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Â. Â. Ìàðèíåöü, À. Â. Äîáðèäåíü (Óæãîðîäñüêèé íàö. óí-ò)

ÏÐÎ ÄÅßÊI ÍÅÊËÀÑÈ×ÍI ÇÀÄÀ×I ÄËß ÊÂÀÇIËIÍIÉÍÈÕ
ÐIÂÍßÍÜ ÃIÏÅÐÁÎËI×ÍÎÃÎ ÒÈÏÓ
The problem of Gursa–Darbu and Darbu–Gursa for quazilinear differential equation have been re-
searched and one two-sided method’s modification of the approximate integration of that problems
has been constructed.

Çà äîïîìîãîþ ìîíîòîííîãî äâîñòîðîííüîãî ìåòîäó äîñëiäæåíî çàäà÷i Ãóðñà�Äàðáó òà Äàðáó�
Ãóðñà äëÿ êâàçiëiíiéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ, äîâåäåíî òåîðåìè iñíóâàííÿ òà ¹äèíîñòi
ðîçâ'ÿçêó, ïðî äèôåðåíöiàëüíó íåðiâíiñòü, îòðèìàíî óìîâó íàëåæíîñòi ðîçâ'ÿçêó ïîñòàâëåíî¨
çàäà÷i ïðîñòîðó C(1.1)(D) ∩ C(0.1)(D).

Âñòóï. Îäíå ç âàæëèâèõ ïèòàíü òåîði¨ íàáëèæåíèõ ìåòîäiâ ¹ ïðîáëåìà îöií-
êè ïîõèáêè îòðèìàíîãî íàáëèæåíîãî ðîçâ'ÿçêó. Òîìó ðîçðîáêà òà äîñëiäæåííÿ
êîíñòðóêòèâíèõ ìåòîäiâ íàáëèæåíîãî iíòåãðóâàííÿ çàäà÷ òåîði¨ äèôåðåíöiàëü-
íèõ ðiâíÿíü, ÿêi á äàâàëè ïîðiâíÿíî ïðîñòèé àëãîðèòì îá÷èñëåííÿ ïîõèáêè
íàáëèæåíèõ ðîçâ'ÿçêiâ, ¹ ïðîáëåìîþ àêòóàëüíîþ.

Äî òàêèõ ìåòîäiâ âiäíîñÿòüñÿ i òàê çâàíi äâîñòîðîííi ìåòîäè, ÿêi äàþòü ìî-
æëèâiñòü íà êîæíîìó êðîöi iòåðàöiéíîãî ïðîöåñó øóêàíèé ðîçâ'ÿçîê îõîïëþ-
âàòè â ½âèëêó“ i òàêèì ÷èíîì îòðèìóâàòè çðó÷íó àïîñòåðiîðíó îöiíêó ïîõèáêè
ïîñëiäîâíèõ íàáëèæåíü.

Âïåðøå iäåÿ äâîñòîðîííüîãî ìåòîäó áóëà âèñëîâëåíà àêàäåìiêîì Ñ.Î. ×à-
ïëèãiíèì áëèçüêî 100 ðîêiâ òîìó. Ïiñëÿ òîãî, ÿê Í.Í. Ëóçiíèì â 1932 ðîöi áóëî
ïîêàçàíî íàäçâè÷àéíó øâèäêiñòü çáiæíîñòi äâîñòîðîííüîãî ìåòîäó, âií îòðè-
ìàâ øèðîêå çàñòîñóâàííÿ â ðiçíèõ îáëàñòÿõ ìàòåìàòèêè, ïðî ùî ñâiä÷èòü âåëè-
êà êiëüêiñòü íàóêîâèõ ïóáëiêàöié, ïðèñâÿ÷åíèõ öié ïðîáëåìàòèöi (ðîáîòè Í.Â.
Àçáåë¹âà òà éîãî ó÷íiâ, Í.Á. Áàáêiíà, Å.À. Âîëêîâà, Ê.Â. Çàäèðàêè, È.Ò. Êiãó-
ðàäçå, Þ.I. Êîâà÷à, Í.Ñ. Êóðïåëÿ, Â. Ëàêøìiêàíòàì, Ð.Ðàá÷óêà, À.Ë. Òåïòiíà
òà áàãàòüîõ iíøèõ).

Äàíà ñòàòòÿ ïðèñâÿ÷åíà ïîáóäîâi ìîäèôiêàöié äâîñòîðîííüîãî ìåòîäó äëÿ
äîñëiäæåííÿ äåÿêèõ íåêëàñè÷íèõ çàäà÷ òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü â ÷à-
ñòèííèõ ïîõiäíèõ ãiïåðáîëi÷íîãî òèïó.
1. Çàäà÷à Ãóðñà�Äàðáó.
1.1. Ïîñòàíîâêà çàäà÷i òà ¨¨ äîñëiäæåííÿ. Íåõàé y = g(x) � ½âiëüíà“ êðèâà
(y1 = g(x0), y2 = g(x1)), g′(x) > 0 ïðè x ∈ [x0, x1], à D = D1 ∪ D2, ãäå D1 =
{(x, y)|x ∈ (x0, x1], y ∈ (y0, y1]}, D2 = {(x, y)|x ∈ [x0, x1], y ∈ (y1, g(x))} (äèâ. ðèñ.
1).

Ïîñòàíîâêà çàäà÷i: â ïðîñòîði ôóíêöié C∗(M) = C(1.1)(D) ∩ C(D) çíàéòè
ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ

Uxy(x, y) + a1(x, y)Ux(x, y) + a2(x, y)Uy(x, y) = f(x, y, U(x, y)) ≡ f [U(x, y)], (1)

ÿêèé íà õàðàêòåðèñòèêàõ x = x0, y = y0 òà íà ½âiëüíié“ êðèâié y = g(x) (x =
= k(y)) çàäîâîëüíÿ¹ óìîâè

U(x0, y) = ϕ(y), y = [y0, y1],

U(x, y1) = ψ(x), x ∈ [x0, x1],
(2)
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U(x, g(x)) = ω(x), x ∈ [x0, x1], (3)

äå φ(x), ω(x) ∈ C1[x0, x1], ϕ(y) ∈ C1[y0, y1], êðiì òîãî âèêîíóþòüñÿ óìîâè óçãîä-
æåíîñòi

ω(x0) = ϕ(y1), ϕ(y0) = ψ(x0). (4)

Áóäåìî ââàæàòè, ùî f [U(x, y)] ∈ C(B), f : B → R, B ⊂ R3, a1(x, y) ∈ C(D),
a2(x, y) ∈ C(0.1)(D) ïðè (x, y) ∈ D.

