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ɉɨɞɫɬɚɜɢɜ ɡɧɚɱɟɧɢɹ nL  ɢ nD , ɢ ɢɫɩɨɥɶɡɭɹ ɬɟɨɪɟɦɭ ɨ ɫɪɟɞɧɟɦ, ɦɨɠɟɦ ɩɨɤɚɡɚɬɶ, ɱɬɨ ɫɭɳɟɫɬɜɭɸɬ ɦɨɦɟɧɬɵ ɜɪɟ-

ɦɟɧɢ 1 0s−τ ≤ ≤ , 20 s≤ ≤ τ , ( )2 kk s t ∗− τ ≤ ≤ − τ , ɬɚɤɢɟ, ɱɬɨ 
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ɉɨɷɬɨɦɭ ɧɚɣɞɟɬɫɹ ɧɟɩɪɟɪɵɜɧɚɹ, ɨɝɪɚɧɢɱɟɧɧɚɹ ɩɪɢ s t ∗−τ ≤ ≤  ɮɭɧɤɰɢɹ *
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ɉɭɫɬɶ ɮɭɧɤɰɢɢ ( )nF s  "ɧɟ ɨɱɟɧɶ ɫɢɥɶɧɨ ɪɚɫɬɭɬ" ɧɚ ɩɪɨɦɟɠɭɬɤɟ *s t−τ ≤ ≤ , ɬ.ɟ. ɜɵɩɨɥɧɹɟɬɫɹ ɭɫɥɨɜɢɟ 
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Ɍɨɝɞɚ ɪɹɞ 3( , )S x t  ɬɚɤɠɟ ɫɯɨɞɢɬɶɫɹ ɚɛɫɨɥɸɬɧɨ ɢ ɪɚɜɧɨɦɟɪɧɨ. 

Ɍɚɤɢɦ ɨɛɪɚɡɨɦ ɩɨɤɚɡɚɧɨ, ɱɬɨ ɞɥɹ ɚɛɫɨɥɸɬɧɨɣ ɢ ɪɚɜɧɨɦɟɪɧɨɣ ɫɯɨɞɢɦɨɫɬɢ ɪɹɞɨɜ ( )1 ,S x t , ( )2 ,S x t , ( )3 ,S x t  ɬɪɟɛɭɟ-

ɬɫɹ ɥɢɲɶ "ɧɟ ɨɱɟɧɶ ɫɢɥɶɧɵɣ ɪɨɫɬ" ɩɨ ɢɧɞɟɤɫɭ n  ɤɨɷɮɮɢɰɢɟɧɬɨɜ Ɏɭɪɶɟ ( )nF t , *s t−τ ≤ ≤ , ( )n tΦ  ɢ ( )n t′Φ , 0t−τ ≤ ≤ . 

ɋɯɨɞɢɦɨɫɬɶ ɩɪɨɢɡɜɨɞɧɵɯ ɮɭɧɤɰɢɢ ( , )u x t  ɫɥɟɞɭɟɬ ɢɡ ɫɜɨɣɫɬɜ ɞɢɮɮɟɪɟɧɰɢɪɭɟɦɨɫɬɢ ɡɚɩɚɡɞɵɜɚɸɳɟɝɨ ɷɤɫɩɨɧɟɧɰɢɚɥɚ. 
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ɍ ɪɨɛɨɬɿ ɧɚɜɟɞɟɧɨ ɞɟɹɤɿ ɚɥɝɨɪɢɬɦɢ ɞɥɹ ɪɨɡɩɨɞɿɥɭ ɜɢɬɪɚɬ ɩɪɢ ɧɟɱɿɬɤɢɯ ɭɦɨɜɚɯ .Ɂɚɩɪɨɩɨɧɨɜɚɧɨ ɧɟɱɿɬɤɿ ɭɡɚɝɚɥɶɧɟɧɧɹ 

ɩɨɞɭɲɧɨɝɨ ɬɚ ɪɿɜɧɟɜɨɝɨ ɩɨɞɚɬɤɿɜ ɧɚ ɜɢɩɚɞɨɤ ɧɟɱɿɬɤɨɝɨ ɜɢɤɨɧɚɧɧɹ ɨɛɦɟɠɟɧɶ ɧɚ ɱɚɫɬɤɢ ɜɢɬɪɚɬ ɚɝɟɧɬɿɜ ɬɚ ɧɚ ɜɢɩɚɞɨɤ ɧɟ-
ɱɿɬɤɨɝɨ ɡɚɞɚɧɧɹ ɜɟɥɢɱɢɧɢ ɜɢɬɪɚɬ. Ɂɚɩɪɨɩɨɧɨɜɚɧɨ ɧɟɱɿɬɤɟ ɭɡɚɝɚɥɶɧɟɧɧɹ N-ɹɞɪɚ. ɇɚɜɟɞɟɧɿ ɚɥɝɨɪɢɬɦɢ ɩɪɨɿɥɸɫɬɪɨɜɚɧɨ ɱɢɫ-
ɥɨɜɢɦɢ ɩɪɢɤɥɚɞɚɦɢ, ɞɚɧɨ ɚɤɫɿɨɦɚɬɢɱɧɭ ɯɚɪɚɤɬɟɪɢɡɚɰɿɸ. 

The paper presents some algorithms of cost sharing under fuzzy conditions. Fuzzy generalizations of uniform gains, uniform losses 
and Talmudic rationing methods are proposed. These algorithms are illustrated by numerical examples. Also, the axiomatic 
characterization of generalized methods is given. 

 
ȼɫɬɭɩ. ɋɩɪɚɜɟɞɥɢɜɢɣ ɪɨɡɩɨɞɿɥ ɫɩɿɥɶɧɢɯ ɜɢɬɪɚɬ (ɚɛɨ ɫɩɿɥɶɧɨɝɨ ɩɪɢɛɭɬɤɭ) ɫɟɪɟɞ ɚɝɟɧɬɿɜ ɽ ɰɟɧɬɪɚɥɶɧɨɸ ɬɟɦɨɸ ɬɟ-

ɨɪɿʀ ɤɨɨɩɟɪɚɬɢɜɧɢɯ ɿɝɨɪ ɿɡ ɬɪɚɧɫɮɟɪɚɛɟɥɶɧɨɸ ɤɨɪɢɫɧɿɫɬɸ. Ɂɨɤɪɟɦɚ, ɩɪɨɫɬɿɲɚ ɩɪɨɛɥɟɦɚ ɪɨɡɩɨɞɿɥɭ ɨɞɧɨɝɨ ɜɢɞɭ ɛɥɚɝ 
ɡɚ ɩɟɜɧɢɦ ɩɪɨɮɿɥɟɦ ɡɚɹɜɨɤ (ɳɨ ɜɿɞɨɛɪɚɠɚɽ ɿɧɞɢɜɿɞɭɚɥɶɧɿ ɩɨɬɪɟɛɢ ɱɢ ɜɢɦɨɝɢ) ɬɟɠ ɛɭɥɚ ɩɨɩɭɥɹɪɧɨɸ ɞɥɹ ɚɤɫɿɨɦɚɬɢɱ-
ɧɨɝɨ ɚɧɚɥɿɡɭ. ɐɹ ɦɨɞɟɥɶ ɪɨɡɩɨɞɿɥɭ ɜ ɥɿɬɟɪɚɬɭɪɿ ɱɚɫɬɨ ɧɚɡɢɜɚɽɬɶɫɹ ɩɪɨɛɥɟɦɨɸ ɛɚɧɤɪɭɬɫɬɜɚ [1]. 
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ɉɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ. ɉɪɨɛɥɟɦɨɸ ɪɨɡɩɨɞɿɥɭ ɧɚɡɢɜɚɽɬɶɫɹ ɬɪɿɣɤɚ (N,ɫ,b), ɞɟ N – ɫɤɿɧɱɟɧɧɚ ɦɧɨɠɢɧɚ ɚɝɟɧɬɿɜ, ɧɟɜɿɞ'-

ɽɦɧɟ ɞɿɣɫɧɟ ɱɢɫɥɨ ɫ ɜɢɡɧɚɱɚɽ ɤɿɥɶɤɿɫɬɶ ɪɟɫɭɪɫɿɜ, ɹɤɭ ɧɟɨɛɯɿɞɧɨ ɪɨɡɩɨɞɿɥɢɬɢ, ɜɟɤɬɨɪ ( )i i Nb b ∈=  ɜɢɡɧɚɱɚɽ ɞɥɹ ɤɨɠɧɨɝɨ 

ɚɝɟɧɬɚ ɿ ɣɨɝɨ ɡɚɹɜɤɭ , ɩɪɢɱɨɦɭ ɰɿ ɱɢɫɥɚ ɬɚɤɿ, ɳɨ 

0 0 .i i
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b , i N : c b
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≤ ∀ ∈ ≤ ≤ ∑                                                                  (1) 

Ɋɨɡɜ'ɹɡɤɨɦ ɩɪɨɛɥɟɦɢ ɪɨɡɩɨɞɿɥɭ ɽ ɜɟɤɬɨɪ ( ) ∈= i i N
x x , ɹɤɢɣ ɫɬɚɜɢɬɶ ɭ ɜɿɩɨɜɿɞɧɿɫɬɶ ɤɨɠɧɨɦɭ ɚɝɟɧɬɭ ɿ ɣɨɝɨ ɱɚɫɬɤɭ ix , ɩɪɢɱɨɦɭ 

0 , : .i i i
i N

x b i N x c
∈

≤ ≤ ∀ ∈ =∑                                                                      (2) 

Ɇɨɠɥɢɜɨ ɞɟɤɿɥɶɤɚ ɿɧɬɟɪɩɪɟɬɚɰɿɣ ɩɪɨɛɥɟɦɢ ɪɨɡɩɨɞɿɥɭ. ȼ ɞɚɧɿɣ ɫɬɚɬɬɿ, ɛɟɡ ɡɦɟɧɲɟɧɧɹ ɡɚɝɚɥɶɧɨɫɬɿ, ɪɨɡɝɥɹɞɚɽɬɶɫɹ ɡɚɞɚ-
ɱɚ ɪɨɡɩɨɞɿɥɭ ɜɢɬɪɚɬ ɧɚ ɜɢɪɨɛɧɢɰɬɜɨ ɧɟɩɨɞɿɥɶɧɨɝɨ ɫɭɫɩɿɥɶɧɨɝɨ ɩɪɨɞɭɤɬɭ a ɜɚɪɬɿɫɬɸ ɫ, ɜɟɥɢɱɢɧɢ ib  ɞɥɹ ɤɨɠɧɨɝɨ ɿ ɿɧɬɟɪɩɪɟ-
ɬɭɸɬɶɫɹ ɹɤ ɡɚɩɚɫ ɝɪɨɲɟɣ ɿ-ɝɨ ɚɝɟɧɬɚ (ɚɛɨ, ɚɥɶɬɟɪɧɚɬɢɜɧɨ, ɹɤ ɨɱɿɤɭɜɚɧɚ ɜɢɝɨɞɚ ɜɿɞ ɤɨɪɢɫɬɭɜɚɧɧɹ ɫɭɫɩɿɥɶɧɢɦ ɩɪɨɞɭɤɬɨɦ). 

