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ÏÅÐØÀ ÃÐÓÏÀ ÊÎÃÎÌÎËÎÃIÉ ÄËß ÍÅÇÂIÄÍÈÕ 3-ÏIÄÃÐÓÏ
ÃÐÓÏÈ GL(3,Z[ε])

The descriptions of the classes of cocycles of finite irreducible nilpotent subgroups of group GL(3,Z[ε]),
ε3 = 1, ε 6= 1 are given in the paper.

Ó ðîáîòi äàíî îïèñàííÿ êëàñiâ êîöèêëiâ ñêií÷åííèõ íåçâiäíèõ íiëüïîòåíòíèõ ïiäãðóï ãðóïè
GL(3,Z[ε]), ε3 = 1, ε 6= 1.

Â [1, 2] ðîçãëÿíóòî óçàãàëüíåííÿ êëàñè÷íèõ êðèñòàëîãðàôi÷íèõ ãðóï íà äåÿêi
êiëüöÿ R. Âèêîðèñòîâóþ÷è ðåçóëüòàòè [3], ó ðîáîòi [4] äàíå îïèñàííÿ äâîâè-
ìiðíèõ R-êðèñòàëîãðàôi÷íèõ ãðóï äëÿ êiëüöÿ R öiëèõ âåëè÷èí êâàäðàòè÷íîãî
ðîçøèðåííÿ ïîëÿ ðàöiîíàëüíèõ 2-àäè÷íèõ ÷èñåë Q2. Â äàíié ðîáîòi îïèñóþòüñÿ
êëàñè êîöèêëiâ ñêií÷åííèõ íåçâiäíèõ íiëüïîòåíòíèõ ïiäãðóï ãðóïè GL(3,Z[ε])
(ε3 = 1, ε 6= 1) iç çíà÷åííÿìè â àäèòèâíié ãðóïi C3, äå C = C+�Z[ε]+.

ßê ïîêàçàíî â [5], ãðóïà GL(3,Z[ε]) ìiñòèòü íàñòóïíi íåçâiäíi íåñïðÿæåíi
3-ïiäãðóïè:
1) ìàêñèìàëüíi: U0 = 〈diag[ε, 1, 1], b〉 (b � ìàòðèöÿ ïiäñòàíîâêè (1, 2, 3)), ÿêà
òàêîæ ìîæå áóòè ïðåäñòàâëåíà ó âèãëÿäi

U0 =

〈
a =




0 0 ε
1 0 0
0 1 0


 , b | a9 = b3 = (ab−1) = 1, b−1a3b = a3, (ba)3 = a3

〉
; U1 =

= T−1
1 U0T1, U2 = T−1

2 U0T2, äå T1 =




t −1 0
0 1 −1
0 0 1


, T2 =




t 0 1
0 t 1
0 0 1


, t = ε−1;

2) ìîíîìiàëüíi íåàáåëåâi: V0 = 〈a0 = diag[ε, ε, ε], a1 = diag[1, ε, ε2], b〉 (a0a1 =
= a1a0, a0b = ba0, b

−1a1b = a0a1), V1 = T−1
1 V0T1, V2 = T−1

2 V0T2, W0 = 〈a1, a〉,
(a3

1 = a9 = 1, a−1
1 aa1 = a4), W1 = T−1

1 W0T1, W2 = T−1
2 W0T2.

3) öèêëi÷íà A = 〈a| a9 = 1〉.
Çíàéäåìî ïåðøó ãðóïó êîãîìîëîãié H1

(
U0, C

3
)
. Îñêiëüêè (a − 1) îáîðîòíà

íàä C ìàòðèöÿ, òî â êîæíîìó êëàñi êîöèêëiâ ãðóïè U0 â ãðóïi C3 ìiñòèòüñÿ
êîöèêë f òàêèé, ùî f(a) = 0.