Ïîçíà÷èìî ÷åðåç Z1(x, y) ðîçâ'ÿçîê çàäà÷i Ãóðñà: â ïðîñòîði ôóíêöié
C(1.1)(D1) ∩C(D1) çíàéòè ðîçâ'ÿçîê ðiâíÿííÿ (1), ÿêèé çàäîâîëüíÿ¹ óìîâó (2) i
äðóãó ç óìîâ (4), à ÷åðåç Z2(x, y) - ðîçâ'ÿçîê çàäà÷i Äàðáó: â ïðîñòîði C(1.1)(D2)∩
C(D2) çíàéòè ðîçâ'ÿçîê ðiâíÿííÿ (1), ÿêèé çàäîâîëüíÿ¹ óìîâó (3), ïåðøó ç óìîâ
(4) i

Z2(x, y1) = Z1(x, y1). (5)

Î÷åâèäíî, ùî ðîçâ'ÿçîê çàäà÷i (1)-(4)

U(x, y) =

{
Z1(x, y), (x, y) ∈ D1,

Z2(x, y), (x, y) ∈ D2,

ïðè÷îìó U(x, y) ∈ C∗(M), ÿêùî Z1,x(x, y1) = Z2,x(x, y1) i Z1,y(x, y1) = Z2,y(x, y1).
Ëåãêî ïîêàçàòè, ùî ñôîðìóëüîâàíi çàäà÷i Ãóðñà òà Äàðáó åêâiâàëåíòíi iíòåã-
ðàëüíèì ðiâíÿííÿì âiäïîâiäíî

Z1(x, y) = Φ1(x, y) +

x∫

x0

y∫

y0

K(x, y; ξ, η)F [Z1(ξ, η)]dηdξ, (x, y) ∈ D1, (6)

Z2(x, y) = Φ2(x, y) +

x∫

k(y)

y∫

y1

K(x, y; ξ, η)F [Z2(ξ, η)]dηdξ, (x, y) ∈ D2, (7)
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äå

Φ1(x, y) =

[
ϕ(y) +

x∫
x0

(ψ′(ξ) + a2(ξ, y0)ψ(ξ))exp

(
ξ∫

x0

a2(τ, t)dτ +
y0∫
y

a1(ξ, η)dη

)
dξ

]
×

× exp

(
x0∫
x

a2(ξ, y)dξ

)
,

Φ2(x, y) = ω1,2(x, y) +
x∫

k(y)

y∫
y0

K(x, y; ξ, η)F [Z1(ξ, η)]dηdξ ≡

≡ ω(k(y)) exp

(
k(y)∫
x

a2(ξ, y)dξ

)
+

x∫
k(y)

K(x, y; ξ, y0)[ψ
′(ξ) + a2(ξ, y0)ψ(ξ)]dξ+

+
x∫

k(y)

y∫
y0

K(x, y; ξ, η)F [Z1(ξ, η)]dηdξ,

K(x, y; ξ, η) = exp

(
ξ∫

x

a2(τ, y)dτ +
η∫
y

a1(ξ, τ)dτ

)
,

F [U(x, y)] ≡ f [U(x, y)] + [a2,y(x, y) + a1(x, y)a2(x, y)]U(x, y).

Î÷åâèäíî, ùî Z1,x(x, y) = Z2,x(x, y) i

Z2,y(x, y1)− Z1,y(x, y1) = ρ(x0, y0, y1) exp




x0∫

x

a2(ξ, y1)dξ


 , (8)

äå

ρ(x0, y0, y1) = k′(y)ω′(x0)− k′(y)(ψ′(x0) + a2(x0, y0)ψ(x0))× exp

(
y0∫
y1

a1(x0, τ)dτ+

+a2(x0, y1)ϕ(y1)−
y1∫
y0

F (x0, η, ϕ(η)) exp

(
η∫

y1

a1(x0, τ)dτ

)
dη

)
− ϕ′(y1).

Òàêèì ÷èíîì ñïðàâåäëèâà íàñòóïíà òåîðåìà
Òåîðåìà 1. ßêùî iíòåãðàëüíi ðiâíÿííÿ (6), (7) ìàþòü ðîçâ'ÿçêè, òî äëÿ

òîãî, ùîá ðîçâ'ÿçîê çàäà÷i (1)�(4) íàëåæàâ ïðîñòîðó ôóíêöié C∗(M), íåîáõiäíî
i äîñòàòíüî âèêîíàííÿ óìîâè

ρ(x0, y0, y1) = 0. (9)

Â ñóïðîòèâíîìó âèïàäêó ðîçâ'ÿçîê çàäà÷i (1)�(4) U(x, y) ∈ C(1.1)(D \ I) ∩
C(1.0)(D),
I = {(x, y) |y = y1, x ∈ [x0, x1]}, i ñïðàâåäëèâà ðiâíiñòü (8).

Ç òåîðåìè 1 âèïëèâà¹, ùî ÿêùî ½âiëüíà“ êðèâà x = k(y) ¹ òàêîþ, ùî k′(y) = 0,
òî óìîâà (9) âèêîíó¹òüñÿ, ÿêùî ϕ′(y1) = 0.