ɉɨɞɭɲɧɢɣ ɬɚ ɪɿɜɧɟɜɢɣ ɩɨɞɚɬɤɢ. Ɋɨɡɝɥɹɧɟɦɨ ɞɜɚ ɩɪɢɧɰɢɩɢ ɪɨɡɩɨɞɿɥɭ ɜɢɬɪɚɬ: 
ȼɢɪɿɜɧɸɜɚɧɧɹ ɜɢɬɪɚɬ   ( ,i

c
x i N

n
= ∀ ∈ ); 

ȼɢɪɿɜɧɸɜɚɧɧɹ ɩɪɢɛɭɬɤɿɜ   ( / ,i i i
i N

x b b c n i N
∈

⎛ ⎞
= − − ∀ ∈⎜ ⎟⎜ ⎟

⎝ ⎠
∑ ). 

əɤɳɨ ɩɨɪɭɲɭɽɬɶɫɹ ɭɦɨɜɚ (2), ɬɨ ɩɪɢ ɜɢɪɿɜɧɸɜɚɧɧɿ ɩɪɢɛɭɬɤɿɜ ɦɨɠɟ ɜɢɧɢɤɧɭɬɢ ɫɢɬɭɚɰɿɹ, ɤɨɥɢ ɞɟɹɤɢɣ ɚɝɟɧɬ ɩɨɜɢɧɟɧ 
ɛɭɞɟ ɡɚɩɥɚɬɢɬɢ ɛɿɥɶɲɟ ɫɜɨɝɨ ɡɚɩɚɫɭ ɝɪɨɲɟɣ. Ɍɨɞɿ ɜɿɧ ɦɨɠɟ ɜɿɞɦɨɜɢɬɢɫɶ ɜɿɞ ɤɨɨɩɟɪɚɰɿʀ. ɉɪɢ ɜɢɪɿɜɧɸɜɚɧɧɿ ɩɪɢɛɭɬɤɿɜ 
ɦɨɠɥɢɜɢɣ ɜɢɩɚɞɨɤ, ɳɨ ɞɟɹɤɢɣ ɚɝɟɧɬ ɛɭɞɟ ɫɭɛɫɢɞɭɜɚɬɢɫɹ ɿɧɲɢɦɢ. ȼ ɰɶɨɦɭ ɜɢɩɚɞɤɭ ɜɫɿ ɿɧɲɿ ɚɝɟɧɬɢ ɦɨɠɭɬɶ ɜɿɞɦɨɜɢ-
ɬɢɫɶ ɣɨɝɨ ɫɭɛɫɢɞɭɜɚɬɢ, ɿ ɜɢɣɞɭɬɶ ɡ ɤɨɚɥɿɰɿʀ. 

ɍ ɜɢɩɚɞɤɭ ɱɿɬɤɨɝɨ ɜɢɤɨɧɚɧɧɹ ɭɦɨɜ (2), ɩɪɢɧɰɢɩ ɜɢɪɿɜɧɸɜɚɧɧɹ ɜɢɬɪɚɬ ɭɡɚɝɚɥɶɧɸɽɬɶɫɹ ɧɚ ɩɨɞɭɲɧɢɣ ɩɨɞɚɬɨɤ, ɚ 
ɩɪɢɧɰɢɩ ɜɢɪɿɜɧɸɜɚɧɧɹ ɩɪɢɛɭɬɤɿɜ – ɧɚ ɪɿɜɧɟɜɢɣ [2]. 

ɉɪɢ ɩɨɞɭɲɧɨɦɭ ɩɨɞɚɬɤɭ ɦɨɠɟ ɜɢɧɢɤɧɭɬɢ ɫɢɬɭɚɰɿɹ, ɩɪɢ ɹɤɿɣ ɚɝɟɧɬ ɩɨɜɢɧɟɧ ɛɭɞɟ ɜɿɞɞɚɬɢ ɜɟɫɶ ɫɜɿɣ ɡɚɩɚɫ ɝɪɨɲɟɣ. ȼ 
ɰɶɨɦɭ ɪɚɡɿ ɜɿɧ ɬɚɤɨɠ ɦɨɠɟ ɧɟ ɩɨɝɨɞɢɬɢɫɶ ɧɚ ɤɨɨɩɟɪɚɰɿɸ. Ⱥɥɟ ɹɤɳɨ ɜɿɧ ɡɝɨɞɟɧ ɜɿɞɞɚɬɢ ɞɟɹɤɭ ɱɚɫɬɢɧɭ ɝɪɨɲɟɣ, ɚ ɿɧɲɿ 
ɚɝɟɧɬɢ ɡɝɨɞɧɿ ɩɨɤɪɢɬɢ ɧɟɫɬɚɱɭ, ɦɚɤɫɢɦɚɥɶɧɚ ɤɨɚɥɿɰɿɹ ɧɟ ɪɨɡɩɚɞɟɬɶɫɹ. 

ɑɿɬɤɿ ɭɡɚɝɚɥɶɧɟɧɧɹ ɩɨɞɭɲɧɨɝɨ ɬɚ ɪɿɜɧɟɜɨɝɨ ɩɨɞɚɬɤɿɜ. ɇɟɯɚɣ ɩɨɬɪɿɛɧɨ ɪɨɡɩɨɞɿɥɢɬɢ ɜɢɬɪɚɬɢ ɜɟɥɢɱɢɧɨɸ ɫ, ɫɟ-

ɪɟɞ ɦɧɨɠɢɧɢ ɚɝɟɧɬɿɜ 1,N n= . 

Ɋɨɡɝɥɹɧɟɦɨ ɩɨɞɭɲɧɢɣ ɩɨɞɚɬɨɤ. ɉɪɢɩɭɫɬɢɦɨ, ɳɨ ɿɫɧɭɸɬɶ ɚɝɟɧɬɢ, ɹɤɿ ɡɚ ɩɨɞɭɲɧɢɦ ɩɨɞɚɬɤɨɦ ɩɨɜɢɧɧɿ ɡɚɩɥɚɬɢɬɢ 

ɜɟɫɶ ɫɜɿɣ ɡɚɩɚɫ ɝɪɨɲɟɣ. ɉɨɡɧɚɱɢɦɨ ɦɧɨɠɢɧɭ ɰɢɯ ɚɝɟɧɬɿɜ ɱɟɪɟɡ 1N .  

ȼɫɬɚɧɨɜɢɦɨ ɞɜɚ ɩɨɪɨɝɨɜɿ ɡɧɚɱɟɧɧɹ: iα  – ɤɿɥɶɤɿɫɬɶ ɜɿɞɫɨɬɤɿɜ ɝɪɨɲɟɣ ɚɝɟɧɬɚ i ( 1i N∈ ), ɜ ɹɤɨɝɨ ɩɨɞɭɲɧɢɣ ɩɨɞɚɬɨɤ 

(ɉɉ) ɡɚɛɢɪɚɽ ɜɫɸ ɫɭɦɭ, ɹɤɭ ɜɿɧ ɦɨɠɟ ɜɿɞɞɚɬɢ; jβ  – ɧɚ ɫɤɿɥɶɤɢ ɜɿɞɫɨɬɤɿɜ ɚɝɟɧɬ j ( 2 1\j N N N∈ = ), ɜ ɹɤɨɝɨ ɩɿɫɥɹ ɪɨɡɩɨ-

ɞɿɥɭ ɡɚ ɉɉ ɳɟ ɡɚɥɢɲɚɸɬɶɫɹ ɝɪɨɲɿ, ɡɝɿɞɧɢɣ ɡɚɩɥɚɬɢɬɢ ɛɿɥɶɲɟ ɡɚ ɉɉ. ȼ ɡɚɝɚɥɶɧɨɦɭ ɜɢɩɚɞɤɭ ɰɿ ɜɟɥɢɱɢɧɢ ɜɢɡɧɚɱɚɸɬɶɫɹ 
ɿɡ ɭɪɚɯɭɜɚɧɧɹɦ ɝɪɨɲɨɜɢɯ ɡɚɩɚɫɿɜ ɚɝɟɧɬɿɜ ("ɩɪɨɝɪɟɫɢɜɧɟ ɨɩɨɞɚɬɤɭɜɚɧɧɹ"). 

ɇɟɯɚɣ ˆi ix b=  – ɜɟɥɢɱɢɧɚ ɉɉ ɚɝɟɧɬɚ i ( 1i N∈ ); ( )1i i ix b= − α – ɦɚɤɫɢɦɚɥɶɧɚ ɤɿɥɶɤɿɫɬɶ ɝɪɨɲɟɣ, ɹɤɭ i-ɣ ɚɝɟɧɬ ɡɝɨ-

ɞɟɧ ɜɿɞɞɚɬɢ "ɛɟɡ ɡɚɩɟɪɟɱɟɧɶ". Ʉɿɧɰɟɜɢɣ ɪɨɡɩɨɞɿɥ ɜɢɬɪɚɬ ɞɥɹ ɿ-ɝɨ ɚɝɟɧɬɚ ɛɭɞɟ ɧɚɥɟɠɚɬɢ ɩɪɨɦɿɠɤɭ ˆ[ , ]i ix x .  

ɉɨɡɧɚɱɢɦɨ ˆi i ix xΔ = −  "ɞɟɮɿɰɢɬ", ɳɨ ɜɢɧɢɤɚɽ ɩɪɢ ɩɨɫɬɭɩɤɚɯ ɚɝɟɧɬɭ ɿ. ɋɭɦɚɪɧɢɣ ɞɟɮɿɰɢɬ ɩɨɡɧɚɱɢɦɨ 

∑
∈

Δ=Δ
1Ni

i . Ⱦɚɧɢɣ ɞɟɮɿɰɢɬ ɩɨɤɪɢɜɚɽɬɶɫɹ ɡɚ ɪɚɯɭɧɨɤ ɚɝɟɧɬɿɜ, ɞɥɹ ɹɤɢɯ ɜɟɥɢɱɢɧɚ ɩɨɞɭɲɧɨɝɨ ɩɨɞɚɬɤɭ ɽ ɦɟɧɲɨɸ ɜɿɞ 

ʀɯ ɡɚɩɚɫɭ ɝɪɨɲɟɣ. 

Ɋɨɡɝɥɹɧɟɦɨ ɦɧɨɠɢɧɭ ɚɝɟɧɬɿɜ 2N . ɉɨɡɧɚɱɢɦɨ ˆ jx  – ɜɟɥɢɱɢɧɭ ɩɨɞɭɲɧɨɝɨ ɩɨɞɚɬɤɭ ɞɥɹ ɚɝɟɧɬɚ j ( 2j N∈ ), ( )ˆ 1j j jx x= + β – 

ɦɚɤɫɢɦɚɥɶɧɭ ɤɿɥɶɤɿɫɬɶ ɝɪɨɲɟɣ, ɹɤɭ ɚɝɟɧɬ ɡɝɨɞɟɧ ɜɿɞɞɚɬɢ. ɉɨɜɢɧɧɚ ɜɢɤɨɧɭɜɚɬɢɫɶ ɧɟɪɿɜɧɿɫɬɶ ( )
2

ˆj j
j N

x x
∈

− ≥ Δ∑ . ȼ ɪɚɡɿ 

ɧɟɜɢɤɨɧɚɧɧɹ ɞɚɧɨʀ ɧɟɪɿɜɧɨɫɬɿ ɩɨɬɪɿɛɧɨ ɡɦɿɧɢɬɢ ɜɟɥɢɱɢɧɢ ,i jα β  ɬɚɤ, ɳɨɛ ɞɚɧɚ ɧɟɪɿɜɧɿɫɬɶ ɜɢɤɨɧɭɜɚɥɚɫɶ. 

