEHHSI 0€3 MPOEKTUPOBAHUS AN TEHEpaTpUC SKCTPEMYMOB M UX JOMOIHeHMi. B
OTJIMYKE OT paHee [OIy4YEHHbBIX COOTHOLIECHUH B TEpPMUHAX IIPOEKIUI{, HOBbIC COOTHOLIECHHS AJIsl FEHEPATPUC ONPEeISoTCs
gyepe3 oOpalleHre BO3MYIIEHHOW MaTPUYHON KyMyJISTHTBI. OTH MaTpHYHbIE COOTHOIICHUS yCTAHABIMBAIOTCS B TEPMHHAX
reHepaTpUC paclpesieNIeHss COOTBETCTBYIOIIUX CKAYKOB .

Beryn. YV rteopii nporecis JIeBi kpiMm mporeciB 3 HENEPEepBHUM PO3MOAIIOM CTPHOKIB pO3IIAAA0-
TBCS MOJIETIi MPOLECiB i3 AUCKPETHUM PO3MOAiIoM (OiHOMiaJbHUM Ta iHIIMMH) CTPHOKIB, SKi 4acTo
BHKOPHCTOBYIOTHCS B TEOPil MacoBOro oOCIyroByBaHHs Ta B Teopii pu3uky (mauB. [1—3]). OnepskaHi
pe3yabTaTu IJisl PU3MKOBUX XapaKTEPUCTHK WX MOJeJiell BHKOPHCTOBYIOTHCS ISl allpOKCHMALIi] Bij-
MOBITHUX XapaKTEPUCTHUK MTyacCOHIBCHKUX(KIACHYHUX) MPOIeciB pu3nKy. Onucy npouecis, 3a1aHuX
Ha JjaHIforax Mapkosa (JIM) abo kepoBaHUX JaHIIOTaMH MapkoBa, MPUCBIICHO poboth [4—6], B
[5] X HA3MBaIOTh HAIIBMApPKOBCHKUMH, B [4— 6] — OTHOPIAHMMHM 3a APYTroX0 KOMIIOHEHTOIO, a B [7]
— TIpoluecaMHu B MapKOBCHKOMY cepeloBHILi. [ pannyHi 3agadi 1uis npouecis Jlesi Ha JIM BuBuanuch
y [7-9]. Y [8, 9] BcTaHOBIIEHO MaTPUYHI aHAJIOTH OCHOBHOI (haKTOPU3AIIIHOI TOTOXKHOCTI (0. ¢. T.),
KOMITOHEHTH SKO1 BU3HAYAIOTh TCHEPATPUCH PO3MOILTY IPaHHYHUX (DYHKITIOHAJIB( eKCTpeMyMH, abco-
JIIOTHI EKCTPEMYMH, TIEPECTPUOKOBI (PyHKITIOHANH, [0 MaIOTh TEOPETUKO-PU3HKOBY IHTEPIIPETAILiIO).
Bceranosneni B [10] (auB. po3min 7) CHiBBIAHOIICHHS IJs TeHEpaTpuc (YHKIIIOHATIB 3BHYAWHOTO
IIJIOYMCIIOBOTO TIPOIIECY y3arajibHIOIOTHCA B MaTpuuHiid dopmi B [11—14] ansg BignoBigHux (yHK-
IiOHAMIB Tporecy, 3amanoro Ha JIM. ¥V [12] yTouHeHO WMOBIpHICHHI CEHC KOMIIOHCHT IPaBO- Ta
JBOCTOPOHHBOI (pakTOpH3amiif, a B [13] KOHKpETH30BaHO 300pake€HHSI BCiX KOMIIOHEHT O. (. T., IO
BH3HAYaIOTh T€HEPATPUCH €KCTPEMYMIB Ta iX JOMOBHEHB, JIs Mai)ke HalliBHETIEPEPBHHUX IPOIIECIB.
3okpema, B [ 14] s HaniBHETIEpepBHUX 3BEPXY MIPOIECIB OEP>KAHO CITiBBiIHOMIEHHS JJIsl TeHEepaTPHC
BKa3aHUX (YHKIIOHAJIB Y TepMiHaX XBOCTIB PO3IMOIiITY BiJl’€eMHUX CTPHOKIB.

VY naniii poGoTi TS IIIOYMCIOBOTO MaiiKe HalliBHENIEPEPBHOTO 3BEPXY MPOLECY BCTAHOBIOIOTHCS
y3arajibHEHHs CIiBBIIHOLICHB Ul TeHEPaTPUC PO3IOALTY MIHIMyMy (B TOMY YHCII i aOCOJIIOTHOTO)
Ta TOTIOBHEHHS IO MaKCUMyMy Oe3MocepelHbO Yepe3 TeHepaTprcy XBOCTa PO3MOALTY BiJ’ €eMHUX (He
T€OMETPHYHO PO3IOIIIICHNXK) CTPUOKIB Mporiecy. Y BHITAKY I'PaTIacTOro Maie HalliBHETIEpEepBHOTO
3HHM3Y MPOIECY BH3HAYAIOTHCS CIIBBITHOIICHHS ISl TEHEPaTPUC PO3MONLTY MakKCUMyMy (B TOMY
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YHCTi ¥ aOCOMIOTHOTO) Ta JOTIOBHEHHS 10 MiHIMyMYy O€3MOCEpelIHBO Yepe3 TeHepaTpucy po3moniry
JOAAaTHUX (HE TEOMETPUYHO PO3IOIIICHNX) CTPHOKIB POIIECY.

3ayBa)XMMO, 110 CKAJLIPHI 3HadeHHst &(t) 3amexars BiJ 3HAYCHHS ,,kepyrodor” JIM z(-) y novar-
KkoBHI MOMeHT () Ta 3MiHHOTO ogatHoro MoMeHTy ¢ > (. ToMy BiZNOBiTHI pO3MOAITH i ycepeqHEHHS
(MaTeMaTHYHE CHOMIBAHHS) € MATPUYHUMH XapaKTEPHUCTHKAMH, IO Jaji OyaeMo MO3Ha4aTh >KUPHUM
wpngrom: P{-}, B[). Hanpurnan, p{&(t) = 1} = P{&(t) = La(t) = rla(t) = k} = [lper ()]

1. Maiixke HaniBHenepepBHi WiJT0YUCI0BI MyacCOHIBChKI nmpouecu Ha JaHuorax Mapkosa.
Hexait Y (t) = {£(t), z(t)} — nBoBUMIpHHKIT MapKOBCBKHIA TIpolLiec 3i 3HAYCHHAMH B (pa3oBoMy mpoc-
topi {Z x E}, 3ananuit Ha noBHOMY MOBIpHiCHOMY TipocTopi {2, F, P}, Ha SIKOMY BH3HA4YEHO ITOTIK
o-anre6p {Fi}i>0 (Fs C Fr C F, 0 < s < t). Kommonenra x(t) — ckinuennuii eproguunnii JIM i3
3HaueHHsmu B B = {1, ..., m}, marpuiero nepexiiHux iMOBipHOCTEH

t) = HP{aj(t) = r|z(0) = k}Hk,re]E = U

i TBipHOIO Marpureo Q (muB.(14) [17, c. 372]). Just peransuimoro omucy &(t) — ,,kepoBanoro JIM
z(t)” 3 m cranavm B E — cnix sagatn Habip myacconiscekux mpouecis {&y(t)}, | i3 noBinbHIM
posnoainom ctpuOkiB y Z\{0} Ta MOCIiJOBHICTh HE3ANSKHHUX CYKYITHOCTEH OHAKOBO PO3MOIICHHUX

LIJIOYUCIIOBUX BUIIAJKOBUX BEJINYUH { X,(;f)} k,r € E. Sk i ms Bumajaky aiticao3nagnoro &(t)

n>=1’
(zuB.[4, 8, 9], Y (t) € MApKOBCHKUM aTHTHBHAM IIPOLIECOM BiqHOCHO {F}; } — o-anreOpu moziit, mopoa-
xernx {Y(s), 0 < s < ¢}, a kommonenTa &(t) — MPOIECOM 3 YMOBHO HE3AJIE)KHUMH MPUPOCTAMH.

