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JIEKCVKOT'PA®IYHA 3ATAYA ITPO ITIOKPUTTHA 3
AJIBTEPHATNBHVIMU KPUTEPIAMUN

A multicriteria minimum vertex coverage optimization problem is considered. Criteria are ranked
in subordination of strict ranking. On some of criteria acceptability constraints are defined (they
must archive predefined minimum values). We have to find an optimal solution using acceptable
criteria with the highest possible rank. The approach of finding attainable optimal solutions of the
problem was proposed.

Posrnsimaerses GaraTokpurepianbia 3a1a9a Mpo MOKPUTTSA, Y AKilfl KpuTepil yrmopsaIkoBaHO y cyO-
OpAUHAIIIT CTPOroro pam:KyBanHa. Ha meski 3 KpuTepiiB 10JaTKOBO HAKIAAEHI YMOBH JOMTYCTHMOCTL
(y pobori posriisia€ThCs BUNAAOK, KOJM HA KPUTEPil HAKIAJAI0THCH JOJATKOBL YMOBH JOCSTHEH-
H HAMM MIHIMAIBHUX JOMYCTUMUX 3HAYEeHb). OUTUMAMBHUI PO3B’sI30K TAKOl 3a7a4l MyKAETHCSA
3 BUKODHUCTAHHAM TITbKW TOMYCTUMHUX KPUTEPIiB AKHAUBHUINOTO panry. /lmag fforo 3maxommxeHHs
3aMpPOIIOHOBAHO MIXIM, MO TPYHTYETHCH HA, 3BEIEHHI OlepKaHOl H6AaraTOKpuUTepiasbHOl 334349l 10
OTHOKPHUTEPIATBLHOL, Vv AKiil MiMboBa (DYHKIISA € CKAIAPHOIO 3rOPTKOI0 KPUTEPIiB.

Bcryn. Bararo npukiajaux 3a/1a4 Teopil IpURHATTS PillleHb MOXKYTb OyTH 3BeJIeH]
JIO KJIACUYHOT 33/1a4i PO MOKPUTT. YK MpaBu/io, BOHA Ma€ JeKiJIbKa ONTUMAJTbHUX
po3B’sa3KiB. Bubip 01HOro 3 HUX Ha IPAKTHUIIL 3MiHCHIOETHCS ILISIXOM BBEICHHS 10/1a-
TKOBUX KPHUTEPIIB, IO A03BOJIAE IPUIHATH ocTaTouHe pimenas. TobTo 3amada crae
HararoKpuTEpiaJbHOIO 3a/1a4€ei0 PO HOKPUTTH. ¥y POOOTI PO3IJISIAETHC BUIIAJIOK,
KOJIM HA MHOYKHHI BBEJICHUX JIOJATKOBUX KPHUTEPIIB 3aJ]aHO CYOOP/IMHAIIIO CTPOrOTro
panzKyBauHst [1-3]. Tammumu coBamu, oxepKyemo Jekcukorpadidny 3a1ady mpo mo-
kpurTs [2-3|. g poss’si3anus onepzkanol 3ajgaqi [2| Gysio 3anpononoBano miaxi,
IO TPYHTYETHCS Ha 11 3BeJeHHI 10 OJHOKPHUTEpiaIbHOl 334l 3 CKaJIdpHOI (hYH-
KII€I0, Ka € JIOJQTHOIO JIHIFTHOIO 3rOPTKOI0 KPUTEPIIB 3 BIAMOBIHUMU JOJATHUMEI
koedinienramu. O4eBuIHO, TAKWil Mi1Xi/] 3HAYHO CIPOIILYE i MOJIETTIYE PO3B’ T3aHHS
bararokpuTepiaabHol 3aa4i. OnTUMaJILHAN PO3B 30K OaraToOKpUTepiaabHOT 3a1a-
qi onTuMmizanii (OnTHMAaIbHA aJTbTePHATHBA), AKHH MOXKe OyTH OJIepKAHUI MLISTXOM
pPO3B’sI3aHHS BiJIMOBITHOI OJHOKPHUTEpiaIbHOI 3a/a4i 3 MLTHOBOIO (DYHKIIIEO, IO €
JIOJIATHOIO JIIHIHHOIO 3rOPTKOI0 KPUTEPIIB, HA3UBAETHCS JOCSKHUM (JIOCHKHOIO ajlb-
TepHaTUBO) [1].