Íàñëiäîê 1. Íåõàé ðiâíÿííÿ (1) � ëiíiéíå, òîáòî f [U(x, y)] = Ω(x, y) −
a3(x, y)U(x, y), äå Ω(x, y), a3(x, y) ∈ C(D) i ïðè (x, y) ∈ D âèêîíó¹òüñÿ óìîâà

a3(x, y)− a1(x, y)a2(x, y) = a2,y(x, y). (10)
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Òîäi çàäà÷à (1)�(4) â îáëàñòi D ìà¹ ¹äèíèé ðîçâ'ÿçîê

Z1(x, y) = Φ1(x, y) +

x∫

x0

y∫

y0

K(x, y; ξ, η)Ω(ξ, η)dηdξ, (x, y) ∈ D1, (11)

Z2(x, y) = Φ2(x, y) +

x∫

k(y)

y∫

y1

K(x, y; ξ, η)Ω(ξ, η)dηdξ, (x, y) ∈ D2, (12)

ïðè÷îìó ÿêùî âèêîíó¹òüñÿ óìîâà (9), òî U(x, y) ∈ C∗(M).
ßêùî æ óìîâè (2), (3) îäíîðiäíi i äëÿ âñiõ (x, y) ∈ D Ω(x, y) ≥ 0(≤ 0), òî

ðîçâ'ÿçîê çàäà÷i (1)-(3) U(x, y) ≥ 0(≤ 0) ïðè (x, y) ∈ D.

Î÷åâèäíî, ùî â öüîìó âèïàäêó F [U(x, y)] ≡ Ω(x, y) i ç (6) i (7) îòðèìó¹ìî
(11), (12), çâiäêè âèïëèâà¹ òâåðäæåííÿ íàñëiäêó 1.

Íàñëiäîê 2. Íåõàé ðiâíÿííÿ (1) � ëiíiéíå i éîãî êîåôiöi¹íòè â îáëàñòi D
çàäîâîëüíÿþòü óìîâè

a1(x, y) ∈ C(1.0)(D), a3(x, y)− a1(x, y)a2(x, y) = a1,x(x, y). (13)

Òîäi ¹äèíèé â îáëàñòi D ðîçâ'ÿçîê çàäà÷i (1)�(4) çàäà¹òüñÿ ôîðìóëàìè

Z1(x, y) = Φ̃1(x, y) +

y∫

y0

x∫

x0

K(x, y; ξ, η)Ω(ξ, η)dξdη, (x, y) ∈ D1, (14)

Z2(x, y) = Φ̃2(x, y) +

y∫

y1

x∫

k(η)

K(x, y; ξ, η)Ω(ξ, η)dξdη, (x, y) ∈ D2, (15)

äå

Φ̃1(x, y) =

[
ψ(x) +

y∫
y0

(ϕ′(η) + a1(x0, η)ϕ(η)) ×

× exp

(
x0∫
x

a2(ξ, η)dξ +
η∫

y0

a1(x, τ)dτ

)
dη

]
exp

(
y0∫
y

a1(x, η)dη

)
,

Φ̃2(x, y) =

[
Z(x, y1) +

y∫
y1

(f(η) + a1(K(η), η)ω(K(η)))×

× exp

(
k(η)∫
x

a2(ξ, η)dξ +
η∫

y1

a1(x, τ)dτ

)
dη

]
exp

(
y1∫
y

a1(x, η)dη

)
,
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à f1(y) ¹ ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ
y∫

y1

K(y, η)f1(η)dη = ρ(y),

K(y, η) = exp

(
k(η)∫
k(y)

a2(ξ, η)dξ +
η∫

y1

a1(K(y), τ)dτ

)
,

ρ(y) = ω(k(y)) exp

(
y∫

y1

a1(k(η), η)dη

)
− Z1(k(y), y1)−

−
y∫

y1

K(y, η)a1(k(η), η)ω(k(η))dη −
y∫

y1

k(y)∫
k(η)

K(y, η)Ω(ξ, η) exp

(
ξ∫

k(η)

a2(τ, η)dτ

)
dξdη,

ïðè÷îìó, ÿêùî âèêîíó¹òüñÿ óìîâà

ϕ′(y1)− k′(y)

[
ω′(x0)− ψ′(x0) exp

(
y0∫
y1

a1(x0, η)dη

)
+

+
y1∫
y0

(a2(x0, η)ϕ′(η) + a3(x0, η)ϕ(η)− Ω(x0, η)) exp

(
η∫

y1

a1(x0, τ)dτ

)
dη

]
= 0,

òî ðîçâ'ÿçîê çàäà÷i (1)�(4) U(x, y) ∈ C∗(M).
Íåõàé ïðàâà ÷àñòèíà ðiâíÿííÿ (1) ìà¹ âèãëÿä

f [U(x, y)] =

{
Ω(x, y)− a3(x, y)U(x, y), (x, y) ∈ D1,

f1(x, y, U(x, y)), (x, y) ∈ D2,

Ω(x, y1) − a3(x, y1)U(x, y1) ≡ f1(x, y1, U(x, y1)), ïðè÷îìó âèêîíó¹òüñÿ óìîâà (10)
ïðè (x, y) ∈ D1.

Òîäi ðîçâ'ÿçîê çàäà÷i Ãóðñà ïðè (x, y) ∈ D1 çàäà¹òüñÿ ôîðìóëîþ (11), à
ðîçâ'ÿçîê çàäà÷i Äàðáó ïðè (x, y) ∈ D2 � ôîðìóëîþ (7).