B [4] Y (t) O6yno Ha3BaHO MapKOBCHKHM MPOLIECOM ,,0HOPITHUM 332 KOMIOHEHTOIO & (1)

Hosnaunmo A = |0k, Akl rers Okr = L= r}, Ar — IHTEHCHBHOCTI CTPHOKIB ITyaCCOHIBCBKHX
npoueci {&(t)}7" i3 posnoninom crpudkis p(z) = HdkrP{g(l) = x}Hk,TGE, N = H(Skrnka’TeE,
ne {ny > 0,k € E} — napamMerpy NOKa3HNKOBO PO3IOLINEHNX BUINAJKOBUX BEIMUUH g“,g) — yYaciB
nepeOyBanHs x (1) B cTaui k. MaTpuiyst nepexiqHux iMoBipHocTeit BkiaaeHoro JIM v, = z(0,+0), ne
Op — MOMEHT n-1 3Minu craHiB z(t) : P = ||piy ||k rer, f(z) = ||pkrP{X§€'2
CTpHOKiB X;g) Ha nepexonax JIM z(t), He3alexHHI Bi BEPXHBOTO iHICKCY, f = Hpk:rEZXkT

f( ) = P, sxmo P{Xkr =z} = 0 mpu x # 0, T0o6TO TMpHU BiACYTHOCTI CTpI/I6KlB X,(mz TeipHa
marpuist Q mae Burisim Q = N (P — I). Kpim Toro, mo3HaunMo po3rozii 1-ro cymapHoro crpudka
&(t) ma JIM uepes Ily(x) = Ap(z) + Nf(x), mo € TuCKpeTHUM aHAIOroM CTpHOKOBOI MipHu JleBi
II(dx) = AdF(x) asst 4MCIOBOTO CKIIAHOTO MyacCOHiBChKOro mporecy (aus. (1.7) B [10]).
Skmo £(0) = 0, To 3HaueHHs (1) MOXKHA OMUCATH TAKUM YHHOM:
€(t) = &(t), 0 <t < ¢V = ou, P{¢Y > £} = et (> 0, k = T, m),
£(o1) =&k(o1 —0) + X,(W,), SKIO 07 — MOMEHT 1-ro mepexony JIM i3 k B .,

(
Et) =€&(01) +&(t) —&(01), 01 <t < o1+ ¥ = oy, sxmo x(t) nepeGyBac B cTaHi 7,
&(o2) =&(o2 —0) + Xg), SKIIO (t) MepexomuTh i3 r B [,
€(t) = &(02) + &(t) — &(o2), 02 <t < 03+ (P = 03,
e & (t) =& (o1) =& (t—01), §(t) =& (02) = &(t—02),...; 01, 02, 03, ... — BIIIOBITHO MOMEHTH

1—,2—,3 —, ... 3minu craniB JIM z(t), HOCHiOBHICTb SIKHX MO3HAYUMO {07, }r>1.

PozrsHEMO cTOXaCTHYHI CITIBBIIHOIICHHS, MO0 BUKOPHCTOBYBAIUCH y [8] mpu BUBeneHHI 00ep-
HeHoro piBHsHHS Kosnmoroposa aiis posmnoniny aificHo3HauHoro nporiecy Jlesi va JIM £(t) a6o £(6s)
(P{0s >t} =e*, s>0,t>0):
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0, SRR R
€O =4 €V + et = ke, 0V <t, g <Y, (1)

1 1 1 1 1
xiy =G o <t gl <,
ne 77;21) — MOMEHT mepriuoro crpudka &y () (P{m(f) >t} =e Mt > 0).
[InsixoM ycepeaHEeHHsI IO PO3NOALTY MEepIInX CTPHOKIB & ,(Cl) Ta X,(;) Ha OocHOBI (1) BH3HaYa€THCS

posmozin £(t):

t
Py(2) = || P {€(t) = 2)}|| = Lpegye” AT+ / > e AN ()P _y(x — y)du. (2)
0 Y

[Tics meperBopenns Jlammaca—Kapcona mo ¢ 3 (2) BUIUIMBaE MaTpUYHO-OIIEPATOPHE PIBHIHHS
mis P(s,x) = HPkr{f(HS) = x}H :

LP(s,x) = slf,—oy, = €Z, L; =sI—L. 3)

Teipuuii oneparop L Busnadaersest smpom Ily(x) Ha kiaci oOmexennx BumipHux B {Z X E} marpnu-
HUX QyHKUii F(z):

LF(z) =Y o(y)[Flz—y) - Flz)] + QF, z€L

ITicst TBipHOTO TIEPETBOPEHHS 10 « 3 piBHsHHA (3) TeHeparpuca g(s, z) = E[2¢(%)] pusnauaerscs
uepe3 miaronanbHy kymyasHty Kg(z) = A(p(z) — I) ta reneparpucy f(z):

g(s, z) = s(sI— K(z))_l,

K(z) =Kq(z) + N(f(2) - P) + Q= > (=" - DIp(z) + Q. 4)
T€Z,x#0

Sk iy [8], K(z) MoxHa Ha3BaTH CHMBOJIOM BimmoBigHoro omeparopa L (y [8] kymymsiHTa aiiicHO-
snaunoro npouecy &(t) na JIM z(t) K(z) = InE[e~**())] € cumponom sianosinxoro ckiaamimoro
iHTerpo-mudepentiansaoro oneparopa Lg). Ilpu BincytaocTi cTproKiB Xk, Ha JIM &7 (t) — ,anctuit”
myaccoHiBcbKHi mpouec Ha x(t) gr(s, z) = E[zgf(es)] = s(sI — Kq(2) — Q). Ilpu BincytHocri
nyaccoHiBehkux nponecis £ (1), k € E, ga(s, 2) = s(sI-N(f(z)—P)—Q) ! BusHauae reneparpucy
OJTyKaHHSI, IO OIMUCYETHCS CyMaMH CTPHOKIB { x;(;f)} Ha nepexonax z(t) :

)
[Sn(t)]kr = ng.i)flj'ﬂ Jo =k, ]n(t) =T,
=1

n(t) — aucno crpudkis x(t) Ha [0,t], P{n(t) = k} = P{ok < t,0841 > t}.
EBosolis 11i7103Ha4HOTO ITyaccoHiBebKoro nporiecy &(t) Ha JIM 3 10BUIBHUM PO3MOALIOM CTPHO-
kiB y Z\{0} onucyeTbcst MAaTpHYHOIO TEHEPATPUCOIO

gi(2) = || E[2*Y, 2(t) = r|2(0) = k]| = E24®) = 'K, 5)

