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ÒÅÎÐÅÌÀ IÑÍÓÂÀÍÍß �ÄÈÍÎÃÎ ÐÎÇÂ'ßÇÊÓ ÎÄÍÎÐIÄÍÎ�
ÑÈÑÒÅÌÈ ÂÈÏÀÄÊÎÂÈÕ ÐIÂÍßÍÜ Ó ÏÎËI GF (3)

The conditions of existence of the unique solution of the similar system of nonlinear random
equations are explored above the field that consists of the three elements. With the positive
probability it is assumed every equation of the system contains, at least, one coefficient the order
non-linearity of which is equaled two. The random coefficients the order non-linearity of which are
equaled two are independent between it self and do not depend of other coefficients of the similar
system.

Äîñëiäæóþòüñÿ óìîâè iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó îäíîðiäíî¨ ñèñòåìè íåëiíiéíèõ âèïàäêîâèõ
ðiâíÿíü íàä ïîëåì, ùî ñêëàäà¹òüñÿ ç òðüîõ åëåìåíòiâ. Ïðèïóñêà¹òüñÿ, ùî ç äîäàòíîþ éìî-
âiðíiñòþ êîæíå ðiâíÿííÿ ñèñòåìè ìiñòèòü, ïðèíàéìíi, îäèí êîåôiöi¹íò, ïîðÿäîê íåëiíiéíîñòi
ÿêîãî ðiâíèé äâîì. Âèïàäêîâi êîåôiöi¹íòè, ïîðÿäîê íåëiíiéíîñòi ÿêèõ ðiâíèé äâîì, íåçàëåæíi
ìiæ ñîáîþ i íå çàëåæàòü âiä iíøèõ êîåôiöi¹íòiâ îäíîðiäíî¨ ñèñòåìè.

Âñòóï. Ðîáîòà ïðèñâÿ÷åíà çíàõîäæåííþ íåîáõiäíèõ òà äîñòàòíiõ óìîâ iñíó-
âàííÿ ¹äèíîãî ç éìîâiðíiñòþ îäèíèöÿ íóëüîâîãî ðîçâ'ÿçêó îäíîðiäíî¨ ñèñòåìè
íåëiíiéíèõ âèïàäêîâèõ ðiâíÿíü ó ïîëi GF (3), óòâîðåíîãî ç òðüîõ åëåìåíòiâ. Äî-
âåäåííÿ âiäïîâiäíî¨ òåîðåìè ïîáóäîâàíî íà âèêîðèñòàííi âiäîìèõ íåðiâíîñòåé
òà îòðèìàííi é àñèìïòîòè÷íîìó àíàëiçi ïåðøèõ äâîõ ôàêòîðiàëüíèõ ìîìåíòiâ
÷èñëà íåòðèâiàëüíèõ ðîçâ'ÿçêiâ âèõiäíî¨ ñèñòåìè ðiâíÿíü.

Äëÿ îäíîðiäíî¨ ñèñòåìè ëiíiéíèõ âèïàäêîâèõ ðiâíÿíü íàä äâîåëåìåíòíèì
ïîëåì íåîáõiäíà i äîñòàòíÿ óìîâè iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó ðîçãëÿíóòi â [1].

Îñíîâíi ðåçóëüòàòè.
Íåõàé íàä ïîëåì GF (3) çàäàíà ñèñòåìà

f (µ)(x1, . . . , xn) +3

∑
3

1≤j1<j2≤n

a
(µ)
j1j2

xj1xj2 = 0, µ ∈ J, (1)

äå J = {1, 2, . . . , T}, T ≥ 1, +3 òà
∑

3 � ñèìâîëè äîäàâàííÿ ó ïîëi GF (3), ÿêà
çàäîâîëüíÿ¹ óìîâó (À).

Óìîâà (À): 1) Êîåôiöi¹íòè a
(µ)
j1j2

, 1 ≤ j1 < j2 ≤ n, µ ∈ J � íåçàëåæíi âèïàä-
êîâi âåëè÷èíè, êîæíà ç ÿêèõ ïðèéìà¹ çíà÷åííÿ a ç éìîâiðíiñòþ
P (a

(µ)
j1j2

= a) = pµ2, a ∈ GF (3), a 6= 0 òà çíà÷åííÿ 0 ∈ GF (3) ç éìîâiðíiñòþ
P (a

(µ)
j1j2

= 0) = 1− 2pµ2.
2) f (µ)(x̄), µ ∈ J � íåçàëåæíi âèïàäêîâi ôóíêöi¨ ïðè êîæíîìó ôiêñîâàíîìó

x̄, ðîçïîäiëè ÿêèõ íå çàëåæàòü âiä ðîçïîäiëiâ êîåôiöi¹íòiâ a
(q)
j1j2

äëÿ óñiõ q ∈ J ,
1 ≤ j1 < j2 ≤ n, f (µ)(x̄) ∈ GF (3), x̄ ∈ Vn, äå Vn � ñóêóïíiñòü óñiõ n-âèìiðíèõ
âåêòîðiâ íàä ïîëåì GF (3), f (µ)(0̄) = 0, ç éìîâiðíiñòþ îäèíèöÿ, 0̄ ∈ Vn.

Ïîêëàäåìî νn êiëüêiñòü ðîçâ'ÿçêiâ x̄, x̄ ∈ Vn, ñèñòåìè (1) ç äîäàòíèì ÷èñëîì
|x̄| íåíóëüîâèõ êîìïîíåíò, |x̄| > 0.

Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (À) òà

ln n + z

n
≤ pµ2 ≤ 1

2
− ln n + z

n
, µ ∈ J, (2)
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äå z = o(ln n), lim
n→∞

z > −∞, n →∞;
(Ó1):

P
(
f (µ)(x̄(k)) = a, k = 1, 2

)
=

1

3
− 1

3
pµ, a ∈ GF (3), a 6= 0,

P
(
f (µ)(x̄(k)) = 0, k = 1, 2

)
=

1

3
+

2

3
pµ,

äå
−1

2
≤ pµ ≤ 1− 3

ln n

n
, (3)

µ ∈ J , x̄(k) ∈ Vn, |x̄(k)| ≥ 1, k = 1, 2.
Òîäi óìîâà

lim
n→∞

T

n
≥ 1 + εn, (4)

äå εn → 0,

εnlnn →∞, (5)
¹ äîñòàòíüîþ, à óìîâà

T = n + An, (6)
äå An →∞ ïðè n →∞, ¹ íåîáõiäíîþ äëÿ òîãî, ùîá P (νn > 0) = o(1), n →∞.

Äîïîìiæíi òâåðäæåííÿ.
Ëåìà 1. Íåõàé ξ � âèïàäêîâà âåëè÷èíà, ÿêà ìà¹ ïðåäñòàâëåííÿ ξ = ξ1 +3

+3 . . .+3 ξk, äå ξ1, . . . , ξk � íåçàëåæíi îäíàêîâî ðîçïîäiëåíi âèïàäêîâi âåëè÷èíè;
P (ξs = 0) = 1− 2p∗, P (ξs = a) = p∗, a ∈ GF (3), a 6= 0, s = 1, . . . , k, 1 ≤ k < ∞.

