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ÓÇÃÎÄÆÅÍÎÑÒI ÄÓÌÎÊ ÅÊÑÏÅÐÒIÂ

The problem of determination of strict resulting ranking of alternatives based on the rankings
of alternatives which were given by experts is considered. Important here is how consistent the
opinions of experts are. The ranking of experts are given in the form of ranking matrixes or
directly in the form of rank alternatives. We investigate the validity of the geometric approach to
the resulting collective opinion depending on the consistency of the experts' opinions. Consistency
of rankings of all members of the expert committee or their parts is estimated by coe�cient of
concordance. Kemeny-Snell median is considered as the resulting strict ranking of alternatives. The
relationship between strict Kemeny-Snell median and consistency coe�cient of expert opinion is
investigated. Thus the problem of Kemeny-Snell median determining is considered in the equivalent
formulation of alternatives linear ordering. The result obtained is inequality, which sets limits of
the possible values for the median distance depending on the consistency of experts' opinions. This
inequality depends on the largest and the smallest number of the experts who prefer one alternative
over another.

Ðîçãëÿäà¹òüñÿ ïðîáëåìà âèçíà÷åííÿ ñòðîãîãî ðåçóëüòóþ÷îãî ðàíæóâàííÿ àëüòåðíàòèâ íà
îñíîâi ðàíæóâàíü àëüòåðíàòèâ, ÿêi çàäàëè åêñïåðòè. Äîñëiäæåíî çâ'ÿçîê ìiæ ìåäiàíîþ Êåìåíi-
Ñíåëëà òà êîåôiöi¹íòîì óçãîäæåíîñòi äóìîê åêñïåðòiâ.

Âñòóï. Âàæëèâèì ïðè ïðîâåäåííi åêñïåðòèç ¹ ïèòàííÿ óçãîäæåíîñòi äóìîê ÷ëå-
íiâ åêñïåðòíî¨ êîìiñi¨. Óçãîäæåíiñòü åêñïåðòiâ îöiíþ¹òüñÿ çà äîïîìîãîþ êîåôiöi-
¹íòiâ ðàíãîâî¨ êîðåëÿöi¨ i êîíêîðäàöi¨. Êîåôiöi¹íòè ðàíãîâî¨ êîðåëÿöi¨ îöiíþþòü
óçãîäæåíiñòü ðàíæóâàíü àëüòåðíàòèâ äâîìà åêñïåðòàìè, êîåôiöi¹íòè êîíêîðäà-
öi¨ - óçãîäæåíiñòü ðàíæóâàíü âñiõ ÷ëåíiâ åêñïåðòíî¨ ãðóïè àáî ¨õ ÷àñòèíè [1].

Ó ðîáîòi [2] âñòàíîâëåíî iñíóâàííÿ çâ'ÿçêó ìiæ ìiðîþ áëèçüêîñòi ó ìîäåëi
Êåìåíi-Ñíåëëà [3] òà êîåôiöi¹íòîì ðàíãîâî¨ êîðåëÿöi¨ çà Êåíäåëîì.

Ó äàíié ñòàòòi äîñëiäæåíî çâ'ÿçîê ìiæ ìåäiàíîþ Êåìåíi-Ñíåëëà òà êîåôiöi-
¹íòîì óçãîäæåíîñòi äóìîê åêñïåðòiâ ïðè ðàíæóâàííi àëüòåðíàòèâ.

1. Ïîñòàíîâêà çàäà÷i.Íåõàé çàäàíî ìíîæèíó àëüòåðíàòèâA = {a1, a2, . . . ,
an}. Iç êîæíèì ñòðîãèì ðàíæóâàííÿì r ìíîæèíè àëüòåðíàòèâ A ïîâ'ÿçàíà ìà-
òðèöÿ R = (rij)i,j=1,...,n, åëåìåíòè ÿêî¨ âèçíà÷àþòüñÿ íàñòóïíèì ÷èíîì:

rij =

{
1, ÿêùî ai ïåðåäó¹ aj â R,
0, ÿêùî aj ïåðåäó¹ ai â R.

ßêùî ðàíæóâàííÿ R çàäàíî ðàíãàìè {r1, r2, . . . , rn} àëüòåðíàòèâ ìíîæèíè
A, òî ìàòðèöÿ R = (rij)i,j=1,...,n, ÿêà âiäïîâiäà¹ öüîìó ðàíæóâàííþ áóäå ìàòè
åëåìåíòè:

rij =

{
1, ÿêùî sign(ri − rj) < 0,
0, ÿêùî sign(ri − rj) > 0.