Jie 3TiZHO 3 JIPYTHM CriBBigHOLICHHIM Yy (4) MarpuuHa Kymyisinta K (z) mae Burmsin
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K(z) =) (2" = DIg(z) +Q,  Ty(z) = Ap(z) + Nf(), (6)
x#0
+oo
P,=s / e SP(t)dt = g(s,1) = s(sT — Q)™ L. (7

0

Il ekcTpeMyMiB TIpolieCy Ta 1X JOMOBHEHb, a TAKOXK Ui (DYHKI[IOHATIB INEPETHHY IO0AaTHOIO
(Bim’eMHOTO) piBHS BBEJIEMO HACTYIHI TTO3HAUYCHHS:

E5() = sup (inh)é(t), €5 = sup (inf)E(r), () = &) — €7 (@), &(1) = &(1) — € (1),

o<t <t 0<t<oo
H(z) =inf{t >0, &) >z}, >0, 7 (z) = inf{t > 0,{(¢t) <z}, x<0,

@) =E0T (@) 2, x(2) =2 —&(r7(2) - 0),

g (s.2) = B2t ) = || B[ (0,) = r[a(0) = K]

}, k,r=1,m,

g (s,2) = Ez£0s), gh(s,2) = E250:),

BinmoBinHi mepeTBOpeHHS TeHepaTpuc WX (DYHKITIOHAJIB OIMUCYIOTHCS PIBHAHHAMHU TUIY (3)
3 TuM ke omepatopoM Lg = sI — L 3 BignoBigHO CKIamHIIMMK HOpaBUMH dacTHHAMH. CHMBO-
aom Lg e marpuns sI — K(z), obeprenns sikoi Bu3Hauae B (4) reHeparpucy g(s,z). Tomy mpu
3HAaXO/KEHHI TeHepaTpuC BKa3zaHUX (YHKLIOHATIB BAXJIMBY POJb Bifirpae MarpuyuHa (axTopu3aris
g(s,z) Ta yTouHEHHs 300pakeHHs ii KOMIIOHEHT Julsi Maibke HamiBHenepepBHHX mporeciB. Y [12]
OZIep’KaHO MATPHYHHN aHAJOr 0. (. T., 0 BCTAHOBIIOE 3B’30K MiX g(s,z) Ta g4(s,2), g (s, 2),

(8-(s,2),87(s5,2)):

g (s, 2)P g (s, 2),
g(s,2) =E2£0) = {77 8)

1+
g_(s,2)P;'g"(s,2).
3ayBakUMO, IO BCi HACTYITHI HIMOBIPHOCTI € CTPOTO TOJTATHUMH:

p+(s) = P{E5(60;) = 0} = |[P{€(6,) = 0, 2(6;) = r[z(0) = k}

)

qi(s) = P{££E(0;) > 0} = |[P{££5(0;) > 0, 2(0;) = r|2(0) = k}|| = Ps — p+(s),
©)
p+(s) = P{g(es) = 0}7 pi(s) = P{g(es) = 0}7

q+(5) = P{g(es) > O} =P, - p+(5)) qi(s) = P{g(as) < O} =P, - pi(s)‘

V crarri [13] moka3zaHo, 10 ofHa 3 TApU KOMIIOHEHT 0. §. T. (8) € MaTpHYHOIO TPOOOBO-JIIHIHHOIO
(YHKITI€IO BITHOCHO 2, a 1HINIAa BU3HAYAETHCS 3aCTOCYBAaHHIM OTEpallii MPOSKTyBaHHS /IO TCHEPATPUCH
posmoniny camoro npouecy. Hame 3aBmaHHs mossirae B ToMmy, o0 i3 map { g+(s,2), g (s, z)}
i {g,(s, 2), gt (s, z)} BHPA3UTH ,,HETIPOCTI” TeHEepaTpPUCH PO3MOALIIB 0e3 3aCTOCYBaHHsS Omeparii
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MpoeKTyBaHHs. I 1IbOTO HaBeIeMO MOHATTS 3BOpoTHOTO JIM (uB. [15]) 1 BUKOpHCTAEMO TOTIOMIXK-
Hi TBEp/DKEHHS TIpo 0OepHEHH: CHHTYISIpHO 30ypeHnX MaTpuib, HaBeaeHi B [14, 16, 17].

Slkmo x(t) — ogHopiaHuil perysaspuuii JIM 3 TBipHOIO Marpuieto Q i marpuueto P(t), To 3rigHo
3 (7) ii neperBopenns Jlammaca — Kapcona € o6epHeHHsAM cHHTYIspHO 30ypenoi marpui (sI — Q)~!
(]sI — Q| # 0 mpu gocratHBO Mamux 5 > 0).

Jlnst z(t) icnye crauionapamii posnomin limy_, oo P(t) = Po = [|p), ||, pY,. = 7.V k, mo Buzna-
qaeThes K rpaHulls odbepHenHs (7) mpu s — 0:

Py = lim s(sI — Q). (10)
s—0
[Ipu 11bOMy MarOTh MiCIIE CITiBBiTHOIIICHHS
QPy =0, PoQ = 0. (11)

Ilepiie 3 HUX € OYEBUIHUM, @ JPyre BU3HAYAE E€IWHUI PO3B’SI30K BiAMOBIAHOI CHCTEMH JiHIHHHX
PIBHSIHB JUIsl 3HAYCHB CTALliOHApHHUX iMOBipHOCTEH {7} (muB. [17]).
[osnauumo ans mporiecy &(t) 3 xymymsuroro (6) MY = E&(1) = Z 0 2Ily(z), Dy =
x

= D¢(1) = Z 20 4TIy (x), sixi mani BBaxaemo oGMexkennmu. Kpim Toro, nosnaunmo K(z) =

= =/ 2~//
= Z 750 1)IIp(z) i BigmiTumo, mo npu z = 1+, e - 0 K(1 +¢) =~ eK (1) + %K (1),

e K'(1) = E¢(1) = MY, K" (1) = D¢(1) = Dy.
Tomi mpu z = 1 4 £ Mae miciie HaOIKESHHS

CK(2) = (1— 2)MY — %(1 — 2)’Dy - Q + o(e2). (12)

BiamosigHO ycepemaHeHi o cTamioHapHOMY po3noniny Py MOMEHTH MO3HAYNMO TakK:

m m
=> ™Y |6 B&(1) + Z Pk EXr | 5 (13)
k=1 r=1 r#k
m m
op=> ™Y |0kDE(1 Z ePkr DXor | - (14)
k=1 r=1 r#k

st epropuunaunx JIM x(t) B [15] BBeaeHo mowsTTs 380potHOro JIM Z(t).

Osuavyennst. Axwjo x(t) — epeoouunuii JIM 3 meiproro mampuyero Q = N(P —1) 3 diaconanvno
3anucanum cmayionaprum posnoodinom R = ||dx,m, ||, mo 36opomnum oo JIM x(t) nazusacmocs JIM
Z(t), suil eusnavaemocs meiproro mampuyero Q = SQTS™ = N(P —1), 0e S = NR L.

3BopoTHuii mpouec & (t)(t > 0) Ha JIM Z(t) BU3HAYA€ThCS KYyMYJISHTOIO i TEHEPaTPHCOIO £ (05) :
K(z) = SKT(2)S71, g(s, 2) = E25009) = 5(sT — K(2)) .