Íåõàé f(b) = (β1, β2, β3) (βi ∈ C), i = 1, 2, 3. Iç óìîâè

(b2 + b + 1)f(b) = 0 (1)

âèïëèâà¹, ùî β1 + β2 + β3 = 0. Îòæå, f(b) = (β1, β2,−β1 − β2).
Óìîâà b−1a3b = a3 äà¹ b−1a3f(b)+b−1f(a3)+f(b−1)−f(a3). À îñêiëüêè f(ai) =

= 0 ∀i ∈ N òà f(b−1) = −b−1f(b), òî

(a3 − 1)f(b) = 0, (2)

çâiäêè îäåðæó¹ìî tβj = 0, t = ε− 1, j = 1, 2, 3.
Ñïiââiäíîøåííÿ (ab−1)3 = 1 òà (ba)3 = a3 ïðèçâîäÿòü äî óìîâ

{ (
(ab−1) + ab−1 + 1

)
f(b) = 0,(

(ab) + ab + 1
)
f(b) = 0.
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Öi óìîâè âèêîíóþòüñÿ â ñèëó óìîâ tβi = 0, i = 1, 2, 3.
Íåõàé h � êîãðàíèöÿ, ùî âèçíà÷à¹òüñÿ âåêòîðîì x = (x1, x2, x3)

(
xi ∈ C3

)
i

f1 = f + h. Çáåðiãàþ÷è óìîâó f1(a) = 0, îäåðæèìî


−1 0 ε
1 −1 0
0 1 −1







x1

x2

x3


 = 0,

òîáòî x3 = x2 = x1, tx1 = 0. Òàêèì ÷èíîì x = (x1, x1, x1) (tx1 = 0). Òîäi h(b) =
= (b− 1)x = 0. Íåâàæêî ïåðåêîíàòèñü, ÿêùî x ∈ C i tx ∈ Z[ε], òî x ∈ x0 + Z[ε],
äå x0 ∈ {0, t−1, 2t−1}.

Òàêèì ÷èíîì, ìè äîâåëè íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 1. Â êîæíîìó êëàñi êîöèêëiâ ãðóïè U0 â ãðóïi C3 iñíó¹ ¹äèíèé

êîöèêë f òàêèé, ùî f(a) = 0, f(b) = (β1, β2,−β1 − β2), äå tβ1 = tβ2 = 0. Ãðóïà
H1

(
U0, C

3
)
¹ åëåìåíòàðíîþ àáåëåâîþ ãðóïîþ òèïó (3, 3).

Çíàéäåìî ãðóïó H1
(
U1, C

3
)
, äå

U1 =

〈
a′ =




1 0 1
t 0 −1
0 1 −1


 , b′ =




1 0 0
t 0 −1
0 1 −1




〉
.

Àíàëîãi÷íî ïîïåðåäíüîìó âèïàäêó f(a′) = 0 i f(b′) = (β1, β2, β3), tβi = 0, i =
= 1, 2, 3.

Ç óìîâè (1 + b′ + (b′)2)f(b′) = 0 òà

T−1
1 (1 + ab + (ab)2)T1 ≡




0 −1 −1
0 0 0
0 0 0




ñëiäó¹ f(b′) = (β1, β2,−β2).
Íåõàé Z = (z1, z2, z3), zi ∈ C3. Äîäàâøè êîãðàíèöþ, çáåðiãàþ÷è óìîâó f1(a

′) =
= 0, îòðèìà¹ìî

(a′ − 1)Z =




0 0 1
t −1 −1
0 1 −2







z1

z2

z3


 = 0,

çâiäêè z3 = 0, tz1 − z2 = 0, z2 = 0, tz1 = 0. Îòæå, Z = (z1, 0, 0), tz1 = 0. Ç óìîâè
(b′−1)Z+f(b′) = f1(b

′) íå îòðèìó¹ìî æîäíèõ óòî÷íåíü, òîìó f(b′) = (β1, β2,−β2),
tβi = 0, i = 1, 2, 3. Òèì ñàìèì äîâåäåíî íàñòóïíå.

