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Abstract

In the paper we propose estimates for sub-Gaussian standard models of Gaussian stationary random
processes. A model of Gaussian stationary random process in some Orlicz spaces is constructed with given
accuracy and reliability.
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1. Introduction

The problem of modelling of stochastic process has been a matter of active research during the last
decades. Descriptions of methods of modelling of random processes and fields can be found, for
example, in books by Ogorodnikov and Prigarin (1996), Kozachenko and Pashko (1999),
Kozachenko et al. (2016). In this article wedeal with the method of modelling of Gaussian stationary
stochastic processes which is based on randomization of the spectrum. This method isdescribed in
the paper byVojtyshek (1983). In this article we investigate the accuracy and reliability of models of
Gaussian stationary random process in some Orlicz spaces. We used properties of random
processes in Orlicz space described in articles byKozachenko and Pashko (1988), Tegza
(2002),Antoniniet al (2002).
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2. Basic Definitions and Statements

Let {Q, B, P}be a standart probability space.

Definition 2.1 A random variable € is called sub-Gaussian, if there exists a number a > 0, such
that the inequality

aA?
Eeoig<en®
holds true for all 1 € R.

The class of all sub-Gaussian random variables defined on a standart probability space {Q B, P} is
denoted by SUt(Q). Consider the following numerical characteristic of a sub-Gaussian random
variable f :

2192
(&)= inf{az 0:EexdA4< exp{a ;’ },/1 € R}. (1)

We will call 7(&) the sub-Gaussian standard of the random variable £. By definition, &€ Sul{€)) if
and only if T(é) <oQ In the book by Buldygin and Kozachenko (2000) it is shown that the space
Sulf€)) is a Banach space with the norm 7(&).
Let (T, 5, £0), £AT) <oo, be a measurable space.
Definition 2.2 A stochastic process X ={X(t),t €T}is called sub-Gaussian if for any teT
X(t) eSul{Q)) and squz'(X(t))<oq

te

Let LU(T) be the Orlicz space generated by an C-function U ={U(X),xeR}. Remind that a
continuous even convex function U() is called C- function if it is monotonically increasing,
U(0)=0, and U(X)>0 as X #0. For example, U(X) :exp[|x|°‘}—1, a>1is an C-function The
Orlicz space generated by an C-function function U(X) is defined as a family of functions
{f (t),t €T} where for each function f(t) there exists a constant I' such that

{u (@}dy(t) <o

The space LU (T) is a Banach space with the norm
—i : f(t)
Ifl,, = mf{r >0: LU(Tjd,u(t) 31}. @)

The norm ”f”lU is calledthe Luxemburg norm .

Random processes in Orlicz spaces were introduced and studied in the paper by Kozachenko
(1985).
Let X = JlX(t) t GT} be a sub-Gaussian random process and let 7 :SUpT(X(t)) <o

t

The following theorem is proved in the paper by Kozachenkoand Pashko (1988) .
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Theorem 2.1 Let U:{U(X),XER} be an C -function such that the function

G, (®) :exp{U(‘l)(t —1))2}is convex for t>1. Then with probability one the process X €ly,(T)
and for all & such that

52ﬂ(-|—)°f‘(2+(u(_1)(1))2)%

the following inequality holds true

P{th-u >8}S@%@-Eﬁ—%} 3)
where f(T) =maxXAT),1)

The proof of the theorem can be found in the book by Kozachenko et al. (2016).