Ⱥɧɚɥɨɝɿɱɧɨ ɞɥɹ ɪɿɜɧɟɜɨɝɨ ɩɨɞɚɬɤɭ ɩɨɡɧɚɱɢɦɨ ɱɟɪɟɡ ɦɧɨɠɢɧɭ ɚɝɟɧɬɿɜ, ɞɥɹ ɹɤɢɯ ɱɚɫɬɤɚ ɜɢɬɪɚɬ ɡɚ ɪɿɜɧɟɜɢɦ ɩɨɞɚɬ-
ɤɨɦ (Ɋɉ) ɪɿɜɧɚ ɧɭɥɸ. Ɇɨɠɥɢɜɨ, ɞɥɹ ɿɧɲɢɯ ɚɝɟɧɬɿɜ ɡ ɩɟɜɧɢɯ ɦɿɪɤɭɜɚɧɶ ɽ ɩɪɢɣɧɹɬɧɢɦ ɫɭɛɫɢɞɭɜɚɧɧɹ ɰɢɯ ɚɝɟɧɬɿɜ (ɧɚɩɪɢ-

ɤɥɚɞ ɡ ɦɟɬɨɸ ɡɛɟɪɟɠɟɧɧɹ ɦɚɤɫɢɦɚɥɶɧɨʀ ɤɨɚɥɿɰɿʀ). Ɍɨɞɿ iα  – ɤɿɥɶɤɿɫɬɶ ɜɿɞɫɨɬɤɿɜ ɝɪɨɲɟɣ ɚɝɟɧɬɚ i ( 1i N∈ ), ɧɚ ɹɤɭ ɞɚɧɢɣ 

ɚɝɟɧɬ ɫɭɛɫɢɞɭɽɬɶɫɹ; jβ  – ɧɚ ɫɤɿɥɶɤɢ ɜɿɞɫɨɬɤɿɜ ɚɝɟɧɬ j ( 2 1\j N N N∈ = ), ɜ ɹɤɨɝɨ ɩɿɫɥɹ ɪɨɡɩɨɞɿɥɭ ɡɚ Ɋɉ ɳɟ ɡɚɥɢɲɚ-

ɸɬɶɫɹ ɝɪɨɲɿ, ɡɝɿɞɧɢɣ ɜɢɬɪɚɬɢɬɢ ɧɚ ɫɭɛɫɢɞɭɜɚɧɧɹ "ɛɿɞɧɢɯ" ɚɝɟɧɬɿɜ. 

ɇɟɯɚɣ ˆix  – ɜɟɥɢɱɢɧɚ ɫɭɛɫɢɞɿʀ i ( 1i N∈ ), ˆi i ix b= α . Ɍɨɞɿ 
1

ˆi
i N

x
∈

Δ = ∑  – ɫɭɦɚɪɧɚ ɜɟɥɢɱɢɧɚ ɫɭɛɫɢɞɿɣ, ɳɨ ɩɨɤɪɢɜɚɽɬɶ-

ɫɹ ɚɝɟɧɬɚɦɢ ɡ 2 1\N N N= . ɉɨɡɧɚɱɢɦɨ ˆ j jx b=  – ɜɟɥɢɱɢɧɭ ɪɿɜɧɟɜɨɝɨ ɩɨɞɚɬɤɭ ɞɥɹ ɚɝɟɧɬɚ j ( 2j N∈ ), ( )1j j jx b= + β  – 

ɦɚɤɫɢɦɚɥɶɧɭ ɤɿɥɶɤɿɫɬɶ ɝɪɨɲɟɣ, ɹɤɭ ɚɝɟɧɬ ɡɝɨɞɟɧ ɜɿɞɞɚɬɢ. ɉɨɜɢɧɧɚ ɜɢɤɨɧɭɜɚɬɢɫɶ ɧɟɪɿɜɧɿɫɬɶ 
2

j
j N

x c
∈

≥ Δ +∑ . ȼ ɪɚɡɿ ɧɟɜɢ-

ɤɨɧɚɧɧɹ ɞɚɧɨʀ ɧɟɪɿɜɧɨɫɬɿ ɩɨɬɪɿɛɧɨ ɡɦɿɧɢɬɢ ɜɟɥɢɱɢɧɢ ,i jα β  ɬɚɤ, ɳɨɛ ɞɚɧɚ ɧɟɪɿɜɧɿɫɬɶ ɜɢɤɨɧɭɜɚɥɚɫɶ. 
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Ⱦɥɹ ɩɨɞɭɲɧɨɝɨ ɩɨɞɚɬɤɭ ɩɪɨɩɨɧɭɽɬɶɫɹ ɪɨɡɩɨɞɿɥɹɬɢ ɜɢɬɪɚɬɢ ɜ ɬɚɤɨɦɭ ɩɨɪɹɞɤɭ: 
Ⱦɥɹ ɚɝɟɧɬɿɜ ( )1i i N∈  ɜɫɬɚɧɨɜɥɸɽɦɨ ʀɯɧɸ ɱɚɫɬɤɭ ɜɢɬɪɚɬ ɹɤ  i ix x= . 

Ⱦɥɹ ɚɝɟɧɬɿɜ ( )2j j N∈  ɜɫɬɚɧɨɜɥɸɽɦɨ ˆj j jx x xΔ= + , ɞɟ jxΔ  ɜɢɡɧɚɱɚɽɬɶɫɹ ɹɤ ɱɚɫɬɤɚ ɜɢɬɪɚɬ ɩɪɢ ɪɨɡɩɨɞɿɥɿ ɞɟɮɿɰɢ-

ɬɭ Ⱦ, ɩɪɢɱɨɦɭ ɜɨɧɚ ɦɨɠɟ ɨɛɱɢɫɥɸɜɚɬɢɫɶ ɹɤ ɡɚ ɩɪɚɜɢɥɨɦ ɡɧɚɯɨɞɠɟɧɧɹ ɩɨɞɭɲɧɨɝɨ ɩɨɞɚɬɤɭ, ɬɚɤ ɿ ɡɚ ɩɪɚɜɢɥɨɦ ɡɧɚɯɨ-
ɞɠɟɧɧɹ ɪɿɜɧɟɜɨɝɨ ɩɨɞɚɬɤɭ. 

əɤɳɨ ɜ ɪɟɡɭɥɶɬɚɬɿ ɨɬɪɢɦɭɽɦɨ ɞɨɩɭɫɬɢɦɢɣ ɪɨɡɩɨɞɿɥ, ɩɪɨɰɟɫ ɡɭɩɢɧɹɽɬɶɫɹ. əɤɳɨ ɧɿ – ɤɨɪɟɤɬɭɽɦɨ ɜɟɥɢɱɢɧɢ ɩɨɫɬɭɩɨɤ. 
Ⱥɧɚɥɨɝɿɱɧɨ ɞɥɹ ɪɿɜɧɟɜɨɝɨ ɩɨɞɚɬɤɭ: 
Ⱦɥɹ ɚɝɟɧɬɿɜ ( )1i i N∈  ɜɫɬɚɧɨɜɥɸɽɦɨ ʀɯɧɸ ɱɚɫɬɤɭ ɜɢɬɪɚɬ ɹɤ ˆi ix x= − . 

Ⱦɥɹ ɚɝɟɧɬɿɜ ( )2j j N∈  ɜɫɬɚɧɨɜɥɸɽɦɨ ˆj j jx x xΔ= + , ɞɟ jxΔ  ɜɢɡɧɚɱɚɽɬɶɫɹ ɹɤ ɱɚɫɬɤɚ ɜɢɬɪɚɬ ɩɪɢ ɪɨɡɩɨɞɿɥɿ ɞɟɮɿɰɢ-

ɬɭ Ⱦ, ɩɪɢɱɨɦɭ ɜɨɧɚ ɦɨɠɟ ɨɛɱɢɫɥɸɜɚɬɢɫɶ ɹɤ ɡɚ ɩɪɚɜɢɥɨɦ ɡɧɚɯɨɞɠɟɧɧɹ ɩɨɞɭɲɧɨɝɨ ɩɨɞɚɬɤɭ, ɬɚɤ ɿ ɡɚ ɩɪɚɜɢɥɨɦ ɡɧɚɯɨ-
ɞɠɟɧɧɹ ɪɿɜɧɟɜɨɝɨ ɩɨɞɚɬɤɭ. 

əɤɳɨ ɜ ɪɟɡɭɥɶɬɚɬɿ ɨɬɪɢɦɭɽɦɨ ɞɨɩɭɫɬɢɦɢɣ ɪɨɡɩɨɞɿɥ, ɩɪɨɰɟɫ ɡɭɩɢɧɹɽɬɶɫɹ. əɤɳɨ ɧɿ – ɤɨɪɟɤɬɭɽɦɨ ɜɟɥɢɱɢɧɢ ɩɨɫɬɭɩɨɤ. 
Ɉɬɠɟ, ɦɨɠɥɢɜɿ ɱɨɬɢɪɢ ɜɚɪɿɚɧɬɢ ɪɨɡɩɨɞɿɥɭ: ɉɉ+ɉɉ(ɩɟɪɲɢɣ ɿ ɞɪɭɝɢɣ ɟɬɚɩɢ ɨɛɱɢɫɥɸɸɬɶɫɹ ɡɚ ɉɉ), ɉɉ+Ɋɉ(ɧɚ ɩɟɪ-

ɲɨɦɭ ɟɬɚɩɿ ɨɛɱɢɫɥɸɽɦɨ ɉɉ, ɞɟɮɿɰɢɬɢ ɞɿɥɢɦɨ ɡɚ Ɋɉ); ɬɚ Ɋɉ+ɉɉ, Ɋɉ+Ɋɉ. ȼɢɛɿɪ ɤɨɧɤɪɟɬɧɨɝɨ ɦɟɯɚɧɿɡɦɭ ɪɨɡɩɨɞɿɥɭ 
ɡɚɥɢɲɚɽɬɶɫɹ ɧɚ ɪɨɡɫɭɞ ɨɫɨɛɢ, ɳɨ ɩɪɢɣɦɚɽ ɪɿɲɟɧɧɹ (ɈɉɊ). 

ɇɟɱɿɬɤɿ ɭɡɚɝɚɥɶɧɟɧɧɹ ɩɨɞɭɲɧɨɝɨ ɬɚ ɪɿɜɧɟɜɨɝɨ ɩɨɞɚɬɤɿɜ. Ɇɨɠɥɢɜɢɣ ɿ ɿɧɲɢɣ ɜɚɪɿɚɧɬ ɪɨɡɩɨɞɿɥɭ – ɿɡ ɡɚɫɬɨɫɭɜɚɧ-
ɧɹɦ ɚɩɚɪɚɬɭ ɧɟɱɿɬɤɢɯ ɦɧɨɠɢɧ [2, 3]. 

ɉɪɢɩɭɫɬɢɦɨ, ɳɨ ɪɨɡɝɥɹɞɚɽɬɶɫɹ ɪɨɡɩɨɞɿɥ ɜɢɬɪɚɬ ɡɝɿɞɧɨ ɩɨɞɭɲɧɨɝɨ ɩɨɞɚɬɤɭ. ɇɟɯɚɣ ɱɚɫɬɤɚ ɜɢɬɪɚɬ ɚɝɟɧɬɚ ( )1i i N∈  

ɽ ɧɟɱɿɬɤɢɦ ɱɢɫɥɨɦ, ɮɭɧɤɰɿɹ ɧɚɥɟɠɧɨɫɬɿ ɹɤɨɝɨ, ɜɢɤɨɪɢɫɬɨɜɭɸɱɢ ɩɨɩɟɪɟɞɧɿ ɩɨɡɧɚɱɟɧɧɹ, ɦɚɽ ɜɢɝɥɹɞ: 
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Ɍɨɛɬɨ ( )i ixμ  ɽ ɩɪɚɜɨɫɬɨɪɨɧɧɿɦɢ ɧɟɱɿɬɤɢɦɢ ɱɢɫɥɚɦɢ ɬɪɚɩɟɰɟʀɞɚɥɶɧɨɝɨ ɜɢɝɥɹɞɭ. ɉɨɡɧɚɱɢɦɨ ( )ˆ,i iix x x= . 

