
240 ÙÎÁÀÊ Í. Ì.

ÓÄÊ 517.927

Í. Ì. Ùîáàê (Óæãîðîäñüêèé íàö. óí-ò)

ÄÎÑËIÄÆÅÍÍß ÐÎÇÂ'ßÇÍÎÑÒI ÍÅËIÍIÉÍÈÕ ÊÐÀÉÎÂÈÕ
ÇÀÄÀ× Ç ÐÎÇÄIËÅÍÈÌÈ ÊÐÀÉÎÂÈÌÈ ÓÌÎÂÀÌÈ
The su�cient and necessary conditions of the existence of solutions for some boundary-value
problems with separated conditions are proved on the basis of the numerical-analytic method
of the successive approximations.

Íà îñíîâi ÷èñåëüíî-àíàëiòè÷íîãî ìåòîäó ïîñëiäîâíèõ íàáëèæåíü äîâåäåíi íåîáõiäíi òà äîñòà-
òíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ iç ðîçäiëåíèìè êðàéîâèìè óìîâàìè.

Âñòóï. Â [1] îá ðóíòîâàíà ìîäèôiêàöiÿ ÷èñåëüíî-àíàëiòè÷íîãî ìåòîäó ïîñëi-
äîâíèõ íàáëèæåíü [2,3] äëÿ íåëiíiéíî¨ êðàéîâî¨ çàäà÷i ç ðîçäiëåíèìè êðàéîâèìè
óìîâàìè

x′(t) = f (t, x(t)) , (1)
x1(0) = x10,

x2(T ) = x2T ,
(2)

äå t ∈ [0, T ], x = (x1, x2) : [0, T ] → R2, f : [0, T ] ×D → R2 i D ⊂ R2 � çàìêíåíà
îáìåæåíà îáëàñòü. ßêùî çàïèñàòè êðàéîâi óìîâè (2) ó ìàòðè÷íié ôîðìi

Ax (0) + C1x (T ) = d , (3)

äå A = ( 1 0
0 0 ), C1 = ( 0 0

0 1 ) i d = ( x10
x2T ) , òî áà÷èìî, ùî òóò ìàòðèöÿ C1 ¹ âèðîäæå-

íîþ.
Äëÿ òîãî, ùîá îáiéòè âèðîäæåíiñòü ìàòðèöi C1, ââîäèìî ïàðàìåòð λ íàñòó-

ïíèì ÷èíîì:
x1 (T ) = λ. (4)

Âèêîðèñòîâóþ÷è ïîçíà÷åííÿ (4), êðàéîâi óìîâè (3) ìàòèìóòü âèãëÿä

Ax (0) + Cx (T ) = d(λ) , (5)

äå C = ( 1 0
0 1 ) i d(λ) =

(
x10+λ
x2T

)
. Òóò, íà âiäìiíó âiä C1 â óìîâi (3), ìàòðèöÿ C ¹

íåâèðîäæåíîþ.
Òàêèì ÷èíîì, âèõiäíà êðàéîâà çàäà÷à ç ðîçäiëåíèìè êðàéîâèìè óìîâàìè

(1), (2) åêâiâàëåíòíà êðàéîâié çàäà÷i (1) ç óìîâàìè (5).
Äëÿ âñiõ x = (x1, x2) ∈ R2 ââåäåìî ïîçíà÷åííÿ |x| = (|x1|, |x2|) i âñi ïîäàëüøi

íåðiâíîñòi òà ìiíiìàëüíi i ìàêñèìàëüíi çíà÷åííÿ ìiæ 2-âèìiðíèìè âåêòîðàìè
ðîçóìiòèìåìî ïîêîìïîíåíòíî.

ßêùî β : I → R2 öå ôóíêöiÿ, I ⊂ R i z ∈ R2, òî ÷åðåç BI(z, β) ïîçíà÷èìî
ìíîæèíó

BI(z, β) := {x ∈ R2 : |x− z| ≤ β(λ) äëÿ âñiõ λ ∈ I}.
ßêùî ìíîæèíà D ⊂ R2 i ôóíêöiÿ f : [0, T ]×D → R, òî

δD(f) :=
1

2

[
max

(t,x)∈[0,T ]×D
f (t, x)− min

(t,x)∈[0,T ]×D
f (t, x)

]
. (6)

Ïðèïóñêà¹ìî äëÿ êðàéîâî¨ çàäà÷i (1), (5) âèêîíàííÿ íàñòóïíèõ óìîâ.
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(A) Ôóíêöiÿ f ¹ íåïåðåðâíîþ â îáëàñòi [0, T ]×D i äëÿ äåÿêî¨ ñòàëî¨ ìàòðèöi
ç íåâiä'¹ìíèìè êîìïîíåíòàìè K = (Kij)

2
i,j=1 çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ

|f(t, x)− f(t, y)| ≤ K |x− y| (7)

äëÿ âñiõ t ∈ [0, T ] i {x, y} ⊂ D.