3. Problem Statement

Let X ={X('[),t ET} be a Gaussian stationary real valued centered mean square continuous
random process with the covariance function
EX(t+9)X (1) =1(2) = [cos(A2)F (1)
0
where F(A)is a continuous spectral function of the process. It is known that the process X(t) can

be represented as in the form

X(t) = [cos@tdn (A)+ [sin()dn,(2),

0 0
where 771(1) A (/1) are independent centered Gaussian processes with independent increments.
Let us represent the process X(t)in the form

X(t) =X, 0)+X*(),

where
X ()= Tcos@l)dnl(/l) +]\Sin(ﬂt)d772 D,
0 0
XA(t)= [cos@r)dm(A)+ | sinadm, (2. @
A A
As a model of the process X, (t) we will take the process
XE()= 3o cosCit) +1esinGit) ©)

Here A={/,,... Ay }is a partition of the set [0,A], such that 4, =0, 4 <Ay, Ay =A;

har Yo g( are independent random variables; 77, :771(/1k+1) —m(ﬂk), Mo :772(ﬂk+1)_77z(ﬂk) are
Gaussian random variables such that Er, =En, =0,
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E’fl = Eﬂ%z = F(/,{k+l)_|:(ﬂk) =h<21 K =O,. . M _1’
Ck .- are independent for any K, and are defined on [A ., Ac1] with cumulative distribution
function

0o 55

Let 77,(t) = X, () =X} (t). Then
m(t)=Erj‘l«:osat)—cosc“kt»dm(z)+Af(sin<zt)—sin(;kt»dnz(ﬂ) ©
k=0 A A

In the book by Kozachenko et al. (2016) it is proved that 77A(t) is a sub-Gaussian random process.

4. Construction of a Model with Given Accuracy and Reliability

Definition 4.1 A random process XAM (t) approximates the process X(t) with reliability (1—/0),
0< <1 and accuracy 0 >0 in the Orlich space Ly, if there exists a partition A:{ﬂo,. . ,/1,\,]} of
the set [0,A] such that

P{HX(t)—XX'(t)HLU >5}s B

We will describe conditions under which it is possibleto select a partition A, such that the model
Xk" approximates the centered Gaussian process X(t) in the Orlicz space with given accuracy and
reliability

Lemma 4.1 For 8>1.322 the inequality SINX <In(1+ax) holds true.

T

2

T .
provein the case X E[O’E] But in this case the inequality SINX< |n(l+aX)is equivalent to

ProofIn the case X>Z% the inequality SINX < |n(1+aX)is obvious. This inequality it is necessary to

esirb( -1

~1.322

a= max
xqog]

Lemma 4.2 For the sub-Gaussian process 77A(t) determined by (6) the following inequality is
satisfied

r(nA(t))§4In(1+%), FD).

Proof: Using the corresponding results from papers by Buldygin and Kozachenko (2000) and Tegza
(2002) we have that for anySub-Gaussian random variable the following inequality holds true:

(&) <6O,(&), where
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1
K1 i [
=sup -4 E <o
Since 771(2), 772(/1) are independent centered Gaussian processes we havethe followng
inequalities:

r{ﬂff(cosat)—cos(/:kt»dnlw+T(sin(ﬂx) —sin(gt))dnz(z)ﬂs

k=0 A e

Sﬁ({T(cos@t)—cosckt»dmw}{T(sin(ﬂt) —sin(gt»dnz(z)D
k=0 A 2

{??cos@t)—cos@t»dm@)j S@lﬁl(cosax)—cos@t»dm(ﬁ)}=
Z

T (7
- {(Zn)' (}]'(cosﬁt) COSth))dUL(/DJ ]

Eﬁ(cosax) cosckt»dmw] <2 Eﬁ sir o %m)]

Substituting the last inequality to (7), and using the equality from lemma 4.1 (with a= 1. 5) we will
have

1

.{T(cosat)—cosckt))dm(z)]sszsu{T[TsW@dﬁ(@] dFk(u)r <
2 ML 2\

1

SZbK@: 11(|n2(1+W))mdFk(ﬁ,)dFk (u)J2m < |n(1+wj

Similarly
7[T(sin(ﬂzt) —sin(Gt))drz (/1)] <2, |n(1+w)
i

Finaly we have
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2 (0) <1651 W@M) _
k=0
16071+ 20 IS () -F(2) =160 1+ 20 )
Lemma 4.3 For thesub-Gaussian process XA(t) defined by (4), the next inequality is satisfied

T(XMY) <2 F(+9 —F(A).