ßê âiäîìî [3, 4] íàéáiëüø îá ðóíòîâàíèì ïiäõîäîì ó âèçíà÷åííi ðåçóëüòóþ-
÷îãî ðàíæóâàííÿ r∗ íà îñíîâi çàäàíèõ åêñïåðòíèõ ðàíæóâàíü r(1), r(2), . . . , r(m)

¹ ¾ãåîìåòðè÷íèé¿ ïiäõiä òà, çîêðåìà, ïðàâèëî Êåìåíi-Ñíåëëà:
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r∗ ∈ Argmin
r∈Ω

{
d(r)

def
=

m∑
k=1

d(r, r(k))

}
, (1)

äå Ω � ìíîæèíà âñiõ ìîæëèâèõ ñòðîãèõ ðàíæóâàíü ìíîæèíè àëüòåðíàòèâ A,
d(r(1), r(2)) � âiäñòàíü Õåìiíãà [3] ìiæ âiäïîâiäíèìè ìàòðèöÿìè ðàíæóâàíü r(1)

òà r(2).
ßê âiäìi÷à¹òüñÿ ó ðîáîòi [5], iç ñòàòèñòè÷íî¨ òî÷êè çîðó ìåäiàíà Êåìåíi ¹

íàéáiëüø êîðåëüîâàíîþ â ñåðåäíüîìó ç iíäèâiäóàëüíèìè åêñïåðòíèìè ïåðåâà-
ãàìè. Â öüîìó âèïàäêó êîðåëÿöi¨ øóêàþòü ó âèãëÿäi êîåôiöi¹íòà Êåíäåëà. ßêùî
æ m åêñïåðòiâ (m > 2) çàäàëè ðàíæóâàííÿ àëüòåðíàòèâ çà ïåðåâàãàìè, òî äëÿ
õàðàêòåðèñòèêè ñòåïåíi óçãîäæåíîñòi åêñïåðòiâ ïðè ïàðíîìó ïîðiâíÿííi àëüòåð-
íàòèâ ââîäèòüñÿ êîåôiöi¹íò óçãîäæåíîñòi V [2]:

V =

8
∑
i̸=j

C2
bij

m(m− 1)n(n− 1)
− 1, (2)

äå bij � ÷èñëî åêñïåðòiâ, ÿêi âiääàëè ïåðåâàãó àëüòåðíàòèâi ai ó ïîðiâíÿííi ç
àëüòåðíàòèâîþ aj, i, j ∈ 1, 2, . . . , n.

Çíà÷åííÿ V çìiíþ¹òüñÿ âiä 1 ïðè ïîâíîìó ñïiâïàäiííi ðàíæóâàíü åêñïåðòiâ
äî 0, êîëè óçãîäæåíiñòü îöiíîê åêñïåðòiâ âiäñóòíÿ.

Â ðîáîòi [5] âêàçó¹òüñÿ íà çâ'ÿçîê, ÿêèé iñíó¹ ìiæ ìiðîþ áëèçüêîñòi d(·, ·) òà
êîåôiöi¹íòàìè ðàíãîâî¨ êîðåëÿöi¨. Âèíèêà¹ ïèòàííÿ: ÷è iñíó¹ ÿêàñü çàëåæíiñòü
ìiæ ìåäiàíîþ Êåìåíi-Ñíåëëà òà êîåôiöi¹íòîì óçãîäæåíîñòi?

2. Äîñëiäæåííÿ çàëåæíîñòi ìiæ ìåäiàíîþ Êåìåíi-Ñíåëëà òà óçãî-
äæåíiñòþ äóìîê åêñïåðòiâ.

Îñêiëüêè ìè øóêà¹ìî ñòðîãå ðàíæóâàííÿ çà ïðàâèëîì (1), òî ó ìàòðèöi, ÿêà
áóäå âiäïîâiäàòè ðàíæóâàííþ r (íå áåðó÷è äî óâàãè åëåìåíòè ãîëîâíî¨ äiàãîíà-
ëi) çíàéäåòüñÿ ¹äèíèé ðÿäîê ç iíäåêñîì p1, ÿêèé áóäå ìiñòèòòè (n−1) îäèíèöþ;
äàëi çíàéäåòüñÿ ¹äèíèé ðÿäîê ç iíäåêñîì p2, êîòðèé áóäå ìiñòèòè (n−2) îäèíèöi
i ò.ä. Iíøèìè ñëîâàìè: ìàòðèöÿ ñòðîãîãî ðàíæóâàííÿ îäíîçíà÷íî âèçíà÷à¹ äå-
ÿêó ïåðåñòàíîâêó ìíîæèíè iíäåêñiâ àëüòåðíàòèâ i íàâïàêè: âñÿêié ïåðåñòàíîâöi
âiäïîâiäà¹ ìàòðèöÿ äåÿêîãî ðàíæóâàííÿ. Âðàõîâóþ÷è ñêàçàíå òà âëàñòèâiñòü
àñèìåòðè÷íîñòi ìàòðèöi ñòðîãîãî ðàíæóâàííÿ, çðîáèìî ïåðåòâîðåííÿ öiëüîâî¨
ôóíêöi¨ ó (1):

