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L e t  u s  s u p p o s e .  t h a t  r n a t l i c c s  A t l ( z ) f u ( z ) , A 1 1 ( z ) A 2 ( z ) , a i t ( t ) 8 2 ( : )  n l e  l u a l r ' 1 i l  i r r  r l r r
donrain D16 and have renror,able singularit_v at the point z:0.

The svstem (2) can be ',r.ritten as:

Y t  :  P ( z ) \ i  i  F . ( 2 . Y , \ ' 2 . \ " - , Y z ) ,  ( 3 )

rvirere P(z) is analytic matrix in the domain D10 and has remor': l l-r1e sirrgula,r' i tr. at tLe lroirrt
z : 0 . F * ( z , Y t , Y z , y t , y r )  i s a n a l v t i c r - e c t o l - f u n c t i o n i r i t h e c l o r n i r i n  D y l , < . G 1 t r t / . C 1 . t t t / ( i . , t  . / .
G 2 2 s . G i r , o :  G 7 r ' \ 0 ,  j . k :  I . 2 .

Let  r ts  in t roc i t tce the c ' lass of  f r r r rc t ions Hn-p This c la.ss is  a c lass of  ( r r  p)  d inrcrrs ioui i l
i i r ta lv t ic t  i r r  the t .Lotnt t i t i  D111 t i rnct iorrs  that  have rernovable s i r rgrr la l i t r -at  thc poi r r t . : ,=  [ ) .

I r r  the c: r ,se l '2  e HIL t ' . le t  us st r r r lv  quest ior ]  aborr t  the ex is tcrrce of  t l rc  aual r - t i r '  so l r r t ior is  o i
ciruclrr"s problern 

I  v,  -  p(z)\ .1* , .*( : ,  yt ,yz,r ,  y, :  ) ,
t  l i i . )  -+  U uu  tL t ,conc ] i t iou  r l i : r t  ;  -+  0 ,  z  €  D1;1

that satisfr. aclclitional conclition

f i ( z )  + 0 f b l z  + 0 , z € D i s ( 5 )

Let  us choose such 
" 'ector- f i rnct iorr  

Yz e H'o ' -p.  that  af ter  cornplet i r rg at  the yrc. r iu t  . : :0 .
becomes t rnt rh ' t ic  funct ion in  the domain D1 and Y2(0)  :0.  In  th is  case.  the furrc t ion F* r : iur  bc '
\ \ . I1t ter t  : ls :  

N r

F * ( z , Y 1 , Y z , Y t  ) i l :  F * ( 2 , ) i . f  S 6 . ^ . t ,  t  k  S 1 . z t ' - 1 ' ) :  I ' - ( z , y 1 , l i ) .  ( u . )
A: I  L ' - t

n ' h e r e  F  :  D 1  x  G l  x  G z t  )  C t ' , 1 A ,  C  C "  ? , k :  L , 2 . . . . .  p o n . c r . s e l i e s  I L , 5 ' r . : A ' a l c l
f L '  k  . 51 .7k - t  couvc r rge  i n  t he  nc ighbo lhood  o f  t he  po in t  z :0 .

Thrrs p loblcrn (J)  c :oulc l  l r i r  i r ,c l r rc 'e  to Cir r rc : l r r "s  p loblcrn:

P ,  r  \ ' ,  t r  \ ' ,  \ ',  t - , , 1  ,  - . , | . , 1  .

-+  0  o r i  t hc  cond i t i o r r  t ha t  :  ( J .  :  €  Dp .  l \ l

The sulficient conditious htrve been fbund: For- each arbil r 'ali '  f ixed f unct ron ) ! €
Hn-p l ' r (0)  :0 ,  there ex is ts  at  least  onc anal l ' t ic  so lut ion of  Cauchr"s p lo l r lern ( i ; - ( r ;  r i . i rL
acld i t ional  condi t ion (5)  in  some st rbc lomain of  thc c lomain D13 r i ' i th  poi r i t  z :0 at  t l ie  ckru ia in
boundary.
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On one antiperiodic boundary-value problern ftrr fractionzrl
differential systems