Ⱥɧɚɥɨɝɿɱɧɨ, ɞɥɹ ɚɝɟɧɬɿɜ ( )2j j N∈  ɦɚɽɦɨ ( )ˆ ,i i ix x x= . Ɍɨɛɬɨ 
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Ɍɨɞɿ ɞɥɹ ɡɧɚɯɨɞɠɟɧɧɹ ɜɟɤɬɨɪɭ ɪɨɡɩɨɞɿɥɭ ɜɢɬɪɚɬ ( )1 2, ,..., nx x x  ɩɨɬɪɿɛɧɨ ɪɨɡɜ'ɹɡɚɬɢ ɬɚɤɭ ɡɚɞɚɱɭ ɥɿɧɿɣɧɨɝɨ (ɡɜɚɠɚ-

ɸɱɢ ɧɚ ɜɢɝɥɹɞ ɮɭɧɤɰɿɣ ɧɚɥɟɠɧɨɫɬɿ) ɩɪɨɝɪɚɦɭɜɚɧɧɹ: 
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ȼ ɪɟɡɭɥɶɬɚɬɿ ɨɬɪɢɦɚɽɦɨ ɜɟɤɬɨɪ ɜɢɬɪɚɬ ( )1 2, ,..., nx x x  ɿ ɫɬɟɩɿɧɶ ɡɚɞɨɜɨɥɟɧɨɫɬɿ ɚɝɟɧɬɿɜ ɰɢɦ ɪɨɡɩɨɞɿɥɨɦ – λ . əɤɳɨ 

ɞɚɧɚ ɜɟɥɢɱɢɧɚ ɧɟ ɡɚɞɨɜɨɥɶɧɹɽ ɈɉɊ, ɩɨɬɪɿɛɧɨ ɜɫɬɚɧɨɜɢɬɢ ɿɧɲɿ ɡɧɚɱɟɧɧɹ ɞɥɹ ɜɟɥɢɱɢɧ ɩɨɫɬɭɩɨɤ  ,i jα β . 

Ⱦɥɹ ɪɿɜɧɟɜɨɝɨ ɩɨɞɚɬɤɭ ɫɩɟɪɲɭ ɩɨɬɪɿɛɧɨ ɜɫɬɚɧɨɜɢɬɢ ɜɟɥɢɱɢɧɢ ɫɭɛɫɢɞɿɣ. ɉɨɬɿɦ ɪɨɡɩɨɞɿɥɢɬɢ ɦɿɠ ɚɝɟɧɬɚɦɢ, ɳɨ ɡɚ-

ɥɢɲɢɥɢɫɶ ɜɟɥɢɱɢɧɭ cΔ +  (ɡɜɿɫɧɨ, ɩɨɜɢɧɧɨ ɜɢɤɨɧɭɜɚɬɢɫɶ ɨɛɦɟɠɟɧɧɹ 
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Ɉɬɪɢɦɭɽɦɨ ɡɚɞɚɱɭ: 
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ȼ ɪɟɡɭɥɶɬɚɬɿ ɬɚɤɨɠ ɨɬɪɢɦɚɽɦɨ ɜɟɤɬɨɪ ɜɢɬɪɚɬ ( )1 2, ,..., nx x x  ɿ ɫɬɟɩɿɧɶ ɡɚɞɨɜɨɥɟɧɨɫɬɿ ɚɝɟɧɬɿɜ – λ . əɤɳɨ ɞɚɧɚ ɜɟ-

ɥɢɱɢɧɚ ɧɟ ɡɚɞɨɜɨɥɶɧɹɽ ɈɉɊ, ɩɨɬɪɿɛɧɨ ɜɫɬɚɧɨɜɢɬɢ ɿɧɲɿ ɡɧɚɱɟɧɧɹ ɞɥɹ ɜɟɥɢɱɢɧ ɩɨɫɬɭɩɨɤ ɿ ɪɨɡɜ'ɹɡɚɬɢ ɡɚɞɚɱɭ ɪɨɡɩɨɞɿɥɭ 
ɞɥɹ ɧɨɜɢɯ ɞɚɧɢɯ. 

ȼɢɩɚɞɨɤ ɧɟɱɿɬɤɨʀ ɜɟɥɢɱɢɧɢ ɜɢɬɪɚɬ. ɇɟɯɚɣ ɜɟɥɢɱɢɧɚ ɜɢɬɪɚɬ ( )ˆ, ,c c c c=  ɽ ɧɟɱɿɬɤɢɦ ɱɢɫɥɨɦ ɬɪɢɤɭɬɧɨɝɨ ɜɢɝɥɹɞɭ. 

ȼ ɰɶɨɦɭ ɜɢɩɚɞɤɭ ɩɨɬɪɿɛɧɨ ɪɨɡɝɥɹɧɭɬɢ ɞɜɿ ɡɚɞɚɱɿ – ɡɚɞɚɱɭ ɨɩɬɢɦɿɫɬɚ ( ˆ,c c c∈ ⎡ ⎤⎣ ⎦ ) ɿ ɡɚɞɚɱɭ ɩɟɫɢɦɿɫɬɚ ( ˆ,c c c⎡ ⎤∈ ⎣ ⎦ ). 
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ɉɟɪɲɚ ɡɚɞɚɱɚ (ɞɥɹ ɉɉ) ɦɚɬɢɦɟ ɜɢɝɥɹɞ: 
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( )c cμ  – ɮɭɧɤɰɿɹ ɧɚɥɟɠɧɨɫɬɿ ɫɩɿɥɶɧɢɯ ɜɢɬɪɚɬ, ɚ ɮɭɧɤɰɿʀ ɧɚɥɟɠɧɨɫɬɿ ɜɢɬɪɚɬ ɚɝɟɧɬɿɜ ɡɧɚɯɨɞɹɬɶɫɹ ɿɡ ɪɨɡɪɚɯɭɧɤɭ, ɳɨ ɉɉ 

ɨɛɱɢɫɥɸɽɬɶɫɹ ɞɥɹ ĉ . 

Ⱦɥɹ ɡɚɞɚɱɿ ɩɟɫɢɦɿɫɬɚ ɩɨɬɪɿɛɧɨ ɩɟɪɟɪɚɯɭɜɚɬɢ ɉɉ ɞɥɹ ɜɢɩɚɞɤɭ c . ɋɚɦɚ ɠ ɡɚɞɚɱɚ ɦɚɬɢɦɟ ɚɧɚɥɨɝɿɱɧɢɣ ɜɢɝɥɹɞ:  
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( )kk xμ  – ɧɨɜɿ ɮɭɧɤɰɿʀ ɧɚɥɟɠɧɨɫɬɿ ɚɝɟɧɬɿɜ. 

Ɋɨɡɜ'ɹɡɚɜɲɢ ɨɛɢɞɜɿ ɡɚɞɚɱɿ, ɡɚ ɤɿɧɰɟɜɢɣ ɪɨɡɩɨɞɿɥ ɜɢɛɢɪɚɽɦɨ ɬɨɣ, ɞɥɹ ɹɤɨɝɨ λ  ɽ ɛɿɥɶɲɢɦ. əɤɳɨ ɠ λ  ɽ ɨɞɧɚɤɨɜɢɦ ɭ 
ɨɛɨɯ ɜɢɩɚɞɤɚɯ, ɜɢɛɿɪ ɪɨɡɩɨɞɿɥɭ ɡɚɥɢɲɚɽɬɶɫɹ ɧɚ ɪɨɡɫɭɞ ɈɉɊ. 

ɑɢɫɥɨɜɢɣ ɩɪɢɤɥɚɞ. Ɋɨɡɝɥɹɞɚɽɬɶɫɹ n=5 ɚɝɟɧɬɿɜ, ɜɟɥɢɱɢɧɚ ɜɢɬɪɚɬ, ɹɤɭ ɩɨɬɪɿɛɧɨ ɪɨɡɩɨɞɿɥɢɬɢ, c=30. Ɂɚɩɚɫɢ ɝɪɨɲɟɣ 
ɚɝɟɧɬɿɜ ɜɿɞɩɨɜɿɞɧɨ ɪɿɜɧɿ 4, 12, 20, 24, 30 [2]. ɇɟɯɚɣ ɛ=25%, ɜ=20%. 

Ⱦɥɹ ɜɢɩɚɞɤɭ ɱɿɬɤɢɯ ɭɡɚɝɚɥɶɧɟɧɶ ɩɨɞɭɲɧɨɝɨ ɬɚ ɪɿɜɧɟɜɨɝɨ ɩɨɞɚɬɤɿɜ ɨɬɪɢɦɚɽɦɨ ɬɚɤɿ ɞɚɧɿ: 
 

ɇɨɦɟɪ ɚɝɟɧɬɚ 1 2 3 4 5 ɫ 
Ɂɚɩɚɫ ɝɪɨɲɟɣ 4 12 20 24 30  
ɉɉ 4 6.5 6.5 6.5 6.5 30 
ɉɉ+ɉɉ 3 6.75 6.75 6.75 6.75 30 
ɉɉ+Ɋɉ 3 6.5 6.5 6.5 7.5 30 
Ɋɉ 0 0 16/3 28/3 46/3 30 
Ɋɉ+ɉɉ -1 -3 20/3 32/3 50/3 30 
Ɋɉ+Ɋɉ -1 -3 16/3 28/3 58/3 30 

 
Ⱦɥɹ ɧɟɱɿɬɤɢɯ ɭɡɚɝɚɥɶɧɟɧɶ (ɡɨɤɪɟɦɚ ɿ ɞɥɹ ɧɟɱɿɬɤɨɝɨ ɫ=(29,30,31)), ɛɭɞɟɦɨ ɦɚɬɢ: 
 

ɇɨɦɟɪ ɚɝɟɧɬɚ 1 2 3 4 5 ɋ ɥ 
Ɂɚɩɚɫ ɝɪɨɲɟɣ 4 12 20 24 30   
ɉɉ 4 6.5 6.5 6.5 6.5 30 - 
ɇɟɱɿɬɤɢɣ ɉɉ 98/31 208/31 208/31 208/31 208/31 30 26/31 
ɇɉɉ+ɇɟɱɿɬɤɚ ɫ 113/36 481/72 481/72 481/72 481/72 1075/36 31/36 
Ɋɉ 0 0 16/3 28/3 46/3 30  
ɇɟɱɿɬɤɢɣ Ɋɉ -1 -3 272/45 476/45 782/45 30 1/3 
ɇɊɉ+ɇɟɱɿɬɤɟ ɫ -1 -3 578/93 986/93 1598/93 30 16/31 

 

əɤ ɞɥɹ ɜɢɩɚɞɤɭ ɜɢɪɿɜɧɸɜɚɧɧɹ ɜɢɬɪɚɬ, ɬɚɤ ɿ ɞɥɹ ɜɢɩɚɞɤɭ ɜɢɪɿɜɧɸɜɚɧɧɹ ɩɪɢɛɭɬɤɿɜ, ɜɢɳɿ ɡɧɚɱɟɧɧɹ λ  ɞɨɫɹɝɚɸɬɶɫɹ, 

ɹɤɳɨ ɜɟɥɢɱɢɧɚ, ɹɤɭ ɩɨɬɪɿɛɧɨ ɪɨɡɩɨɞɿɥɢɬɢ ɽ ɧɟɱɿɬɤɨɸ. ɐɟ ɿɧɬɭʀɬɢɜɧɨ ɩɨɹɫɧɸɽɬɶɫɹ ɬɢɦ, ɳɨ ɱɢɦ ɛɿɥɶɲɚ ɧɟɱɿɬɤɿɫɬɶ, ɬɢɦ 
ɛɿɥɶɲɟ ɭ ɚɝɟɧɬɿɜ ɽ ɦɨɠɥɢɜɨɫɬɿ ɜɚɪɿɸɜɚɬɢ ɫɜɨʀ ɱɚɫɬɤɢ ɪɨɡɩɨɞɿɥɭ, ɿ ɬɢɦ ɛɿɥɶɲɨɸ ɽ ɣɦɨɜɿɪɧɿɫɬɶ ɡɧɚɣɬɢ ɪɨɡɩɨɞɿɥ, ɹɤɢɣ ɛɢ 
ɦɚɤɫɢɦɚɥɶɧɨ ɜɫɿɯ ɜɥɚɲɬɨɜɭɜɚɜ. 

