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ÏÐÎ ÐÎÇÏÎÄIË ÑÓÏÐÅÌÓÌÓ γ-ÂIÄÎÁÐÀÆÅÍÎÃÎ
ÑÓÁÃÀÓÑÑÎÂÎÃÎ ÏÐÎÖÅÑÓ ÄÐÎÁÎÂÎÃÎ ÁÐÎÓÍIÂÑÜÊÎÃÎ
ÐÓÕÓ

The paper studies properties of a γ-reflected process defined by sub-Gaussian self-similar input
process. The γ-reflected process is a random process of typeWγ(t) = X(t)−ct−γ infs≤t(X(s)−cs),
c > 0. This process arises in risk theory according to a model in which income taxing is conducted
via loss-carry-forward scheme by paying a proportion γ ∈ [0, 1] of incoming premiums. Estimate
of supremum distribution of the γ-reflected process driven by sub-Gaussian self-similar input is
obtained. In particular, obtained results take place for the input process of fractional Brownian
motion.

Ó ðîáîòi âèâ÷àþòüñÿ âëàñòèâîñòi γ-âiäîáðàæåíîãî âèïàäêîâîãî ïðîöåñó, âèçíà÷åíîãî äåÿêèì
ñóáãàóññîâèì àâòîìîäåëüíèì âõiäíèì ïðîöåñîì. γ-âiäîáðàæåíèé ïðîöåñ ìà¹ âèãëÿä Wγ(t) =
X(t)− ct− γ infs≤t(X(s)− cs), c > 0. Òàêèé ïðîöåñ âèíèêà¹ â òåîði¨ ðèçèêó âiäïîâiäíî äî ìî-
äåëi, ó ÿêié ïîäàòêîâi ïëàòåæi íà ïðèáóòêè çäiéñíþþòü âiäïîâiäíî ñõåìi �loss-carry-forward�,
ùî âðàõîâóþ ñïëàòó ÷àñòêó γ ∈ [0, 1] ïðåìié, ÿêi íàäõîäÿòü, à òàêîæ ó òåîði¨ ÷åðã. Îòðèìàíî
îöiíêó ðîçïîäiëó ñóïðåìóìó γ-âiäîáðàæåíîãî âèïàäêîâîãî ïðîöåñó ç ñóáãàóññîâèì àâòîìî-
äåëüíèì âõîäîì. Çîêðåìà, îòðèìàíi ðåçóëüòàòè ìàþòü ìiñöå äëÿ âõiäíîãî ïðîöåñó äðîáîâîãî
áðîóíiâñüêîãî ðóõó.

Âñòóï. Ìåòîþ öi¹¨ ðîáîòè ¹ äîñëiäæåííÿ âëàñòèâîñòåé ñóáãàóññîâèõ àâòîìî-
äåëüíèõ âèïàäêîâèõ ïðîöåñiâ, çîêðåìà ñóáãàóññîâîãî äðîáîâîãî áðîóíiâñüêîãî
ðóõó (ÄÁÐ) � ñóáãàóññîâîãî âèïàäêîâîãî ïðîöåñó, êîâàðiàöiéíà ôóíêöiÿ ÿêîãî

RH(t, s) =
1

2

(
|t|2H + |s|2H − |t− s|2H

)
, t, s ∈ T,

òàêà æ, ÿê ó ñòàíäàðòíîãî ïðîöåñó ÄÁÐ, àëå òðà¹êòîði¨ íå îáîâ'ÿçêîâî ¹ ãàóññî-
âèìè, à íàëåæàòü øèðøîìó ñóáãàóññîâîìó ïðîñòîðó âèïàäêîâèõ âåëè÷èí, H ∈
(0, 1) � ïàðàìåòð Õþðñòà, T � äåÿêà ïàðàìåòðè÷íà ìíîæèíà (íàïðèêëàä, T � öå
âiäðiçîê [a, b] ÷è ïiââiñü R+). Íàãàäà¹ìî, ùî ñòîõàñòè÷íèé ïðîöåñ {X(t), t ∈ T}
íàçèâàþòü àâòîìîäåëüíèì, ÿêùî äëÿ äîâiëüíîãî a > 0 iñíó¹ òàêå b > 0, ùî