O.¢. 1. (8) y TepmiHax reHepaTpuc eKCTPEMyMiB 3BOPOTHOTO mporecy g4 (s, z) = E:£(09) pa-
Oupae BUIIAY

g+(57 Z)Ps_lsgz(sv Z)S_la

g(s,2) = (15)
g_(s,2)P;1Sgl (s, 2)S7L.

ISSN 1027-3190.  Vkp. mam. ocypn., 2015, m. 67, Ne 8§



[IPO TEHEPATPMCH EKCTPEMYMIB TA iX JOIIOBHEHb [IJI51 MAIKE HAIIIBHEIIEPEPBHUX . .. 1039

3 (8) ta (15) BUMIMBAIOTH HACTYIHI CIIIBBIAHOIIEHHS 3BS°3Ky MK PO3IMOUIAMHU E€KCTPEMYMIB 3BH-
YaifHOTO Ta 3BOPOTHOTO IMPOIECIB:

g*(s,2) =88L(5,2)87, P, =8 (P,)"S™" q(s) =8q’(5)S™", q (s) =SG (s)S™".
MaroTh Miclle HacTyIHi 306paxkeHHs MaTpuIb P, (s) Ta pi(s) (muB. [14]):
pi(s) = pi(s)P; =T —E[e " O 7%£(0) < 00] = T — T(s,0), (16)

T

pi(s) =P lpt(s) =1 S(E[e " ©, 75(0) < o) 'S =1 - S(T¥(5,0) 'S, (17)

TE(s5,0) = qi(s)P;!,  TF(s,0) = Gu(s)P;

s

2. V3arajibHeHHs CHiBBITHOLLIEHb /JIsl TEHEPATPHUC PO3MOIiTYy eKCTPeMAJIbLHUX 3HAYeHb Ta IX
AOMOBHEHDb Y BUNA/IKY MaiiKe HaniBHenepepBHOCTI 3Bepxy. Po3riisiHeMo Malike HamiBHETIEpEPBHUN
3BEepXy LIJIOYMCIIOBHH ITyacCoHiBehKuit mpouec &(t) Ha JIM z(t) 3 KyMyIsIHTOO:

K(z) = Ai(z — )T - C2) ' + > (2" — 1)(Agpa(2) + Nf(z)) +Q, 0<C<L (I8
<0

Just aporo 3riguo 3 [13] ,,HecknaaHi” KOMIOHEHTH 0. ¢. T. ¥ (8) MalOTh BHIIIS
g+(5,2) = (1= C2) I - Z;'2) "'p(s),
pi(s) = (I-2Z;)(I-C)"'P;, (19)
Z;' = q: ()P, +pi(s)P;'C,
g"(s,2) = py(s)(I-R2) (I - C2),
p'(s) =P,(I-C) (I-R."), (20)

R;' =P;'q"(s) + CP;'p*(s).

Posmisinemo Brinanennit JIM (y! = x(77(0)), y¥ = 2(0)) 3 marpuiero nepexianux iMoBipHOCTE#H
P, = ||P{yl = r[y? = k}|| ra tBiproto matpunero Q. = P.—I, ne P{77(0) < 0o} = || P{71(0) <
_stt
< 00, y>s1< = T’yg = k}”a Tj(S,O) = HE[e T (0)7 y>s1< = T|y9 = k]H
AHAOTIYHO BBEAEMO MOHATTS 3BOpoTHOTO JIM 110 BKJIAJIEHOTO 3 TBIpHOIO MAaTPHIICIO

Q.=sQ’s™!, Q.=P.-1,

P{7%(0) < oo} = | P{FH(0) < o0, 5! = 7[5 = k}|| = P,

Tj(S,O) = “E[E_S?Jr(())? 37*1 = r‘/y\f = k] ; f)* = HP{@\*I = 7“|Z//\>9 = k’}”, k,r=1,m.

Beenemo nosuauenns P,y =
T4(s,0) = S(TH(s,0))"s7L.
3rizno 3 (16), (17), (19), (20), BBeIeHUMHU TIOHATTAMHU Ta TO3HAYCHHAMY, 3HaueHHs Z; ', R !

S(f)*)TS_la Q*S = S(Q*)Ts—l’ M>s<S = S(E[?+(O)])TS_17

Bupaxarotsest gepes T (s,0), T/g(s,0):
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Z,' =T}(s,0)+ (I-Tf(s,0)C, (1)
R, = T5(5,0) + C(I - T5(5,0)). (22)

PosrmisHeMo KinbKa BANAIKIB.
1. Skmo m? > 0, o TF(0,0) = P., T/5(0,0) = P.s i reneparpuca 77 (0) npu s — 0

3aI0BOJILHSE HAOIMIKEHHS
I-T/(s,0) = —Q. + sM, + o(s), M, = E77(0) > 0. (23)

[To3HaunMo crarioHapHuit posnoxin BkiameHoro JIM i3 TBipHOrO Marpureio Q. depes II, =
. _1 - —
= limg_,0 s(sI — Qx) ™" = ||mskr||, Taker = Psr, ky7 = 1, m, a ycepennents M, 10 p.,

m m
=> pu Y E[7H(0), yi = rlyl = k.
k=1 r=1
T'eneparpuca 7 (0) pu s — 0 33/10BONIbHSE HAOTMKEHHS
I-T/(s,0)=-Q,+sM, +o(s), M,=E?F"(0)>0. 4)
3anmmmemo (24) y Bunaai
I-Ti(5,0) = —Qus + sM.s + o). 25)

Bimnosiano crauionapruii po3nozun 3BopoTHOro JIM 3 TBIPHOK MaTpHULEO Q* [03HAYNMO Yepe3
IT, = lime o s(sT — Q,) " = ||Fukrll; Fukr = Purs ky7 = 1,1, a ycepeaHeHHs M., 1o Pwr — Yepe3

B =3 Y B0, 5 =i =]
[Ipu s — 0 rpann4Hi cniBBmHomeHH;{ (21) Ta (22) HabepyTh BUIIIAILY

Z,'=P.+(1I-P,)C, q' (0)=P., pi(0)=1-P,

R;!=P.s+C(I-Pg), qf(0)=P.s, pf(0)=1-Ps
2. Slkmo m§ < 0, 10 TF(0,0) < P, T75(0,0) < P,s. 3 (21) 1a (22) npu s — 0 Bummeae

Zo' =qi(0)+pL(0)C, qi(0)<P,,  pi(0)=1I-q(0),

R, ' = q; (0) + Cp; (0), qHM<ﬁ@, pi(0) =1 — g (0).

