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ÎÖIÍÊÀ ØÂÈÄÊÎÑÒI ÇÁIÆÍÎÑÒI Â ÖÅÍÒÐÀËÜÍIÉ
ÃÐÀÍÈ×ÍIÉ ÒÅÎÐÅÌI ÄËß ÏÎÑËIÄÎÂÍÎÑÒI ÑÅÐIÉ

In the contains estimates of the rate of convergence in the central limit theorem.

Â ðîáîòi ìiñòÿòüñÿ îöiíêè øâèäêîñòi çáiæíîñòi â öåíòðàëüíié ãðàíè÷íié òåîðåìi.

Âèêîðèñòàííþ ïñåâäîìîìåíòiâ ó ãðàíè÷íèõ òåîðåìàõ ïðèñâÿ÷åíà çíà÷íà êiëü-
êiñòü ðîáiò, çîêðåìà öå âiäîáðàæåíî â ðîáîòàõ [1�4]. Â ðîáîòi [4] ðîçãëÿäàþ-
òüñÿ îöiíêè øâèäêîñòi çáiæíîñòi â ëîêàëüíié ãðàíè÷íié òåîðåìi â ñõåìi ñåðié
ç âèêîðèñòàííÿì ïñåâäîìîìåíòó îäíîãî âèäó. Â äàíié ðîáîòi ïðîäîâæóþòüñÿ
äîñëiäæåííÿ øâèäêîñòi çáiæíîñòi â öåíòðàëüíié ãðàíè÷íié òåîðåìi.

Íåõàé ìà¹ìî ïîñëiäîâíiñòü ñåðié âèïàäêîâèõ âåëè÷èí ξn1, . . . , ξnn. Ïðè ôiêñî-
âàíîìó n âèïàäêîâi âåëè÷èíè ξni íåçàëåæíi i îäíàêîâî ðîçïîäiëåíi ç Mξni = 0;
Dξni =

1
n
. Òàêèì ÷èíîì, DSn = 1, ÿêùî Sn = ξn1 + . . . + ξnn. Fn(x) � ôóíêöiÿ

ðîçïîäiëó ξni; fn(t) � õàðàêòåðèñòè÷íà ôóíêöiÿ ξni; Φn(x) � ôóíêöiÿ ðîçïîäi-
ëó Sn; φn(t) � õàðàêòåðèñòè÷íà ôóíêöiÿ Sn. Ïîçíà÷èìî ÷åðåç Φ(x) � ôóíêöiþ
ðîçïîäiëó ñòàíäàðòíîãî íîðìàëüíîãî çàêîíó N(0, 1).

Òîäi Φn (x) −→
n→∞

Φ (x). Âèíèêà¹ ïèòàííÿ ó ïîáóäîâi íåðiâíîñòåé

ρn = sup
x

|Φn (x)− Φ (x)| ≤ Cδn.

Íàì íåîáõiäíî îòðèìàòè âèãëÿä δn. Ââåäåìî ïñåâäîìîìåíò òàêîãî âèãëÿäó:

νn =

∫ +∞

−∞
max

(
1, |x|3

) ∣∣d (Fn (x√n)− Φ (x)
)∣∣ .

Òåîðåìà 1. Äëÿ âñiõ n ≥ 1 ñïðàâåäëèâà íåðiâíiñòü

ρn ≤ C
νn√
n
,

äå C− äåÿêà àáñîëþòíà ñòàëà.

Äîâåäåííÿ. Âèêîðèñòà¹ìî íåðiâíiñòü ( [5], ñò.299):

sup
x

|F (x)−G (x)| ≤ 2

π

∫ T

0

|f (t)− g (t)| dt
t
+

24

πT
sup
x
G′ (x) .

Ïîêëàäåìî â äàíié íåðiâíîñòi F (x) = Φn (x); G (x) = Φ (x); f (t) = φn (t);

g (t) = e−
t2

2 , òîäi

sup
x

|Φn (x)− Φ (x)| ≤ 2

π

∫ T

0

∣∣∣fnn (t)− e−
t2

2
n
∣∣∣ dt+ 24

π
√
2πT

.