{X(at)} d
= {bX(t)}. (1)

Òóò ïiä {X1(t)}
d
= {X2(t)} ìè ðîçóìi¹ìî ðiâíiñòü óñiõ ñêií÷åííî-âèìiðíèõ ðîç-

ïîäiëiâ ïðîöåñiâ X1(t) i X2(t). Çàãàëüíîâiäîìî, ùî äðîáîâèé áðîóíiâñüêèé ðóõ

¹ àâòîìîäåëüíèì ïðîöåñîì, ïðè÷îìó {X(at)} d
= {aHX(t)}.

Ãîëîâíèì îá'¹êòîì äîñëiäæåííÿ ó äàíié ðîáîòi ¹ γ-âiäîáðàæåíèé ïðîöåñ
{Wγ(t), t ∈ T} [1], íà âõiä ÿêîãî íàäõîäèòü ñóáãàóññîâèé ÄÁÐ.

Íàãàäà¹ìî òàêîæ, ùî âèïàäêîâèé ïðîöåñ {Wγ(t), t ∈ T} íàçèâàþòü γ-âiäîá-
ðàæåíèì ïðîöåñîì, ÿêùî âií ìà¹ âèãëÿä

Wγ(t) = X(t)− ct− γ inf
s∈T : s≤t

(X(s)− cs), (2)

äå {X(t), t ∈ T} � âõiäíèé ïðîöåñ, γ ∈ [0, 1] � öå ïàðàìåòð âiäîáðàæóâàííÿ, c > 0
� ñòàëà.

Íàóê. âiñíèê Óæãîðîä óí-òó, 2016, âèï. �1 (28)



γ-ÂIÄÎÁÐÀÆÅÍÈÉ ÑÓÁÃÀÓÑÑÎÂÈÉ ÏÐÎÖÅÑ ÄÁÐ. . . 141

Ïðîöåñ Rγ(t) = u −Wγ(t) ïðè f(t) = ct, c > 0, Ó ëiòåðàòóði ç òåîði¨ ðèçèêó
âiäîìèé ÿê ïðîöåñ ðèçèêó ç îïîäàòêóâàííÿì òèïó �loss-carry-forward� (âòðàòè,
ïåðåíåñåíi íàïåðåä) äëÿ äîâiëüíîãî ïî÷àòêîâîãî ðåçåðâó u ≥ 0, òîáòî ïîäàòêîâi
ïëàòåæi íà ïðèáóòêè çäiéñíþþòü, ñïëà÷óþ÷è ÷àñòêó γ ïðåìié, ÿêi íàäõîäÿòü, ÿê
òiëüêè ïðîöåñ ïåðåáóâà¹ íà ñâî¹ìó ìàêñèìóìi. Âèïàäîê γ < 0 ìîæíà ðîçãëÿäàòè
ÿê ìîäåëü iç çàîõî÷åííÿì, ïðîïîðöiéíèì äî çðîñòàííÿ ìàêñèìóìó, à çíà÷åííÿ
γ > 1 � ÿê ìîäåëü çi ñòðèìóâàííÿì. W1(t) âiäîìèé ó òåîði¨ ÷åðã ÿê ïðîöåñ
äîâæèíè ÷åðãè.

Ìè áóäåìî îöiíþâàòè éìîâiðíiñòü áàíêðóòñòâà

Ψγ,T(x) = P

{
sup
t∈T

Wγ(t) > x

}
. (3)

Êîëè X(t) � ïðîöåñ ÄÁÐ, òî äëÿ âñiõ x > 0 [4]

Ψγ,T(x) = P

{
sup
t∈T

(
X(t)− ct− γ inf

s∈T : s≤t
(X(s)− cs)

)
> x

}
= P

{
sup

s,t∈T : s≤t

X(tu)− γX(su)

1 + c(t− γs)
> x

}
= P

{
sup

s,t∈T : s≤t
Yγ(s, t) > x1−H

}
, (4)

äå

Yγ(s, t) =
X(t)− γX(s)

1 + c(t− γs)
, (5)