Â öüîìó âèïàäêó ìà¹ ìiñöå ðiâíiñòü (8), äå F (x0, η, ϕ(η)) ≡ Ω(x0, η).
1.2. Äâîñòîðîííié ìåòîä íàáëèæåíîãî iíòåãðóâàííÿ çàäà÷i (1)-(4). Íå-
õàé ôóíêöiÿ F [U(x, y)] ∈ C4(B), äå C4(B) � ïðîñòið ôóíêöié, ÿêi çàäîâîëü-
íÿþòü íàñòóïíi óìîâè:

1) F [U(x, y)] ∈ C(B);

2) â ïðîñòîði ôóíêöié C(B1), B1 ⊂ R4, Πpx0yB1 = D, ∃ òàêà ôóíêöiÿ

H(x, y, U(x, y), V (x, y)) ≡ H(U(x, y); V (x, y)),

ùî H[U(x, y); U(x, y)] ≡ F [U(x, y)] i äëÿ äîâiëüíèõ ç ïðîñòîðó C(D)
äâîõ ïàð ôóíêöié Ui(x, y), Vi(x, y) ∈ B1, i = 1, 2, ÿêi çàäîâîëüíÿþòü óìîâè

Ui(x, y) ≥ Vi(x, y), (x, y) ∈ D,

â îáëàñòi B1 âèêîíó¹òüñÿ íåðiâíiñòü

H[U1(x, y); V2(x, y)] ≥ H[V1(x, y); U2(x, y)]; (16)
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3) ôóíêöiÿ H[U(x, y); V (x, y)] â îáëàñòi ¨¨ âèçíà÷åííÿ B1 çàäîâîëüíÿ¹ óìîâó
Ëiïøiöà

|H[U1(x, y); V1(x, y)]−H[U2(x, y); V2(x, y)]| ≤
≤ L (|U1(x, y)− U2(x, y)|+ |V1(x, y)− V2(x, y)|) ,

(17)

∀Ui(x, y), Vi(x, y) ∈ B1, i = 1, 2, L - ñòàëà Ëiïøiöà.

Ëåãêî ïåðåêîíàòèñÿ, ùî ÿêùî F [U(x, y)] â îáëàñòi ¨¨ âèçíà÷åííÿ íåïåðåðâíà i
ìà¹ îáìåæåíó ÷àñòèííó ïîõiäíó ïî U(x, y), òî âîíà çàâæäè íàëåæèòü ïðîñòîðó
C4(B).

Ââåäåìî ïîçíà÷åííÿ

F p
i (x, y) ≡ H[Zi,p(x, y); Vi,p(x, y)], i = 1, 2,

Fi,p(x, y) ≡ H[Vi,p(x, y); Zi,p(x, y)], p = 0, 1, 2, ..., (x, y) ∈ Di,
(18)

T1f(ξ, η) ≡
x∫

x0

y∫
y0

K(x, y; ξ, η)f(ξ, η)dηdξ, (x, y) ∈ D1,

T2f(ξ, η) ≡
x∫

k(y)

y∫
y1

K(x, y; ξ, η)f(ξ, η)dηdξ, (x, y) ∈ D2,

T3f(ξ, η) ≡
x∫

k(y)

y1∫
y0

K(x, y; ξ, η)f(ξ, η)dηdξ, (x, y) ∈ D2,

αi,p(x, y) = Zi,p(x, y)− ωp
i,i(x, y)− TiF

p
i (ξ, η),

βi,p(x, y) = Vi,p(x, y)− ωp
i,i(x, y)− TiFi,p(ξ, η), (x, y) ∈ Di,

(19)

ωp
1,1(x, y) = ωp

1,1 = Φ1(x, y)∀p ∈ N, (x, y) ∈ D1,

ωp
2,2 = ω1,2(x, y) + T3F

p
1 (ξ, η),

ωp
2,2 = ω1,2(x, y) + T3F1,p(ξ, η), (x, y) ∈ D2,

Wi,p(x, y) = Zi,p(x, y)− Vi,p(x, y), (x, y) ∈ Di.

(20)

Ïîñëiäîâíîñòi ôóíêöié {Zi,p(x, y)} i {Vi,p(x, y)} ïîáóäó¹ìî çãiäíî ôîðìóë

Zi,p+1(x, y) = ωp
i,i(x, y) + TiF

p
i (ξ, η),

Vi,p+1(x, y) = ωp
i,i(x, y) + TiFi,p(ξ, η), (x, y) ∈ Di,

(21)

i = 1, 2, p = 0, 1, 2, ..., äå çà íóëüîâå íàáëèæåííÿ Zi,0(x, y), Vi,0(x, y) ∈ B1, i = 1, 2,
âèáèðà¹ìî äîâiëüíi ôóíêöi¨ ç ïðîñòîðó C(Di), ÿêi çàäîâîëüíÿþòü óìîâè

αi,0(x, y) ≥ 0, βi,0(x, y) ≤ 0, Wi,0(x, y) ≥ 0, (x, y) ∈ Di. (22)

Ïðèéìàþ÷è äî óâàãè óìîâó (4), ìà¹ìî

ωp
2,2(x, y1) = Z1,p+1(x, y1) = Z2,p+1(x, y1),

ωp
2,2(x, y1) = V1,p+1(x, y1) = V2,p+1(x, y1), x ∈ [x0, x1].

Ç (18), (21) îòðèìà¹ìî
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αi,p+1(x, y) =





α1,p+1(x, y) = T1

(
F p

1 (ξ, η)− F p+1
1 (ξ, η)

)
, (x, y) ∈ D1,

α2,p+1(x, y) = T2

(
F p

2 (ξ, η)− F p+1
2 (ξ, η)

)
+

+T3

(
F p

1 (ξ, η)− F p+1
1 (ξ, η)

)
, (x, y) ∈ D2,

βi,p+1(x, y) =





β1,p+1(x, y) = T1 (F1,p(ξ, η)− F1,p+1(ξ, η)) , (x, y) ∈ D1,

β2,p+1(x, y) = T2 (F2,p(ξ, η)− F2,p+1(ξ, η)) +

+T3 (F1,p(ξ, η)− F1,p+1(ξ, η)) , (x, y) ∈ D2,

(23)

Zi,p(x, y)− Zi,p+1(x, y) = αi,p(x, y),

Vi,p(x, y)− Vi,p+1(x, y) = βi,p(x, y),
(24)

Wi,p+1(x, y) = ωp
i,i(x, y)− ωp

i,i(x, y) + Ti[F
p
i (ξ, η)− Fi,p(ξ, η)]. (25)

Â ñèëó óìîâ (16), (22) ç (24) i (25) ïðè p = 0 ìà¹ìî

Zi,0(x, y) ≥ Zi,1(x, y), Vi,0(x, y) ≤ Vi,1(x, y),

Wi,1(x, y) ≥ 0, (x, y) ∈ Di,

òîáòî ñïðàâåäëèâi ïðè (x, y) ∈ D íåðiâíîñòi

Vi,0(x, y) ≤ Vi,1(x, y) ≤ Zi,1(x, y) ≤ Zi,0(x, y).