3. Sxmo mY = 0, To T/ (0,0) = P,, TjS(O 0) = P.s.
I3 mem 1, 2 3 [14] i cniBBigHOMIEHS (21)—(23) Ta (25) BUIITHBAE TaKe TBEPIKEHHSI.
Jema 1. Hxwo &(t) — matioice nanignenepepsnuil 36epxy npoyec, mo npu 0 < m(l] < 00 Mawomo
Mmicye cnie8iOHOUIeHHS
1
lim s(I — T/ (5,0)) 7" = lim s(sM, — Q,)"' = —II,,

s—0 s—0 /‘Lj

(26)

1
lims(I-2;")"' = —(I-C) 'IL,
s—0 s

ISSN 1027-3190.  Vkp. mam. ocypn., 2015, m. 67, Ne 8



[IPO TEHEPATPMCH EKCTPEMYMIB TA iX JOIIOBHEHb [IJI51 MAIKE HAIIIBHEIIEPEPBHUX . .. 1041

A — o~ 1 ~
. _mt -1 _y; . -1_
il_r% s(I—T)g(s,0)) il_r% s(sMi — Qu) i ILs,
@7n
1 ~
lims(I-R;) ™' = —IsI-C)"
lim s(T = Ry )™ = T (1-C)
a npu —oo < m{ < 0 — cnissionowens
lims(I-2Z;Y)"' =0, (28)
s—=0
. _R-1)-1 _
21_13(1) sI-R;") 0. (29)
3ayBaskumo, wo 11, P, = IT,, P,II, = II,, II.g = I1,.
Kymymsaty (18) 3BexeMo 10 BUDIISILY
K(2) = (» — 1)[A1(I - C2)7' — 271 (AF2(2) + NF_(2))] + Q, (30)
ae
Fo(z) =Y 2Pl <z}, [21,  F_(2) =) 2|pP{x) <a}]. lel>1,

<0 x<0

K(1)=Q, K(x)=-AC!1-A;—N.

Teopema 1. Hxwo &(t) — maiioce nanienenepepsnuii 36epxy npoyec na JIM x(t), mo npu |z| > 1

eenepampuca &~ (0s) mae suensno

g (s,2) = s(sI—K(2)) '(I-Cz) " (I-R;2)(I-R;H)'1-C) =

=s(sI—K(2)) "(I-C2) '[I+ (1 -2)(Rs —I)"'](I-C), (31)
p_(s) = 5(sC+ A1 + C(A2 + N)) (R, — )71 - C), 32)
g_(s,1) =P, (33)

Arwo 0 < m(l) < 00, MO pOo3n0OiN AbCONIOMHO20 MIHIMYMY £ He supooddicenutl i 32iono 3 (27)
CNpPABoONCYIOMbCsl HACMYNHI 2PAHUYHI CNIBEIOHOUIEHHSL

Wﬁ _
g-(z) =Bz =limg (s,2) = (1 —2)(—K(2)) " (I-C2)'Pg =
Yo

m(l) -1 —1y—1 = = -1
= A+ (11— C)(Q(l — 2Tl Ay (2) — NF_(z))} Po, (34)
g (1) = — - Py(I— C) Ml = — Py(I— C)"'I W o, _p (35)
_ = = o\l — *S = =< o\t — * T = *= 10
fismY fifmd i mt

~ 1 m?
Mg=IL. =Py, —=—", (36)

M:- Wﬁ
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+ m + + ~1
oe vy = Zk:l v, vy = (1 =)™,

_ my 1
p- =P{{ =0} = F(Al + C(A2 +N)) Py, (37)
0

E[7T(0)] =1-C)"'(Ry"), (38)

a & mae upooicenuti po3nooii.
Sruo —oo < mf < 0, mo posnodin £ eupodicenuii, a po3nodin £ nesupodicenuti i eusHaac-
MbCA HACMYNHUMU SPAHUYHUMU CRig8IOHOWeHHAMY npu s — 0

gh(z)=(I-Cz)[I-2Z;'2] 'pT, (39)

p" =P{" =0} =p’(0)Po. (40)

Axwo mY = 0, mo posnodinu &, £ supoorceni.
Jlosedenns. 3 npyroi pieHOCTI B (8) 3rigHo 3 (4), (7) 1 (20) oTpuMaemMo mepIe CIiBBiTHOIICHHS
y (1) g—(s,2) = s(sI-K(z)) _I(I— Cz) {(I-R;'2)(I-R; Y1 (I-C). lna moBeieHHs APyroro

criinnomenns B (1) maoxauku (I — R;712)(I— Ry

I-R;IDI-R;H!'=(R,—I)(R, —I)"! =

S

1=1 3penemo 1o BUIIALY

=R, -DR-D '+ (1-2)R;,—-I) ' =[I+(1-2) (R, —D)7].

®opmymu (32) i (33) oTpuMaeMo i3 MepIIOTO CHiBBigHOMIEHHA B (1) IMiCIasA TPaHUYHOTO MEPEXOIy
BIJMOBiAHO TIpH 2 — 00 Ta z — 1, 3 ypaxyBanusaM (30) Ta (7).

V Bunagxy 0 < m{ < oo reneparpuca abCoMOTHOrO MiHiMyMy 3riaHO 3 (27) BusHauaeThes i3 (1)
mpu s — 0 micust BpaxyBanHs (30) Ta monepeaHix 3ayBaXXeHb

g-(2) =limg (s,2) = ygés(sl —K(2)) 'I-C2) I+ (1-2)R, - I-C) =

A~

—(1—2)(-K(2)) "(I-C2) (1 - ﬁ*sz)ﬁjn*s =
_ ﬁi A1+ T C)(QU— =)™ — AsFa(s) ~ NF_())] L. 1)

Iepury piBHicTh B (35) oTpuMy€eMO i3 g (z) MICIs TPAHUYHOTO MEPEXOAY MPH 2z — 1y Apyromy
psanky (41) ta BpaxyBaHHS yMOBH JieMd 2 ( muB. [14]). Ockiabku ﬁ*s = Il,, To oTpuMaeMo Apyry
piBHicTb B (35). Iepetsopusmu 106yTok Po(I — C)~ I, = V0+H* 3aIMIIEMO TPETIO PIBHICTH Y
(35). Bukonyroun rpannusunii nepexia y (33) mpu s — 0 orpumyemo g (1) = Py. Takum unHOM,
cruiBBigHOMmEHHS (35) 1 (36) BcTaHOBIEHO.

Bpaxysasmu ymoBu (36) y crmiBBigHOomeHHi (41), oTpumaemo (1). CriBBigHomeHHs (37) BU3HA-

qaeMo i3 (32) mpu z — oco. I3 cmiBBimmomenns (Ry') = limg o —(I — R;1) = limg o — (I —
s s

— C)(I-T/4(s,0)) = I— C)E[77(0)] Bunmusae (38).

Ocranni yactuau B (1) Ta (41), Bupaxeni uepes Fo(2), F_(2) € L, 3rinno 3 onepxanuMu

IpaHUYHUMH 3Ha4YeHHAMU g (s, 1) Ta g™ (1), g™ (s, 00), g~ (00) (siKi He nopiBHIOKTH 0 Ta 00), HAOTH
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TiJCTaBy CTBEpKYBATH, 0 BOHM Hajexath 10 kiacy LC i Tomy omepanis mpoekrysanns []° He
BILUIMBA€E HA HUX.

Jlerko moBectH, mo & Mae BUpomKeHuit posnoxint. 3 (20) mpu s — 0, BpaxyBaBu ymoBy (11),
otpumaemo limg_,o pt(s) = Po(I — C)"'(I - Ry') = Po(I — P,) = 0, orxe, g4 (s,2) — 0 npu
s — 0.

Mpu —oo < m{ < 0 (39) i (40) BUILTMBAIOTH BiIMOBINHO i3 MEPLIOTO TA APYTOro CIiBBiAHOIIEHD
B (20) mpu s — 0, 3 ypaxyBaHHIM BCiX BHKJIQJIOK Ta ITO3HAYECHb.

Skmo mY = 0, To p4(s) = 0, p*(s) = 0 3riano 3 (19), (20) Ta ymosamu (11), a orxe,
gi(s,2) =0,g"(s,2) = 0 nmpu s — 0. Takum unHOM, £, € MAIOTH BUPOIKEHI PO3MOILIH.