à îñòàííÿ ðiâíiñòü ó (4) âèïëèâà¹ ç àâòîìîäåëüíîñòi ïðîöåñó X(t) ÄÁÐ.
Cóáãàóñîâi âèïàäêîâi âåëè÷èíè âïåðøå ç'ÿâèëèñü ó ñòàòòi Êàõàíà [5] i äàëi

øèðîêî äîñëiäæóâàëèñü ðàçîì ç iíøèìè áiëüø øèðîêèìè êëàñàìè âèïàäêîâèõ
âåëè÷èí òà ïðîöåñiâ iç ïðîñòîðiâ Îðëi÷à, íiæ ãàóñîâi âèïàäêîâi âåëè÷èíè i ïðî-
öåñè (äëÿ äåòàëüíîãî îãëÿäó äèâ., íàïðèêëàä, ìîíîãðàôi¨ Áóëäèãiíà i Êîçà÷åí-
êà [2], Êîçà÷åíêà, Ïàøêà i Ðîçîðè [6]). Îêðåìi ðåçóëüòàòè äëÿ φ-ñóáãàóññîâèõ
ïðîöåñiâ íàêîïè÷åííÿ iç ÄÁÐ âõîäîì îòðèìàíî â ðîáîòàõ [9], [10], [11].

1. Ñóáãàóññîâi âèïàäêîâi âåëè÷èíè

Íåõàé {Ω,F,P} � ñòàíäàðòíèé iìîâiðíiñíèé ïðîñòið, T � äåÿêà ïàðàìåòðè÷íà
ìíîæèíà.

Îçíà÷åííÿ 1. [7] Öåíòðîâàíó â.â. ξ íàçèâàþòü ñóáãàóññîâîþ, ÿêùî iñíó¹
E exp{λξ}, λ ∈ R òà iñíó¹ a ≥ 0:

E exp{λξ} ≤ exp
{
λ2a2/2

}
. (6)

Êëàñ óñiõ ñóáãàóññîâèõ âåëè÷èí áóäåìî ïîçíà÷àòè Sub(Ω).

Îçíà÷åííÿ 2. [6] Íåõàé ξ ∈ Sub(Ω). Cóáãàóññîâèì ñòàíäàðòîì â.â. ξ
íàçèâàþòü òàêó ¨¨ õàðàêòåðèñòèêó

τ(ξ) = inf
{
a ≥ 0: E exp{λξ} ≤ exp

{
λ2a2/2

}
, λ ∈ R

}
. (7)

Ïðèêëàä 1. Íåõàé ξ ∼ N(0, σ2) � ãàóññîâà â.â., òîáòî Eξ = 0 òà Dξ = σ2,
òîäi

E exp{λξ} = exp
{
λ2σ2/2

}
òîáòî ξ ¹ ñóáãàóññîâîþ â.â, ó ÿêî¨ τ(ξ) = σ.
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Ïðèêëàä 2. Íåõàé ξ � ðiâíîìiðíî ðîçïîäiëåíà íà âiäðiçêó [−a, a] â.â., a > 0,
òîäi

E exp{λξ} =
sh(λa)

λa
=

∞∑
k=0

(λa)2k

(2k + 1)!
≤ 1 +

∞∑
k=1

(λa)2k

6kk!
= exp

{
λ2a2

6

}
,

òîáòî ξ ¹ ñóáãàóññîâîþ â.â, ó ÿêî¨ τ 2(ξ) = Eξ2 = a2/3.

Ëåìà 1. [6] ßêùî ξ � îáìåæåíà öåíòðîâàíà â.â. òà ξ ≤ c ìàéæå íàïåâíå,
äå c � äåÿêà äîäàòíà ñòàëà, òî ξ ∈ Sub(Ω) òà τ(ξ) ≤ c.

Òåîðåìà 1. [2] Ïðîñòið ñóáãàóññîâèõ âèïàäêîâèõ âåëè÷èí ¹ áàíàõîâèì âiä-
íîñíî íîðìè τ(ξ).