(B) Ìíîæèíà
Dβ := {z ∈ D : BI(z, β(z, ·)) ⊂ D} (8)

¹ íåïîðîæíüîþ, äå I := {λ ∈ R :
(

λ
x2T

) ∈ D} i

β(z, λ) :=
T

2
δD(f) + |d(λ)− (A + E)z|, (9)

äå E � îäèíè÷íà ìàòðèöÿ.

(C) Íàéáiëüøå âëàñíå çíà÷åííÿ ìàòðèöi K çàäîâîëüíÿ¹ íåðiâíiñòü

λmax(K) <
10

3T
.

Âèçíà÷èìî ìíîæèíó U ⊂ R:

U := {u ∈ R : (x10, u) ∈ Dβ} .

Â [1] äîâåäåíî, ùî ïîñëiäîâíiñòü ôóíêöié

xm(t, u, λ) := z +

∫ t

0

f(s, xm−1(s, u, λ))ds−

− t

T

∫ T

0

f(s, xm−1(s, u, λ))ds +
t

T
[d(λ)− (A + E)z], (10)

äå m = 1, 2, 3, . . . , x0(t, u, λ) = (x10, u) =: z i u ∈ U , ðiâíîìiðíî çáiãà¹òüñÿ ïðè
m → ∞ â îáëàñòi (t, u, λ) ∈ [0, T ] × U × I äî ãðàíè÷íî¨ ôóíêöi¨ x∗(t, u, λ) ÿêà ¹
ðîçâ'ÿçêîì çáóðåíî¨ êðàéîâî¨ çàäà÷i

x′(t) = f(t, x(t)) + ∆(u, λ),

Ax(0) + Cx(T ) = d(λ),
(11)

äå
∆(u, λ) := − 1

T

∫ T

0

f(s, x(s, u, λ))ds +
1

T
[d(λ)− (A + E)z]. (12)

ç ïî÷àòêîâèì çíà÷åííÿì ïðè t = 0 ðiâíèì x∗(0, u, λ) = z = (x10, u).
Äîâåäåíî òàêîæ, ùî ïàðà (x∗(·, u∗, λ∗), λ∗) ¹ ðîçâ'ÿçêîì ìîäèôiêîâàíî¨ êðà-

éîâî¨ çàäà÷i (1), (5) ç ïàðàìåòðîì λ òîäi i òiëüêè òîäi, êîëè ïàðà (u∗, λ∗) çàäî-
âîëüíÿ¹ ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü

∆(u, λ) = − 1

T

∫ T

0

f(s, x∗(s, u, λ))ds +
1

T
[d(λ)− (A + E)z] = 0. (13)
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Äàíà ñòàòòÿ ìiñòèòü ïîäàëüøi ðîçøèðåííÿ äîñëiäæåíü, ðîçïî÷àòèõ â ðîáîòi
[1]. Âñòàíîâëåíî äîñòàòíi òà íåîáõiäíi óìîâè äëÿ iñíóâàííÿ ðîçâ'ÿçêó íåëiíiéíî¨
êðàéîâî¨ çàäà÷i (1), (2).

Iñíóâàííÿ äîñòàòíiõ óìîâ. Ïîçíà÷èìî ∆m(u, λ) íàáëèæåíå äî (13) âèçíà-
÷àëüíå ðiâíÿííÿ

∆m(u, λ) := − 1

T

∫ T

0

f(s, xm(s, u, λ))ds +
1

T
[d(λ)− (A + E)z] = 0, (14)

äå xm(t, u, λ) îá÷èñëþ¹òüñÿ çà ôîðìóëîþ (10).
Òåîðåìà 1. Íåõàé äëÿ íåëiíiéíî¨ êðàéîâî¨ çàäà÷i (1), (5) âèêîíóþòüñÿ óìî-

âè (A)�(C) i, êðiì òîãî:

(D) iñíó¹ âèïóêëà çàìêíåíà îáëàñòü

H1 = U1 × I1 ⊂ U × I, (15)

òàêà, ùî äëÿ äåÿêîãî m ≥ 1 íàáëèæåíà âèçíà÷àëüíà ñèñòåìà (14) ìà¹ â
(15) ¹äèíèé ðîçâ'ÿçîê (u, λ) = (um, λm), iíäåêñ ÿêîãî âiäìiííèé âiä íóëÿ;

