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Abstract 

Within the paraxial Fock-Leontovich approximation, the new method of calculation of the 
Dirac wave functions is developed for three-dimensional axially symmetrical problems which do not 
permit the complete separation of variables. By means of the elaborated quasi-classical method 
the relativistic wave functions for the H-like atom in the weak constant homogeneous electric field 
are constructed in the below-barrier and classically allowed ranges. General analytical expression 
for probability of ionization of the atom in an external electric field is obtained. The comparison 
of the found formulas with results known previously is carried out. 

Introduction 

The problem of hydrogen atom in an electric field has fundamental meaning for a quantum mechanics 
and the atomic physics and has many applications (see, for example, [1 , 2, 3] and the references therein). 
Since the twenties [4], properties of an energy spectrum of hydrogen atom and other atoms in external 
fields were rather intensively studied in the framework of the Schrodinger equation. 

As is known, in the nonrelativistic case the homogeneous electric field removes degeneration of 
energy levels of hydrogen atom with respect to orbital and magnetic quantum numbers, and states, 
which differ by a sign of a magnetic quantum number, remain degenerated. The energy spectrum of 
these states is not discrete any more; it consists of the series of the fuzzy levels whose width increases 
when field intensity increases. This phenomenon is called the Stark effect [2]. In order to estimate 
the influence of the electric field of the given intensity F on atom which is in some quantum state, it 
is necessary to determine the corresponding position Er and width r of this level. The level width 
defines the probability of ionization of the quasi-stationary state of an atom in the electric field; it is 
inversely proportional to an atom lifetime in this state: r rv n/Tion [1]. 

The mechanism of decay of atom in an electric field via below-barrier transition of electrons from 
the field of atomic core into the continuum has been clarified at the first stage of studying this process 
[4]. In the field , which is small in comparison with intraatomic one (,...., 5 x 109 V / cm), time of electronic 
escape is large when compared with atomic time. Therefore, the electronic state can be considered as 
quasi-stationary one with energy E = Er - ir /2. 

The quasi-classical theory of decay of atomic particles in an electric field , that was created in 60s 
(see, for example, [5]), has allowed to obtain the useful analytical formulas for ionization probability, 
which are asymptotically exact in the limiting case of weak fields. Both neutral atoms [1, 5, 6, 7], and 
negative ions of type H-, J- etc. [8] were considered. 

Rather recently (see [9, 10] and references therein) within the imaginary time method the quasi
classical theory of ionization of atoms and ions under the influence of constant and homogeneous 
electric and magnetic fields has been elaborated taking into account the Coulomb interaction between 
an electron and atomic core during tunnelling process. The 1/n-expansion method (n is the principal 
quantum number) occupies the important place among new quantum mechanical methods of investi
gation of processes of interaction of atomic particles with electric and magnetic fields. This approach is 
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we аrriче at the matrix equation

1

W+

V.Yu. LлZUR, О.К. RBlTy, дND V.К. REITy

АФ + k2Ф :0, k2 : # [t" - у)' - "n7

AI/ i(#) + #а[YиV] (3)
2W+

Here we have restored in an obvious way the reduced Planck constant fr. Since the potential И is axially

symmetrical, the Hamiltonian commutes чrith the operatoT.of projection of total апgulаr momentum

of the electron onto а potential symmetry axis z, and equation (3) permits separation of а variable ср,

Fоr this puTpose we Tepresent the solution of (3) in the form

ф - ( |:,|:,,3;l|',|:,;i',?,\i1)

urhеrе Ft,2 аrе neTr unknown functionso rп is the projection of the total angular momentum of the

electTon onto а potential symmetry axis z. Ву substituting (а) into (З), we obtain the matrix differential

equation 
(д+а)л:(h-q"-+т)",, ":(;; ), п:';lё-tr-ч)")'' , (5)

Гl,аV

|,Ф

а
/аV аl 

--\ар 0z

р,2 t
l

р2 
l

аv а\ (0 _1

0z ар) \ 1 0 ))))

раV

(4)