Ëåìà 2. [2] Íåõàé ξ ∈ Sub(Ω). Ñïðàâåäëèâi òàêi ñïiââiäíîøåííÿ

τ(ξ) = sup
λ ̸=0

(
2 lnE exp{λξ}

λ2

)
;

äëÿ âñiõ λ ∈ R
E exp{λξ} ≤ 2 exp

{
λ2τ 2(ξ)

2

}
.

Ëåìà 3. [2] Íåõàé ξ ∈ Sub(Ω). Òîäi äëÿ âñiõ x > 0 ìàþòü ìiñöå íåðiâíîñòi

P{ξ ≥ x} ≤ exp

{
− x2

2τ 2(ξ)

}
, P{ξ ≤ −x} ≤ exp

{
− x2

2τ 2(ξ)

}
,

P{|ξ| ≥ x} ≤ 2 exp

{
− x2

2τ 2(ξ)

}
.

2. Îñíîâíi ðåçóëüòàòè

Íåõàé (T, ρ) � ïñåâäîìåòðè÷íèé (ìåòðè÷íèé) ñåïàðàáåëüíèé ïðîñòið ç ïñåâ-
äîìåòðèêîþ (ìåòðèêîþ) ρ.

Ïðèïóñòèìî, ùî âõiäíèé ïðîöåñ {X(t), t ∈ T} ¹ ñåïàðàáåëüíèì ñóáãàóññî-
âèì àâòîìîäåëüíèì âèïàäêîâèì ïðîöåñîì. Ïðèïóñòèìî òàêîæ, ùî äëÿ íüîãî
âèêîíó¹òüñÿ óìîâà Σ.

Óìîâà Σ. Áóäåìî êàçàòè, ùî äëÿ âèïàäêîâîãî ïðîöåñó {X(t), t ∈ T} âèêîíó¹-
òüñÿ óìîâà Σ, ÿêùî çíàéäåòüñÿ òàêà íåïåðåðâíà ôóíêöiÿ σ = {σ(h), h ≥ 0}, ùî
ìîíîòîííî çðîñòà¹, σ(h) → 0, êîëè h→ 0, òà ìà¹ ìiñöå íåðiâíiñòü

sup
ρ(t,s)≤h

τ(X(t)−X(s)) ≤ σ(h). (8)

Çàóâàæèìî, ùî òàêó âëàñòèâiñòü ìà¹ ôóíêöiÿ

σ(h) = sup
ρ(t,s)≤h

τ(X(t)−X(s)),

ÿêùî ïðîöåñ X(t) íåïåðåðâíèé ó íîðìi τ(·). Çîêðåìà σ(h) = hH äëÿ ïðîöåñó
ÄÁÐ iç ïàðàìåòðîì Õþðñòà H ∈ (0, 1).

Íåõàé B � êîìïàêòíà ìíîæèíà, B ⊆ T . Íàäàëi áóäåìî âèêîðèñòîâóâàòè òàêi
ïîçíàêè:
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� DA = {(u, v) : u ≤ v, u, v ∈ A}, äå A � äîâiëüíà ìíîæèíà;

� τB = supt∈BX(t), mB = minu∈B |u|, MB = maxu∈B |u|;

� β > 0 � äåÿêå ÷èñëî, òàêå ùî β ≤ σ

(
inf
s∈B

sup
t∈B

ρ(t, s)

)
;

� N(u) = N(B,ρ)(u) � ìåòðè÷íà ìàñèâíiñòü ïðîñòîðó (B, ρ), òîáòî ìiíiìàëü-
íà êiëüêiñòü çàìêíåíèõ êóëü ðàäióñà u, ùî ïîêðèâàþòü ïðîñòið (B, ρ), òà
L(u) = (N(u))2+N(u)

2
.