m∑
k=1

d(r, r(k)) =
m∑
k=1

n∑
i=1

n∑
j=1

|rij − r
(k)
ij | =

=
m∑
k=1

n−1∑
i=1

n∑
j=i+1

(|1− rpi,pj |+ |0− r
(k)
pj ,pi|) =

=
m∑
k=1

n−1∑
i=1

n∑
j=i+1

(1− r
(k)
pipj + r

(k)
pjpi) =

m∑
k=1

n−1∑
i=1

n∑
j=i+1

(1− r
(k)
pipj + 1− r

(k)
pjpi) =

= mn(n− 1)− 2
∑
j>i

bpipj .

(3)

Ïîçíà÷èìî ÷åðåç P ìíîæèíó âñiõ ïåðåñòàíîâîê ìíîæèíè iíäåêñiâ {1, 2, ..., n}.
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Íåõàé ñòðîãîìó ðàíæóâàííþ r∗ âiäïîâiäà¹ ïåðåñòàíîâêà p∗ = (p∗1, p
∗
2, . . . , p

∗
n) ∈

P . Îòæå, öiëüîâà ôóíêöiÿ â (1) íàáóäå ìiíiìóìó ó r∗, ÿêùî âèêîíà¹òüñÿ:

p∗ ∈ Argmax
p∈P

{∑
j>i

bpipj

}
. (4)

Âiäìiòèìî, ùî çàäà÷à (4) âiäîìà ÿê çàäà÷à ëiíiéíîãî âïîðÿäêóâàííÿ [6,7]. Ïðî-
âåäåìî åêâiâàëåíòíi ïåðåòâîðåííÿ ó (2).∑

i ̸=j

C2
bij

=
1

2

∑
i̸=j

bij(bij − 1).

∑
i̸=j

bij(bij − 1) =
∑
j>i

(bij(bij − 1) + (m− bij)(m− bij − 1)) =

=
∑
j>i

(2b2ij − 2mbij) +
∑
j>i

m(m− 1) =

= 2
∑
j>i

bij(bij −m) + mn(m−1)(n−1)
2

.

(5)

Âðàõîâóþ÷è (5), êîåôiöi¹íò óçãîäæåíîñòi V ìîæíà ïåðåïèñàòè â íàñòóïíîìó
âèãëÿäi:

V =

8
∑
j>i

bij(bij −m)

m(m− 1)n(n− 1)
+ 1.

Ââåäåìî â ðîçãëÿä ïîçíà÷åííÿ:

M∗ = min
i,j

{bij},

M∗∗ = max
i,j

{bij}.

Î÷åâèäíî, ùî çíà÷åííÿ êîåôiöi¹íòà V íå çàëåæèòü âiä ïåðåñòàíîâêè iíäå-
êñiâ. Âèáåðåìî ïåðåñòàíîâêó iíäåêñiâ ó âiäïîâiäíîñòi äî p∗ = (p∗1, p

∗
2, . . . , p

∗
n) òà

ïðîâåäåìî îöiíêó çíèçó êîåôiöi¹íòà óçãîäæåíîñòi V .

8
∑
j>i

bp∗i p∗j (bp∗i p∗j −m)

m(m− 1)n(n− 1)
≥

8(M∗ −m)
∑
j>i

bp∗i p∗j

m(m− 1)n(n− 1)
.

Iç âèçíà÷åííÿ M∗ âèïëèâà¹, ùî M∗ − m < 0. Òîìó â êiíöåâîìó ðåçóëüòàòi
îòðèìó¹ìî

(1− V )m(m− 1)n(n− 1)

4(m−M∗)
≤ 2

∑
j>i

bp∗i p∗j . (6)

Àíàëîãi÷íèì ÷èíîì îöiíèìî çâåðõó êîåôiöi¹íò óçãîäæåíîñòi V .