Maiixe aHaJIOr1YHO BCTAHOBIIIOETHCSI HACTYIIHA TEOpEMa.

Teopema 2. Axwo &(t) — maiidice nanienenepepsruii 36epxy npoyec na JIM x(t), mo npu |z| > 1
cenepampuca £(05) 3adoeonvusic cnissionowens

g (s,2) = (I- C)(I - Z;") " (I Z;'2)(T - C2)'s(sT ~ K(2)) " =

=I-C)T+(1-2)(Zs —D) T - Cz) 's(sT - K(2)) ", (42)
p (5)=(I—-C)(Zs —I)"'s(sC+ A + (Ay + N)C) 1, (43)
gi(sv 1) =P.. (44)

Ao 0 < mY < 0o, mo posnodin & = limg_, (E(GS) — §+(95)) Hesupodxcenutl i 32iono 3 (26)
2eHepampuca BU3HAYACMbCS 2PAHUMHUM CRIBIOHOWEHHAM npu S — ()

- mO 7
g (2) = Ezf = limg™(s,2) = L Py(1-2)(I- C2) "' (- K(z)) ' =

)
mo ~ ~ -1
= TPy [A1+(Q(1 - 27) 7 = AoFa(e) ~ NF_(2))(= 'T-C)] (45)
0
e ()= Lma-o i he- W pop, (46)
s my g m
1 - m(l)

E - VS_, (47)

— mo
p =P{{=0}= TjPoml + (A2 +N)C) (48)

0
E[r7(0)] = (Z,")'@-C)", (49)

a £ mae eupodcenuii po3nodin.
Axugo —oo < mY < 0, mo posnodin & eupodaicenuil, a po3nodin £+ nesupodaicenuil i susnauaemo-
¢l ChiBGIOHOWEHHAMU

g+(2) = (I-C2)[I-Z; 2] 'py, (50)
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p+ =P{¢" =0} = p’(0)Py. €Y

Ao mY = 0, mo posnodinu &, £+ eupodarceni.

Jlosedenns. 3 nepioi piHocTi y (8) otpumaemo g~ (s, z) = P((g4 (s, 2)) " 'g(s, 2). Toni 3ria-
Ho 3 (4) i (19) g (s,2) = I - C)I — Z;H) 1 (I — Z;'2)(I — Cz)~ts(sI — K(2))~!. Orxe,
nepiie chiBBifHOIIEHHS B (42) noBeneHo. s 1oBeIeHHs APYroro CriBBigHOIIEHHS B (42) mepeTso-
pumo muoxnuku (I — Z;1) =1 (T — Z;12) Tak camo, sk i B Teopemi 1. Criinnomenns (43) i (44)
OTPUMYIOTHCA 13 (42) IIISIXOM TPAaHUYHOTO MEPeXoay MpH z — oo 1 z — 1 micnsa BpaxysanHs (30).

V unanky 0 < m{ < oo reneparpuca g~ (z) 3riano 3 (26) Bu3HauaeThes i3 (42) mpu s — 0 Ta
BpaxyBaHHSI MONEPEIHIX BHKIIAIOK:

g (2) =limg (s,2) = (I C) lim s(I - ZH I -Z'2) I -C2) (T -K(2) ! =

s—0

_ /;H*(I C 2 (I Co) MK (2) ! = ;H*(l ) (I-Co)Y-K() L (52)

IMepury piBHicTb y (46) orpumyemo i3 (52) mpu z — 1 ta jgemu 2 (qus. [14]). Jobyrok IL. (I —
—C)"'Py = yj Py, me I— C)™' = |[E&T|| = ||0krvy ||, mae apyry pisaicts y (46). Ocranms
piBHICTB y (46) BummuBace 3 (44) micnsa rpanngHOTO TIepexoxy mpu s — 0, a piBHICTB (47) 13 (46). Cris-
BimHOMICHHS (45) oTpuMyeMo i3 (52), monepeaano miacTaBuBim (36) Ta (47). Ipyre criBBiTHOIICHHS
y (45) BurutkBae i3 nepiuoro micist migcraHoBku 3amicts K(z) (30). 3 rpaHHYHOTO CIiBBIAHOIICHHS

(Zo")' = lim 1(I —Z;7Y) = lim 1(I — T} (s5,0)(I—-C)=E[r"(0)]I-C)

s—0 8 s s—0 8

micis BpaxyBaHHs (21) Burnuusae (49).

Ocranni yacTuHA B (42) Ta (45), BUpakeHi depes f‘g(z), f‘_(z) € LY, srigno 3 onepikaHuMM
rpaHUYHUMH 3Ha4YeHHAMU g~ (s, 1) Ta g™ (1), g™ (s, 00), g~ (00) (siki He nopiBHIOKOTH 0 Ta 00), HAOTH
TiacTaBy CTBep/KYBaTH, 0 BOHM HanexkaTh 0 kimacy LY i Tomy omepartis mpoektysanns []° we
BIUIMBA€E HA HUX.

&1 Mae BUPODKEHMH PO3MOJIN, OCKIIBKH, 3MiHCHUBIIN TpaHMYHui nepexin mpu s — 0y (19) i
Bpaxysasimy (11) Ta monepenni BukaaKH, orpumaemo limg_o p4(s) = (I — ZyH)(I — C)7 1Py =
=(I-P,)Py=0, orxe, g4(s,z) = 0npu s — 0.

Posrsemo Bunajgok —oco < m{ < 0. Crisignomenns (50) i (51) BUMIMBAIOTH BiANOBINHO i3
HEepIIOro Ta JIpyroro cuiBBigHomeHs B (19) npu s — 0 3 ypaxyBaHHSIM BCiX BUKJIAJOK T IO3HAYCHb.

Skmo m{ = 0, 10 p4(s) = 0, pT(s) = 0 srinno 3 (19), (20) Ta ymosow (11), a orxe,
g:(s,2) =0,g"(s,2) =0 npu s — 0. Takum yuHOM £ T, € MaIOTH BUPOIKEH] PO3MOMILITH.

3. AHajoru cmiBBiIHOLIEHDb /ISl TeHepPaTPUC eKCTpeMaJbHUX 3HAYeHb Ta iX JONOBHEHb
Yy BHNAAKY Maii’ke HalliBHeNePepPBHOCTI 3HU3Y. Y NaHOMY ITyHKTI HaBeIeMO KOPOTKO OTPHMaHi
pe3yabTaTu 11 MaiKe HaliBHEIEPEPBHUX 3HHM3Y NPOLECIB, OCKINBKM iX CIIPaBEATIMBICTH BCTAHOB-
JIIOETHCSI aHAJIOTIYHO 10 CHIBBiAHOLIEHb, OTPUMAHHUX Y BHUMAJIKy Maibke HaliBHENICPEPBHUX 3BEPXY
MIPOIIECiB.

PosristHeMo Maibke HaliBHENepEepBHUIT 3HH3Y [iourcioBHil npouec &(t) Ha JIM 3 KyMyJISIHTOO:

K(z) = Ap(1 - 2)(zI-B) '+ ) (2" = 1)(Aip1(2) + Nf(z)) +Q, 0<B<L  (53)
x>0
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3rigHo 3 [13] mesiki ,,HeckJaaHi” KOMIOHEHTH 0. }.T. B (8) € MarpuyHUMH JpoOOBO-TiHIHHUMHU
GbyHKITISIMU

g-(5,2) = (21 = B) (21 - Z(s)) " 'p-(s),
p-(s) = (I - Z(s))(I-B)"'P,, (54)
Z(s) = q-(s)P; ' + p-(s)P,'B,

g (s5.2) = p—(5)(zI = R(5)) "' (1 - B),
P (5) =P,(I-B)"'(I-R(s)), (55)

R(s) = P, 'q () + BP, 'p ().