Òåîðåìà 2. Â êîæíîìó êëàñi êîöèêëiâ ãðóïè U1 â ãðóïi C3 iñíó¹ ¹äèíèé
êîöèêë f òàêèé, ùî f(a′) = 0, f(b′) = (β1, β2,−β2), äå tβ1 = tβ2 = 0. Ãðóïà
H1(U1, C

3) ¹ àáåëåâîþ ãðóïîþ òèïó (3, 3).
Çíàéäåìî ãðóïó H1

(
U2, C

3
)
, äå

U1 =

〈
a′′ =




0 −1 1
1 −1 0
0 t 1


 , b′′ =




0 −1 0
1 −1 0
0 t 1




〉
.
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ßê i ðàíiøå f(a′′) = 0. Îñêiëüêè

T−1
2 C2T2 ≡




0 0 1
0 0 −1
0 0 0


 ,

òî ç óìîâè T−1
2 C2T2f(b′) = 0 ñëiäó¹ β3 = 0. Äîäàâøè êîãðàíèöþ, îòðèìà¹ìî:

f(a′′) + (a′′ − 1)Z =



−1 −1 0
1 −2 0
0 t 0







z1

z2

z3


 = 0,

òîìó z1 = 2z2, tz2 = 0, z3 = z1 + z2 = z3 = 0 i Z = (2z2, z2, 0), tz2 = 0. Àíàëîãi÷íî

f(b′′) + (b′′ − 1)Z = f(b′′) +



−1 −1 0
1 −2 0
0 0 0







2z2

z2

0


 = f(b′′),

çâiäêè f(b′′) = (β1, β2, 0), tβi = 0, i = 1, 2. Òîìó H1(U2, C
3) ¹ àáåëåâîþ ãðóïîþ

òèïó (3, 3).
Òåîðåìà 3. Â êîæíîìó êëàñi êîöèêëiâ ãðóïè U2 â ãðóïi C3 iñíó¹ ¹äèíèé

êîöèêë f òàêèé, ùî f(a′′) = 0, f(b′′) = (β1, β2, 0), äå tβ1 = tβ2 = 0. Ãðóïà
H1(U2, C

3) ¹ àáåëåâîþ ãðóïîþ òèïó (3, 3).
Çíàéäåìî ãðóïó H1(V0, C

3).
Î÷åâèäíî f(a0) = 0 i íåõàé f(a1) = (α1, α2, α3), f(b) = (β1, β2, β3). Ç âëàñòè-

âîñòåé òâiðíèõ åëåìåíòiâ (a0−1)f(a) = 0, (a0−1)f(b) = 0 îòðèìà¹ìî âiäïîâiäíî
tα1 = 0, tβi = 0, i = 1, 2, 3. Ç (1), (2) ñëiäó¹ β3 = −β1 − β2.

Íåõàé h � êîãðàíèöÿ, ÿêà âèçíà÷à¹òüñÿ âåêòîðîì x = (x1, x2, x3)
(
xj ∈ C3

)
i

f1 = f + h. Çáåðiãàþ÷è óìîâó f1(a0) = 0, îäåðæèìî (a0− 1)X = 0, òîáòî txi = 0,

f1(b) = f(b) + (b− 1)X =




β1

β2

−β1 − β2


 +



−x1 + x3

x1 − x2

x2 − x3


 .

Âiçüìåìî x3 = −β1, x2 = β2, x1 = 0, òîäi f1(b) = 0. Îòæå, f(b) = 0.
Iç ñïiââiäíîøåííÿ b−1a1ba

−1 = 0 âèïëèâà¹ b−1a1bf(a−1
1 )+b−1a1f(b)+b−1f(a1)+

+ f(b−1) = 0 àáî (−b−1a1ba
−1
1 )f(a1) = 0, (b−1 − a0)f(a1) = 0, òîáòî tf(a1) = 0, à

òîìó ìè íå îòðèìàëè æîäíèõ íîâèõ îáìåæåíü. Òàêèì ÷èíîì, äîâåäåíî òåîðåìó.
Òåîðåìà 4. Â êîæíîìó êëàñi êîöèêëiâ ãðóïè V0 â ãðóïi C3 iñíó¹ ¹äèíèé

êîöèêë f òàêèé, ùî f(a0) = f(b) = 0, f(a1) = (α1, α2, α3), äå tαi = 0. Ãðóïà
H1

(
V0, C

3
)
¹ åëåìåíòàðíîþ àáåëåâîþ 3-ãðóïîþ òèïó (3, 3, 3).