Òîäi éìîâiðíîñòi ïîäié ξ = 0 òà ξ = a äîðiâíþþòü âiäïîâiäíî

P (ξ = 0) =
1

3
+

2

3
(1− 3p∗)k,

P (ξ = a) =
1

3
− 1

3
(1− 3p∗)k, a ∈ GF (3), a 6= 0.

(Òóò i äàëi ââàæà¹ìî 00 = 1).
Äîâåäåííÿ ëåìè 1 ìîæíà âèêîíàòè ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ çà ïà-

ðàìåòðîì k ≥ 1.
Ëåìà 2. ßêùî âèêîíóþòüñÿ óìîâà (À) òà óìîâà (Ó1) ïðè x̄(1) = x̄(2), òî

ìàòåìàòè÷íå ñïîäiâàííÿ Eνn âèïàäêîâî¨ âåëè÷èíè νn äîðiâíþ¹

Eνn = 3−T

n∑
t=1

Ct
n2tQ, (7)

Q =
T∏

µ=1

(
1 + 2(1− 3pµ2)

C2
t pµ

)
, (8)

Ct
n = n!(t!(n− t)!)−1.
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Äîâåäåííÿ. Íåõàé ξ(x̄) � iíäèêàòîð ïîäi¨, ÿêà ïîëÿãà¹ ó òîìó, ùî âåêòîð
x̄, x̄ ∈ Vn, ¹ ðîçâ'ÿçêîì ñèñòåìè (1). Ç óðàõóâàííÿì óìîâè (À) ìà¹ìî

Eνn =
∑

x̄: |x̄|=1

Eξ(x̄) +
∑

x̄: |x̄|≥2

Eξ(x̄) =

=
∑

x̄: |x̄|=1

T∏
µ=1

P
(
f (µ)(x̄) = 0

)
+ (9)

+
∑

x̄: |x̄|≥2

T∏
µ=1

P


f (µ)(x̄) +3

∑
3

1≤j1<j2≤n

a
(µ)
j1j2

xj1xj2 = 0


 =

=
∑

x̄: |x̄|=1

T∏
µ=1

P
(
f (µ)(x̄) = 0

)
+

∑

x̄: |x̄|≥2

T∏
µ=1

∑′
P

{
f (µ)(x̄) = y1

} ·

·P




∑
3

1≤j1<j2≤n

a
(µ)
j1j2

xj1xj2 = y2



 , (10)

äå ñèìâîë ñóìóâàííÿ
∑′ ðîçïîâñþäæó¹òüñÿ íà óñi ðîçâ'ÿçêè ðiâíÿííÿ

y1 +3 y2 = 0 ó ïîëi GF (3).
Êiëüêiñòü äîäàíêiâ ó ñóìi

∑
3 ç ïðàâî¨ ÷àñòèíè (10), ÿêi âiäìiííi âiä 0, äî-

ðiíþ¹ C2
t , äå t � çàãàëüíà êiëüêiñòü íåíóëüîâèõ êîìïîíåíò âåêòîðà x̄, |x̄| ≥ 1.

Òîäi, ñêîðèñòàâøèñü ëåìîþ 1, óìîâîþ (Ó1) ïðè x̄(1) = x̄(2) òà ñïiââiäíîøåííÿì
(10), íåâàæêî ïðèéòè äî (7).

Ëåìà 2 äîâåäåíà.
Äëÿ äîâiëüíèõ âåêòîðiâ x̄(q) ∈ Vn, x̄(q) = (x

(q)
1 , . . . , x

(q)
n ), q = 1, 2, ïîçíà÷èìî

÷åðåç ic1c2 êiëüêiñòü êîìïîíåíò âåêòîðà x̄(1), ÿêi äîðiâíþþòü c1, à ó âåêòîði x̄(2)

¨ì âiäïîâiäàþòü êîìïîíåíòè, ùî äîðiâíþþòü c2, äå c1, c2 ∈ GF (3), 0 ≤ ic1c2 ≤ n.
Ïîçíà÷èìî I íàñòóïíó ìíîæèíó

I = { i01, i02, i10, i20, i11, i22, i12, i21 }.
Ïîêëàäåìî

t =
∑
j∈I

j, i = i01 + i02, l = i10 + i20.

Ïîçíà÷èìî Eν
[2]
n äðóãèé ôàêòîðiàëüíèé ìîìåíò âèïàäêîâî¨ âåëè÷èíè νn, òîá-

òî Eν
[2]
n = Eνn(νn − 1).

Ëåìà 3. ßêùî âèêîíóþòüñÿ óìîâè (À) òà (Ó1), òî

Eν [2]
n =

4n2

3T

T∏
µ=1

(1 + 2pµ) + 9−T

n∑
t=2

Ct
n


n2t+2Q′ +

∑ t!∏
j∈I

j!
Q∗


 , (11)

äå

Q′ =
T∏

µ=1

(
1 + 2(1− 3pµ2)

C2
t

)
(1 + 2pµ), (12)

Q∗ =
T∏

µ=1

(
1 + 2

(
(1− 3pµ2)

Γ
(1)
2 + pµ

4∑
r=2

(1− 3pµ2)
Γ

(r)
2

))
, (13)
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cóìóâàííÿ
∑

âiäáóâà¹òüñÿ çà âñiìà j ∈ I òàêèì, ùî
∑
j∈I

j = t; â ðiâíîñòi (11)

åëåìåíòè ìíîæèíè I çàäîâîëüíÿþòü ñïiââiäíîøåííÿì

t− i ≥ 2, (14)

t− l ≥ 2, (15)

i + l + i12 + i21 ≥ 1; (16)
ïàðàìåòðè Γ

(g)
2 , g = 1, 2, 3, 4 âèçíà÷àþòüñÿ âiäïîâiäíî ðiâíîñòÿìè

Γ
(1)
2 = C2

l + C2
i + (i + l)(t− l − i), (17)

Γ
(2)
2 = C2

t−l, (18)

Γ
(3)
2 = C2

t−i, (19)

Γ
(4)
2 = C2

l + C2
i + C2

t−l−i + (i + l)(t− l − i). (20)
Äîâåäåííÿ. Êîðèñòóþ÷èñü óìîâîþ (À) òà ñïiââiäíîøåííÿìè

Eν [2]
n =

4∑
t=1

St,

St =
∑

(t)
Eξ(x̄(1))ξ(x̄(2)),

äå ñóìóâàííÿ
∑

(1) âèêîíó¹òüñÿ çà âñiìà âåêòîðàìè x̄(q) ∈ Vn,
∣∣x̄(q)

∣∣ = 1, q = 1, 2,
x̄(1) 6= x̄(2),

∑
(2) � x̄(q) ∈ Vn, q = 1, 2,

∣∣x̄(1)
∣∣ = 1,

∣∣x̄(2)
∣∣ ≥ 2, x̄(1) 6= x̄(2),

∑
(3)