Çðîáèìî çàìiíó ó ïðàâié ÷àñòèíi íåðiâíîñòi t = z
√
n . Îäåðæèìî

sup
x

|Φn (x)− Φ (x)| ≤ 2

π

∫ T/
√
n

0

∣∣∣fnn (z√n)− e−
z2

2
n
∣∣∣ dz
z

+
24

π
√
2πT

. (1)
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Âèêîðèñòàâøè ðiâíiñòü

an − bn = (a− b)
n∑
k=1

an−kbn−k,

äå ó íàøîìó âèïàäêó a = fn (t
√
n) , b = e−

t2

2 , îäåðæèìî∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ ≤ ∣∣∣fn (t√n)− e−

t2

2

∣∣∣ n∑
k=1

∣∣fn (t√n)∣∣n−k e− t2

2
(n−k). (2)

Îñêiëüêè fn (t) =
∫ +∞
−∞ eitxdFn (x); fn (t

√
n) =

∫
eit

√
nxdFn (x) =

∫
eitxdFn (x/

√
n),

òîäi

fn
(
t
√
n
)
− e−

t2

2 =

∫ +∞

−∞
eitxd

(
Fn
(
x/

√
n
)
− Φ (x)

)
=

=

∫ +∞

−∞

(
eitx − 1− itx− (itx)2

2

)
d
(
Fn
(
x/

√
n
)
− Φ (x)

)
. (3)

Iç ïåðøî¨ ðiâíîñòi (3) îäåðæèìî∣∣∣fn (t√n)− e−
t2

2

∣∣∣ ≤ ∫ +∞

−∞

∣∣d (Fn (x/√n)− Φ (x)
)∣∣ ≤ νn,

à äðóãî¨ -

∣∣∣fn (t√n)− e−
t2

2

∣∣∣ ≤ ∫ +∞

−∞

∣∣∣∣∣eitx − 1− itx− (itx)2

2

∣∣∣∣∣ ∣∣d (Fn (x/√n)− Φ (x)
)∣∣ ≤

≤ |t|3

6

∫ +∞

−∞
|x|3

∣∣d (Fn (x/√n)− Φ (x)
)∣∣ ≤ |t|3

6
νn.

Òîìó ∣∣∣fn (t√n)− e−
t2

2

∣∣∣ ≤ νnmin

(
1,

|t|3

6

)
≤ νn

t2

3
√
36
. (4)

Íåõàé νn ≤ c, c ∈ (0, 2−1) i |t| ≤ T1 =
√
−2 ln νn.

Òîäi iç (4)∣∣fn (t√n)∣∣ ≤ ∣∣∣fn (t√n)− e−
t2

2

∣∣∣+ e−
t2

2 = e−
t2

2

(
1 + e

t2

2

∣∣∣fn (t√n)− e−
t2

2

∣∣∣) ≤

≤ e−
t2

2

(
1 + e

T2
1
2 νn

t2

3
√
36

)
≤ e−

t2

2

(
1 + ν−1

n νn
t2

3
√
36

)
≤ e−c1t

2

, (5)

äå c1 = 1
2
− 1

3√36
> 0.

ßêùî νn ≤ c i |t| > T1, òî iç (4)∣∣fn (t√n)∣∣ ≤ ∣∣∣fn (t√n)− e−
t2

2

∣∣∣+ e−
t2

2 ≤ e
T2
1
2 + νn = 2νn. (6)
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Íåõàé νn > c, |t| ≤ T2 =
c
νn
, (T2 ≤ 1) .

Òîäi iç (4) ∣∣fn (t√n)∣∣ ≤ ∣∣∣fn (t√n)− e−
t2

2

∣∣∣+ e−
t2

2 =

= e−
t2

2

(
1 + e

t2

2

∣∣∣fn (t√n)− e−
t2

2

∣∣∣) ≤ e−
t2

2

(
1 + e

T2
2
2 νn

|t|3

6

)
≤

≤ e−
t2

2

(
1 +

√
eνn

t2

6
T2

)
= e−

t2

2

(
1 +

c
√
e

6
t2
)

≤ e−c2t
2

, (7)

äå c2 = 1
2
− c

√
e

6
> 0.

Iç (5) i (7), íåðiâíîñòi (2), îäåðæèìî:
ÿêùî |t| ≤ Tk (k = 1 ïðè νn ≤ c i k = 2 ïðè νn > c), òî ìà¹ ìiñöå íåðiâíiñòü∣∣∣fnn (t√n)− e−

t2

2
n
∣∣∣ ≤ |t|3

6
νn

n∑
k=1

e−ckt
2(n−k)e−

t2

2
(n−k) ≤ |t|3

6
νnne

−ckt2(n−1). (8)

Íåõàé n ≥ 2 i νn > c, òîäi â (1) ïîêëàäåìî T = T2
√
n, òîäi iç íåðiâíîñòi (8)

ïðè k = 2 îäåðæèìî:

I =

∫ T2

0

∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ dt
t
≤
∫ T2

0

|t|3

6
νnne

−c2t2(n−1)dt

t
=

=
νnn

12 (c2 (n− 1))3/2

∫ c2T 2
2 (n−1)

0

√
ze−zdz ≤

≤
√
2νn

6
√
c2
√
n

∫ +∞

0

√
ze−zdz =

νn√
n
C1,

C1 =

√
2

6
√
c2
Γ

(
3

2

)
. (9)

Òîäi iç (1) îäåðæèìî äëÿ n ≥ 2 ñïðàâåäëèâiñòü òåîðåìè ó âèïàäêó n ≥ 2 i
νn > c :

sup
x

|Φn (x)− Φ (x)| ≤ νn√
n
C2, C2 =

2

π
C1 +

24

π
√
2πc

.