(6)

(7)

(8)

(9)

(10)

(11)

ор(', р)
Ь,(', р) : pW+ 0z

1

W+

We seek а solution of equation (5) in the form of а WKB expansion:

Р - pexp(h-',S),
оо

р-rгfр(п),
n:0

Неrе ср(r) is а bispinor (the upper component corTesponds to the function f'1, the lower to F2), Having

substituted ,1т, dеtеЙi""а Ьу jB;, i"to (5) and 
"qrrut"d 

to zero the coefficients of еасh роwеr of D, we

arTive at the hiеrаrсhу of equations

(йr)' - q2 -
zflS.Vp(o) 1
2fr, ,Sйр(п+t)

0,

ASp(O)+6sr(O1 -0,
+ дSr(rr,+1) + 0Sp(n*1) + Ьр(") + а9(") , л,r(п) - 0,

whеrе п : 0,!,,2,.... UnfoTtunately, equations (9)-(11), similaTly to the initial equation (1), do not

permit exact separatiorr of vaTiables. In order to solve this problem, we use the idea of the Ьоuпdаrv-

'"'H:Htb" ,ot..rtions of equations (9)-(11) in the below-barrier Tange, where, unlike for the classi-

*rrr'ЫiО*"Jruоg", the r'ave function is Ъfiеоlо"аlizеd in the vicinity of the most pTobable tunnelling

direction, that substantially simplifies the rvhole problem: it is natural to expand all the quantities in

equations (9)-(11), including the solutions, in the vicinity of the z-axis.

Consider equation (9) and assume that

оо

q2 Q, р) - qЗ(r) + 

' 

QнQ)р2k, qЗ(z) - q2 (,,0) ,

k-L

А 1 a2kq2Q,0)
ЧК QЦ! а,zъ

( 12)
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Fоr m < 0 these solutions аrе obtained from (20)

-р|? ,, С[ + С;, (k - 2,3).

Ьу making the replacements pl?

RBtTy, AND V.К. RBtTy

" (22)

+ рr?, .рr? +

€ n*_/ 
lt.

Thus we have obtained the solution й of equation (1) чrithin constants Со, Ct (k : 2,3). То deteTmine

them, one should take а certain potential and noTmalize the чrаче function. In the next ,section, we

shall consider the potential of а coulornb center and constant homogenous electric field.

Quasi-classical solutions of the relativistic рrоьlеm of atom in the con-

stant homogeneous electric field

If the H-Iike atom is placed in the constant homogeneous electric field, then ап interaction potential

in the cylindrical coordinates {", р,9| is of the fоrm:

Note that if it is necessary to find the first J terms of the

of (19) one has to take into account the first l - п - 1 (п --
In the given рареr we take into account the first two tеrms

The lower сошропепt ? of {' is obtained frоm the uрреr

V (r,, р) - - Fz.,

whеrе Z is the nuclear charge, F : const is the intensity of electric field.

If we write the quantity qo(z) as Qо - T(U"l f _- E"f f), then the effective

(\ = cl/T:?, е : Е lё) and effective potentral 
_ _q l

Uфl(z,е) : gИо _U] 
f z,2

correspond to the expressions (5), (12). Тhе foTm of the effective potential

figure 1.

expansion (13), then in each function ,(П)
0, 17...)l - 2) terms of the expansion in р.

of (13), and the leading tеrm of у2(0).

one € Ьу the operation

(23)

Z (24)

епеrgу Eeff т -Л'12

(25)

U"If Q,ч) is shо,wп in

U"rr?,B)

E"f.

Figure 1: The effective potential U"11(z,e)

Let zб denotes the value of z satisfying the condition z1 К, zg ( zz чrhеrё z1,2 аtё the turning
points. The urаче function is quasi-classical rмhen z 2 zo. Ж z - zб the solution of the Dirac equation

with the potential (24) we shall match vrith asymPtotics of the unperturbed atomic чrаvе function Й9:

it, 

-_+ 
Vо,

ztKэK,zz

*р2

(26)
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