� x̄(q) ∈ Vn, q = 1, 2,
∣∣x̄(1)

∣∣ ≥ 2,
∣∣x̄(2)

∣∣ = 1, x̄(1) 6= x̄(2),
∑

(4) � x̄(q) ∈ Vn,∣∣x̄(q)
∣∣ ≥ 2, q = 1, 2, x̄(1) 6= x̄(2), îòðèìó¹ìî

Eν [2]
n =

∑
(1)

T∏
µ=1

P
{
f (µ)

(
x̄(1)

)
= 0, f (µ)

(
x̄(2)

)
= 0

}
+

+
∑

(2)

T∏
µ=1

P
{

f (µ)
(
x̄(1)

)
= 0, f (µ)

(
x̄(2)

)
+3 A

(µ)
1

(
x̄(2)

)
= 0

}
+

+
∑

(3)

T∏
µ=1

P
{

f (µ)
(
x̄(2)

)
= 0, f (µ)

(
x̄(1)

)
+3 A

(µ)
1

(
x̄(1)

)
= 0

}
+ (21)

+
∑

(4)

T∏
µ=1

P

{
A

(µ)
2

(
x̄(1)

)
+3 A

(µ)
12

(
x̄(1), x̄(2)

)
+3 f (µ)

(
x̄(1)

)
= 0,

A
(µ)
2

(
x̄(2)

)
+3 A

(µ)
12

(
x̄(1), x̄(2)

)
+3 f (µ)

(
x̄(2)

)
= 0

}
,
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äå äëÿ µ ∈ J

A
(µ)
1

(
x̄(q)

)
=

∑
3

ω∈E
′(q)
2

a(µ)
ω ,

A
(µ)
12

(
x̄(1), x̄(2)

)
=

∑
3

ω∈E
(12)
2

a(µ)
ω , A

(µ)
2

(
x̄(q)

)
=

∑
3

ω∈E
(q)
2

a(µ)
ω , q = 1, 2,

E
′(q)
2 =

{
(j1, j2), 1 ≤ j1 < j2 ≤ n : x

(q)
j1

x
(q)
j2
6= 0

}
,

E
(12)
2 =

{
(j1, j2), 1 ≤ j1 < j2 ≤ n : x

(q)
j1

x
(q)
j2
6= 0, q = 1, 2

}
,

E
(q)
2 =

{
(j1, j2), 1 ≤ j1 < j2 ≤ n : x

(q)
j1

x
(q)
j2
6= 0, x

(q∗)
j1

x
(q∗)
j2

= 0

}
,

q ∈ {1, 2}, q∗ ∈ {1, 2}, q∗ 6= q.
Çà äîïîìîãîþ óìîâ (À), (Ó1) òà (21) çíàõîäèìî

Eν [2]
n =

∑
(1)

T∏
µ=1

P
{
f (µ)

(
x̄(1)

)
= 0, f (µ)

(
x̄(2)

)
= 0

}
+

+
∑

(2)

T∏
µ=1

P
{
f (µ)

(
x̄(1)

)
= 0, f (µ)

(
x̄(2)

)
= 0

}
P

{
A(µ)

(
x̄(2)

)
= 0

}
+

+
∑

(3)

T∏
µ=1

P
{
f (µ)

(
x̄(2)

)
= 0, f (µ)

(
x̄(1)

)
= 0

}
P

{
A(µ)

(
x̄(1)

)
= 0

}
+ (22)

+
∑

(4)

T∏
µ=1

∑∗
P

{
A(µ)

(
x̄(1)

)
= y1

}
P

{
A(µ)

(
x̄(2)

)
= y2

} ·

·P
{

A
(µ)
12

(
x̄(1), x̄(2)

)
= y12

}
P

{
f (µ)

(
x̄(1)

)
= y3, f (µ)

(
x̄(2)

)
= y4

}
,

äå ñèìâîë ñóìóâàííÿ
∑∗ ðîçïîâñþäæó¹òüñÿ íà óñi ðîçâ'ÿçêè îäíîðiäíî¨ ñèñòåìè

ðiâíÿíü
{

y1 +3 y12 +3 y3 = 0,

y2 +3 y12 +3 y4 = 0

ó ïîëi GF (3).
Ïîçíà÷èìî

Γ
(1)
2 =

∣∣∣E(1)
2

∣∣∣ +
∣∣∣E(2)

2

∣∣∣ , Γ
(2)
2 =

∣∣∣E(2)
2

∣∣∣ +
∣∣∣E(12)

2

∣∣∣ ,

Γ
(3)
2 =

∣∣∣E(1)
2

∣∣∣ +
∣∣∣E(12)

2

∣∣∣ , Γ
(4)
2 =

∣∣∣E(1)
2

∣∣∣ +
∣∣∣E(12)

2

∣∣∣ +
∣∣∣E(2)

2

∣∣∣ ,

äå |E|� ïîòóæíiñòü ìíîæèíè E. Ñêîðèñòàâøèñü ëåìîþ 1 òà óìîâîþ (Ó1), ïðàâó
÷àñòèíó (22) ìîæíà ïîäàòè ó âèãëÿäi
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Eν [2]
n = 3−T

∑
(1)

T∏
µ=1

(1 + 2pµ) + 9−T

((∑
(2)

+
∑

(3)

)
Q′ +

∑
(4)

Q∗
)

, (23)

äå Q′, Q∗ âèçíà÷åíi âiäïîâiäíî ðiâíîñòÿìè (12) òà (13).
Ñóìóâàííÿ

∑
(4) ó ïðàâié ÷àñòèíi (23) çà âñiìà x̄(1) 6= x̄(2),

∣∣x̄(q)
∣∣ ≥ 2, q = 1, 2,

åêâiâàëåíòíî ó ïðèéíÿòèõ ïîçíà÷åííÿõ ñóìóâàííþ çà âñiìà j ∈ I, íàâåäåíîãî ó
ïðàâié ÷àñòèíi (11). Íåðiâíîñòi (14), (15), (16) ãàðàíòóþòü âèêîíàííÿ âiäïîâiäíî
ñïiââiäíîøåíü

∣∣x̄(1)
∣∣ ≥ 2,

∣∣x̄(2)
∣∣ ≥ 2 òà x̄(1) 6= x̄(2).