Íåõàé νn ≤ c, T = T2
√
n, òîäi

I =

∫ T/
√
n

0

∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ dt
t
=

∫ T ′

0

∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ dt
t

+

∫ T/
√
n

T ′

∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ dt
t
= I1 + I2, T

′ = min

(
T1,

T√
n

)
. (10)

Áóäåìî ðîçãëÿäàòè âèïàäîê T ′ = T1, áî iíàêøå I2 = 0 i äîâåäåííÿ ñòà¹
ïðîñòiøèì. Iç íåðiâíîñòi (8), àíàëîãi÷íî äî (9), îäåðæèìî

I1 =
νn√
n
C3, (11)
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äå C3 =
√
2

6
√
C1
Γ
(
3
2

)
.

I2 =

∫ T/
√
n

T1

∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ dt
t
≤
∫ T/

√
n

T1

∣∣fnn (t√n)∣∣ dtt +
∫ T/

√
n

T1

e−
t2

2
ndt

t
= I ′1+I

′′
2

(12)
Iç (6) îäåðæèìî

I
′

2 ≤
νn√
n
C4. (13)

Äëÿ I
′′
2 ( ââåäåìî çàìiíó t =

√
nτ), òîäi

I
′′

2 =

∫ T/
√
n

T1

e−
t2

2
ndt

t
≤
∫ T

T1
√
n

e−
τ2

2
dτ

τ
≤ 1

T1
√
n

∫ +∞

T1
√
n

e−
t2

2 dt ≤ νn√
n
c. (14)

Iç (1), (10)-(14) âèïëèâà¹, ùî ïðè n ≥ 2 òåîðåìà äîâåäåíà.
Íåõàé n = 1, òîäi

ρ1 = sup
x

|Φ1 (x)− Φ (x)| = sup
x

|F1 (x)− Φ (x)| = sup
x

∣∣∣∣∫ x

−∞
d (F1 (y)− Φ (y))

∣∣∣∣ ≤
≤ sup

x

∫ +∞

−∞
|d (F 1 (y)− Φ (y))| ≤ ν1.

Òåîðåìà 2. Íåõàé νn ≤ c, c ∈ (0, 2−1). Äëÿ âñiõ n > 1 ñïðàâåäëèâà íåðiâ-
íiñòü

χn ≤ C ′ νn√
n
,

äå χn = sup
t∈R

∣∣∣φn (t)− e−
t2

2

∣∣∣, C ′− äåÿêà àáñîëþòíà ñòàëà, ùî çàëåæèòü òiëüêè

âiä c.

Äîâåäåííÿ. Iç âèðàæåííÿ χn âèïëèâà¹, ùî

χn = sup
t∈R

∣∣∣φn (t)− e−
t2

2

∣∣∣ = sup
t∈R

∣∣∣fnn (t)− e−
t2

2

∣∣∣ = sup
t∈R

∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ .

Âðàõîâóþ÷è (5), (6), (8) îäåðæèìî

χn ≤ sup
|t|≤T1

∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣+ sup

|t|>T1

∣∣fn (t√n)∣∣n+ sup
|t|>T1

e−
t2

2
n = L1+L2+L3. (15)

Iç (8) îäåðæèìî ïðè n > 1

L1 ≤ sup
|t|≤T1

∣∣∣fnn (t√n)− e−
t2

2
n
∣∣∣ ≤ νn

n

6
sup
|t|≤T1

(
|t|3 e−c1t2(n−1)

)
≤ C6

νn
n

(16)

Iç (6), âðàõîâóþ÷è, ùî νn ≤ c, c ∈ (0, 2−1),

L2 = sup
|t|>T1

∣∣fn (t√n)∣∣n ≤ (2νn)
n ≤ 2νn (2c)

n−1 ≤ C7
νn√
n
. (17)

i, àíàëîãi÷íî (17)

L3 = sup
|t|>T1

e−
t2

2
n = e−

T2
1 n

2 = νnn ≤ C8
νn√
n
. (18)

Iç (15)-(18) âèïëèâà¹ ñïðàâåäëèâiñòü òåîðåìè 2.
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