Òàêèì ÷èíîì, ÿêùî íóëüîâå íàáëèæåííÿ íàëåæèòü B1, òî i Zi,1(x, y),
Vi,1(x, y) ∈ B1, i = 1, 2, (x, y) ∈ D. Ïðèéìàþ÷è äî óâàãè îñòàííi íåðiâíîñòi i
óìîâó (16), ç (23) ïðè p = 0 îòðèìà¹ìî

αi,1(x, y) ≥ 0, βi,1 ≤ 0. (26)

Ïîâòîðþþ÷è âèùå íàâåäåíi ìiðêóâàííÿ, ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïå-
ðåêîíó¹ìîñÿ â ñïðàâåäëèâîñòi íåðiâíîñòåé

Vi,p(x, y) ≤ Vi,p+1(x, y) ≤ Zi,p+1(x, y) ≤ Zi,p(x, y) (27)

äëÿ ∀p ∈ N i (x, y)D.
Òåîðåìà 2. Íåõàé ôóíêöiÿ F [U(x, y)] ∈ C4(B) i â ïðîñòîði C∗(D) iñíóþòü

òàêi ôóíêöi¨ íóëüîâîãî íàáëèæåííÿ Vi,0(x, y), Zi,0(x, y) ∈ B1, ùî âèêîíóþòüñÿ
óìîâè (22).

Òîäi ïîñëiäîâíîñòi ôóíêöié {Zi,p(x, y)}, {Vi,p(x, y)}, ïîáóäîâàíi çãiäíî ôîð-
ìóë (21), çáiãàþòüñÿ â îáëàñòi Di àáñîëþòíî i ðiâíîìiðíî äî ¹äèíîãî ðîçâ'ÿçêó
âiäïîâiäíî ðiâíÿííÿ (6)

(
i = 1, (x, y) ∈ D1

)
àáî ðiâíÿííÿ (7)

(
i = 2, (x, y) ∈ D2

)
,

ïðè÷îìó äëÿ ∀p ∈ N i (x, y) ∈ Di ñïðàâåäëèâi íåðiâíîñòi

Vi,p(x, y) ≤ Vi,p+1(x, y) ≤ Zi(x, y) ≤ Zi,p+1(x, y) ≤ Zi,p(x, y) (28)
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Äîâåäåííÿ. Äîâåäåìî ðiâíîìiðíó çáiæíiñòü ïîñëiäîâíîñòåé ôóíêöié
{Zi,p(x, y)}, {Vi,p(x, y)}. Â ñèëó íåðiâíîñòåé (27) äëÿ öüîãî äîñòàòíüî ïîêàçàòè,

ùî Wi,p(x, y)
Di

⇒
p→∞

0 . Ç (25) ëåãêî îòðèìàòè îöiíêè

Wi,p(x, y) ≤ [2LKl(x− x0 + y − y0)]
p

p!
d, (x, y) ∈ Di, (29)

äå d = max
i

{
sup
Di

Wi,0(x, y)

}
, K = sup

D×D

K(x, y; ξ, η), l = max {1, x1 − x0 + y2 − y0}.
Ç îöiíîê (29) i íåðiâíîñòåé (28) âèïëèâà¹, ùî

lim
p→∞

Vi,p(x, y) = lim
p→∞

Zi,p(x, y) = Z∗
i (x, y),

òàêèì ÷èíîì, ïåðåõîäÿ÷è â (12) äî ãðàíèöi ïðè p → ∞, ïåðåêîíó¹ìîñÿ, ùî
Z∗

i (x, y) = Zi(x, y), (x, y) ∈ Di, òîáòî ãðàíè÷íà ôóíêöiÿ Z∗
i (x, y) ¹ ðîçâ'ÿçêîì

âiäïîâiäíî iíòåãðàëüíèõ ðiâíÿíü (6), (7) ïðè (x, y) ∈ Di.
�äèíiñòü ðîçâ'ÿçêó çàäà÷i (1)-(4) â îáëàñòi D äîâîäèòüñÿ ìåòîäîì âiä ñóïðî-

òèâíîãî. Äîâåäåìî ñïðàâåäëèâiñòü íåðiâíîñòåé (28). Äëÿ öüîãî ïðèïóñòèìî, ùî
â äåÿêîìó îêîëi òî÷êè (x, y) ∈ Di i äëÿ äåÿêîãî p Zi,p(x, y) < Zi(x, y). Òîäi â
ñèëó íåðiâíîñòåé (28) äëÿ âñÿêîãî n ∈ N

Zi,p+n(x, y) ≤ Zi,p(x, y) < Zi(x, y),

à öå çíà÷èòü, ùî â îêîëi ðîçãëÿäóâàíî¨ òî÷êè ïîñëiäîâíiñòü ôóíêöié {Zi,p+n(x, y)}
ïðè n → ∞ íå çáiãà¹òüñÿ äî ðîçâ'ÿçêó Zi(x, y) âiäïîâiäíî iíòåãðàëüíîãî ðiâíÿ-
ííÿ (6) àáî (7), à öå ñóïåðå÷èòü äîâåäåíîìó.

Íàñëiäîê 3. Íåõàé ôóíêöiÿ F [U(x, y)] ∈ C4(B) i â îáëàñòi B1 iñíó¹ òàêà
íåïåðåðâíà ôóíêöiÿ Vi,0(x, y) ≤ 0 (Zi,0(x, y) ≥ 0), ùî ïðè (x, y) ∈ D âèêîíóþ-
òüñÿ óìîâè

H[0; Vi,0(x, y)] ≤ 0, Vi,0(x, y)−H[0; Vi,0(x, y)] ≤ 0,

(H[Zi,0(x, y); 0] ≥ 0, Zi,0(x, y)−H[Zi,0(x, y); 0] ≥ 0) .