l{ateryrr:r Nlalyrrets
Uzhholocl \trt ional Univelsitt.. Uzhhorcicl. Uklairrc

e- m a,il : ktLt c r\rn a. m arv ne t s @ u,z hnu. c d u. u a

1. Problem Setting. Consicicl a boundarl-r 'alue ploblcm f B\rP) fbi a h-ar:t ional r. l i11i:r 'cntizrl
system (FDS) u'ith antiperiodic bor-rnclaly conditions:

i D l i r :  J  ( t , r  ( t ) ) , p  €  ( 0 , 1 ) ,  r ( 0 )  :  x ( T ) , i l

( v ' -
J  ' t -

I  \ - ,  / , l

39



n'here IDf is the generalizecl Capr-rto frtrctionnl derivative [1] r, ith lou,el l irnit at 0. I =,p.' l ').
r : f 0 , 7 ]  - - r D , f : G - + R " a L e c o n t i r r u o l r s f i r n c t i o n s , G : : [ 0 , 7 ) x D i r r r c l  

/ J a F r . , , j s r L . ] o - i , r l
and bounded domain

Assurrrc  tha1,  th i :  B\ /P (1)  sat is f icrs  corrd i t ions:
(i) function .f is borurded lt1' a constant yectot ,\r1 € R', alcl it satisfies tl ie Lipsclrirz

conclit ion rvit lt a non-negative rcal matrix 1{: (k;.)i ' . t-r, i .e.. the follou.ing incqLralit ies

l  l  ( t ,  r )  l  <  . 11 ,  . l ( . t .  t t 1  -  J  ( . t ,  , ; )  {  I ( t , t t  1 '

i r l c  t l r r c  f b t  i - r n r ' 1  €  10 ,  T l . : r , u .  L :  €  D :
( i i )  t l ic  set

D , : :  { € o  e  D :  { t L  €  R "  :  ? ,  -  ( o  1 | l }  ,  D }

i .  t r O I l - e t l t l r l \ ' .  \ \ ' l i r . l e  , ' -  = - - ) ! ! 1 - :

I i i i r  t l r l  s l ) e (  l I i l l  r , , d i , r *  . ' r . r ; ' o l ' r , . , ' r l r s

\ ' J  j

( ; i l

I(TI'

satisfics the estintate:

Z2r,-r l (p + I)

r ( Q )  <  1 .

( r )

( ; )

' r ; , , ' ( l ' { s )  ' :  {o  *  
#  l / r ' , t  

- , ) / ' - t f  (s . r , , , - r ( .s . {n )1r l . s

(+) '  lo ' .  r r ' - , )p r  J(s, : r , ,1(s. { , ) )ds l  - ,  ( r1)"o
rvhele f  €  i0 ,7 ' ] ,  {o  € D3 arrd

Al1 opelat ions l ,  : ,  ( . ) .  tnax.  <- ' tc .  betu 'eetr  m:r t l ixes t rnc l  vccto ls  a lc  rnrrk , r 's t r )o(L crn i r )o
ue r r l t ' i se .

The problem is to fi,nd, ct, scthLtictrL of the BVP (1) in the space oJ c:ortt i,t 'r.,uotrs rec:1o7 Jir.rtt:t i ,ctrts
:u : l0.Tl -+ D.

2.  Construct ion of  successive approximat ions.  Lrs ing the urr i in  ic ierrs  of  [2 ] .  1 , t  1s
con r rec t  n ' i t h  BVP (1 )  t hc  seque l r co  o f  f r r nc t i ons  { x , , , l , r r ez , ' ,  z0 :  i 0 .  1 .2 . . .  } .  g i r . c r r  11 .  t 1 r .
iteratir,e fblrnulti:

i o l

. ru  /  { , , :  ( ,  _ r (+ ) , ' )  . .
\  \ -  /  /

is a zero apploxirnation. Here f (p) is the Gartuna functiou.
Theorem 1. A,ss,ur,e tltut ctntl, i t. inrts (2) (S) ttotrt fo, t lrc, t3l,p (11.
Thr.n for all Jbed {r,r e D-r, ,i,t Jtctt,tl.s;

\ .Fu.nct , ior t 'so. f theSe'( ]ue) ] .ce(6)arecor t , t . i , , r t ,uot t , .so 'ndsat tsJ 'qa, t t t ipet . tor l , i , t :

r r , , ,  (0 .  {s)  :  r , , ,  (7 ,  {o ) .  V1t .  e  i \ j

2 .Th , r . : , ' . : , q .L |eT t ' ( : ( : . o , | ' ' f ' t t l t . r : t i ' o t t ' ' ; ( 6 ) ' | ' c l t . l = |0 .T )c : t l n ' t . , t : r ' q t :

,f i t,rLc:tio rt

r"o (1, {o ) : ,,i1tl rrr,,, (t, {n ) .