Ëåìà 3 äîâåäåíà.
Ëåìà 4. ßêùî âèêîíóþòüñÿ óìîâè (À), (3) òà

υ ≤ pµ2 ≤ 1

2
− υ, (24)

äå 0 < υ <
1

6
, µ ∈ J , òî

Eνn > 0. (25)
Äîâåäåííÿ. Â ñèëó (7) òà (8) äëÿ äîâåäåííÿ ñïiââiäíîøåííÿ (25) äîñòàòíüî

ïîêàçàòè, ùî äëÿ n ≥ 2

Q > 0. (26)
Ç öi¹þ ìåòîþ ïðåäñòàâèìî äîáóòîê Q, âèçíà÷åíèé ðiâíiñòþ (8), ó âèãëÿäi

Q =
4∏

r=1

Qr, (27)

äå Qr, r = 1, 2, 3, 4, ïîçíà÷à¹ äîáóòîê óñiõ ìíîæíèêiâ ç ïðàâî¨ ÷àñòèíè (8),
äëÿ ÿêèõ ïàðàìåòð µ íàëåæèòü ìíîæèíi Wr, äå Wr, r = 1, 2, 3, 4, âèçíà÷àþòüñÿ
íàñòóïíèì ÷èíîì

W1 =

{
µ, 1 ≤ µ ≤ T : υ ≤ pµ2 ≤ 1

3
, pµ < 0

}
,

W2 =

{
µ, 1 ≤ µ ≤ T : υ ≤ pµ2 ≤ 1

3
, pµ ≥ 0;

àáî 1

3
< pµ2 ≤ 1

2
− υ, pµ ≤ 0, C2

t � íåïàðíå;

àáî 1

3
< pµ2 ≤ 1

2
− υ, pµ ≥ 0, C2

t � ïàðíå
}

,

W3 =

{
µ, 1 ≤ µ ≤ T :

1

3
< pµ2 ≤ 1

2
− υ, pµ < 0, C2

t � ïàðíå
}

,

W4 =

{
µ, 1 ≤ µ ≤ T :

1

3
< pµ2 ≤ 1

2
− υ, pµ ≥ 0, C2

t � íåïàðíå
}

,

äå t ≥ 2.
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Ïîêëàäåìî ηr � êiëüêiñòü åëåìåíòiâ ìíîæèíè Wr, ηr = |Wr|, r = 1, 2, 3, 4.
Òîäi

4∑
r=1

ηr = T. (28)

Ç óðàõóâàííÿì (24) òà îçíà÷åííÿ äîáóòêiâ Q1, Q4 îòðèìó¹ìî

Q1 ≥ (3υ)η1 , Q4 ≥ (6υ)η4 . (29)

Çà äîïîìîãîþ óìîâ (3) òà (24) çíàõîäèìî

Q2 ≥ 1, Q3 ≥
(

1−
(

1

2

)C2
t

)η3

, (30)

äå t ≥ 2.
Iç (27)�(30) âèïëèâà¹

Q ≥ 2η43η1+η4

(
1−

(
1

2

)C2
t

)η3

υη1+η4 ,

çâiäêè ìà¹ìî (26), à îòæå é (25).
Ëåìà 4 äîâåäåíà.
Çàóâàæåííÿ 1. Î÷åâèäíî, ùî

Eνn ≤ Eν2
n < ∞. (31)

Ñïiââiäíîøåííÿ (25) òà (31) äîçâîëÿþòü âèêîðèñòàòè ëåìó 1 [2], çãiäíî ç
ÿêîþ éìîâiðíiñòü P (νn > 0) çàäîâîëüíÿ¹ íåðiâíîñòi

P (νn > 0) ≥ (
2 (Eνn)−1 + Eν [2]

n (Eνn)−2)−1
. (32)

Ëåìà 5. Íåõàé âèêîíóþòüñÿ óìîâè (À), (2), (3) òà

T ≤ n + m0, (33)

äå m0 � ñòàëå ÷èñëî.
Òîäi ïðè n → ∞

Q > a (34)

äëÿ äîâiëüíîãî t ∈ F , äå F =

[[
2

3
n

]
−

[ n

ln n

]
; n

]
, a � äåÿêå ôiêñîâàíå

äîäàòíå ÷èñëî, a < ∞, [ d ] � çíàê öiëî¨ ÷àñòèíè ÷èñëà d.
Äîâåäåííÿ. Äiéñíî, êîðèñòóþ÷èñü (8), ìà¹ìî

Q =
2∏

r=1

Q∗
r, (35)
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äå Q∗
r, r = 1, 2 ïîçíà÷à¹ äîáóòîê óñiõ ìíîæíèêiâ ç ïðàâî¨ ÷àñòèíè (8), äëÿ

ÿêèõ ïàðàìåòð µ íàëåæèòü ìíîæèíi W ∗
r , äå W ∗

r , r = 1, 2, ç óðàõóâàííÿì (33),
âèçíà÷àþòüñÿ íàñòóïíèì ÷èíîì:

W ∗
1 = { µ, 1 ≤ µ ≤ n + m0 : pµ ≥ 0} ,

W ∗
2 = { µ, 1 ≤ µ ≤ n + m0 : pµ < 0} .

Ïîêëàäåìî η∗r � êiëüêiñòü åëåìåíòiâ ìíîæèíè W ∗
r , η∗r = |W ∗

r |, r = 1, 2, òîäi çà
äîïîìîãîþ óìîâè (2) òà îçíà÷åííÿ ìíîæèí W ∗

1 òà W ∗
2 ìà¹ìî äëÿ t ∈ F ïðè

n →∞

( 1− 3pµ2)
C2

t pµ ≥ − exp

{
−2 ln 2

9
n2 (1 + o(1))

}
, µ ∈ W ∗

1 , (36)

( 1− 3pµ2)
C2

t pµ ≥ −1

2
exp

{
−2n ln n

3
(1 + o(1))

}
, µ ∈ W ∗

2 . (37)

Êîðèñòóþ÷èñü (36) òà (37), îòðèìó¹ìî ïðè n →∞

Q∗
1 ≥

(
1− 2 exp

{
−2 ln 2

9
n2 (1 + o(1))

})η∗1
, (38)

Q∗
2 ≥

(
1− exp

{
−2n ln n

3
(1 + o(1))

})η∗2
. (39)

Ç óðàõóâàííÿì ñïiââiäíîøåíü (33), (35), (38) òà (39) ïðèõîäèìî äî (34) ïðè
n → ∞.

Ëåìà 5 äîâåäåíà.

Ëåìà 6. Íåõàé ψn � ïîñëiäîâíiñòü öiëèõ ÷èñåë òàêà, ùî ψn

n
→ 0 ïðè

n →∞. Òîäi

C
[ 2
3
n]−ψn

n ≤ 3n

2
2
3
n−ψn

exp

{
−ψ2

n

n

(
9

4
+ O

(
ψn

n

))}
, n → ∞. (40)

Äîâåäåííÿ. Îñêiëüêè

C
[ 2
3
n]−ψn

n =
n!([

2

3
n

]
− ψn

)
!

(
n−

[
2

3
n

]
+ ψn

)
!

,

òî çà äîïîìîãîþ ôîðìóëè Ñòiðëiíãà [3] îòðèìó¹ìo

C
[ 2
3
n]−ψn

n ≤ 3n

2
2
3
n−ψn

exp

{
−

(
2

3
n− ψn

)
ln

(
1− 3

2

ψn

n

)
−

(
1

3
n + ψn

)
ln

(
1− 3

ψn

n

)}
.