Ha ocuoBi jiekcukorpadivnoi 3aa4i onrumizaliii mpo MOKpUTTs B poOOTi mo0y-
JIOBAHO 11 BapiaHT 3 aJbTepHATUBHUMHE KpuTepigMu. Taka 3a/1a1da BUHUKAE Y BUIA/I-
Ky, KOJIH Ha KpUTepil HAKJIAIAIOTHCA JoJaTKoBal yMoBH gomyctuMocti [7]. Takumu
YMOBaMH MOXKYTh OyTH, HAIIPUKIAT, YMOBH TOCITHEHHS KPUTEPIAMHU MiHIMATbLHHUX
JIONYCTUMUX 3Ha4YeHb. ZIKIMO JlesiKuil KpUTepiit Ha MHOXKHUHI ONITUMAJIbHUX PO3B’s3-
KiB He JI0CITa€ BKa3aHOTO MIHIMAIBHOTO JIOMYCTHMOTO 3HAY€HH, TO BiH € HeIOMYCTH-
MHM 1 BUKJIIOYAETHC 3 po3risay. Lle o3Hadae, 1Mo pillleHHs] IOBUHHO MPUIMAaTHC 3
BUKOPUCTAHHIM KPHUTEPIiB HUKYIOTO paHry. Taky 3ajgady Mo:KHA PO3B’SI3aTH, BUKO-
pucroBytoun Mojaudikario cxemu ckangpusarii [1-3]. [To po3s’a3anns gaHol 3aaadi
B POOOTI HPOIOHYETHC MiJIXiJ1, SKU 1oJIArae y 11 3BeJleHH] JI0 3a/ia4dl OJJHOKpUTe-
piajibHOI onTUMi3alii 3 BUKOPUCTAHHSAM KOeIIIEHTIB JI0AaTHOI JIHIHHOT 3rOpTKH,
IO JIO3BOJISIE TTPEJICTABIATH JIeKCUKOrpadiauuil Opsi/IOK Ha MHOYKHUHI JIOMYCTUMEX
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54 A 10. BPUJIA, B.I. TPEH/IZKA

po3B’a3kiB. Takwuil mijixin Mae ps/i nepesar. Bonu moB’s3aHi 3 MOXKJ/IUBICTIO 3aCTOCY-
BaHHS KJACHIHUX METO/IIB PO3B’I3aHHA JUCKPETHUX 33124 ONTUMI3AIll Ta PO3TIsI Ly
TiJIbKK OJIHIET 3a/1a4i.

Y nepiomy po3iiji PO3IJIsIAI0ThCs KJAACUYHA Ta JeKCUKorpadiuHa 3a1adi npo
MOKPUTTS. Y JIPYTOMY PO3/ILI OMMUCYETHCS TiIX11 10 3HAXOIYKEHHS JOCAYKHUX ONTHU-
MaJIbHUX PO3B’A3KiB JleKcukorpadiunoi 3a1a4i npo mokputts [2]. Jlekcukorpadidna
331244 PO HMOKPUTTS 3 aJIbTePHATHBHUMEI KPUTEPIAMHI PO3LJISIIAECTHCI Y TPETHOMY
po3iai. AIropuT™M 3HAXOIKEHHS JOCSYKHAX ONTUMATBHUX PO3B S3KiB Ii€l 3a1aui
OIMCYETHCS B YETBEPTOMY POJILJIL. ¥ II'ITOMY PO3/Iiji PO3IJISIIAI0THCS LII0OCTPATUBHI
MPUKJIAIA.