Òîäi ðîçâ'ÿçîê çàäà÷i (1)�(4) ïðè îäíîðiäíèõ óìîâàõ (2), (3) çàäîâîëüíÿ¹ íåðiâ-
íiñòü

U(x, y) ≤ 0 (U(x, y) ≥ 0) (30)

äëÿ âñiõ (x, y) ∈ D.
Âiäìiòèìî, ùî ÿêùî F [U(x, y)] ≡ H[U(x, y); 0], òî íåðiâíîñòi (30) áóäóòü âè-

êîíóâàòèñÿ, ÿêùî ïðè (x, y) ∈ D f(x, y, 0) ≤ 0 (f(x, y, 0) ≥ 0).
2. Çàäà÷à Äàðáó-Ãóðñà.
2.1. Îñíîâíi ïîçíà÷åííÿ òà îçíà÷åííÿ. Íåõàé y = g(x) - ½âiëüíà“ êðèâà
(y1 = g(x0), y2 = g(x1), ), ïðè÷îìó g′(x) > 0 ïðè x ∈ [x0, x1], à D = D1 ∪ D2,
äå D1 = {(x, y)|x ∈ (x0, x1), y ∈ [y1, g(x))}, D2 = {(x, y)|x ∈ [x0, x1), y ∈ [y0, y1)}
(äèâ. ðèñ. 2).
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D1

D2

y

x

y2

y1

y0

x0 x1

y=
g(

x)
Ðèñ. 2

Ïîñòàíîâêà çàäà÷i: â ïðîñòîði ôóíêöié C∗(D) = C(1.1)(D) ∩ C(D) çíàéòè
ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ

Uxy(x, y) = f (x, y, U(x, y), Ux(x, y), Uy(x, y)) ≡ f [U(x, y)], (31)
ÿêèé íà ½âiëüíié“ êðèâié y = g(x) (x = K(y)) i õàðàêòåðèñòèöi x = x1 çàäîâîëü-
íÿ¹ óìîâè

U(x, g(x)) = ϕ(x), x ∈ [x0, x1],

U(x1, y) = ψ(y), y ∈ [y0, y2],
(32)

äå ϕ(x) ∈ C1[x0, x1], ψ(y) ∈ C1[y0, y2], ïðè÷îìó âèêîíóþòüñÿ óìîâè óçãîäæåíîñòi
ϕ(x1) = ψ(y2). (33)

Áóäåìî ââàæàòè, ùî f [U(x, y)] ∈ C(B), f : B → R, B = D×B0×B1×B2 ⊂ R5,
ïðè U(x, y) ∈ B iñíó¹ îáìåæåíà ïîõiäíà ∂f [U(x,y)]

∂Uy(x,y)
.

Ïîçíà÷èìî ÷åðåç U1(x, y) ðîçâ'ÿçîê çàäà÷i Äàðáó: â ïðîñòîði ôóíêöié C∗(D1)
çíàéòè ðîçâ'ÿçîê ðiâíÿííÿ (31), ÿêèé çàäîâîëüíÿ¹ óìîâè (32), (33); ÷åðåç U2(x, y)
� ðîçâ'ÿçîê çàäà÷i Ãóðñà: â ïðîñòîði ôóíêöié C∗(D2) çíàéòè ðîçâ'ÿçîê ðiâíÿííÿ
(31), ÿêèé çàäîâëüíÿ¹ óìîâè

U2(x1, y) = ψ(y), y ∈ [y0, y1],

U2(x, y1) = U1(x, y1), x ∈ [x0, x1].
(34)

Î÷åâèäíî, ùî ðîçâ'ÿçîê çàäà÷i (31)-(33)

U(x, y) =

{
U1(x, y), (x, y) ∈ D1,

U2(x, y), (x, y) ∈ D2,
(35)

ïðè÷îìó U(x, y) ∈ C∗(D), ÿêùî U1,y(x, y1) = U2,y(x, y1).
Ëåãêî ïîêàçàòè, ùî ñôîðìóëüîâàíi çàäà÷i Äàðáó òà Ãóðñà ìîæíà ïîäàòè â

åêâiâàëåíòíié iíòåãðàëüíié ôîðìi

U1(x, y) = Φ1(x, y) +

g(x)∫

y

x1∫

x

f [U1(ξ, η)]dξdη ≡ Φ1(x, y) + T1f [U1(ξ, η)], (36)
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U2(x, y) = Φ2(x, y) +

y1∫

y

x1∫

x

f [U2(ξ, η)]dξdη ≡ Φ2(x, y) + T2f [U2(ξ, η)], (37)

äå

Φ1(x, y) = ϕ(x) + ψ(y)− ψ(g(x)), Φ2(x, y) = U1(x, y1) + ψ(y)− ψ(y1),

Î÷åâèäíî, ùî U1,x(x, y1) = U2,x(x, y1).
Ç (36) i (37) ìà¹ìî

U2,y(x, y1)− U1,y(x, y1) =
x1∫
x

[f(ξ, y1, U1(ξ, y1), U1,x(ξ, y1), U1,y(ξ, y1))−
−f(ξ, y1, U1(ξ, y1), U1,x(ξ, y1), U2,y(ξ, y1))]dξ =

x1∫
x

∂f̃ [U(ξ,y1)]
∂Uy(ξ,y1)

[U1,y(ξ, y1)− U2,y(ξ, y1)]dξ,

äå ∂f̃ [U(ξ,y1)]
∂Uy(ξ,y1)

� çíà÷åííÿ ÷àñòèííî¨ ïîõiäíî¨ â äåÿêié òî÷öi îáëàñòi B |y=y1 .
Ïîçíà÷èâøè Z(x) = U2,y(x, y1) − U1,y(x, y1), ïîïåðåäíþ ðiâíiñòü çàïèøåìî ó

âèãëÿäi

Z(x) =

x1∫

x

∂f̃ [U(ξ, y1)]

∂Uy(ξ, y1)
Z(ξ)dξ.