Çàñòîñîâóþ÷è äî ïðàâî¨ ÷àñòèíè îñòàííüî¨ íåðiâíîñòi ðîçêëàä â ðÿä Òåéëîðà
äëÿ ôóíêöi¨ ln â îêîëi òî÷êè 0, ln(1+u) = u− u2

2
+O(u3) ïðè |u| < 1, ïðèõîäèìî

äî (40).
Ëåìà 6 äîâåäåíà.
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Ëåìà 7. Cåðåä ÷îòèðüîõ ïàðàìåòðiâ Γ
(l)
2 , l = 1, 2, 3, 4 iñíóþòü ïðèíàéìíi

òðè Γ
(l1)
2 , Γ

(l2)
2 , Γ

(l3)
2 , l1, l2, l3 ∈ {1, 2, 3, 4}, l1 6= l2, l2 6= l3, l1 6= l3 òàêèõ, ùî

Γ
(lr)
2 ≥ t

2
− 1, t ≥ 4, r = 1, 2, 3, ïðè÷îìó ñåðåä öèõ òðüîõ ïàðàìåòðiâ iñíó¹

ïðèíàéìíi îäèí Γ
(l∗)
2 òàêèé, ùî Γ

(l∗)
2 ≥ C2

t
2

, t ≥ 4, l∗ ∈ {l1, l2, l3}.

Äîâåäåííÿ. Íåõàé i ≥ t

2
. Òîäi, êîðèñòóþ÷èñü ñïiââiäíîøåííÿìè (17) �

(20), çíàõîäèìî, ùî iñíóþòü ïðèíàéìíi òðè ïàðàìåòðè Γ
(l1)
2 , Γ

(l2)
2 , Γ

(l3)
2 , l1, l2, l3 ∈

∈ {1, 2, 3, 4}, l1 6= l2, l2 6= l3, l1 6= l3 òàêèõ, ùî Γ
(lr)
2 ≥ C2

t
2

, t ≥ 4, r = 1, 2, 3.
Íåõàé òåïåð

i <
t

2
. (41)

Ðîçãëÿíåìî âñi ìîæëèâi âèïàäêè, òîáòî:
1) ÿêùî âèêîíó¹òüñÿ (41) i ïðè öüîìó l ≥ t

2
, òî ç óðàõóâàííÿì (17) òà (20)

îòðèìó¹ìî Γ
(1)
2 ≥ C2

l ≥ C2
t
2

, Γ
(4)
2 ≥ Γ

(1)
2 ≥ C2

t
2

;

2) ÿêùî âèêîíó¹òüñÿ (41) i êðiì òîãî α ≥ t

2
, äå t = i+ l+α, α = i11+i22+i12+

+ i21, òî çà äîïîìîãîþ ñïiââiäíîøåíü (18) òà (20) ïðèõîäèìî äî Γ
(2)
2 ≥ C2

α ≥ C2
t
2

,
Γ

(4)
2 ≥ C2

t−l−i = C2
α ≥ C2

t
2

;

3) ÿêùî âèêîíó¹òüñÿ (41) i íåõàé òàêîæ l + α ≥ t

2
, l ≥ 1 òà α ≥ 1 (âèïàäêè,

êîëè l ≥ t

2
, α = 0 àáî l = 0, α ≥ t

2
ðîçãëÿíóòi â ïóíêòàõ 1) òà 2)), òî lα ≥ t

2
− 1.

Äiéñíî, íåõàé l+α = β, äå β ≥ t

2
. Òîäi lα = l(β−l) ≥ β−1 ≥ t

2
−1 (ïåðåäîñòàííÿ

íåðiâíiñòü ìà¹ ìiñöå, îñêiëüêè ôóíêöiÿ f(x), f(x) = x(β−x) çðîñòà¹ íà âiäðiçêó[
1;

β

2

]
i ñïàäà¹ íà iíòåðâàëi

[
β

2
; β − 1

]
äîñÿãàþ÷è ìiíiìàëüíîãî çíà÷åííÿ ïðè

x = 1 àáî ïðè x = β − 1 (íå ïîðóøóþ÷è çàãàëüíîñòi, ââàæà¹ìî, ùî 1 ≤ x ≤
≤ β − 1)). Îòæå, âèêîðèñòîâóþ÷è (17), (20), (41) òà íåðiâíiñòü lα ≥ t

2
− 1,

çíàõîäèìî Γ
(1)
2 ≥ (i + l)(t− l − i) = (i + l)α ≥ lα ≥ t

2
− 1, Γ

(4)
2 ≥ Γ

(1)
2 ≥ t

2
− 1.

Ëåìà 7 äîâåäåíà.
Äîâåäåííÿ òåîðåìè. Äîâåäåííÿ. Äîñòàòíiñòü. Ïîêàæåìî, ùî ïðè

âèêîíàííi (4) ìà¹ ìiñöå

Eνn = o(1), n →∞. (42)

Áåðó÷è äî óâàãè (7) òà (8), ìàòåìàòè÷íå ñïîäiâàííÿ Eνn ìîæíà ïîäàòè ó
âèãëÿäi

Eνn =
5∑

h=1

Dh, (43)

äå
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Dh = 3−T
∑
t∈Rh

Ct
n2tQ, h = 1, . . . , 4,

D5 =
2n

3T

T∏
µ=1

(1 + 2pµ).

Çàìêíåíi âiäðiçêè Rh, h = 1, 2, 3 êiíöÿìè ÿêèõ ñëóãóþòü öiëi ÷èñëà, äîðiâíþþòü
R1 =

[
2,

[√
n

ln n

] ]
, R2 =

[ [√
n

ln n

]
+ 1,

[√
ε1n

ln n

] ]
, R3 =

[ [√
ε1n

ln n

]
+ 1, [ε2n]

]
,

R4 = [ [ε2n] + 1, n ]. Òóò i äàëi εt � äîñòàòíüî ìàëå ôiêñîâàíå äîäàòíå ÷èñëî,
t = 1, 2, . . . Çà äîïîìîãîþ (43) äëÿ îáãðóíòóâàííÿ (42) äîñòàòíüî ïåðåêîíàòèñÿ,
ùî ïðè n →∞

Dh = o(1) (44)
äëÿ h = 1, . . . , 5.