1. JlekcukorpadiyHa 3a/ja4a Ipo IMOKPUTT. 3a/1a4a IIPO IMOKPHUTTH € OJHi-
€10 13 KJIACHYHUX 3aJ1a9 JUCKPEeTHOTO mporpamyBants [2,6]. Ila 3amada mnossrae y
3HAXO/?KeHHI TAKOr0 MiHiMaJIbHOro HabOpy pedep 3amanoro rpada G, mobd Oyab-aKa
fforo BepiuHa OyJia IHIUJIEHTHA JIEAKOMY peOpy.

Beenemo nosnadenns:

M~ KITbKICTH BEPITUH;

i— Bepmmaa rpada (i = 1,2,...,m);

n— KLIBKICTH pedep;

J— pebpo rpada (j = 1,2,...,n);

A = ||a;j||- marpuust iHungenTHOCT;

1, gkmio BepinuHa i iHIHHEHTHA pedpy j,

0, B iHIIOMY BHTAQJIKY,
1, sakmo pedpo j yBiiije /10 HOKPUTTSI, .

Ui = { 0, B iHIIOMY BHUIIAJKY, J=12

U= (Ug, Uy .oy Up) -

[Ipu BBemeHUX MO3HAUYEHHSIX KJIACHYHA 3aJa9a MPO MOKPUTTSI MOyKe OYTH Ipe-
CTaB/IeHA HACTYIHOIO MaTeMaTUIHOIO MOJIE/LIIO:

min ¢ (u) = Zuj, (1)
j=1
P yMOBax

n

Zaijuj > 1, 1= ].,27...77717 (2)
j=1
u; € {0,1}, j=1,2,...,n. (3)
[lToznaunmo depe3s U MHOXKHHY JIONYCTHUMHUX PO3B’S3KIB 3a/adi, 10 3a/Ia€ThCS
ymoBamu (2)-(3).
B 6ararpox Bunajkax 3ajgada (1)-(3) mae gexinbka poss’sskis. Bubip ogxoro 3

HAX B SKOCTI ONTUMAJIbHOTO MOXKe 3/IIICHIOBATHCH 3 BUKOPUCTAHHAM JIOJATKOBUX
KpHUTEPIiB

n

o (u) = chjuj, [=2,3,..,q.

j=1
Bynemo BB2KaTH, 1110 HA MHOXKUHI KPUTEPIIB 33aH0 CyOOPIMHAIII0 CTPOTOro paH-
xkysauus Rg (1,2, ...,q).
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Taka 3ama4da HaTAI PO3LVISIAETHCI IK JeKCHKorpadidHa 3a1a49a Ipo MOKPUTTI

[2]:

%1€a5<Lc (u), (4)

Jie
c(u) = (—c1(u),c2(u),....cq (u)) .

2. 3HaXOm>KEeHHS AOCIKHUX ONTUMAJBHUX PO3B’A3KiB JiekcukKorpadi-
9HOI 33/1a4i MPO ONTUMAJIbHE IMOKPUTTH. 33/1a49a JIEKCUKOTIPadidHOl ONTHMI3a-
1ii (4) Moxke GyTH 3BeJIeHA JI0 OJHOKPUTEPIaJIbHOI 3aj1a4i, B AKill miaboBa (hyHKIis
€ JIOJIATHOIO JIIHIHOIO 3rOPTKOI0 KpuTepiis |2].