Îñêiëüêè äëÿ ∀U(x, y) ∈ B ïîõiäíà ∂f [U(x,y)]
∂Uy(x,y)

îáìåæåíà, òî ç îñòàííüî¨ ðiâíîñòi
âèïëèâà¹, ùî Z(x) ≡ 0.

Òàêèì ÷èíîì ñïðàâåäëèâà íàñòóïíà
Ëåìà 1. ßêùî çàäà÷à (31)�(33) ìà¹ ðîçâ'ÿçîê i ôóíêöiÿ f [U(x, y)] çàäîâîëü-

íÿ¹ âèùå âêàçàíèì óìîâàì, òî öåé ðîçâ'ÿçîê íàëåæèòü ïðîñòîðó C∗(D).
2.2. Íàáëèæåíå iíòåãðóâàííÿ çàäà÷i Äàðáó-Ãóðñà. Íàäàëi áóäåìî ââà-
æàòè, ùî f [U(x, y)] ≡ f (x, y, U(x, y), Uy(x, y)) i f [U(x, y)] ∈ C5(B), äå C5(B) �
ïðîñòið ôóíêöié, ÿêi çàäîâîëüíÿþòü íàñòóïíi óìîâè:

1) ôóíêöiÿ f [U(x, y)] ∈ C(D) i ìà¹ îáìåæåíó ÷àñòèííó ïîõiäíó ∂f [U(x,y)]
∂Uy(x,y)

â
îáëàñòi B;

2) ôóíêöiþ f [U(x, y)] â îáëàñòi ¨¨ âèçíà÷åííÿ ìîæíà ïîäàòè ó âèãëÿäi f [U(x, y)] =
H(x, y, U(x, y), Ux(x, y), Uy(x, y); U(x, y), Ux(x, y), Uy(x, y)) ≡ H[U(x, y); U(x, y)]
òàêèì ÷èíîì, ùîá äëÿ äîâiëüíèõ ôóíêöié Z(x, y), V (x, y) ∈ C∗(D), ÿêi íà-
ëåæàòü îáëàñòi âèçíà÷åííÿ B

∗ ôóíêöi¨ H[U(x, y); U(x, y)] i çàäîâîëüíÿþòü
íåðiâíîñòi

W (x, y) = Z(x, y)− V (x, y) ≥ 0,Wx(x, y) ≤ 0,Wy(x, y) ≤ 0 (38)

âèêîíóâàëàñÿ óìîâà

H[Z(x, y); V (x, y)]−H[V (x, y); Z(x, y)] ≥ 0; (39)
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3) ôóíêöiÿ H[Z(x, y); V (x, y)] â îáëàñòi B
∗ çàäîâîëüíÿ¹ óìîâó Ëiïøiöà

|H[Z(x, y); V (x, y)]−H[Z1(x, y); V1(x, y)]| ≤
≤ K {|Z(x, y)− Z1(x, y)|+ |Zx(x, y)− Z1,x(x, y)|+

+|Zy(x, y)− Z1,y(x, y)|+ |V (x, y)− V1(x, y)|+
+|Vx(x, y)− V1,x(x, y)|+ |Vy(x, y)− V1,y(x, y)|}

(40)

äëÿ äîâiëüíèõ ç ïðîñòîðó C∗(D) ôóíêöié Z(x, y), V (x, y), Z1(x, y), V1(x, y),
ÿêi íàëåæàòü îáëàñòi B

∗.
Ââåäåìî ïîçíà÷åííÿ

F p
i (x, y) = H[Zi,p(x, y); Vi,p(x, y)], Fi,p(x, y) = H[Vi,p(x, y); Zi,p(x, y)],

T1f(ξ, η) =
g(x)∫
y

x1∫
x

f(ξ, η)dξdη, T2f(ξ, η) =
y1∫
y

x1∫
x

f(ξ, η)dξdη,

T3f(ξ, η) =
g(x)∫
y1

x1∫
x

f(ξ, η)dξdη.

Ïîáóäó¹ìî ïîñëiäîâíîñòi ôóíêöié {Zi,p(x, y)}, {Vi,p(x, y)} çà ôîðìóëàìè
Zi,p+1(x, y) = ωp

i,i(x, y) + TiF
p
i (ξ, η), (x, y) ∈ Di,

Vi,p+1(x, y) = ωp
i,i(x, y) + TiFi,p(ξ, η), (x, y) ∈ Di,

(41)

äå
ωp

1,1(x, y) = ωp
1,1(x, y) = Φ1(x, y),

ωp
2,2(x, y) = ψ(y) + ϕ(x)− ψ(g(x)) + T3F

p
1 (ξ, η),

ωp
2,2(x, y) = ψ(y) + ϕ(x)− ψ(g(x)) + T3F1,p(ξ, η),

αi,p(x, y) = Zi,p(x, y)− ωp
i,i(x, y)− TiF

p
i (ξ, η),

βi,p(x, y) = Vi,p(x, y)− ωp
i,i(x, y)− TiFi,p(ξ, η).

(42)

Çà íóëüîâå íàáëèæåííÿ âèáèðà¹ìî äîâiëüíi ç ïðîñòîðó C∗(D) ôóíêöi¨ Zi,0(x, y),
Vi,0(x, y), ÿêi çàäîâîëüíÿþòü óìîâè

Wi,0(x, y) ≥ 0,Wi,0,y(x, y) ≤ 0, αi,0(x, y) ≥ 0,

βi,0(x, y) ≤ 0, (x, y) ∈ Di, i = 1, 2,
(43)

Ç (41) i (42) ìà¹ìî
Zi,p(x, y)− Zi,p+1(x, y) = αi,p(x, y),

Vi,p(x, y)− Vi,p+1(x, y) = βi,p(x, y),
(44)

Wi,p+1(x, y) = ωp
i,i(x, y)− ωp

i,i(x, y) + Ti[F
p
i (ξ, η)− Fi,p(ξ, η)], (45)