Ïîçíà÷èìî pmax = max
1 ≤ µ ≤ T

pµ2, pmin = min
1 ≤ µ ≤ T

pµ2.
Ç óðàõóâàííÿì (2), (3) òà pminC

2
t ∈ [ 0; 1 ] ïðè n →∞ äëÿ t ∈ R1 îòðèìó¹ìî

Q ≤ 3T
(
1− 2pminC

2
t + 3

(
pminC

2
t

)2
)T

. (45)

Âèêîðèñòîâóþ÷è (45), çíàõîäèìî ïðè n →∞

D1 ≤
√

n
ln n∑
t=2

(2n)t

t!
exp

{
−Ttpmin

(
1− 3

4 ln n

(
1 +

z

ln n

))}
. (46)

Îñêiëüêè â ñèëó (2) òà (4) äëÿ âñiõ t ∈ R1 ìà¹ìî
(

2

eTpmin(1− 3
4 ln n(1+ z

ln n))−ln n

)t

≤

≤
(

2

eεn ln n+z+zεn

)t

, òî ç óðàõóâàííÿì (46) ïðèõîäèìî äî îöiíêè

D1 ≤
√

n
ln n∑
t=2

1

t!
exp {−t (εn ln n + z + zεn)} , n →∞. (47)

Çà äîïîìîãîþ óìîâ (2) òà (5) ïåðåêîíó¹ìîñÿ, ùî iç (47) âèïëèâà¹ (44) ïðè h = 1.
Ïåðåâiðèìî (44) ïðè h = 2. Äëÿ Q ïðè t ∈ R2 çà äîïîìîãîþ (2), (3) òà

pminC
2
t → 0 ïðè ε1 → 0 îòðèìó¹ìî

Q ≤ 3T
(
1− 2pminC

2
t + O

((
pminC

2
t

)2
))T

. (48)

Áåðó÷è äî óâàãè (2), (4) òà (48) çíàõîäèìî

D2 ≤
∑
t∈R2

(
2(ln n)e|O(ε1)| ln n

√
neεn ln n+εnz+z

)t

,

çâiäêè, êîðèñòóþ÷èñü (2) òà (5) ìà¹ìî (44) ïðè h = 2.

Íàóê. âiñíèê Óæãîðîä óí-òó, 2008, âèï. 17



ÒÅÎÐÅÌÀ IÑÍÓÂÀÍÍß �ÄÈÍÎÃÎ ÐÎÇÂ'ßÇÊÓ ÎÄÍÎÐIÄÍÎ� ÑÈÑÒÅÌÈ . . . 155

Ïîêàæåìî (44) ïðè h = 3. Ç óðàõóâàííÿì (3) äëÿ t ∈ R3 ïðèõîäèìî äî
íàñòóïíî¨ îöiíêè

Q ≤
(

1 + 2 exp

{
−3pminC

2[ √
ε1n
ln n

]
+1

})T

. (49)

Iç (2) òà (49) âèïëèâà¹ ïðè n →∞

D3 ≤




eσ1(ε2) n
T

(
1 + 2

e
3
2 ε1(1+ z

ln n)

)

3




T

. (50)

Òóò i äàëi σr(ε) → 0 (ε → 0) äëÿ r ≥ 1. Áåðó÷è äî óâàãè ïðèïóùåííÿ (4),
z = o(ln n) òà íåðiâíiñòü (50), îòðèìó¹ìî (44) äëÿ h = 3.

Ïåðåâiðèìî (44) ïðè h = 4. Iç (3) äëÿ âñiõ t ∈ R4

Q ≤ (
1 + 2 exp

{−3pminC
2
[ ε2n ]+1

})T
. (51)

Çà äîïîìîãîþ (2) òà (51) ïðèõîäèìî äî

D4 ≤
(

3
n
T

3

)T

exp





2T

exp
{

3ε2
2

2

(
1 + z

ln n

)
n ln n

}


 . (52)

Iç ñïiââiäíîøåííü (4), (5), (52) òà εn → 0, z = o(ln n) ïðè n →∞ çíàõîäèìî (44)
ïðè h = 4.

I, íàðåøòi, ïîêàæåìî (44) äëÿ h = 5. Ç óðàõóâàííÿì (3), ìà¹ìî

D5 ≤ 2

n
T
n
−1

,

çâiäêè, âèêîðèñòîâóþ÷è (4), (5) îòðèìó¹ìî (44) ïðè h = 5. Áåðó÷è äî óâàãè
(43) òà (44) ïåðåêîíó¹ìîñü, ùî âèêîíó¹òüñÿ (42). Iç (42) òà íåðiâíîñòi ×åáèøåâà
âèïëèâà¹ P (νn > 0) = o(1) ïðè n →∞.

Äîñòàòíiñòü äîâåäåíà.
Íåîáõiäíiñòü. Íåõàé ïðè n → ∞ éìîâiðíiñòü P (νn > 0) ïðÿìó¹ äî íóëÿ,

òîáòî P (νn > 0) → 0, n →∞. Ïîêàæåìî, ùî òîäi âèêîíó¹òüñÿ (6). Ïðèïóñòèìî,
ùî ðiâíiñòü (6) íå âèêîíó¹òüñÿ, à ñàìå ïðè n →∞

T ≤ n + m0, (53)
äëÿ äåÿêî¨ ñòàëî¨ m0 i ïåðåêîíà¹ìîñÿ, ùî ó òàêîìó âèïàäêó

P (νn > 0) > 0 (54)

ïðè n →∞, òîáòî ç äîäàòíüîþ éìîâiðíiñòþ iñíóþòü ðîçâ'ÿçêè, ÿêi âiäìiííi âiä
0̄. Ç öi¹þ ìåòîþ ïåðåâiðèìî íàñòóïíi íåðiâíîñòi ïðè n →∞

(Eνn)−1 ≤ a1, (55)
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Eν [2]
n (Eνn)−2 ≤ a2, (56)

äå at � ôiêñîâàíå äîäàòíå ÷èñëî, at < ∞, t = 1, 2, . . ..
Äiéñíî, áåðó÷è äî óâàãè (7) òà (8), ìàòåìàòè÷íå ñïîäiâàííÿ Eνn ìîæíà ïîäàòè
ó âèãëÿäi

Eνn = F1(Q) + F2(Q), (57)

äå F1(Q) / F2(Q) / � ïîçíà÷à¹ ïðàâó ÷àñòèíó (7) ïðè t ≥ 2 / t = 1 /. Îñêiëüêè
F2(Q) ≥ 0, òî äëÿ äîâåäåííÿ (55) äîñòàòíüî ïîêàçàòè, ùî ïðè n →∞

(F1(Q))−1 ≤ a3. (58)

Çà äîïîìîãîþ ëåìè 5 ìà¹ìî äëÿ t ∈ F ïðè n →∞

(F1(Q))−1 ≤ 3T−nγn, (59)

äå

γn ≤ a−1

(
3−n

∑
t∈F

Ct
n2t

)−1

. (60)

Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ (40) i 3−n
n∑

t=0

Ct
n2t = 1, îòðèìó¹ìî

3−n

[ 2
3
n]−[ n

ln n ]∑
t=0

Ct
n2t ≤ exp

{
− n

ln2 n

(
9

4
+ O

(
(ln n)−1

))}
→ 0,

n →∞, îòæå

3−n
∑
t∈F

Ct
n2t → 1, n →∞. (61)

Iç ñïiââiäíîøåíü (59)�(61) âèïëèâà¹ (58), çâiäêè çà äîïîìîãîþ (57) ìà¹ìî (55).
Ïîêàæåìî, ùî ïðè n →∞ iñíó¹ òàêå ÷èñëî a4, äëÿ ÿêîãî

(
3T−nEνn

)−1 ≤ a4. (62)

Äiéñíî, áåðó÷è äî óâàãè (59), çíàõîäèìî
(
3T−nEνn

)−1 ≤ (
3T−nF1(Q)

)−1 ≤ γn (63)

ïðè n → ∞. Àëå ç óðàõóâàííÿì (60) òà (61) ïðèõîäèìî äî lim
n→∞

γn ≤ a−1, ùî
ðàçîì ç (63) äîâîäèòü (62).