Hexait nogarni xoedinientn oy, ao, ..., g 30aliJeH] 32 TpaBUIOM:
ag >0, (5)
1 U
aT>—ZalMl,r:q—l,q—2,...,1, (6)
T l=r+1
e
0<p < inf e (z) — e (Y)], (7)
x,yelU
¢ () # e (y)
M, > — mi .
¢ 2 maxe (z) —ming (z) (8)

3aysaknmo, Ko ¢;; > 0, To

0 < pp < min ¢,

Crj> 0

n
Ml Z Z Clj-
j=1

Toui siekcukorpadivna 3aja4a (4), 3rijguo |2|, Moxke GyTu 3BejeHa J10 33124

max L (u), 9)

uclU
e
L(u) = —aicq (u) + ages (u) + ... + ayeq (u)

Tob6To, GaraTokpuTepiaibHa 3aJa4ua 3BOAUTLCA A0 OJHOKPHUTEPIAJILHOL, 10 3HA-
YHO CHPOILYE i1 pO3B’sI3aHHSI.

3. 3amaua jgekcukorpadidyHoi onTuMizaiii mpo MOKPUTTH 3 aJbTEPHA-
TUBHUMH Kpurepisimu. Byiemo BBazkaru, mo B 3amadqi (4)

aqu)>0, uelU 1| =23,..,.4q.

Haxknanemo wa xpurepiii ¢; (u), [ € {2,3, ..., ¢} momarkoBy yMOBY J0OIyCTUMOCTI,
a caMme JIOCATHEHHd HarepeJ] BU3HAYeHOT0 MiHIMaJIbHOTO 3HAYEHHS 1M
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96 A 10. BPUJIA, B.I. TPEH/IZKA

c(u) > my. (10)

Kpurepiii, sskuit Ha MHOXKUHI ONTUMAJILHAX PO3B’A3KIB HE JIOCATAE MIHIMAJIBHOTO
3HAUYeHHS, BUKJIIOYAETHCS 3 PO3IJIALY K HeJTOIYCTUMUI.

Ha ocuosi 3aa4i (4) mobyxyemo 3a1ady Jgekcukorpadivanol ontumizanii, y sakiii
ONTUMAJIHHUN PO3B’I30K 3HAXOAUTHCS TLIHKU 3 BPaXyBAaHHIM JIOMYCTUMUX KPHUTEPi-
iB:

L ~
11
max™ & (u), (11)

e
¢(z) = (—c1(u), ¢ (u), e (W), s (W), k<q=1, {ji,j2, -, Jx}t C{2,3,....q},

cj, (W) >my, i=1,2,.. k.

Bazmada (15) e 3amagero gekcukorpadiaHol onTuMI3aIil PO MOKPUTTS 3 AJbTep-
HATUBHUMH KPHUTEPISIMH.

4. 3HaxO0/I>KeHHH JOCAKHIX PO3B’43KiB 3a/1a4i JJeKcukorpadivHoi onTu-
Mi3aril Ipo NOKPUTTH 3 ajJbTepHATUBHUMEU Kputepigamu. Hexaii

Y = 1, gaxmo Kpurepiii ¢; € JOMyCTUMHUM, i—923 q
! 0, imaxme, o

Posrngnemo 3amgaqay:

max G (u) (12)
uelU
e
G (u) = —agcy (u) + ages (u) + ... + ayey (u)
KoeIienTn a1, (g, ..., @4y OGUIHCTIOIOThCS 3a pasuiamu (5)-(8), a MHOMMHa TOMTY-

cTuMuX po3B’a3KiB U 3a1a€ThCsI CHCTEMOIO 00OMeKeHb

Z QiU > 1, 1= 1,2, ., m,
j=1

C; (u) Z m;yi, 1= 2737 - 4,
Q; = a;Y;, 1= 2737 - 4,

u; € {0,1}, j=1,2,..,n,
y; €{0,1}, i =2,3,..,q.

Teopema. Poss’azor sadawi (12) € po3s’askom sadani sekcukoepadiunoi onmu-
mizayii 3 anvmepramushumy kpumepiamu (11).

JloBeieHHs TeopeMu JIerKO OTPUMATH, BpaXOBYIOUH BUOIP KOeIIi€HTIB oy, g, ...,
oy.