(E) íà ãðàíèöi ∂H1 îáëàñòi H1 ìà¹ ìiñöå íåðiâíiñòü

inf
(u,λ)∈∂H1

|∆m(u, λ)| > 10

27
TKW (u, λ), (16)

äå
W (u, λ) = Qm−1 (E −Q)−1 [QδD(f) + K|d(λ)− (A + E)z|] ,

Q =
3T

10
K.

Òîäi äëÿ êðàéîâî¨ çàäà÷i (1), (5) iñíó¹ ðîçâ'ÿçîê x∗(t, u∗, λ∗). Ïðè÷îìó, ïî÷àòêîâå
çíà÷åííÿ ïðè t = 0 öüîãî ðîçâ'ÿçêó

x∗(0, u∗, λ∗) = z,

äå u∗ ∈ U1, λ∗ ∈ I1, z = (x10, u
∗).

Äîâåäåííÿ. Îöiíèìî ðiçíèöþ |∆(u, λ)−∆m(u, λ)|. Âçÿâøè äî óâàãè íåðiâíiñòü
(äèâ. [1])

|x∗(t, u, λ)− xm(t, u, λ)| ≤ ᾱ1(t)W (u, λ) = ε(x∗(t, u, λ), xm(t, u, λ)),

äå, çãiäíî iç [3],
ᾱ1(t) =

20

9
t

(
1− t

T

)
≤ 5

9
T,

i, âèêîðèñòîâóþ÷è óìîâó Ëiïøèöÿ, ç ðiâíîñòåé (12) i (14) ìàòèìåìî íàñòóïíó
îöiíêó:

|∆(u, λ)−∆m(u, λ)| =
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=

∣∣∣∣
1

T

∫ T

0

[f(s, x∗(s, u, λ))− f(s, xm(s, u, λ))] ds

∣∣∣∣ ≤ (17)

≤ 1

T
KW (u, λ)

∫ T

0

ᾱ1(s)ds =
10

27
TKW (u, λ) = ε (∆(u, λ), ∆m(u, λ)) .

Âðàõîâóþ÷è íåðiâíîñòi (16), (17), àíàëîãi÷íî ÿê â òåîðåìàõ 3.1; 17.1 ç [2],
ìîæåìî äîâåñòè, ùî âåêòîðíi ïîëÿ ∆(u, λ), ∆m(u, λ) ¹ ãîìîòîïíèìè. Öå îçíà÷à¹,
ùî òî÷íå âèçíà÷àëüíå ðiâíÿííÿ (13), ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i (1), (5)
ìà¹ â îáëàñòi H1 õî÷à á îäèí ðîçâ'ÿçîê u = u∗, λ = λ∗. Òîäi ìîæíà çðîáèòè
âèñíîâîê, ùî êðàéîâà çàäà÷à (1), (5) ìà¹ õî÷à á îäèí ðîçâ'ÿçîê (x∗(t, u∗, λ∗), λ∗).
Ïðè÷îìó, x∗(0, u∗, λ∗) = z = (x10, u

∗), äå u∗ ∈ U1, λ∗ ∈ I1.

Íåîáõiäíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó.
Ëåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè (A)�(C), òîäi äëÿ áóäü-ÿêèõ òðèïëåòiâ

(u
′
, λ

′
), (u

′′
, λ

′′
) ∈ U × I (18)

ìà¹ ìiñöå íàñòóïíà îöiíêà:
∣∣∣x∗(t, u′ , λ′)− x∗(t, u

′′
, λ

′′
)
∣∣∣ ≤

[
E + ᾱ1(t)K (E −Q)−1] [∣∣∣z′ − z

′′
∣∣∣ + b1(z

′
, z

′′
)
]
,

(19)
äå

b1(z
′
, z

′′
) = [d(λ)− (A + E)]

∣∣∣z′ − z
′′
∣∣∣ ,

z
′
= (x10, u

′
), z

′′
= (x10, u

′′
)

Äîâåäåííÿ. Íà îñíîâi (10) ìà¹ìî:

x1(t, u
′
, λ

′
)− x1(t, u

′′
, λ

′′
) =

(
z
′ − z

′′
)

+

∫ t

0

[
f

(
s, z

′
)
− f

(
s, z

′′
)]

ds−

− t

T

∫ T

0

[
f

(
s, z

′
)
− f

(
s, z

′′
)]

ds +
t

T
[d(λ)− (A + E)]

(
z
′′ − z

′
)

.