Ïîçíà÷èìî S(n; Q∗) =
n∑

t=2

Ct
n

∑ t!∏
j∈J

j!
Q∗.

Iç (62) âèïëèâà¹, ùî äëÿ äîâåäåííÿ (56) äîñòàòíüî ïîêàçàòè, ùî ìà¹ ìiñöå
ñïiââiäíîøåííÿ

9T−nEν [2]
n ≤ a5, n →∞. (64)
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Ç öi¹þ ìåòîþ çà äîïîìîãîþ (11)�(13) ëiâó ÷àñòèíó (64) ïðåäñòàâèìî ó âè-
ãëÿäi

9T−nEν [2]
n = S(1) + S(2) + 9−T

6∑

h=3

S(h), (65)

äå

S(1) =
4n23T

9n

T∏
µ=1

(1 + 2pµ) , S(2) =
4n

9n

n∑
t=2

Ct
n2tQ′,

S(h) =
∑

t∈R∗h

Ct
n

∑ t!∏
j∈J

j!
Q∗, h = 3, 4, 5, 6.

Çàìêíåíi âiäðiçêè R∗
h, h = 3, 4, 5, 6, êiíöÿìè ÿêèõ ñëóãóþòü öiëi ÷èñëà, äîðiâ-

íþþòü R∗
3 =

[
2;

[
n

ln2 n

] ]
, R∗

4 =

[ [
n

ln2 n

]
+ 1;

[
γ

n

ln n

] ]
, R∗

5 = [
[

γ
n

ln n

]
+

+ 1; [ε′n] ], R∗
6 = [ [ε3n] + 1; n ], äå γ > 0, γ = const <

2

3
.

Âèêîðèñòîâóþ÷è (3) òà (53), ìà¹ìî

S(1) ≤ a6 (66)

òà
S(2) ≤ a7

4

n3n

n∑
t=2

Ct
n2t

(
1 + 2(1− 3pmin)

C2
t

)n+m0

. (67)

Áåðó÷è äî óâàãè (2) òà (67) âñòàíîâëþ¹ìî

S(2) = o(1), n →∞. (68)

Ç óðàõóâàííÿì ëåìè 7, óìîâ (2), (3) òà (53) äëÿ t ∈ R∗
3, îòðèìó¹ìî

Q∗ ≤ a89
n exp

{
−t(ln n)

(
1 +

z

ln n

)(
1 +

m0

n

) [
1 + O

(
1

ln n

(
1 +

z

ln n

))]}

ïðè n →∞. Çâiäêè çà äîïîìîãîþ ïîëiíîìiàëüíî¨ òåîðåìè çíàõîäèìî

S(3) ≤ a99
n + a109

n

[ n
ln2 n

]∑
t=8

8t

t!
exp {−t (z + O (1))} . (69)

Äëÿ ïàðàìåòðà Q∗ ïðè t ∈ R∗
4 áåðó÷è äî óâàãè (2), (3), (53) òà ëåìó 7,

ñïðàâåäëèâà íàñòóïíà îöiíêà

Q∗ ≤ a119
n exp {−tζ ln n} , (70)

äå
ζ =

(
1− 3

2
γ

(
1 + O

( z

ln n

))
+ O

( z

ln n

))(
1 + O

(
ln2 n

n

))
.

Iç (70) òà ïîëiíîìiàëüíî¨ òåîðåìè âèïëèâà¹
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S(4) ≤ a129
n

[ γ n
ln n ]∑

t=[ n
ln2 n

]+1

(
8(1 + o(1)) ln2 n

n−
3
2
γ+1+o(1)

)t

. (71)

Çà äîïîìîãîþ (2), (3), (53) òà ëåìè 7 äëÿ âñiõ t ∈ R∗
5 ìà¹ìî

Q∗ ≤ a133
n

(
1 + 2 exp

{
−3

2
γ

(
1 +

z

ln n

) (
1− 2 ln n

γn

)})n+m0

. (72)

Âèêîðèñòîâóþ÷è ïîëiíîìiàëüíó òåîðåìó òà (72), îòðèìó¹ìî

S(5) ≤ a143
neσ2(ε3)n

(
1 + 2 exp

{
−3

2
γ

(
1 +

z

ln n

) (
1− 2 ln n

γn

)})n+m0

(73)

n →∞.
Iç óðàõóâàííÿì ñïiââiäíîøåíü (11)�(13) ñóìó S(6) ïîäàìî ó âèãëÿäi äâîõ ñóì

S
(6)
1 (n; Q∗) òà S

(6)
2 (n; Q∗), à ñàìå

S(6) = S
(6)
1 (n; Q∗) + S

(6)
2 (n; Q∗) , (74)

äå S
(6)
1 (n; Q∗) âiäðiçíÿ¹òüñÿ âiä S(6) òèì, ùî ñóìóâàííÿ ó ïðàâié ÷àñòèíi (11)

ðîçïîâñþäæó¹òüñÿ íà âñi j, j ∈ I, òàêi, ùî

Γ
(k)
2 ≥ C2

εn, (75)

äå ε = const, 0 < ε < 1, Γ
(k)
2 âèçíà÷åíî ðiâíîñòÿìè (17)�(20) äëÿ k = 1, 2, 3, 4;

S
(6)
2 (n; Q∗) � cóìà äîäàíêiâ ç S(6), ÿêi íå óâiéøëè äî S

(6)
1 (n; Q∗). Òîäi áåðó÷è äî

óâàãè (2), (3), (13), (53) òà (75), ïðèõîäèìî äî îöiíêè

S
(6)
1 (n; Q∗) ≤ S

(6)
1 (n; 1) Q∗

1, (76)

äå Q∗
1 =

(
1 + 8n−

3
2
ε2n(1+o(1))

)n+m0

.
Íåðiâíiñòü S

(6)
1 (n; 1) ≤ 9n ó ïî¹äíàííi ç (76) äà¹

S
(6)
1 (n; Q∗) ≤ a159

n
(
1 + 8n−

3
2
ε2n(1+o(1))

)n+m0

. (77)

Cóìó S
(6)
2 (n; Q∗) ïðåäñòàâèìî ó âèãëÿäi

S
(6)
2 (n; Q∗) =

4∑
r=1

S
(6)
2; r (n; Q∗) , (78)