5. InrocTpaTuBHI NpuKJIagN.

ITpuknan 1. PosrisiHemo 3aja4dy npo moKpuTTs, y sikiif rpad (ra Puc. 1 kyp-
CHBOM MO3HAYEHO HOMepH pebdep)
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3a/1a€ThCS MATPUIIEIO 1HIUAEHTHOCTI

11000000
10110000
A 01101000
000O01T1TQO0T71
00010110
000O0O0OO0OT1

st kozkHOrO pebpa 3ajani ouinku (Ha Puc. 2 BoHM BKazaHi y jiyKKax HicJist
HOMepa pebpa), siki BU3HAYAIOTH JOJATKOBI KPUTEPIi €2, C3, 3HAYEHHSI SIKUX 0azKaHO
MakcumizyBaTu. /s ux KpuTepiiB BCTAHOB/IEHI MiHIMAJIbHI JOMYCTUMI 3HAYECHHS
mo = 11, ms = 6.

Puc.2
Bynemo BBxKaTH, 110 KpuTepiit c; Ma€ BUNIUN PAHr MOPIBHAHO 3 KPUTEPIEM Cs.
Posriisinemo cniovarky 3aja4y JeKCHKOrpadivHol onTuMizarii

max” ¢ (u), (13)

uelU

e

c(u) = (—ci(u), e (u),c3(u)),

8
e (u) => uy,
j=1
co () = 2uy + ug + 3ug + duy + 2us + ug + uy + Hus,

03(u):u1+u2+u3+U4+3u5+u6—|—3u7+u8,

a MHOYKMHA JIONYCTUMUX pO3B’sa3KiB U 3aJ1a€ThCsT CUCTEMOIO 0OMEYXKEeHb
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98 A 10. BPUJIA, B.I. TPEH/IZKA

up +up > 1,
U1+U3+U4>1,

Uy + ug +us > 1,
U5—|—u6+u821,

Uy + Ug +uy > 1,

ur +ug > 1,

u; € {0,1},7=1,2,...,8.

Buaiiemo koedinienru o, ag, oz 3riguao 3 dopmynamu (5)-(8):

as =1,
Mz =12, uy =1,
s =13 > asMz = 12,
My =19, =1,

ap = 260 > as My + as M3 = 259.

JL1st 3HAXOJIZKEHHS JIOCSYKHUX OINTUMAJIBHUX PO3B’A3KIB JIEKCUKOTpadivHOl 3a-
JIadil PO TMOKPUTTS 3 ONTUMAJIbHUMU KPUTEPIsIMU HEOOX1THO PO3B’S3aTH HACTYITHY
33729y ONTUMIi3allii:

max (—aycy (u) + agce + ases),
ucelU

Jie MHOYKUHA JIONYCTUMUX po3B’a3KiB U 3a/1a€ThCsl CUCTEMOIO OOMEKEHb

up +up > 1,

U1+U3+U421,
UQ+U3+U521,
U5+U6+U821,
Ug + ug +uy > 1,

ur +ug > 1,
co (u) = 2uy + ug + 3ug + 4uy + 2us + ug + uy + Hug > 11ys,
Qg = Q2o
c3(u) :Ul+UQ+U3+U4+SU5+U6+3U7+U8 Z 6y3,
03 = 03Ys,
wj € {0,1},j =1,2,....8.
Y2,y3 € {0,1}.
Jlana 3a,1249a€ € CKAJISPHOIO 33a4€I0 AHCKPETHOTO IIPOrPaMyBaHHs. 11 OMTHMATb-
Huii pos3s’s30k mae purasyr: vt = (1,0,0,0,1,0,1,0), y5 = 0, y5 = 1, ¢; (u*) =