Íàñòóïíå òâåðäæåííÿ ìiñòèòü îöiíêó ðîçïîäiëó ñóïðåìóìó γ-âiäîáðàæåíîãî
ïðîöåñó Wγ(t)

sup
t∈B

Wγ(t) = sup
t∈B

(
X(t)− ct− γ inf

s∈B : s≤t
(X(s)− cs)

)
, γ ∈ R. (9)

Ëåìà 4. Ïðèïóñòèìî, ùî äëÿ âõiäíîãî ñóáãàóññîâîãî àâòîìîäåëüíîãî ïðî-
öåñó {X(t), t ∈ B} γ-âiäîáðàæåíîãî ïðîöåñó Wγ(t), γ ∈ R, âèêîíó¹òüñÿ óìîâà

Σ. Íåõàé ïîñëiäîâíiñòü {qk}∞k=1 òàêà, ùî qk > 1 i
∞∑
k=1

1
qk

≤ 1, à {εk}∞k=1 � òàêà

ìîíîòîííî ñïàäíà ïîñëiäîâíiñòü, ùî εk > 0 i εk → 0, k → ∞. Òîäi äëÿ âñiõ
x > 0 âèêîíó¹òüñÿ íåðiâíiñòü

E exp{λ sup
t∈B

Wγ(t)

}
≤ G1(γ, λ)

∞∏
k=2

(Gk(γ, λ))
1
qk , (10)

äå

G1(γ, λ) =

(
N(ε1)−1∑
l=0

(N(ε1)− l) exp

{
q21λ

2(σ(2ε1l) + |1− γ|τB)2

2(1 + |1− γ|cmB)2
+

+q1λ

(
1− 1

1 + c2ε1l + |1− γ|cMB

)}) 1
q1

, (11)

Gk(γ, λ)
qk =

N(εk)−1∑
l=0

(N(εk)− l)×

× exp
{ 3q2kλ

2/2

(1 + |1− γ|cmB)4

(
(1 + 2cεkl + (1− γ)cv)2

(
σ2(εk−1l)(1 + γ2)

)
+(cεk−1 + γcεk−1)

2(σ(εk−1l) + |1− γ|τB)2
)
+ qkλ

(
cεk−1(1 + |γ|)

(1 + |1− γ|cmB)2

)}
, k ≥ 2.

(12)

Äîâåäåííÿ.

Ïîçíà÷èìî ÷åðåç Vεk ìíîæèíó öåíòðiâ çàìêíåíèõ êóëü ðàäióñó εk, ÿêà óòâî-
ðþ¹ ìiíiìàëüíå ïîêðèòòÿ ïðîñòîðó (B, ρ). Êiëüêiñòü òî÷îê ó ìíîæèíi Vεk äîðiâ-
íþ¹ N(εk).

Ç óìîâè Σ i ëåìè 3 âèïëèâà¹, ùî äëÿ áóäü-ÿêîãî ε > 0

P {|X(t)−X(s)| > ε}
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≤ 2 exp

{
− ε2

2τ 2(X(t)−X(s))

}
≤ 2 exp

{
− ε2

2σ2(ρ(t, s))

}
.

Çà ïðèïóùåííÿì ïðîöåñ X(t) ñåïàðàáåëüíèé. Îòæå, X(t) íåïåðåðâíèé çà
éìîâiðíiñòþ. Òîìó áóäü-ÿêà çëi÷åííó ñêðiçü ùiëüíó ïî âiäíîøåííþ äî ρ ìíî-
æèíó ìîæíà ðîçãëÿäàòè ÿê ìíîæèíó ñåïàðàáåëüíîñòi öüîãî ïðîöåñó. Çîêðåìà,

ìíîæèíà V =
∞∪
k=1

Vεk ¹ ρ-ñåïàðàíòîþ ïðîöåñó X(t), i ç iìîâiðíiñòþ îäèíèöÿ

âèêîíóþòüñÿ ðiâíîñòi

sup
t∈B

X(t)− ct = sup
t∈V

X(t)− ct, sup
(s,t)∈DB

(X(t)− γX(s)) = sup
(s,t)∈DV

(X(t)− γX(s))

òà, âiäïîâiäíî,

sup
t∈B

Wγ(t) = sup
t∈B

(
X(t)− ct− γ inf

s∈B : s≤t
(X(s)− cs)

)

= sup
t∈V

(
X(t)− ct− γ inf

s∈V : s≤t
(X(s)− cs)

)
= sup

t∈V
Wγ(t). (13)

Êðiì òîãî, ç (4) òàêîæ ìà¹ìî

sup
t∈V

Wγ(t)
d
= sup

(s,t)∈DV

Yγ(s, t), (14)