äå S
(6)
2; r (n; Q∗) âiäðiçíÿ¹òüñÿ âiä S

(6)
2 (n; Q∗) òèì, ùî ñóìóâàííÿ ó ïðàâié ÷àñòèíi

(11) âiäáóâà¹òüñÿ çà âñiìà ïàðàìåòðàìè j, j ∈ I òàêèìè, ùî iñíóþòü l1, . . . , lr ∈
∈ { 1, 2, 3, 4 }, äëÿ ÿêèõ Γ

(lh)
2 < C2

εn, Γ
(k)
2 ≥ C2

εn, äå k ∈ { 1, 2, 3, 4 }\{ l1, . . . , lr },
h = 1, . . . , r, r = 1, 2, 3, 4. Äàëi, äëÿ r = 1, 2, 3, 4 ïîäàìî S

(6)
2; r (n; Q∗) ó âèãëÿäi

S
(6)
2; r (n; Q∗) =

∑
1≤t1<...<tr≤4

S
(6)
2; r; t1,...,tr (n; Q∗) , (79)
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äå S
(6)
2; r; t1,...,tr (n; Q∗) ïîçíà÷à¹ ñóìó óñiõ äîäàíêiâ, ùî íàëåæàòü S

(6)
2; r (n; Q∗) òà

äëÿ ÿêèõ Γ
(tl)
2 < C2

εn, l = 1, . . . , r, Γ
(t′)
2 ≥ C2

εn, t′ ∈ { 1, 2, 3, 4 }\{ t1, . . . , tr }.
Çà äîïîìîãîþ (2), (3), (13), (53), (79) äëÿ r = 1 îòðèìó¹ìî

S
(6)
2; r (n; Q∗) ≤ S

(6)
2; r (n; 1) Q∗

2; r, (80)

äå Q∗
2; r = a163

n
(
1 + 2n−

3
2
ε2n(1+o(1))

)n+m0

. Ó ñâîþ ÷åðãó, ç óðàõóâàííÿì (79) äëÿ
r = 1

S
(6)
2; r (n; 1) =

4∑

l=1

S
(6)
2; r; l (n; 1) . (81)

Äàëi äàìî îöiíêó êîæíîìó ç ÷îòèðüîõ äîäàíêiâ ïðàâî¨ ÷àñòèíè (81).
Îñêiëüêè iç íåðiâíîñòi Γ

(1)
2 < C2

εn / Γ
(4)
2 < C2

εn / òà ñïiââiäíîøåííÿ (17)
/(20)/ âèïëèâà¹, ùî óñi ïàðàìåòðè j ∈ I, íà ÿêi ðîçïîâñþäæó¹òüñÿ ñóìóâàí-
íÿ çà ïàðàìåòðîì t ó ïðàâié ÷àñòèíi (11), íå ïåðåâèùóþòü εn, òîáòî t < εn,
òîìó ïðèõîäèìî äî ïðîòèði÷÷ÿ ç îçíà÷åííÿì iíòåðâàëó R∗

6, íà ÿêîìó çàäàíà
ñóìà S(6) (n; Q∗). Îòæå, ñóìè S

(6)
2; 1; 1 (n; Q∗) òà S

(6)
2; 1; 4 (n; Q∗) äîðiâíþþòü íóëþ ó

ïðàâié ÷àñòèíi (81).
Ùîá ïåðåêîíàòèñÿ ó ñïðàâåäëèâîñòi íåðiâíîñòi

S
(6)
2; 1; 2 (n; 1) ≤ exp{σ3(ε)n}2n, (82)

äîñòàòíüî ïîìiòèòè ùî óñi ïàðàìåòðè j ∈ I\{i10, i20}, íà ÿêi ðîçïîâñþäæó¹òüñÿ
ñóìóâàííÿ

∑
ó ïðàâié ÷àñòèíi (11), íå ïåðåâèùóþòü εn çãiäíî ñïiââiäíîøåíü

Γ
(2)
2 < C2

εn òà (18); òóò òàêîæ áóëè âèêîðèñòàíi ïîëiíîìiàëüíà òåîðåìà òà íåðiâ-

íiñòü
[εn]∑
k=0

Ck
n ≤ exp{σ4(ε)n}.

Âðàõîâóþ÷è (19), ïåðåêîíó¹ìîñÿ, àíàëîãi÷íî (82), ó òîìó, ùî

S
(6)
2; 1; 3 (n; 1) ≤ exp{σ5(ε)n}2n. (83)

Çà äîïîìîãîþ (82) òà (83) îöiíèìî S
(6)
2; 1(n; 1) íàñòóïíèì ÷èíîì:

S
(6)
2; 1 (n; 1) ≤ a17 exp{σ6(ε)n}2n. (84)

Ïî¹äíóþ÷è (80) òà (84), ïðèõîäèìî äî íåðiâíîñòi

S
(6)
2; 1 (n; Q∗) ≤ a183

n2n exp{σ7(ε)n}
(
1 + 2n−

3
2
ε2n(1+o(1))

)n+m0

. (85)

Ïåðåâiðèìî, ùî
S

(6)
2; l (n; Q∗) = 0, (86)

l = 2, 3, 4. Äiéñíî, ç îçíà÷åíü (17)�(20) ïàðàìåòðiâ Γ
(l)
2 , l = 1, 2, 3, 4 òà ñóì

S
(6)
2; l (n; Q∗), l ≥ 2 âèïëèâà¹, ùî óñi ïàðàìåòðè j ∈ I, íà ÿêi ðîçïîâñþäæó¹òüñÿ

ñóìóâàííÿ
∑

ó ïðàâié ÷àñòèíi (11), íå ïåðåâèùóþòü εn, òîáòî t < εn, à îòæå
ìà¹ìî ïðîòèði÷÷ÿ ç îçíà÷åííÿì iíòåðâàëó R∗

6, íà ÿêîìó çàäàíà ñóìà S
(6)
2; l (n; Q∗).

Îòæå, ìà¹ ìiñöå (86).
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Äëÿ S(6) iç (74), (77), (78) òà (85) çíàõîäèìî

S(6) ≤ ω(n), (87)
äå

ω(n) = a19

(
9n

(
1 + 8n−

3
2
ε2n(1+o(1))

)n+m0

+ eσ7(ε)n2n3n
(
1 + 2n−

3
2
ε2n(1+o(1))

)n+m0
)

.

Ïî¹äíóþ÷è (2), (65), (66), (68), (69), (71), (73) òà (87), îòðèìó¹ìî (64) ïðè
n →∞. Iç (62) òà (64) âèïëèâà¹ (56).

Òàêèì ÷èíîì, iç òîãî, ùî âèêîíó¹òüñÿ (53), îòðèìàëè íåðiâíîñòi (55) òà (56),
ÿêi ðàçîì iç ñïiââiäíîøåííÿì (32) äîçâîëÿþòü äiéòè âèñíîâêó, ùî ìà¹ ìiñöå (54),
à öå, ó ñâîþ ÷åðãó, ñóïåðå÷èòü òîìó, ùî ç éìîâiðíiñòþ 1 iñíó¹ ¹äèíèé ðîçâ'ÿçîê
0̄ ñèñòåìè (1) ïðè n →∞.
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