SIk 1y BUIIaKy Maibke HarliBHEIEPEPBHUX MPOLIECiB, po3risHeMo BkiageHuit JIM (yf = z(77(0)),
ys = x(0)) 3 Marpuueto nepexinHux imosipuocreit P* = || P{y{ = r|y; = k}|| Ta tBipHOIO MaT-
prneto Q* = P* — 1, ne P{r7(0) < oo} = [[P{77(0) < o0,y = |yl = K}, T (5,0) =
= HE[e_ST_(O), vy} = rlys = kl||, a Takox 3BopoTHumit JIM 10 BKIaAEHOTrO 3 TBIPHOK MATPHIICIO
Q" = S(Q)7S™L, Q" = B* — L P{7(0) < o} = | P{7~(0) < oo, §} = 1l = k}| = P*,
T*_(S/,\O) = HEL?_S?i(O)LZ//\T = 'r|§/0\: k]H? p* = HP{:T/\T :ATH/\S = k}”,lﬂ,?" = 1,m, P§ =
— S(B)TS L, Qg = S(Q)TS™, Mg = S(B[F(0)))7S !, Trg(s.0) = S(E: (5,078,

Jist pouecy £(t) 3nauenns Z(s), R(s) Bupaxatorsest gepes T (s, 0), 'i‘;s(s, 0):

Z(s) = T, (s,0) + (I- T, (s,0))B; (56)
R(s) = T,g(s,0) + B(I - T;4(s,0)). (57)
Crauionapauii po3nozin BkiageHoro JIM 3 tBipHoro Marpuuero Q* moszuaunmo IT* = lim,_,o s(sI—
— Q") = |7}, |l, 7, = pk, k,r =1, m, a ycepenuenns M* no p
m m
pe =Y o> Elr(0), yi =rlys = k]
k=1 r=1
Bianosizxso a1s 3Boporroro JIM 3 marpunero Q * II* = lim,_yo s(sI — Q 97 =\7L T = b,

k,r =1, m, a ycepennenns M* no p,*

m m

iy = oy EF(0), 71 =rlgs =K.

k=1 r=1
Sk 1 B I. 2 MarOTh MICIIE TaKl BUIAIKU:

1. SIxkmo mY < 0, To npu s — 0 cniBBiHOMmEHHs (56) Ta (57) HAGUPAIOTH BUISTY

Z0)=P*+(I-P"B, q (0)=P*  p“(0)=I—P*

R(0)=P5+B(I-P§), q.(0)=P§  p;(0)=I-P§.
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2. Skmo m? > 0, To T7(0,0) < P*, T;(0,0) < P*. 3 (56), (57) npu s — 0 mMaemo
Z(0)=q-(0) +p(0)B, q-(0)<P*,  pZ(0)=I-q=(0),

R(0) = q; (0) +Bp; (0), a;(0)<Pg  p;(0)=I-q;(0)

3. Sxmo m? = 0, ro T;(0,0) = P*, P* = T, (0,0).
I3 mem 1, 2 B [14] Ta momepenHix CIiBBiTHOIICHh BUTUIMBAE TAKEe TBEPIKCHHS.

Jema 2. Axwo &(t) — matioice HanignenepepHuil 3HU3Y npoyec, mo npu —oo < m(l) < 0 maromo
Micye CcnieeiOHOUIEeHHS

- (5,0) " =l s(sM* - Q) = L
lim s(1-T2(5,0)) " = lim s(sM* — Q") = 1T,
(58)
1
lim s(I — Z(s)) "' = — (1 - B)"'IT,
s—0 M*
lim s(I — Tog(5,0)) " = lim s(sMg — Qf) ' = —— 113
s—0 *SAT s—0 S S ﬁ*_ S
(59)
. -1 1 ~, R
;%S(I—R(s)) = ﬁ*_HS(I B) !,

anpu 0 < mf < 0o — cniesionowenns
lims(I—Z(s)) " =0, lims(I—R(s)) " =0.

s—0 s—0

3ayBa)kUMO, IO s = II*, P*II* = IT*, IT*P* = II*.
Kymynsara (53) 3anucyerscs y BUNISAIL

K(z) = (1— 2) [AQ(ZI B! (Alfl(z) n Nﬁ(z)ﬂ +Q, (60)

e Fi(z) = 30 Pl > ok A < L F) = Y e PO > )
TOT'O K

, 2l <1, mo

K1)=Q, K0 =-AB!'-A —-N.

MaroTh Miclie aHaJIOTiuHI TeOpeMH, SIKi HaBeleMo 0e3 TOBEACHHS.

Teopema 3. Axwo £(t) mauoice nanisnenepepsnuii snuzy npoyec na JIM x(t), mo npu |z| < 1
eenepampuca £+ (05) mae suensno

g+(s,2) = s(sI — K(2)) "' (z1 - B) "} (z1 - R(s))(I - R(s)) (I~ B) =
— s(sI— K(2)) ' (:1- B) "[I+ (= — 1)(I - R(s)) (I - B),

P+(s) =s(sB+ A2 +B(A +N))'(R(s) ~D)"'(I-B),  gi(s,1) =P,

Srugo —oo < m§ < 0, mo posnodin abcomomnozo maxcumymy &+ nesupooaicenuii i 32i0no 3 (59)
CHPABOAHCYIOMbCA HACMYNHI 2PAHUYHI CNIGEIOHOUEHHSL
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’m(1]| -1 1
—(1-2)(K(z)) (:I-B)"'Pg =

g+(2) = Ez* =limg, (s,2) =
s—0 1/0

[m§)| 1 1 -1 - - -1
= Ay + (1B QG 1) — 2 (AFi(2) + NFL ()] Py,

Vo
(61)
1 —177* 1 —1lyp*
g+(1) = Py(I-B) g = ﬁPO(I -B) 1" = = Py,
B |m8)] i |m3| A Im |

o 1 |md] S
ngn*:P(}at:%a V()izzﬂ-kylzayka(l_bk)_la

Fhx Yo k=1

b = Pict =0} = ™A, 4 B(A, 4 N) Py, EF(0) = (1 B L(R(O0)),
Y

a & mae supooicenull po3nooil.

Axugo 0 < mf < 0o, mo posnodin £ eupodacenuil, a po3nodin & neeupodscenuil i EUSHAUAEMbCA
CHi88IOHOWEHHAMU

g (2) =p (:I-R(0))'(:I-B),  p~ =P{{=0}=Pop;(0).