Ⱥɤɫɿɨɦɚɬɢɱɧɚ ɯɚɪɚɤɬɟɪɢɡɚɰɿɹ. ɇɟɯɚɣ r – ɞɟɹɤɢɣ ɦɟɬɨɞ ɪɨɡɩɨɞɿɥɭ, ɬɨɛɬɨ ( , , )r N c b  ɽ ɞɟɹɤɨɸ ɮɭɧɤɰɿɽɸ, ɤɨɬɪɚ ɡɚ-

ɥɟɠɢɬɶ ɜɿɞ ɦɧɨɠɢɧɢ ɚɝɟɧɬɿɜ, ɫɭɤɭɩɧɢɯ ɜɢɬɪɚɬ ɿ ɜɟɤɬɨɪɚ ɩɨɱɚɬɤɨɜɢɯ ɡɚɩɚɫɿɜ ɝɪɨɲɟɣ ɚɝɟɧɬɿɜ. ɉɪɢ ɰɶɨɦɭ ɞɥɹ ɤɨɠɧɨɝɨ 

ɧɚɛɨɪɭ ɩɚɪɚɦɟɬɪɿɜ ( , , )N c b  ɦɟɬɨɞ ɪɨɡɩɨɞɿɥɭ r ɜɢɡɧɚɱɚɽ ɜɟɤɬɨɪ ɜɢɬɪɚɬ ( , , )x r N c b= . 

ɇɚɜɟɞɟɦɨ ɞɟɹɤɿ ɛɚɡɨɜɿ ɚɤɫɿɨɦɢ, ɯɚɪɚɤɬɟɪɧɿ ɞɥɹ ɦɟɬɨɞɿɜ ɪɨɡɩɨɞɿɥɭ [1]. 

Ɇɨɧɨɬɨɧɧɿɫɬɶ ɡɚ ɪɟɫɭɪɫɚɦɢ: { } { }' ( , , ) ( , ', ) , , , ', .c c r N c b r N c b N c c b≤ ⇒ ≤ ∀  

Ⱦɚɧɚ ɜɥɚɫɬɢɜɿɫɬɶ ɝɚɪɚɧɬɭɽ, ɳɨ ɩɪɢ ɡɪɨɫɬɚɧɧɿ ɫɭɤɭɩɧɢɯ ɜɢɬɪɚɬ, ɱɚɫɬɤɚ ɜɢɬɪɚɬ ɤɨɠɧɨɝɨ ɚɝɟɧɬɚ ɧɟ ɡɦɟɧɲɢɬɶɫɹ. 
ɇɚɫɬɭɩɧɿ ɞɜɿ ɜɥɚɫɬɢɜɨɫɬɿ ɡɚɛɟɡɩɟɱɭɸɬɶ ɜɿɞɫɭɬɧɿɫɬɶ ɞɢɫɤɪɢɦɿɧɚɰɿʀ ɦɿɠ ɚɝɟɧɬɚɦɢ. 

Ɋɿɜɧɟ ɫɬɚɜɥɟɧɧɹ ɞɨ ɪɿɜɧɢɯ: , , , ; , ,i j i jb b x x N b c i j N= ⇒ = ∀ ∀ ∈  (ɩɪɢ ɨɞɧɚɤɨɜɨɦɭ ɡɚɩɚɫɿ ɝɪɨɲɟɣ, ɱɚɫɬɤɢ ɜɢɬɪɚɬ 
ɚɝɟɧɬɿɜ ɬɚɤɨɠ ɡɛɿɝɚɸɬɶɫɹ). 

ɋɢɦɟɬɪɢɱɧɿɫɬɶ: ( , , )x r N c b=  ɽ ɫɢɦɟɬɪɢɱɧɨɸ ɮɭɧɤɰɿɽɸ ɜɿɞɧɨɫɧɨ ɡɦɿɧɧɢɯ ,ib i N∀ ∈ . 

Ɂɚɡɧɚɱɢɦɨ, ɳɨ ɡ ɜɥɚɫɬɢɜɨɫɬɿ ɫɢɦɟɬɪɢɱɧɨɫɬɿ ɜɢɩɥɢɜɚɽ ɪɿɜɧɟ ɫɬɚɜɥɟɧɧɹ ɞɨ ɪɿɜɧɢɯ. 
ɇɚɜɟɞɟɧɿ ɜɢɳɟ ɦɟɬɨɞɢ, ɹɤ ɩɨɞɭɲɧɢɣ ɿ ɪɿɜɧɟɜɢɣ ɩɨɞɚɬɨɤ, ɬɚɤ ɿ ʀɯ ɪɨɡɲɢɪɟɧɧɹ (ɹɤ ɱɿɬɤɿ, ɬɚɤ ɿ ɧɟɱɿɬɤɿ) ɡɚɞɨɜɨɥɶɧɹɸɬɶ 

ɧɚɜɟɞɟɧɢɦ ɬɪɶɨɦ ɚɤɫɿɨɦɚɦ, ɬɚɤ ɹɤ ɜɨɧɢ ɽ ɡɚɝɚɥɶɧɢɦɢ ɞɥɹ ɛɚɝɚɬɶɨɯ ɦɟɬɨɞɿɜ ɪɨɡɩɨɞɿɥɭ. 
ɉɪɢɜɟɞɟɦɨ ɞɟɹɤɿ ɚɤɫɿɨɦɢ, ɯɚɪɚɤɬɟɪɧɿ ɫɭɬɨ ɞɥɹ ɩɨɞɭɲɧɨɝɨ ɬɚ ɪɿɜɧɟɜɨɝɨ ɩɨɞɚɬɤɿɜ. 
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ɇɟɯɚɣ N n=  ɩɨɬɭɠɧɿɫɬɶ ɦɧɨɠɢɧɢ ɚɝɟɧɬɿɜ N. Ɉɞɧɢɦɢ ɡ ɨɫɧɨɜɧɢɯ ɚɤɫɿɨɦ, ɳɨ ɯɚɪɚɤɬɟɪɢɡɭɸɬɶ ɩɨɞɭɲɧɢɣ ɬɚ ɪɿɜɧɟ-

ɜɢɣ ɩɨɞɚɬɤɢ ɽ ɚɤɫɿɨɦɢ ȼɟɪɯɧɶɨʀ ɬɚ ɇɢɠɧɶɨʀ ɦɟɠɿ. 

ɇɢɠɧɹ ɦɟɠɚ: ( ) { }, , , : , , min , c
i i i n

N c b i x r N c b b∀ = ≥ . 

ȼɟɪɯɧɹ ɦɟɠɚ: ( ) ( ){ }, , , : , , Nbc
i i in n

N c b i x r N c b b
+

∀ = ≤ + − . 

Ʌɟɝɤɨ ɛɚɱɢɬɢ, ɳɨ ɩɨɞɭɲɧɢɣ ɩɨɞɚɬɨɤ ɡɚɞɨɜɨɥɶɧɹɽ ɇɢɠɧɸ Ɇɟɠɭ, ɚ ɪɿɜɧɟɜɢɣ – ȼɟɪɯɧɸ. ɇɢɠɧɹ Ɇɟɠɚ ɝɚɪɚɧɬɭɽ, ɳɨ 
ɚɝɟɧɬ ɧɟ ɜɿɞɞɚɫɬɶ ɛɿɥɶɲɟ ɝɪɨɲɟɣ, ɧɿɠ ɜ ɧɶɨɝɨ ɽ ɜ ɧɚɹɜɧɨɫɬɿ. Ⱦɜɨʀɫɬɨ, ɜɟɪɯɧɹ ɦɟɠɚ ɝɚɪɚɧɬɭɽ, ɳɨ ɩɪɢɛɭɬɨɤ ɿ-ɝɨ ɚɝɟɧɬɚ 
ɧɟ ɛɿɥɶɲɟ ɫɟɪɟɞɧɶɨɝɨ ɩɪɢɛɭɬɤɭ ɜɫɿɯ ɚɝɟɧɬɿɜ. ɍ ɜɢɩɚɞɤɭ, ɹɤɳɨ ɩɪɢɛɭɬɨɤ ɿ-ɝɨ ɚɝɟɧɬɚ ɜɢɯɨɞɢɬɶ ɦɟɧɲɟ ɫɟɪɟɞɧɶɨɝɨ, ɜɿɧ ɧɟ 
ɩɥɚɬɢɬɶ ɪɿɜɧɟɜɢɣ ɩɨɞɚɬɨɤ. 

ɉɪɢ ɦɚɥɢɯ ɫ, ɜɥɚɫɬɢɜɿɫɬɶ ɧɢɠɧɶɨʀ ɦɟɠɿ ɝɚɪɚɧɬɭɽ ɪɿɜɧɨɦɿɪɧɢɣ ɪɨɡɩɨɞɿɥ ɜɢɬɪɚɬ: ,c
i n

x i= ∀ . Ⱥɧɚɥɨɝɿɱɧɨ, ɹɤɳɨ ɫ ɞɨ-

ɫɬɚɬɧɶɨ ɛɥɢɡɶɤɢ ɞɨ Nb , ɜɟɪɯɧɹ ɦɟɠɚ ɝɚɪɚɧɬɭɽ ɜɢɪɿɜɧɸɜɚɧɧɹ ɩɪɢɛɭɬɤɿɜ ( , ,i i j jb x b x i j− = − ∀ ). 

ɉɪɢ 2N = , ɇɢɠɧɹ Ɇɟɠɚ ɯɚɪɚɤɬɟɪɢɡɭɽ ɩɨɞɭɲɧɢɣ ɩɨɞɚɬɨɤ, ɿ (ɞɜɨʀɫɬɨ) ȼɟɪɯɧɹ Ɇɟɠɚ ɯɚɪɚɤɬɟɪɢɡɭɽ ɪɿɜɧɟɜɢɣ ɩɨɞɚ-

ɬɨɤ. Ⱥɥɟ ɰɟ ɧɟ ɩɨɲɢɪɸɽɬɶɫɹ ɧɚ ɜɢɩɚɞɨɤ 3N ≥ . 