äå Yγ(s, t) âèçíà÷åíî â (5).
Ðîçãëÿíåìî âiäîáðàæåííÿ αn = {αn(u), n = 0, 1, . . .} ìíîæèíè V â Vεn , äå

αn(u) � òî÷êà ç ìíîæèíè Vεn òàêà, ùî ρ(u, αn(u)) ≤ εn. ßêùî u ∈ Vεn , òîäi
αn(u) = u. ßêùî æ iñíó¹ êiëüêà òàêèõ òî÷îê ç ìíîæèíè Vεn , ùî ρ(u, αn(u)) ≤ εn,
òîäi âèáåðåìî îäíó ç íèõ çà äåÿêèì ïðàâèëîì, òàêèì, ùî íå ïîðóøó¹òüñÿ óìîâà
αn(v) ≤ αn(u) äëÿ áóäü-ÿêèõ v ≤ u, v, u ∈ V , i ïîçíà÷èìî ¨¨ ÷åðåç αn(u).

Ç íåðiâíîñòi ×åáèøîâà, ëåìè 2 é óìîâè Σ âèïëèâà¹, ùî

P
{
|X(u)−X(αn(u))| > p

n
2

}
≤ E(X(u)−X(αn(u)))

2

pn
≤ τ 2(X(u)−X(αn(u)))

2pn
≤ σ2(εn)

2pn
= β2pn.

À öå îçíà÷à¹, ùî
∞∑
n=1

P
{
|X(u)−X(αn(u))| > p

n
2

}
<∞.

Iç ëåìè Áîðåëÿ-Êàíòåëëi âèïëèâà¹, ùî X(u) −X(αn(u)) → 0 ïðè n → ∞ ç
éìîâiðíiñòþ îäèíèöÿ. Ìíîæèíà V çëi÷åííà, îòæå, X(u)−X(αn(u)) → 0, X(u)−
cu− γ(X(v)− cv)−X(αn(u)) + cαn(u) + γ(X(αn(v))− cαn(v)) → 0 i, âiäïîâiäíî,

Y (v, u)− Y (αn(v), αn(u)) =

X(u)− cu− γ(X(v)− cv)

1 + cu− γcvγ
− X(αn(u))− cαn(u)− γ(X(αn(v))− cαn(v))

1 + cαn(u)− γcαn(v)γ
→ 0

ç iìîâiðíiñòþ îäèíèöÿ ïðè n→ ∞ äëÿ âñiõ u îäíî÷àñíî.
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Íåõàé (s, t) ∈ DV . Ïîçíà÷èìî ÷åðåç sm = αm(s), sm−1 = αm−1(sm), . . . , s1 =
α1(s2) òà tm = αm(t), tm−1 = αm−1(tm), . . . , t1 = α1(t2) äëÿ áóäü-ÿêîãî m ≥ 1.
Òîäi äëÿ âñiõ m ≥ 2 âèêîíóþòüñÿ òàêi ñïiââiäíîøåííÿ

X(t) = X(t1) +
m∑
k=2

(X(tk)−X(tk−1)) +X(t)−X(αm(t)),

X(s) = X(s1) +
m∑
k=2

(X(sk)−X(sk−1) +X(s)−X(αm(s)),

i, âiäïîâiäíî,

X(t)− ct− γ(X(s)− cs) ≤ max
(v,u)∈DVε1

(X(u)− cu− γX(v) + γcv)+

+
m∑
k=2

max
(v,u)∈DVεk

(
X(u)− cu− γX(v) + γcv −X(αk−1(u)) + cαk−1(u)+

+γX(αk−1(v))− γcαk−1(v)
)
+

+X(t)− ct− γX(s) + γcs−X(αm(t)) + γcαm(t) + γX(αm(s))− γcαm(s)

d
= max

(v,u)∈DVε1

Yγ(v, u) +
m∑
k=2

max
(v,u)∈DVεk

(Yγ(v, u)− Yγ(αk−1(v), αk−1(u)))+

+Yγ(s, t)− Yγ(αm(s), αm(t)). (15)

Çâiäñè âèïëèâà¹, ùî ç iìîâiðíiñòþ îäèíèöÿ

sup
t∈V

Wγ(t)
d
= sup

(s,t)∈DV

Yγ(s, t)