3, co(u*) =5, c3(u*)=T7. Tyr y5 = 0, Tak sik KpuTepiii ¢ HE MOKE JOCAITH 3a/1a-
HOI'O MiHIMaJILHOTO 3HaYeHHst Mo = 11. Tomy as = 0 i KpuTepiit ¢y 6y/10 BUKJIIOUEHO
3 POBTJISIY.
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Ilpukman 2. Posrngaemo momepeHiit TpuKaa, B SKOMY BCTaHOBJIEHI 1HIITI Hali-
MEHTIT JOIYCTUMI 3HAUYEeHHS I KPUTepiiB: mo = 8, mg = 6.
[Ipu 3ajiannx 0OMEKEHHIX OUTUMAJILHUN PO3B’430K MA€ BUIJISL:

v =(0,1,0,1,0,0,0,1), y3=1,y53=0, ¢ (u")=3, ca(u*) =10, c3(u") = 3.

Y panomy Bunajaky ys; = (0, Tak dK KpurTepiit 3 He MOKe J0CAITH 3aaHOTO
MIHIMAJBHOTO JIONYCTUMOIO 3HAYEHHS 1 BiH BUKJIIOYAETHCSI 3 PO3TJISLY.

ITpuknan 3. Posrisinemo npukian 1, B 9KOMy BCTaHOBJIEHI Taki HaliMeHIIT
JIOMYCTUMI 3HAYEHHS /7SI KPUTEPIiiB:

mo = 11, ms = 10.

[Tpu 3a1aHUX OOMEKEHHSX ONTUMAIBHUN PO3B 30K Mae surasyt: u* = (1,0,0,0,
1,0,1,0), y5 =0, y5 =0, ¢1 (u*) = 3, 2 (u*) =5, c3(u*) = 7. 9k 6aunmo y5 = 0
1 ys = 0 60 Kpurepil ¢y 1 c3 He MOXKYTb JOCATTH 33/ aHUX MiHIMaJbHHUX 3HAY€Hb
mo = 11 1 mg = 10. Tomy @y = 01 &3 = 0, a oT2Ke KpuTepii ¢, c3 OYI0 BUKJIIOIEHO
3 PO3TJISY.

BucuoBku. Y poboTi po3rjisinyTo 3ajady JieKCukorpadidnol onrumizarii 1npo
HMOKPUTTS 3 aJbTepHATHBHUMHU KpuTepisimu. J[j1s 3HAXOIKEHHST JIOCSYKHUX OITH-
MaJIbHUX PO3B’g3KiB JIaHOT 3a/1a4i 3alPOTIOHOBAHO ITiJIXi/I, SKUl TPYHTYETHCS HA BU-
KopucTaHHiI KoedimieHTIB 10JaTHOI JIHIHHOI 3rOopTKH KpuTepiiB. BoHN 103BO/ILI0TH
noOyayBaTu HYHKIIOHA, IO IIPEICTABIIE JeKCUKOrpadidIHIil MOPII0K Biagati me-
peBaru Ha MHOXKHHI JIONYCTUMUX PO3B’si3KiB. Jlanuii mijixij BUIIHO BiAPI3HSIETHCS
BiJI MOZKJIMBOIO 3aCTOCYBaHHs CXeMH cKaJsipusaliii |1-5], rak sik 103BoJIsie 100y, 1y Ba-
TH JOCTATHLO MPOCTY OJHOKPUTEPIAJIbHY MaTeMaTudHy Moaesah. Oaepr:kana CKaJIsap-
Ha 3a/1a4a MOzKe OyTH PO3B’g3aHa KJIACHYHUMHU METO/JIAMH PO3B’sI3aHHS JUCKPETHUX
3ajad onrumizanil [4,6]. 3ayBaxkumo TakoxkK, MO y MOPIBHSHHI 31 CXeMOIO CKaJs-
pusanii obuuc/0BaAbHA CKJIAIHICTh PO3B’d3aHHs 3a/la4l 3HAYHO MEHIIa, OCKLJIbKHU
PO3B’g3y€ThCs TIIHLKU OJlHA OJHOKPHUTEpIaIbHA 3a/Ia4a.
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