Ɋɨɡɝɥɹɧɟɦɨ ɧɚɫɬɭɩɧɭ ɜɥɚɫɬɢɜɿɫɬɶ. 
ɍɡɝɨɞɠɟɧɿɫɬɶ ɡ ɧɭɥɟɦ (Zero-Consistency): { } [ ] [ ]{ }\ \, , , : 0 ( , , ) ( \ , , )i N i N iN c b i b r N c b r N i c b∀ = ⇒ = . 

Ⱦɚɧɚ ɜɥɚɫɬɢɜɿɫɬɶ ɨɡɧɚɱɚɽ, ɳɨ ɚɝɟɧɬ, ɤɨɬɪɢɣ ɧɟ ɦɚɽ ɝɪɨɲɟɣ (ɿ ɜɿɞɩɨɜɿɞɧɨ ɧɿɱɨɝɨ ɧɟ ɩɥɚɬɢɬɶ), ɠɨɞɧɢɦ ɱɢɧɨɦ ɧɟ 
ɜɩɥɢɜɚɽ ɧɚ ɪɨɡɩɨɞɿɥ ɜɢɬɪɚɬ ɫɟɪɟɞ ɿɧɲɢɯ ɚɝɟɧɬɿɜ. 

ɇɚɫɬɭɩɧɿ ɞɜɿ ɚɤɫɿɨɦɢ ɜɿɞɧɨɫɹɬɶɫɹ ɞɨ ɫɬɪɭɤɬɭɪɧɨʀ ɿɧɜɚɪɿɚɧɬɧɨɫɬɿ. ɐɿ ɚɤɫɿɨɦɢ ɞɨɡɜɨɥɹɸɬɶ ɞɟɤɨɦɩɨɡɢɰɿɸ ɨɛɱɢɫɥɟɧɧɹ 
ɱɚɫɬɨɤ ɚɝɟɧɬɿɜ, ɹɤɳɨ ɧɚɹɜɧɿ ɪɟɫɭɪɫɢ ɦɨɠɧɚ ɨɰɿɧɢɬɢ ɡɜɟɪɯɭ ɚɛɨ ɡɧɢɡɭ. 

ȼɟɪɯɧɹ ɤɨɦɩɨɡɢɰɿɹ: { } { }, , , ' : 0 ' ( , , ) ( , , ( , ', ))NN b c c c c b r N c b r N c r N c b∀ ≤ ≤ ≤ ⇒ = . 

ɇɢɠɧɹ ɤɨɦɩɨɡɢɰɿɹ: { } { }, , , ' : 0 ' ( , , ) ( , ', ) ( , ', ( , ', ))NN b c c c c b r N c b r N c b r N c c b r N c b∀ ≤ ≤ ≤ ⇒ = + − − . 

əɤɳɨ ɦɢ ɫɩɟɪɲɭ ɪɨɡɩɨɞɿɥɢɦɨ ɜɢɬɪɚɬɢ , ɚ ɩɨɬɿɦ ɜɢɹɜɢɬɶɫɹ, ɳɨ ɧɚɹɜɧɿ ɜɢɬɪɚɬɢ ɧɚɫɩɪɚɜɞɿ ɦɟɧɲɿ, ɿ ɪɿɜɧɿ ɫ, ȼɟɪɯɧɹ 

Ʉɨɦɩɨɡɢɰɿɹ ɞɨɡɜɨɥɹɽ ɧɚɦ ɜɡɹɬɢ ɡɚ ɩɨɱɚɬɤɨɜɿ ɡɚɩɚɫɢ ɝɪɨɲɟɣ ( , ', )r N c b , ɿ ɡ ɜɪɚɯɭɜɚɧɧɹɦ ʀɯ, ɪɨɡɩɨɞɿɥɹɬɢ ɞɚɥɿ ɜɢɬɪɚɬɢ 

ɫ. Ɍɨɛɬɨ ɦɢ ɦɨɠɟɦɨ, ɧɟ ɜɪɚɯɨɜɭɜɚɬɢ ɩɨɱɚɬɤɨɜɿ ɡɚɩɚɫɢ ɝɪɨɲɟɣ b, ɹɤɳɨ ɦɢ ɡɧɚɽɦɨ ɜɟɪɯɧɸ ɦɟɠɭ ɧɚɹɜɧɢɯ ɜɢɬɪɚɬ. Ɂɚ-
ɡɧɚɱɢɦɨ, ɳɨ ɡ ɜɥɚɫɬɢɜɨɫɬɿ ȼɟɪɯɧɶɨʀ Ʉɨɦɩɨɡɢɰɿʀ ɜɢɩɥɢɜɚɽ Ɇɨɧɨɬɨɧɧɿɫɬɶ ɡɚ ɪɟɫɭɪɫɚɦɢ. əɤɳɨ ɦɢ ɡɧɚɽɦɨ ɧɢɠɧɸ ɦɟɠɭ 

 ɧɚɹɜɧɢɯ ɪɟɫɭɪɫɿɜ ɫ, ɇɢɠɧɹ Ʉɨɦɩɨɡɢɰɿɹ ɞɨɡɜɨɥɹɽ ɪɨɡɩɨɞɿɥɢɬɢ ɜɢɬɪɚɬɢ ( , ', )r N c b , ɜɿɞɧɹɬɢ ʀɯ ɜɿɞ ɩɨɱɚɬɤɨɜɢɯ ɡɚɩɚɫɿɜ 

ɝɪɨɲɟɣ ɿ ɪɨɡɩɨɞɿɥɢɬɢ ɡɚɥɢɲɨɤ 'c c−  ɡɝɿɞɧɨ ɿɡ ɡɦɟɧɲɟɧɢɯ ɡɚɩɚɫɿɜ ( , ', )b r N c b− . 

Ɍɜɟɪɞɠɟɧɧɹ 1 [1]: ɉɨɞɭɲɧɢɣ ɩɨɞɚɬɨɤ ɯɚɪɚɤɬɟɪɢɡɭɽɬɶɫɹ ɬɚɤɢɦɢ ɬɪɶɨɦɚ ɚɤɫɿɨɦɚɦɢ: ɇɢɠɧɹ Ɇɟɠɚ, ɇɢɠɧɹ Ʉɨɦɩɨ-
ɡɢɰɿɹ ɿ ɍɡɝɨɞɠɟɧɿɫɬɶ ɡ ɧɭɥɟɦ. Ɋɿɜɧɟɜɢɣ ɩɨɞɚɬɨɤ ɯɚɪɚɤɬɟɪɢɡɭɽɬɶɫɹ ɬɚɤɢɦɢ ɬɪɶɨɦɚ ɚɤɫɿɨɦɚɦɢ: ȼɟɪɯɧɹ Ɇɟɠɚ, ȼɟɪɯɧɹ 
Ʉɨɦɩɨɡɢɰɿɹ, ɍɡɝɨɞɠɟɧɿɫɬɶ ɡ ɧɭɥɟɦ. 

Ɉɱɟɜɢɞɧɨ, ɳɨ ɧɚɜɟɞɟɧɿ ɜɢɳɟ ɭɡɚɝɚɥɶɧɟɧɧɹ ɩɨɞɭɲɧɨɝɨ ɬɚ ɪɿɜɧɟɜɨɝɨ ɩɨɞɚɬɤɿɜ (ɹɤ ɱɿɬɤɿ, ɬɚɤ ɿ ɧɟɱɿɬɤɿ) ɩɨɪɭɲɭɸɬɶ ɞɚ-
ɧɭ ɯɚɪɚɤɬɟɪɢɡɚɰɿɸ. Ɂɨɤɪɟɦɚ ɞɥɹ ɭɡɚɝɚɥɶɧɟɧɶ ɩɨɞɭɲɧɨɝɨ ɩɨɞɚɬɤɭ ɧɟ ɜɢɤɨɧɭɜɚɬɢɦɟɬɶɫɹ ɚɤɫɿɨɦɚ ɇɢɠɧɶɨʀ Ɇɟɠɿ (ɬɚɤ ɹɤ 
ɱɚɫɬɤɚ ɜɢɬɪɚɬ ɚɝɟɧɬɚ ɦɨɠɟ ɛɭɬɢ ɦɟɧɲɟ ɬɨʀ ɱɚɫɬɤɢ, ɳɨ ɜɢɡɧɚɱɚɽɬɶɫɹ ɣɨɦɭ ɩɨɞɭɲɧɢɦ ɩɨɞɚɬɤɨɦ), ɚɧɚɥɨɝɿɱɧɨ ɞɥɹ ɭɡɚ-
ɝɚɥɶɧɟɧɶ ɪɿɜɧɟɜɨɝɨ ɩɨɞɚɬɤɭ ɧɟ ɛɭɞɟ ɜɢɤɨɧɭɜɚɬɢɫɶ ɚɤɫɿɨɦɚ ȼɟɪɯɧɶɨʀ Ɇɟɠɿ. 

ɓɨ ɫɬɨɫɭɽɬɶɫɹ ɬɪɟɬɶɨʀ ɚɤɫɿɨɦɢ, ɍɡɝɨɞɠɟɧɨɫɬɿ ɡ ɧɭɥɟɦ, ɬɨ ɜɨɧɚ ɛɭɞɟ ɜɢɤɨɧɭɜɚɬɢɫɶ ɹɤ ɞɥɹ ɭɡɚɝɚɥɶɧɟɧɶ ɩɨɞɭɲɧɨɝɨ, 
ɬɚɤ ɿ ɞɥɹ ɭɡɚɝɚɥɶɧɟɧɶ ɪɿɜɧɟɜɨɝɨ ɩɨɞɚɬɤɿɜ. ɉɪɢɩɭɫɬɢɦɨ, ɳɨ ɞɥɹ ɞɟɹɤɨɝɨ ɚɝɟɧɬɚ 0ib = . ɉɨɞɭɲɧɢɣ ɬɚ ɪɿɜɧɟɜɢɣ ɩɨɞɚɬɨɤ 
ɞɥɹ ɰɶɨɝɨ ɚɝɟɧɬɚ ɪɿɜɧɿ ɧɭɥɸ. Ɏɭɧɤɰɿɹ ɧɚɥɟɠɧɨɫɬɿ ɞɥɹ ɧɟɱɿɬɤɨɝɨ ɭɡɚɝɚɥɶɧɟɧɧɹ ɩɨɞɭɲɧɨɝɨ ɩɨɞɚɬɤɭ ɡɚɥɟɠɢɬɶ ɜɿɞ ɞɨɛɭɬ-
ɤɭ ɩɨɞɭɲɧɨɝɨ ɩɨɞɚɬɤɭ (ɱɿɬɤɨɝɨ) ɧɚ ɜɟɥɢɱɢɧɭ ɩɨɫɬɭɩɤɢ, ɬɨɦɭ (ɩɪɢ ɉɉ=0) ɱɚɫɬɤɚ ɜɢɬɪɚɬ ɿ-ɝɨ ɚɝɟɧɬɚ ɬɟɠ ɛɭɞɟ ɪɿɜɧɨɸ ɧɭ-
ɥɸ. Ⱦɥɹ ɪɿɜɧɟɜɨɝɨ ɩɨɞɚɬɤɭ ɜɟɥɢɱɢɧɚ ɫɭɛɫɢɞɿʀ ɪɿɜɧɚ ɩɨɱɚɬɤɨɜɨɦɭ ɡɚɩɚɫɭ ɝɪɨɲɟɣ, ɦɧɨɠɟɧɨɦɭ ɧɚ ɜɟɥɢɱɢɧɭ ɩɨɫɬɭɩɤɢ. 
Ɍɨɦɭ ɩɪɢ 0ib = , ɱɚɫɬɤɚ ɜɢɬɪɚɬ ɿ-ɝɨ ɚɝɟɧɬɚ ɛɭɞɟ ɪɿɜɧɚ ɧɭɥɸ. 