8
∑
j>i

bp∗
i
p∗
j
(bp∗

i
p∗
j
−m)

m(m−1)n(n−1)
≤

8(M∗∗−m)
∑
j>i

bp∗
i
p∗
j

m(m−1)n(n−1)
.

2
∑
j>i

bp∗i p∗j ≤
(1−V )m(m−1)n(n−1)

4(m−M∗∗)
.

(7)
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Ïiäñòàâèâøè (6) òà (7) ó (3) òà ç óðàõóâàííÿì (4) îòðèìó¹ìî íàñòóïíèé
ðåçóëüòàò.

Òâåðäæåííÿ. Äëÿ ìåäiàíè Êåìåíi-Ñíåëëà r∗ òà êîåôiöi¹íòà óçãîäæåíîñòi
V ñïðàâåäëèâà íàñòóïíà îöiíêà:

1− (1− V )m(m− 1)

4(m−M∗∗)
≤ d(r∗)

mn(n− 1)
≤ 1− (1− V )m(m− 1)

4(m−M∗)
.

Âèñíîâêè. Ïðîâåäåíî äîñëiäæåííÿ íà ïðåäìåò iñíóâàííÿ çàëåæíîñòi ìiæ
êîåôiöi¹íòîì óçãîäæåíîñòi äóìîê åêñïåðòiâ òà ìåäiàíîþ Êåìåíi-Ñíåëëà. ßê ðå-
çóëüòàò îòðèìàíî íåðiâíiñòü, ÿêà âñòàíîâëþ¹ ìåæi ìîæëèâîãî çíà÷åííÿ âiäñòàíi
äëÿ ìåäiàíè â çàëåæíîñòi âiä óçãîäæåíîñòi äóìîê ãðóïè åêñïåðòiâ.

Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè
1. Ëèòâàê Á. Ã. Ýêñïåðòíàÿ èíôîðìàöèÿ: Ìåòîäû ïîëó÷åíèÿ è àíàëèçà / Á. Ã. Ëèòâàê. �

Ì.: Ðàäèî è ñâÿçü, 1982. � 184 ñ.
2. Kendall M. G. Rank Correlation Methods / M. G. Kendall. �London: Gri�n, 1970. � 272 p.
3. Âîëîøèí Î. Ô. Ìîäåëi òà ìåòîäè ïðèéíÿòòÿ ðiøåíü / Î.Ô. Âîëîøèí, Ñ.Î. Ìàùåíêî. �

Ê.: Âèäàâíè÷î-ïîëiãðàôi÷íèé öåíòð ¾Êè¨âñüêèé óíiâåðñèòåò¿, 2010. � 336 ñ.
4. Ãóëÿíèöêèé Ë. Ô. Îäèí ïîäõîä ê ôîðìàëèçàöèè è èññëåäîâàíèþ çàäà÷ ãðóïïîâîãî âûáî-

ðà / Ë. Ô. Ãóëÿíèöêèé, Î. Â. Âîëêîâè÷, Ñ. À. Ìàëûøêî // Êèáåðíåòèêà è ñèñòåìíûé
àíàëèç. � 1994. � �1. � Ñ. 120-127.

5. Êóçüìèí Â. Á. á èçìåðåíèÿõ â ïîðÿäêîâûõ øêàëàõ / Â. Á. Êóçüìèí, Ñ. Â. Îâ÷èííèêîâ //
Àâòîìàòèêà è òåëåìåõàíèêà. � 1974. � Âûï. 11. � Ñ. 106-112.

6. Marti R. The Linear Ordering Problem / R. Marti, G. Reinelt // Applied Mathematical
Sciences. Exact and Heuristic Methods in Combinatorial Optimization Series.� Berlin: Springer
Verlag, 2011. � Vol. XII. � 172 p.

7. Àíòîñÿê Ï. Ï. Àëãîðèòì ïîñëiäîâíîãî àíàëiçó òà âiäñiþâàííÿ âàðiàíòiâ äëÿ çàäà÷i ëi-
íiéíîãî âïîðÿäêóâàííÿ àëüòåðíàòèâ / Ï. Ï. Àíòîñÿê // Íàóêîâèé âiñíèê Óæãîðîäñüêîãî
óíiâåðñèòåòó. Ñåð. ìàòåì. i iíôîðì.� 2009. � Âèï. 18. � Ñ. 4-8.

Îäåðæàíî 25.05.2016

Íàóê. âiñíèê Óæãîðîä óí-òó, 2016, âèï. �1 (28)