Srwgo mY = 0, modi poznodinu £T, € eupodarceni.
Teopema 4. Axwo £(t) — maiioice Hanignenepeperuii 3nusy npoyec Ha JIM x(t), mo npu |z| < 1
cenepampuca £(0,) 3a0060nbHse cnigsioHoweHHs

gt(s,2) = (I—B)(IT—-Z(s)) (21— Z(5)) (z1 - B) Ls(sT - K(2)) ' =

= (I-B)[I+ (z— 1) —Z(s)) "|(z1 - B) Ls(sI — K(2)) ",

pr(s)=(1- B)((Z(s))*1 - I)_ls(sB +Ax+ (A1 + N)B)_l, gt (s,1) =P,

Hxuo —o0o < mf < 0, mo posnodin € = limg_,q (E(OS) — 5_(95)) Hesupoodcenutl i 321010 3 (58)
11020 2eHepampuca BUHAYAEMbCS CRIBBIOHOWEeHHAM npu § — 0

F mo _
g7 (2) = Exf = lim g*(s.2) = 2L Py(1 — 2)(a1 - B) ™ (K(2) ' =

Yo
= Mlp [+ (QG - )7 2 (A9 + NEL(2)) @-B)] L @)
Vo
+ - 1 1 Yo 1 mS|
g ()= —=I"I-B)" =Py, —=—,
o |m1\ IU* ]m1| Hox Y

p"=P{{=0}= @Po(m +(A1+N)B)"!, E[r (0)] = (Z(0))T-B)™,
Yy

a £~ mae 8upooicenuti po3nooil.
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Axugo 0 < mf < 0o, mo posnodin & eupodacenuil, a po3nodin £~ HeeuPOONHCeHUT | EUHAUAEMbCA
CHi8BIOHOWEHHAMU

g-(2) = (:1-B)[zI-Z(0)]'p-,  p-=P{¢ =0} =p=(0)Po.

Axwo m(l) = 0, modi po3znoodinu £, & BUPOOIHCEHI.

3aysancenns 1. Matpuuni criBBigHOmenns B Teopemax 1 -4 mmsa g+ (s, z) Ta g (s, z) maroTh
CKJIQTHIIINH BUTIIS, HIXK y BUTIAAKY 3BHUATHUX IIIIOUYMCIIOBHX ITyacCOHIBCHKUX mporieciB. Lle yckmana-
HEHHsI 00YMOBJICHE THM, I[0 B JAHOMY BHIIQJKy BHHHUKA€ MOTpeda B PO3MIAAlI 3BOPOTHOIO MPOIECY
Ha JIM Ta HOro BiAMOBIIHUX XapaKTEPUCTHK, HEOOXITHUX IS BUSACHEHHS ABOIiCTOCTI 0.¢.T. (8) Ta
(15) Ta fimoBipHicHOI iHTepIpeTaii KoMIoHeHT 0. ¢. T. Kpim Toro, nesKki 3 XapaKTepHCTHK 3BOPOTHOTO
MIPOIIECY BUMATaIOTh TOIATKOBOTO BUBYCHHS (JieMu 1, 2) 3 METOXO BCTAHOBJICHHS BiJTIOBITHUX IpaHUY-
HUX cHiBBinHOIIEHb (34), (61) Ta (45), (62) 11s g+ (2) = lims—,0 8+ (s, 2), g¥(2) = lims 0 g7 (s, 2)
npu +mf > 0.

VY ckansIpHOMY BHUTAJKY BiAMOBiIHI CKOPOUEHHS I Maiike HaIliBHENIEPEPBHOTO 3BEpPXy LITOYHC-
nosoro nporiecy £(t) (C = ¢) BummuBaioTh 3 Toro, mo Z; ' = R;' = q,(s) + cpo(s), ockinbku
pt(s) = py(s), Ps = Py = 1, £1(0,) = £(6s), € (0s) = £(6,). dna maiike HamiBHEIePEPBHOIO
3HH3Y 1inourcioBoro mpouecy & (t) (B = b) matots Mmicie aHasoriuti cpornerts. Ockinpku p~ (s) =
= p—(s), 10 Z(s) = R(s) = q(s) + bp—(s).

3ayearncenna 2. Opnepxani B Teopemax 1—4 xommonenTH (akropmsanii g (s,z) Ta g¥(s, 2),
10 BU3HAYAIOTH TCHEPATPHUCH PO3IIONLTIB EKCTPEMYMIB Ta iX TONOBHEHD, HEOOXITHI IS 3HAXOKCHHS
reHepaTpyc NnepecTpuOKoBUX GyHKIioHaNB 1 (x) = YT (x), y2(x) = vy (2) :

E[e*s#(x)z%(m), T (z) < oo]7 1=1,2.

Li rereparpucy BU3HAUaAIOTh MEPIIy Ta APYry AMCKOHTHY (mpu s > 0) ¢ynkuii 6ankpyTcTBa (mpu
s — 0imY < 0 Binnosiani rparuuni Gpynkuii 6ankpyrcTsa). [eneparpucu & *(6,), mo BUpaKaIOTHCA
MaTpHYHUMU ApOOOBO-TiHIHHUMHU (QyHKIIAMA (auB. () Ta ()), BU3HAYAIOTh TEOMETPUIHHHA PO3MOILT
eKCTPeMyMiB (a TakoX i reHeparpuc 7 (x)), Ha MiJCTaBi AKOTO OGUMCIIOIOTHCA AMCKOHTHI (yHKI]
GankpytcTsa. Kpim Toro, mpu +m{ < 0 reneparpucu g () (us. (41) i (61)) Bu3HAYAIOTH PO3NOLIHU

S
p, =P{¢F =k}, +k>o0.

Jli1s ipotiecy pu3UKy 3 JUCKPETHUM PO3IOAUIOM BHMOT Ta 3 TEOMETPHUIHO PO3MOAUICHUMH HPEMisIMH
XBicT posnoziny £ Bu3Hauae QyHKIIIO GaHKPYTCTBA
Y(u)=P{" >u}=> "pf, (¥(0)=qs <Py), u>0.
k>u

VY Bumnaaky nHamiBHenepepBHOCTI (3Bepxy C = 0, 3um3y B = 0) cmiBeinmHomenHns (1), (45) Ta
(61), (4) naranyrots kiaacuuny Gopmyny [lomsyexka — XiHduHa 17151 CKAISIPHOTO BHIAAKY. Kpim Toro,
3 TeopeMH 4 BUILIMBAE TaKE TBEPKCHHS.

Hacniook. Axwo ons nanienenepepsnozo 3uuzy npoyecy pusuxy &(t) na JIM eumoeu 5;6 Manoms
Ginomiansnuti poznodin 3 mampuunum napamempon P’ =|| 5krp;c |irer i

pi(n) = [0k P{& = n}|| = CL(P)"A-P)"™", 0<n<m,
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0 _

mooi npu eiocymnocmi cmpuékie {xur}, £(z) = 0, z > 0, Fy(z) = 0, 3a ymosu m? =
= mzm 0 /\(1)p, - Zm mA? <0 eenepampuca £ 32iono 3 (61) mac suenso
k=1 "7k Pk k=1 "7k

z
1
1—2z

S (- )pi(k)] Py, vy =1,

k=1

z
g+() = mil[A2 + Q—— — A

py = [m{[A;'Po,  W(0)=qs = (I—|m]|A;")Py.

AHasoriyHe TBEpIPKCHHS Ma€ MICIe JJI BHITAIKy, KOJM BCi BHMOTH ffg MarTh OlHOMIaTIBEHUNA

. . . !
PO3MOIN 31 CHITBHAM CKaJIIpHUM mapameTpoMm 0 < p < 1

pi(k) = CEPFAX—-p)" ™, p=pI

0_ .,/ \ " (1) m (2)
3a YMOBH M = NP Zk:l TNy — Zk:l A < 0.
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