3. T'lt.e Ltrnit .ftLnc:ttort. t- sattsJies bou,ndartl r:onclit iott:

. r - (0 ,  {o )  :  - r - (? ,  €o)

{0



The limi,t .fu,rtcti,on (7) is a u,niclue

l  l r t
. , ' ( t ) : :  { o  - . *  

l l  , t - , * ) P - r , / l s .
r  t p ) l J o

z. e., zt is t lrc uniq,ue soluti,ott on
fractiorLo,l differentzal equatiorts :

it,lt,eL'e

A( {s1  : :

5. ' l ' l te 
JolloutirLq error cstinr

lr"" (l, €o )

rult.ere In is the ,ailt rL dirnensiott ntatrir,
ard (2).

3.  Connect ion betwcen the l imi t
BVP.

Consider the Cauchy problern

o,f th,e inteqro,L e.q,ur.tti,on,

(r-,s1v-t 11., r1.r);a.s.] --r

'probl,u'rt, 
.fo r th r: m.od.i,[ir-tl

{ 0 .

a l

' iD' , . '  :  ; f  ( t , t : )  -  A(€o).  : r(0) :  qn

s1r ' -1  y( .s . . r -  ( , , - .  {n) ) r / ;  -  t t ( f  
, ' '  

t l { , ,  
ts l

Tp
S r ' r r - r r . a -  u Q " ' - t , 1 , .  Q r  \ / .

- \ r

ma.trir Q o,nd ,uector XI ct"re deJined, zn, fonnu,ln.e (J)

funct ion and the exact  so lut ion of  thc g iven

.1.

( ; )

| t l .s l tn l

cortinuous solu,tiort

/  + \ P  1 1 '
r ( . s ) ) d . s - ( ; )  |

\ - r  ' /  Jo

l0,Tl oJ th,r: Cottl:ln1

r, lT

fu J,, ('t'
at'i.ort. hoLtl..s.

-  r " , ( 1 , ( o ) l

i lDt i r  :  fQ,r )  t  p ,  t  €  10.  T l .  r (O)  :  qn.  (9)

n.here 4 € iR." is a corrtrol par.l i ,metel and {6 € D,3.
Tl reorern 2.  Let  {11 € Di  or td,  1r  € R" t t t :  sor t r t : .  11 i t ,c ' r t  t ,er : tc t r ' ,s .  Sr tp1to, , :e  t l tn t  lor  t l r r :  I lyp i l t

u,l,l, r:ortdi,tton.s of' 'l'h,ertrr:trt 
I lt.oll..

T h , e . n t l L r : s o | , l l t . i o n ' l : ' . t ( ' . { r l . / r ) r l . f t | t t : i . t r i l , i t l . | t r t ' l L t t : , p t t l b l t ' . t r t
rnnditiort .f'r'orn (1) t.f trni ortlu i,l

, ,  t 1 -
: :  *  I  e ' -  s lu- ty(s .2" . , (s . { , ) ) ,J ,  -  "91 

t ) rn .
I  t '  .J  , ,  Tt '  \ '  ' '

wh,ere r,o ( ,{o) ir a.frr"nct,ion.f,orrt, the assert,ion2 o,f 1.h,eorent i. In tlLot co'c

r ( r ,  €0,  t t )  :  an ( t ,66)  for '  ,  €  10,  ?] .

Theorem 3. Let. t lt.e origi.nal BVp (1) sa,tisfy cor.dit iorts (2) (5)
Thcn' r,o('.(d) ,s a soLut' i,on of the FDS uitlt antz1.teriotlzc boundo,r.rl r:nrtd,,r,t. iort.. lropt (1) i.f

a tu lon ' l , y i ' f t hepo i t t t { . j i soso | ,u t . i o r t o f t LLe r1 'e ' t e r r t t ' i n , i , L l q . sy ' s te .nc l | ' o , l qc :b t t l i r :
erluation,s:

\ ( {o)  :  t l

u:ltere \ is qit,r:rt, bll (S)
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