Âèêîðèñòîâóþ÷è óìîâó Ëiïøèöÿ, àíàëîãi÷íî, ÿê â ëåìi 17.1 iç [2], ç îñòàííüî¨
ðiâíîñòi îòðèìà¹ìî

∣∣∣x1(t, u
′
, λ

′
)− x1(t, u

′′
, λ

′′
)
∣∣∣ ≤ [E + Kα1(t)]

∣∣∣z′ − z
′′
∣∣∣ + b1(z

′
, z

′′
).

Àíàëîãi÷íî
∣∣∣x2(t, u

′
, λ

′
)− x2(t, u

′′
, λ

′′
)
∣∣∣ ≤

[
E + Kα1(t) + K2α2(t)

] ∣∣∣z′ − z
′′
∣∣∣+[E + Kα1(t)] b1(z

′
, z

′′
),

äå
αm+1(t) =

(
1− t

T

) ∫ t

0

αm(s)ds +
t

T

∫ T

t

αm(s)ds;

α0(t) = 1, α1(t) = 2t

(
1− t

T

)
.

Íàóê. âiñíèê Óæãîðîä óí-òó, 2008, âèï. 17



244 ÙÎÁÀÊ Í. Ì.

Çãiäíî iç ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨, ìîæíà çàïèñàòè

∣∣∣xm(t, u
′
, λ

′
)− xm(t, u

′′
, λ

′′
)
∣∣∣ ≤

[
m∑

i=0

αi(t)K
i

] ∣∣∣z′ − z
′′
∣∣∣ +

[
m−1∑
i=0

αi(t)K
i

]
b1(z

′
, z

′′
),

(20)
Âèêîðèñòîâóþ÷è îöiíêó Ëåìè 2.4 ç [3]

αm+1(t) ≤
(

3

10
T

)m

ᾱ1(t),

äå ᾱ1(t) = 10
9
α1(t) , i óìîâó, ùî λ(Q) < 1, äå Q = 3T

10
K , òà ïåðåõîäÿ÷è äî

ãðàíèöi ïðè m →∞, ç íåðiâíîñòi (20) âèïëèâà¹ îöiíêà (19), ùî i ïîòðiáíî áóëî
äîâåñòè.

Ëåìà 2. Íåõàé äëÿ íåëiíiéíî¨ êðàéîâî¨ çàäà÷i (1), (5) âèêîíóþòüñÿ óìîâè
(A)�(C). Òîäi ôóíêöiÿ ∆(u, λ), âèãëÿäó (12), âèçíà÷åíà i íåïåðåðâíà â îáëàñòi
U × I i äëÿ áóäü-ÿêèõ ïàð (18) âèêîíó¹òüñÿ íåðiâíiñòü

∣∣∣∆(u
′
, λ

′
)−∆(u

′′
, λ

′′
)
∣∣∣ ≤

≤ b1(z
′
, z

′′
)

T
+

[
K +

10

27
K2T (E −Q)−1

] [∣∣∣z′ − z
′′
∣∣∣ + b1(z

′
, z

′′
)
]

= (21)

= ε
(
∆(u

′
, λ

′
), ∆(u

′′
, λ

′′
)
)

.

Äîâåäåííÿ. Çãiäíî iç [1] äëÿ âñiõ (u, λ) ∈ U×I ãðàíèöÿ ïîñëiäîâíîñòi ôóíêöié
(10) ¹ íåïåðåðâíîþ ôóíêöi¹þ. Òîìó ïðè (u, λ) ∈ U × I ôóíêöiÿ ∆(u, λ) òàêîæ
íåïåðåðâíà i îáìåæåíà â äàíié îáëàñòi.

Âðàõîâóþ÷è (12), ìàòèìåìî

∆(u
′
, λ

′
)−∆(u

′′
, λ

′′
) = − 1

T
[d(λ)− (A + E)]

(
z
′ − z

′′
)

+

+
1

T

∫ T

0

[
f

(
s, x(s, u

′
, λ

′
)
)
− f

(
s, x(s, u

′′
, λ

′′
)
)]

ds.

Ça äîïîìîãîþ áåçïîñåðåäíiõ îá÷èñëåíü ìîæåìî îòðèìàòè
∣∣∣∆(u

′
, λ

′
)−∆(u

′′
, λ

′′
)
∣∣∣ =

b1(z
′
, z

′′
)

T
+

+K
[∣∣∣z′ − z

′′
∣∣∣ + b1(z

′
, z

′′
)
]

+
K2

T
(E −Q)−1

[∣∣∣z′ − z
′′
∣∣∣ + b1(z

′
, z

′′
)
] ∫ T

0

ᾱ1(t)dt.