N-ɹɞɪɨ. Ɋɨɡɝɥɹɧɟɦɨ ɧɟɱɿɬɤɿ ɭɡɚɝɚɥɶɧɟɧɧɹ N-ɹɞɪɚ, ɹɤɿ ɛɚɡɭɸɬɶɫɹ ɧɚ ɬɨɦɭ ɫɚɦɨɦɭ ɩɪɢɧɰɢɩɿ, ɳɨ ɿ ɧɟɱɿɬɤɿ ɭɡɚɝɚɥɶ-
ɧɟɧɧɹ ɩɨɞɭɲɧɨɝɨ ɿ ɪɿɜɧɟɜɨɝɨ ɩɨɞɚɬɤɿɜ. 

ȼ ɱɿɬɤɢɯ ɭɦɨɜɚɯ N-ɹɞɪɨ ɦɨɠɟ ɛɭɬɢ ɡɧɚɣɞɟɧɨ ɡɚ ɚɥɝɨɪɢɬɨɦɨɦ, ɡɚɩɪɨɩɨɧɨɜɚɧɢɦ ɭ ɬɚɤɿɣ ɬɟɨɪɟɦɿ. 
Ɍɟɨɪɟɦɚ [1]: N-ɹɞɪɨ ɜɿɞɩɨɜɿɞɚɽ ɬɚɤɢɦ ɱɚɫɬɤɚɦ ɜɢɬɪɚɬ: 
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Ɍɨɛɬɨ, ɿɫɧɭɸɬɶ ɞɜɚ ɤɪɚɣɧɿ ɜɢɩɚɞɤɢ – ɤɨɥɢ ɱɚɫɬɤɢ ɜɢɬɪɚɬ (ɚɛɨ ɩɪɢɛɭɬɤɢ) ɚɝɟɧɬɿɜ ɪɨɡɪɚɯɨɜɭɸɬɶɫɹ ɹɤ ɩɨɞɭɲɧɢɣ (ɩɪɢ 
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≤ ∑  ɩɨɞɚɬɨɤ ɜɿɞ ɜɟɤɬɨɪɭ ɩɨɱɚɬɤɨɜɢɯ ɡɚɩɚɫɿɜ 
1 2

1 1 1 1
, ,...,

2 2 2 2
nb b b b

⎛ ⎞= ⎜ ⎟
⎝ ⎠

. 

Ɇɿɠ ɰɢɦɢ ɤɪɚɣɧɿɦɢ ɜɢɩɚɞɤɚɦɢ ɦɨɠɥɢɜɿ ɿ ɿɧɲɿ, "ɤɨɦɩɪɨɦɿɫɧɿ" ɪɨɡɩɨɞɿɥɢ. 
Ɋɨɡɝɥɹɧɟɦɨ ɞɜɿ ɝɪɭɩɢ ɚɝɟɧɬɿɜ – N1 ɿ N2. ɉɪɢɩɭɫɬɢɦɨ, ɳɨ ɜ ɩɟɪɲɿɣ ɝɪɭɩɿ ɡɧɚɯɨɞɹɬɶɫɹ ɚɝɟɧɬɢ, ɹɤɿ ɯɨɬɿɥɢ ɛɢ ɡɚɩɥɚɬɢɬɢ 

ɦɟɧɲɟ ɬɨɝɨ, ɳɨ ʀɦ ɩɪɢɩɢɫɭɽ N-ɹɞɪɨ, ɚ ɜ ɞɪɭɝɿɣ ɝɪɭɩɿ – ɚɝɟɧɬɢ, ɡɝɨɞɧɿ ɩɨɤɪɢɬɢ ɰɟɣ "ɞɟɮɿɰɢɬ". 
Ɋɨɡɝɥɹɧɟɦɨ ɚɝɟɧɬɿɜ ɩɟɪɲɨʀ ɝɪɭɩɢ. ɉɨɡɧɚɱɢɦɨ ix  ɛɚɠɚɧɭ ɱɚɫɬɤɭ ɜɢɬɪɚɬ ɚɝɟɧɬɚ ɿ, ɚ ˆix  – ɣɨɝɨ ɱɚɫɬɤɭ ɜɢɬɪɚɬ ɩɪɢ  

N-ɹɞɪɿ. ɑɚɫɬɤɢ ɜɢɬɪɚɬ ɚɝɟɧɬɿɜ ɿɡ ɰɿɽʀ ɝɪɭɩɢ ɛɭɞɭɬɶ ɩɪɚɜɨɫɬɨɪɨɧɧɿɦɢ ɧɟɱɿɬɤɢɦɢ ɱɢɫɥɚɦɢ ˆ( , )i ix x . 
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Ⱦɥɹ ɞɪɭɝɨʀ ɝɪɭɩɢ ɩɨɡɧɚɱɢɦɨ ɱɟɪɟɡ ˆix  ɜɿɞɩɨɜɿɞɧɭ ɜɟɥɢɱɢɧɭ N-ɹɞɪɚ, ɚ ix  – ɦɚɤɫɢɦɚɥɶɧɭ ɜɟɥɢɱɢɧɭ, ɹɤɭ ɚɝɟɧɬ ɡɝɨ-

ɞɟɧ ɡɚɩɥɚɬɢɬɢ. Ɍɨɞɿ ɱɚɫɬɤɭ ɡɚɬɪɚɬ ɨɤɪɟɦɨɝɨ ɚɝɟɧɬɚ ɦɨɠɧɚ ɡɚɞɚɬɢ ɩɪɚɜɨɫɬɨɪɨɧɧɿɦ ɧɟɱɿɬɤɢɦ ɱɢɫɥɨɦ ˆ( , )i ix x . 

Ɍɚɤɢɦ ɱɢɧɨɦ, ɪɨɡɩɨɞɿɥ ɜɢɬɪɚɬ ɡɜɨɞɢɬɶɫɹ ɞɨ ɡɚɞɚɱɿ ɥɿɧɿɣɧɨɝɨ ɩɪɨɝɪɚɦɭɜɚɧɧɹ, ɳɨ ɽ ɚɧɚɥɨɝɿɱɧɨ ɜɠɟ ɪɨɡɝɥɹɧɭɬɢɦ: 

( ) ( )1 2

max,

, , , ,

,

0 1, 0, .

k k j j

i
i N

i

x k N x j N

x c

x i N

∈

λ →

μ ≥ λ ∀ ∈ μ ≥ λ ∀ ∈

=

≤ λ ≤ ≥ ∈

∑
 

Ɂɚɞɚɱɭ ɩɨɲɭɤɭ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɨɡɜ'ɹɡɤɭ ɩɪɨɩɨɧɭɽɬɶɫɹ ɜɢɪɿɲɭɜɚɬɢ ɜ ɞɟɤɿɥɶɤɚ ɟɬɚɩɿɜ. ɇɚ ɩɟɪɲɨɦɭ ɟɬɚɩɿ ɪɨɡɜ'ɹɡɭɽ-
ɦɨ ɡɚɞɚɱɭ ɩɪɢ ɩɨɱɚɬɤɨɜɢɯ ɞɚɧɢɯ, ɨɬɪɢɦɚɜɲɢ ɪɨɡɩɨɞɿɥ ɿ ɜɿɞɩɨɜɿɞɧɢɣ ɪɿɜɟɧɶ λ . əɤɳɨ ɜɿɧ ɧɟ ɡɚɞɨɜɨɥɶɧɹɽ ɈɉɊ, ɬɨ ɦɢ 

ɡɜɭɠɭɽɦɨ ɨɛɥɚɫɬɶ ɜɢɡɧɚɱɟɧɧɹ ɧɟɱɿɬɤɢɯ ɱɢɫɟɥ, ɹɤɿ ɜɿɞɩɨɜɿɞɚɸɬɶ ɱɚɫɬɤɚɦ ɜɢɬɪɚɬ ɚɝɟɧɬɿɜ. ɉɪɨɞɨɜɠɭɽɦɨ ɩɪɨɰɟɫ ɞɨ ɬɢɯ 
ɩɿɪ, ɩɨɤɢ ɧɟ ɛɭɞɟ ɞɨɫɹɝɧɭɬɨ ɨɩɬɢɦɚɥɶɧɢɣ ɪɿɜɟɧɶ. 

ȼɿɞɦɿɬɢɦɨ, ɳɨ ɩɪɢ 1λ =  ɱɚɫɬɤɢ ɜɢɬɪɚɬ ɚɝɟɧɬɿɜ ɛɭɞɭɬɶ ɪɿɜɧɿ ɱɚɫɬɤɚɦ, ɹɤɿ ɜɿɞɜɨɞɹɬɶɫɹ ʀɦ N-ɹɞɪɨɦ. 

Ɋɨɡɝɥɹɧɟɦɨ ɩɪɢɤɥɚɞ. 
ȯ ɬɪɢ ɚɝɟɧɬɚ, ɡɚɩɚɫɢ ɝɪɨɲɟɣ ɹɤɢɯ ɪɿɜɧɿ ɜɿɞɩɨɜɿɞɧɨ 100, 200, 300. ɇɟɨɛɯɿɞɧɨ ɪɨɡɩɨɞɿɥɢɬɢ ɜɢɬɪɚɬɢ ɜɟɥɢɱɢɧɨɸ 100 ɨɞɢɧɢɰɶ. 
N-ɹɞɪɨ ɩɪɢɩɢɫɭɽ ɤɨɠɧɨɦɭ ɚɝɟɧɬɭ ɱɚɫɬɤɭ ɜɢɬɪɚɬ, ɪɿɜɧɭ 1

3
33 . Ɋɨɡɝɥɹɧɟɦɨ ɿ ɤɪɚɣɧɿ ɜɢɩɚɞɤɢ (ɩɨɞɭɲɧɢɣ ɿ ɪɿɜɧɟɜɢɣ 

ɩɨɞɚɬɤɢ ɩɪɢ ɩɨɥɨɜɢɧɧɨɦɭ ɡɚɩɚɫɿ ɝɪɨɲɟɣ ɚɝɟɧɬɿɜ): 
 

Ɂɚɩɚɫɢ ɝɪɨɲɟɣ 100 200 300 

ɉɉ( 2
1 ) 1

3
33  1

3
33  1

3
33  

Ɋɉ( 2
1 ) 0 25 75 

N-ɹɞɪɨ 
1
3

33  1
3

33  1
3

33  

 

Ɉɫɤɿɥɶɤɢ 

1

1

2

n

i
i

c b
=

≤ ∑ , ɬɨ N-ɹɞɪɨ ɫɩɿɜɩɚɞɚɽ ɡ ɉɉ( 2
1 ). 