αi,p+1(x, y) =





α1,p+1(x, y) = T1(F
p
1 (ξ, η)− F p+1

1 (ξ, η)),

α2,p+1(x, y) = T2(F
p
2 (ξ, η)− F p+1

2 (ξ, η))+

+T3(F
p
1 (ξ, η)− F p+1

1 (ξ, η)),

βi,p+1(x, y) =





β1,p+1(x, y) = T1(F1,p(ξ, η)− F1,p+1(ξ, η)),

β2,p+1(x, y) = T2(F2,p(ξ, η)− F2,p+1(ξ, η))+

+T3(F1,p(ξ, η)− F1,p+1(ξ, η)),

(46)
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Ç (44), (45) ïðè p = 0 îäåðæèìî

Zi,0(x, y) ≥ Zi,1(x, y), Vi,0(x, y) ≤ Vi,1(x, y),Wi,1(x, y) ≥ 0,

Zi,0,y(x, y) ≤ Zi,1,y(x, y), Vi,0,y(x, y) ≥ Vi,1,y(x, y),Wi,1,y(x, y) ≤ 0,

i = 1, 2, òàêèì ÷èíîì

Vi,0(x, y) ≤ Vi,1(x, y) ≤ Zi,1(x, y) ≤ Zi,0(x, y),

Vi,0,y(x, y) ≥ Vi,1,y(x, y) ≥ Zi,1,y(x, y) ≥ Zi,0,y(x, y), (x, y) ∈ Di, i = 1, 2.

Ïðèéìàþ÷è äî óâàãè îñòàííi íåðiâíîñòi, ç (46) ïðè p = 0 îäåðæèìî

αi,1(x, y) ≥ 0, βi,1(x, y) ≤ 0, (x, y) ∈ Di, i = 1, 2.

Ïîâòîðþþ÷è âèùå íàâåäåíi ìiðêóâàííÿ, ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïåðå-
êîíó¹ìîñÿ, ùî ñïðàâåäëèâi íåðiâíîñòi

Vi,p(x, y) ≤ Vi,p+1(x, y) ≤ Zi,p+1(x, y) ≤ Zi,p(x, y),

Vi,p,y(x, y) ≥ Vi,p+1,y(x, y) ≥ Zi,p+1,y(x, y) ≥ Zi,p,y(x, y), (x, y) ∈ Di, i = 1, 2.
(47)

Òåîðåìà 3. Íåõàé ôóíêöiÿ F [U(x, y)] ∈ C5(B) i â ïðîñòîði C∗(D) iñíóþòü
òàêi ôóíêöi¨ íóëüîâîãî íàáëèæåííÿ Zi,0(x, y), Vi,0(x, y) ∈ B∗, ÿêi çàäîâîëüíÿ-
þòü íåðiâíîñòi (43).

Òîäi ïîñëiäîâíîñòi ôóíêöié {Zi,p(x, y)}, {Vi,p(x, y)}, ïîáóäîâàíi çà ôîðìóëà-
ìè (41), çáiãàþòüñÿ â îáëàñòi Di àáñîëþòíî i ðiâíîìiðíî äî ¹äèíîãî ðîçâ'ÿçêó
ðiâíÿííÿ (37) (i = 1) àáî (38) (i = 2) i ñïðàâåäëèâi íåðiâíîñòi

Vi,p(x, y) ≤ Vi,p+1(x, y) ≤ Ui(x, y) ≤
≤ Zi,p+1(x, y) ≤ Zi,p(x, y),

Vi,p,y(x, y) ≥ Vi,p+1,y(x, y) ≥ Ui,y(x, y) ≥
≥ Zi,p+1,y(x, y) ≥ Zi,p,y(x, y), (x, y) ∈ Di, i = 1, 2.

(48)

Äîâåäåííÿ. Äîâåäåìî ðiâíîìiðíó çáiæíiñòü ïîñëiäîâíîñòåé ôóíêöié {Zi,p(x, y)},
{Vi,p(x, y)} äî ðîçâ'ÿçêiâ ðiâíÿíü (37) (i = 1) àáî (38) (i = 2). Â ñèëó íåðiâíîñòåé

(48) äëÿ öüîãî äîñòàòüíî ïîêàçàòè, ùî Wi,p(x, y)
(x,y)∈Di

⇒
p→∞

0.
Äiéñíî,

Wi,p+1(x, y) = ωp
i,i(x, y)− ωp

i,i(x, y) + Ti[F
p
i (ξ, η)− Fi,p(ξ, η)] ≤

≤
{

T1 [F p
1 (ξ, η)− F1,p(ξ, η)] , (x, y) ∈ D1,

T3 [F p
1 (ξ, η)− F1,p(ξ, η)] + T2 [F p

2 (ξ, η)− F2,p(ξ, η)] , (x, y) ∈ D2,

òàêèì ÷èíîì

Wi,p+1(x, y) ≤





T1 [|W1,p(ξ, η)|+ |W1,p,y(ξ, η)|] , (x, y) ∈ D1,

T3 [|W1,p(ξ, η)|+ |W1,p,y(ξ, η)|] +
+T2 [|W2,p(ξ, η)|+ |W2,p,y(ξ, η)|] , (x, y) ∈ D1.
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Ïîçíà÷èâøè
d = max

{
sup
D

|Wi,0| , sup
D

|Wi,0,y|
}

,

ç îñòàííiõ íåðiâíîñòåé ëåãêî îòðèìàòè îöiíêè

Wi,p+1(x, y) ≤ [2LR(x1 − x)]p

p!
(1 + y2 − y)d,

äå R = max {1, 1 + y2 − y}.
Ç îöiíîê âèïëèâà¹, ùî Wi,p(x, y)

D

⇒
p→∞

0.
�äèíiñòü ðîçâ'ÿçêó çàäà÷i (31)-(33) i ñïðàâåäëèâiñòü íåðiâíîñòåé (48) äîâî-

äÿòüñÿ àíàëîãi÷íî, ÿê â òåîðåìi 2.
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