Çíàéäåìî ãðóïó H1(V1, C
3).

V1 =

〈
a0, a

′
1 =




1 1 ε
0 ε εt
0 0 ε2


 , b′ =




1 0 0
t 0 −1
1 −1 1




〉
.

Íàóê. âiñíèê Óæãîðîä óí-òó, 2008, âèï. 17



ÏÅÐØÀ ÃÐÓÏÀ ÊÎÃÎÌÎËÎÃIÉ ÄËß ÍÅÇÂIÄÍÈÕ 3-ÏIÄÃÐÓÏ ÃÐÓÏÈ GL(3,Z[ε]) 99

Ëåãêî áà÷èòè, ùî f(a0) = 0. Ç óìîâè (a0 − 1)Z = 0, ïðè Z = (z1, z2, z3), îòðè-
ìà¹ìî tzi = 0, i = 1, 2, 3. Íåõàé f(a′1) = (α1, α2, α3), òîäi, äîäàâøè êîãðàíèöþ,
îòðèìà¹ìî

(a′1 − 1)Z + f(a′1) =




0 1 ε
0 t εt
0 0 ε2 − 1







z1

z2

z3


 + f(a′1) =




α1 + z1 + z2

α2

α3


 .

Âèáåðåìî α1 + z1 + z2 = 0, òîäi f(a′1) = (0, α2, α3), Z = (z1,−z1, z3).
Îñêiëüêè (b′ − a0)f(a′1) = 0, òî




0 0 0
0 −1 −1
0 1 −2







0
α2

α3


 ,

çâiäêè α3 = −α2, f(a′1) = (0, α2,−α2).
Äîäàìî êîãðàíèöþ

(b′ − 1)Z + f(b′) =




0 0 0
0 −1 −1
0 −1 −2







z1

−z1

z3


 + f(b′) =




β1

z1 − z3 + β2

−z1 − 2z3 + β3


 .

Âèáåðåìî z3 = z1 − β2, òîäi f(b′) = (β1, 0, β3). Iíøi ñïiââiäíîøåííÿ íå äàþòü
íîâèõ îáìåæåíü. Òîìó ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 5. Â êîæíîìó êëàñi êîöèêëiâ ãðóïè V1 â ãðóïi C3 iñíó¹ ¹äèíèé
êîöèêë f òàêèé, ùî f(a′0) = 0, f(a′1) = (0, α2,−α2), f(b′) = (β1, 0, β3), äå tα2 =
= tβi = 0. Ãðóïà H1

(
V1, C

3
)
¹ åëåìåíòàðíîþ àáåëåâîþ 3-ãðóïîþ òèïó (3, 3,

3).
Çíàéäåìî ãðóïó H1(V2, C

3).

V2 =

〈
a0, a

′′
1 =




1 0 ε2

0 ε −ε
0 0 ε2


 , b′′ =




0 −1 0
1 −1 0
0 t 1




〉
, f(a0) = 0.

Íåõàé f(a′′1) = (α1, α2, α3), f(b′′) = (β1, β2, β3). Íåâàæêî ïåðåêîíàòèñü, ùî tαi =
= 0, tβi = 0, i = 1, 2, 3. Àíàëîãi÷íî ïîïåðåäíüîìó âèïàäêó îäåðæèìî f(a′′1) =
= (0, 0, α3), f(b′′) = (0, β2, β3). Îòæå, ìè äîâåëè òåîðåìó 6.