Ⱦɥɹ ɩɟɪɲɨɝɨ ɿ ɞɪɭɝɨɝɨ ɚɝɟɧɬɚ ɜɟɥɢɱɢɧɚ Ɋɉ( 2
1 ) ɽ ɦɟɧɲɨɸ, ɧɿɠ ɜɟɥɢɱɢɧɚ N-ɹɞɪɚ. Ɍɨɦɭ ɞɥɹ ɧɢɯ ɽ ɛɿɥɶɲ ɛɚɠɚɧɢɦ ɫɢ-

ɬɭɚɰɿɹ, ɩɪɢ ɹɤɿɣ ɜɨɧɢ ɛɭɞɭɬɶ ɩɥɚɬɢɬɢ Ɋɉ( 2
1 ). ȼɿɞɧɟɫɟɦɨ ʀɯ ɜ ɦɧɨɠɢɧɭ N1. ȼ ɦɧɨɠɢɧɿ N2 ɛɭɞɟ ɬɿɥɶɤɢ ɨɞɢɧ ɚɝɟɧɬ – ɧɨɦɟɪ 

ɬɪɢ. Ⱦɥɹ ɧɶɨɝɨ Ɋɉ( 2
1 ) ɜɢɳɟ ɜɟɥɢɱɢɧɢ N-ɹɞɪɚ. ɉɪɢɩɭɫɬɢɦɨ, ɳɨ ɰɟ ɿ ɽ ɦɚɤɫɢɦɚɥɶɧɚ ɫɭɦɚ, ɹɤɭ ɜɿɧ ɡɝɨɞɟɧ ɡɚɩɥɚɬɢɬɢ. 

ɑɚɫɬɤɢ ɜɢɬɪɚɬ ɚɝɟɧɬɿɜ ɛɭɞɭɬɶ ɧɟɱɿɬɤɢɦɢ ɩɪɚɜɨɫɬɨɪɨɧɧɿɦɢ ɱɢɫɥɚɦɢ (0, 1
3

33 ), (25, 1
3

33 ), ( 1
3

33 , 75).  

ɉɿɞɫɬɚɜɢɜɲɢ ɞɚɧɿ ɭ ɜɢɳɟɡɝɚɞɚɧɭ ɡɚɞɚɱɭ ɥɿɧɿɣɧɨɝɨ ɩɪɨɝɪɚɦɭɜɚɧɧɹ, ɨɬɪɢɦɚɽɦɨ ɪɨɡɩɨɞɿɥ ɜɢɬɪɚɬ (14,79; 26,93; 
58,28) ɩɪɢ ɪɿɜɧɿ ɥ=0,528. 

ɉɪɢɩɭɫɬɢɦɨ, ɳɨ ɰɟɣ ɪɨɡɩɨɞɿɥ ɧɟ ɡɚɞɨɜɨɥɶɧɹɽ ɈɉɊ. Ɂɪɨɛɢɦɨ ɧɚɫɬɭɩɧɭ ɿɬɟɪɚɰɿɸ, ɩɪɢ ɧɟɱɿɬɤɢɯ ɱɚɫɬɤɚɯ ɜɢɬɪɚɬ ɚɝɟ-

ɧɬɿɜ, ɪɿɜɧɢɯ (14,79;
 

1
3

33 ), (26,93; 1
3

33 ), ( 1
3

33 ; 58,28). Ɉɬɪɢɦɚɽɦɨ ɪɨɡɩɨɞɿɥ ɜɢɬɪɚɬ (24,06; 30,14; 45,8) ɩɪɢ ɪɿɜɧɿ 

ɥ=0,5. ɉɪɨɞɨɜɠɭɽɦɨ, ɩɨɤɢ ɪɟɡɭɥɶɬɚɬ ɧɟ ɡɚɞɨɜɨɥɶɧɢɬɶ ɈɉɊ. 
ȼɢɫɧɨɜɤɢ. ȼ ɪɨɛɨɬɿ ɧɚɜɟɞɟɧɨ ɚɥɝɨɪɢɬɦɢ ɩɨɲɭɤɭ ɨɩɬɢɦɚɥɶɧɢɯ ɪɨɡɩɨɞɿɥɿɜ, ɳɨ ɜɪɚɯɨɜɭɸɬɶ ɧɟɱɿɬɤɿɫɬɶ ɫɟɪɟɞɨɜɢɳɚ. 

ɇɚɜɟɞɟɧɨ ɪɟɡɭɥɶɬɚɬɢ ɡɚɫɬɨɫɭɜɚɧɧɹ ɚɥɝɨɪɢɬɦɿɜ ɬɚ ɩɨɪɿɜɧɹɧɨ ʀɯ ɿɡ ɫɬɚɧɞɚɪɬɧɢɦ ɪɨɡɩɨɞɿɥɨɦ ɡɚ ɩɨɞɭɲɧɢɦ ɬɚ ɪɿɜɧɟɜɢɦ 
ɩɨɞɚɬɤɨɦ. Ʉɿɧɰɟɜɢɣ ɜɢɛɿɪ ɚɥɝɨɪɢɬɦɭ ɪɨɡɩɨɞɿɥɭ ɡɞɿɣɫɧɸɽɬɶɫɹ ɨɫɨɛɨɸ, ɳɨ ɩɪɢɣɦɚɽ ɪɿɲɟɧɧɹ. Ɉɛɪɚɧɢɣ ɩɪɢɧɰɢɩ ɩɨɜɢ-
ɧɟɧ ɜɪɚɯɨɜɭɜɚɬɢ ɬɨɣ ɱɢ ɿɧɲɢɣ ɛɚɡɨɜɢɣ ɩɪɢɧɰɢɩ ɪɨɡɩɨɞɿɥɭ (ɜɢɪɿɜɧɸɜɚɧɧɹ ɜɢɬɪɚɬ ɱɢ ɩɪɢɛɭɬɤɿɜ). ɇɚɜɟɞɟɧɿ ɭɡɚɝɚɥɶɧɟɧ-
ɧɹ ɜɪɚɯɨɜɭɸɬɶ ɛɚɡɨɜɿ ɚɤɫɿɨɦɢ ɞɥɹ ɛɚɝɚɬɶɨɯ ɦɟɬɨɞɿɜ ɪɨɡɩɨɞɿɥɭ – ɦɨɧɨɬɨɧɧɿɫɬɶ, ɫɢɦɟɬɪɢɱɧɿɫɬɶ, ɪɿɜɧɟ ɫɬɚɜɥɟɧɧɹ ɞɨ 
ɪɿɜɧɢɯ. ȼ ɬɨɣ ɠɟ ɱɚɫ ɩɨɪɭɲɭɸɬɶɫɹ ɛɚɡɨɜɿ ɞɥɹ ɯɚɪɚɤɬɟɪɢɡɚɰɿʀ ɩɨɞɭɲɧɨɝɨ ɿ ɪɿɜɧɟɜɨɝɨ ɩɨɞɚɬɤɿɜ ɚɤɫɿɨɦɢ ɇɢɠɧɶɨʀ ɬɚ ȼɟɪ-

ɯɧɶɨʀ ɦɟɠɿ. Ɍɚɤɨɠ ɜ ɪɨɛɨɬɿ ɧɚɜɟɞɟɧɨ ɧɟɱɿɬɤɟ ɭɡɚɝɚɥɶɧɟɧɧɹ N-ɹɞɪɚ, ɹɤɟ ɜɢɩɥɢɜɚɽ ɿɡ ɜɿɞɩɨɜɿɞɧɢɯ ɭɡɚɝɚɥɶɧɟɧɶ ɞɥɹ ɩɨ-
ɞɭɲɧɨɝɨ ɬɚ ɪɿɜɧɟɜɨɝɨ ɩɨɞɚɬɤɿɜ. 
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METOD OF OPTIMIZATION THE LINEAR SYSTEM  

STOCHOSTIC DIFFERENTIOL EQUATIONS 

 
ȼ ɪɨɛɨɬɿ ɞɨɫɥɿɞɠɭɽɬɶɫɹ ɥɿɧɿɣɧɟ ɫɬɨɯɚɫɬɢɱɧɟ ɞɢɮɟɪɟɧɰɿɚɥɶɧɟ ɪɿɜɧɹɧɧɹ ɡ ɦɚɪɤɿɜɫɶɤɢɦɢ ɡɛɭɪɟɧɧɹɦɢ. Ɂɚ ɞɨɩɨɦɨɝɨɸ ɪɿɜ-

ɧɹɧɧɹ Ȼɟɥɦɚɧɚ ɪɨɡɜ'ɹɡɭɽɬɶɫɹ ɡɚɞɚɱɚ ɨɩɬɢɦɚɥɶɧɨɝɨ ɤɟɪɭɜɚɧɧɹ ɡ ɤɜɚɞɪɚɬɢɱɧɢɦ ɤɪɢɬɟɪɿɽɦ ɹɤɨɫɬɿ. 
We consider the linear stochastic differential equation with Markovian perturbations. Using Bellman equation solves the problem of 

optimal control with a quadratic quality criterion.  

 
STATEMENT OF PROBLEM. We consider the system of linear differential equations with variable coefficients: 

( )
( , ( )) ( ) ( , ( )) ( ),

dX t
A t t X t B t t U t

dt
= ξ + ξ                                                              (1) 

where ( )tξ  — random Marcovian process taking finite number of variety 1 2, , qΘ Θ Θ…  with probability 

{ }( ) ( ) ( 1, , ),k kp t P t k q= ξ =Θ = …  

wich satisfied the following system of differential equantions [1] 

1

( )
( ) ( ) ( 1, , )

q
k

ks s
S

dp t
t p t k q

dt =
= α =∑ … ,  

1

( ) 0 ( ), ( ) 0 ( , 1, , ).
q

ks ks
k

t k s t k s q
=

α ≥ ≠ α = =∑ …                        (2) 

For describe the densities of discrete continuous random process we use the function 

1

( , , ) ( , ) ( ),
q

k k
k

f t X f t X
=

ξ = δ ξ−Θ∑  

where function ( , ) ( 1,2, , )kf t X k q= …  called the particular probability. Introduce the particular mathematical expectation of 

the function ( , ( ), ( ))g t X t tξ  

( ) ( )( ), , ( , , ) ( , ) ,

m

k kk
E

g t X t t g t X f t X dXξ = Θ∫  

mE  — the space of variable X,  

1 2( , , , )*,mX x x x= … 1 2 mdX dx dx dx= … . 

For mathematical expectation of the function ( , ( ), ( ))g t X t tξ , we receive 

( ) ( )( ) ( ) ( ) ( ) ( ) ( )( )
1 1

, , , , , , , , , , ,

m m

q q

k kk k
k kE E

g t X t t g t X f t X d dx g t X f t X dX g t X t

+∞

= =−∞

⎛ ⎞
⎜ ⎟ξ = ξ ξ ξ = Θ = ξ
⎜ ⎟
⎝ ⎠

∑ ∑∫ ∫ ∫ . 

Introduce denotion for particular moments of second ordinary 

( ) ( ) *( ) , ( , )

m

k k k

E

M t X t X t XX f t X dX∗= = ∫  

For matrix of second moments we find:  

( ) ( )
1

( ) , ( ).
q

k
k

M t X t X t M t∗

=
= =∑  

We introduced for the optimal control 

( ) ( , ( )) ( )U t S t t X t= ξ  

under which the value of a quadratic functional 

( ) ( ) ( )( ) ( )( ) ( ) ( )( ) ( )
0

, ,I t X C X U D U d

∞
∗ ∗= τ τ ξ τ τ + τ τ ξ τ τ τ∫ . 

reaches its minimum. 
 

MAIN RESULTS. Introduce for particular value of random matrix: 

,( , ) ( , ) ( ),k k k kA t A B t B tΘ Θ = ( ) ( ), k kC t C tΘ = , ( ) ( ), k kD t D tΘ = , ( , ) ( ) ( 1,2, , ).k kS t S t k gΘ = = …  

For particular moments of the second ordinary ( )kM t  we have system of linear differential equation [3, 4] 

© Ⱦɠɚɥɥɚɞɨɜɚ ȱ.Ⱥ., 2012