Âðàõîâóþ÷è ðiâíiñòü
∫ T

0
ᾱ1(t)dt = 10

27
T 2, ç îñòàííüî¨ íåðiâíîñòi âèïëèâà¹

∣∣∣∆(u
′
, λ

′
)−∆(u

′′
, λ

′′
)
∣∣∣ =

b1(z
′
, z

′′
)

T
+ K

[∣∣∣z′ − z
′′
∣∣∣ + b1(z

′
, z

′′
)
]
+

+
10

27
K2T (E −Q)−1

[∣∣∣z′ − z
′′
∣∣∣ + b1(z

′
, z

′′
)
]
.
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Ãðóïóþ÷è äîäàíêè â îñòàííüîìó ñïiââiäíîøåííi, îòðèìà¹ìî ïîòðiáíó íàì
íåðiâíiñòü (21).

Íàñòóïíå òâåðäæåííÿ âèçíà÷à¹ íåîáõiäíi óìîâè iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i
(1), (5).

Òåîðåìà 2. Íåõàé äëÿ íåëiíiéíî¨ êðàéîâî¨ çàäà÷i (1), (5) âèêîíóþòüñÿ óìî-
âè (A)�(C). Äëÿ òîãî, ùîá â äåÿêó îáëàñòü H2 = U2 × I2 ⊂ U × I, âõîäèëà
ïàðà (u∗, λ∗) äàíîãî ðîçâ'ÿçêó (x∗(t, u∗, λ∗), λ∗) êðàéîâî¨ çàäà÷i (1), (5) íåîáõiäíî,
ùîá äëÿ êîæíîãî m i äîâiëüíî¨ ïàðè (ū, λ̄) ∈ H2 áóëà ñïðàâåäëèâîþ íàñòóïíà
íåðiâíiñòü:

∆m(ū, λ̄) ≤

≤ sup
(u,λ)∈H2

{
b1(z̄, z)

T
+

[
K +

10

27
K2T (E −Q)−1

]
[|z̄ − z|+ b1(z̄, z)]

}
+ (22)

+ε
(
∆(ū, λ̄), ∆m(ū, λ̄)

)
,

äå âåêòîðè ε
(
∆(ū, λ̄), ∆m(ū, λ̄)

)
, b1(z̄, z) çàäàþòüñÿ âiäïîâiäíî ôîðìóëàìè (17)

òà (19).
Äîâåäåííÿ. Íåõàé u = u∗, λ = λ∗ çàäîâîëüíÿþòü ñèñòåìó âèçíà÷àëüíèõ ðiâ-
íÿíü (13), òîáòî (x∗(t, u∗, λ∗), λ∗) ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (1), (5). Çàïèøåìî
íåðiâíiñòü (21) äëÿ ïàð (u

′
, λ

′
) = (ū, λ̄) òà (u

′′
, λ

′′
) = (u, λ). Òîäi

∆(ū, λ̄) ≤ b1(z̄, z)

T
+

[
K +

10

27
K2T (E −Q)−1

]
[|z̄ − z|+ b1(z̄, z)] .

Ç (17) äëÿ (u, λ) = (ū, λ̄) ìàòèìåìî

∆m(ū, λ̄) ≤ ∆(ū, λ̄) + ε
(
∆(ū, λ̄), ∆m(ū, λ̄)

)
.

Îá'¹äíóþ÷è äâi îñòàííi íåðiâíîñòi, îòðèìà¹ìî ïîòðiáíå ñïiââiäíîøåííÿ (22),
ùî i ïîòðiáíî áóëî äîâåñòè.

Ðîáîòà âèêîíàíà çà ïiäòðèìêè ãðàíòó Ïðåçèäåíòà Óêðà¨íè � GP/F26/0185.

1. Ronto M., Shchobak N. On parametrization for a non-linear boundary value problem with
separated conditions // Electronic J. Qualitat. Theory Di�erential Equat., Proc. 8th Coll.
QTDE. � 2007. � �18. � Ð. 1�16.

2. Ñàìîéëåíêî À.Ì., Ðîíòî Í.È. ×èñëåííî-àíàëèòè÷åñêèå ìåòîäû â òåîðèè êðàåâûõ çàäà÷
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.� Ê.: Íàóê. äóìêà, 1992. � 275 ñ.

3. Ronto Ì., Samoilenko A.M. Numerical-analytic methods in the theory of boundary-value
problems. � Singapore.: World Scienti�c, 2000. � 455 p.

Îäåðæàíî 15.10.2008

Íàóê. âiñíèê Óæãîðîä óí-òó, 2008, âèï. 17