Òåîðåìà 6. Â êîæíîìó êëàñi êîöèêëiâ ãðóïè V2 â ãðóïi C3 iñíó¹ ¹äèíèé
êîöèêë f òàêèé, ùî f(a′′0) = 0, f(a′′1) = (0, 0, α3), f(b′′) = (0, β2, β3), äå tα3 =
= tβi = 0. Ãðóïà H1

(
V2, C

3
)
¹ åëåìåíòàðíîþ àáåëåâîþ 3-ãðóïîþ òèïó (3, 3,

3).
Âiäøóêà¹ìî ãðóïó H1(W0, C

3).
Î÷åâèäíî f(a) = 0 i íåõàé f(a)1) = (α1, α2, α3), 3α1 = 0. Ç óìîâè a−1

1 aa1 = a4

îäåðæó¹ìî (a− 1)f(a1) = 0,


−1 0 ε
1 −1 0
0 1 −1







α1

α2

α3


 = 0,

çâiäêè α1 = α2 = α3, tα1 = 0. Òèì ñàìèì äîâåäåíî íàñòóïíó òåîðåìó.
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Òåîðåìà 7. Â êîæíîìó êëàñi êîöèêëiâ ãðóïè W0 â ãðóïi C3 iñíó¹ ¹äèíèé
êîöèêë f òàêèé, ùî f(a) = 0, f(a1) = (α1, α1, α1), äå tα1 = 0. Ãðóïà H1

(
W0, C

3
)

¹ öèêëi÷íîþ ãðóïîþ ïîðÿäêó 3.
Çíàéäåìî ãðóïó H1(W1, C

3).

W1 =

〈
a′ =




1 0 1
t 0 −1
0 1 −1


 , a′1 =




1 1 ε
0 ε εt
0 0 ε2




〉
.

ßê ïîêàçàíî ðàíiøå f(a) = 0, f(a′1) = (α1, α2, α3), tαi = 0. Êîãðàíèöÿ (a′−1)Z =
= 0, òîìó z3 = 0, tz1 = 0, z2 = 2z3 = 0, Z = (z1, 0, 0). Ç óìîâè a−1

1
′a ′a1

′ = a4 ′

îäåðæó¹ìî (a′ − 1)f(a′1) = 0,



0 0 1
t −1 −1
0 1 −2







α1

α2

α3


 = 0,

çâiäêè α2 = α3, f(a′1) = (α1, 0, 0). Äîäàìî êîãðàíèöþ

(a′ − 1)Z + f(a′1) =




0 1 ε
0 t εt
0 0 ε2 − 1







z1

0
0


 + f(a′1) = f(a′1).

Ìè íå îòðèìàëè íîâèõ óòî÷íåíü. Òèì ñàìèì äîâåäåíî òâåðäæåííÿ.
Òåîðåìà 8. Â êîæíîìó êëàñi êîöèêëiâ ãðóïè W1 â ãðóïi C3 iñíó¹ ¹äèíèé

êîöèêë f òàêèé, ùî f(a′) = 0, f(a′1 = (α1, α1, α1), äå tα1 = 0. Ãðóïà H1
(
W1, C

3
)

¹ öèêëi÷íîþ ãðóïîþ ïîðÿäêó 3.
Íàðåøòi çíàéäåìî ãðóïó H1(W2, C

3).

W2 =

〈
a′′1 =




1 0 ε2

0 ε −ε
0 0 ε2


 , a′′ =




0 −1 1
1 −1 0
0 t 1




〉
,

f(a′′) = 0, f(a′′1) = (α1, α2, α3), tαi = 0. Àíàëîãi÷íî ïîïåðåäíüîìó âèïàäêó, îäåð-
æèìî f(a′′1) = (α1,−α1, 0), tα1 = 0. Îòæå, H1(W2, C

3) ¹ öèêëi÷íîþ ãðóïîþ ïî-
ðÿäêó 3. Òîìó ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 9. Â êîæíîìó êëàñi êîöèêëiâ ãðóïè W2 â ãðóïi C3 iñíó¹ ¹äèíèé
êîöèêë f òàêèé, ùî f(a′′) = 0, f(a′′1) = (α1,−α1, 0), tα1 = 0. Ãðóïà H1

(
W2, C

3
)

¹ öèêëi÷íîþ ãðóïîþ ïîðÿäêó 3.
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