Proof:As in the previous lemma we estimate each term of the sub-Gaussian standard separately.
1

: @cos@t)dm(ﬂ,)jSQ[ICOSQI)dm(ﬂ)]:s&;{%E(Icos@)dm(i))zme <

gﬁE(Tcog(ﬂ)dF(ﬂ,))m}m S(Tco§(ﬂl)dF(/1)) < JFGA—FA).
Similarly ! !
{Tsin(ﬂt)dnz(ﬁ)js@l[Tsin(ﬂi)dnz(/l))s,/—F(+o<)—F(A).

Finaly we have

r(XA(t)):{Tcos@t)dm(}t)+Tsin(ﬂ)dn2(/1)]§2/—F(+o<)—F(A)

Denote by 7; = SUP (X, (t) — XM (1)); 7, = sup (X" (t)).
t[0T] te0T]
Theorem 4.4 Let in the model X XI (t) the partition Ais such that for

5zma gmaxr,l)J2+(u<-l><1»2;13—2&maxr,mz+(u<—1>(1»z}

the system of inequalities

&1(1)(1)

A= maxT,1) X,
< (I-a)dU" l)(1)
2 = maxT,1)-x,

holds true, where Xj >1is a root of the equation xe(X f2 =p, 0<a<1.Then the model X ®

approximates the process X(t) with reliability (1—,3) ,0 <ﬂ<l and accuracy 0 >0 in the Orlich
space Ly, ([O,T]), where C-function U(X) satisfies conditions of Theorem 2.1.
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Proof: This statement follows from Theorem 2.1 and lemms 4.2 and 4.3. Indeed
P {Hxa)—xx on za}z P{H X0 -XY O+ X 0), za}s
< P{H X.0-X20), > a5}+P{HXA(t)HHJ 8 (1—a)5}.

Let T= [O ,T] Consider each term of the last inequality individually.

a) Under the condition ¢o=>maxT,1)-z; - 2+‘U(_1)(1)i ? we have

262 (UC(1)}

1) 2

_yM < ad) (1) 2(ma)(r!l)y h
P{HXA(t) XA (t)HLU > aé}_\/é ma)(T’l). T € '

where, according to Lemma 4.2: 7, = 4|n(l+i-r—l\;l\j,/ F(A).
b) Under the condition (1-a)0>maxT,1)z, -+ 2+iU(_1)(1)i ? we have

?P(U(L)}

A _a5h< Je A=A D(A), 2MaxT,1)f - 7’
Pl >a-asf= e G e |

where, according to Lemma 4.3: 7, = 2,/ F(+o9—F(A).

Thus, by Theorem 2.1, under the condition

5> ma{%maxr,w2+(u<—l>(1))2 ;ﬁ_zama(r,l)J2+(u<—l>(1))2}

we have

P, 0- X0 +X0), >0]<

gy A oy SO
s@%e 2(mex(T,1))* - 77 +\/é(1rr_1ai)(?,J1)-r(21)e 2(mex(T,1))? - 22 <p
ad)™(1) (1-a)dJD(1)
maxT, 1)z maxT, 1)z,

if inequalities > Xz and > Xz are satisfied.

The proof is completed.

Example 4.1 Consider a particular case of the Orlicz space of random variables which is generated
2

by C-function U(X) =€* —1. In this case we have U(_l)(l): Vin2.

Let T=1,=0.5 F(A)=1—e™, 5=0.1 8=0.1
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It follows from Theorem 4.4 that in this case Xﬁ :2.765, 2'130.015 and 7, <0.015.

Substitutingthese values to the corresponding formulas, we get that
-1
M >3%\ exp(%) —1| for A>9.8. In particularly, we get M =197 for A=10.
_e_

Substituting to the model (5) this number M and simulating random variables 7}, 7}, g(for

k =0,M—1, it is possible to get a graphical representation of the considered process.

5. Conclusion

In this article we propose a method of construction of models of Gaussian stationary random
processes in some Orlicz spaces with given accuracy and reliability.
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