≤ lim inf
m→∞

(
max

(v,u)∈DVε1

Yγ(v, u) +
m∑
k=2

max
(v,u)∈DVεk

(Yγ(v, u)− Yγ(αk−1(v), αk−1(u)))

+Yγ(s, t)− Yγ(αm(s), αm(t))
)
. (16)

Iç íåðiâíîñòåé Ãåëüäåðà i (16) òà ëåìè Ôàòó äëÿ âñiõ λ > 0 ìà¹ìî

E exp

{
λ sup
t∈V

Wγ(t)

}
d
= E exp

{
λ sup

(s,t)∈DV

Yγ(s, t)

}

≤ E lim inf
m→∞

exp

{
λ

(
max

(v,u)∈DVε1

Yγ(v, u)+

+
m∑
k=2

max
(v,u)∈DVεk

(
Yγ(v, u)− Yγ(αk−1(v), αk−1(u))

))}

≤ lim inf
m→∞

(
E exp

{
q1λ max

(v,u)∈DVε1

Yγ(v, u)

}) 1
q1

×
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×
m∏
k=2

(
E exp

{
qkλ max

(v,u)∈DVεk

(
Yγ(v, u)− Yγ(αk−1(v), αk−1(u))

)}) 1
qk

= (J1)
1
q1 ·

∞∏
k=2

(Jk)
1
qk . (17)

Ðîçãëÿíåìî îêðåìî êîæåí ìíîæíèê ó ïðàâié ÷àñòèíi (17). Iç ëåìè 2, óìîâè
Σ i íåðiâíîñòi òðèêóòíèêà äëÿ ñóáãàóññîâîãî ñòàíäàðòó τ(·) âèïëèâà¹, ùî

E exp{q1λYγ(v, u)} = E exp

{
q1λ

X(u)− γX(v)

1 + cu− γcs

}
exp

{
q1λ

cu− γcv

1 + cu− γcs

}

≤ exp

{
q21λ

2τ 2(X(u)− γX(v))

2(1 + cu− γcv)2
+ q1λ

cu− γcv

1 + cu− γcs

}
≤ exp

{
q21λ

2(σ(ρ(u, v)) + |1− γ|τB)2

2(1 + c(u− v) + (1− γ)cv)2
+ q1λ

(
1− 1

1 + c(u− v) + (1− γ)cv

)}
.

Òîäi

J1 ≤
∑

(v,u)∈DVε1

E exp
{
q1λYγ(v, u)

}

≤
∑

(v,u)∈Vε1

exp

{
q21λ

2(σ(ρ(u, v)) + |1− γ|τB)2

2(1 + c(u− v) + (1− γ)cv)2
+

+q1λ

(
1− 1

1 + c(u− v) + (1− γ)cv

)}

≤
N(ε1)∑
i=1

i∑
j=1

exp

{
q21λ

2(σ(2ε1(i− j)) + |1− γ|τB)2

2(1 + |1− γ|cmB)2
+

+q1λ

(
1− 1

1 + c2ε1(i− j) + |1− γ|cMB

)}

=

N(ε1)−1∑
l=0

(N(ε1)− l) exp

{
q21λ

2(σ(2ε1l) + |1− γ|τB)2

2(1 + |1− γ|cmB)2
+

+q1λ

(
1− 1

1 + c2ε1l + |1− γ|cMB

)}
. (18)

Àíàëîãi÷íî ç ëåìè 2, íåðiâíîñòåé Êîøi-Áóíÿêîâñüêîãî i òðèêóòíèêà, à òàêîæ
óìîâè Σ îòðèìó¹ìî, ùî

E exp{q1λ(Yγ(v, u)− Yγ(αk−1(v), αk−1(u)))}

= E exp

{
qkλ

(
X(u)− γX(v)

1 + cu− γcv
− X(αk−1(u))− γX(αk−1(v))

1 + cαk−1(u)− γcαk−1(v)

)}
×

× exp

{
qkλ

(
cu− γcv

1 + cu− γcv
− cαk−1(u)− γcαk−1(v)

1 + cαk−1(u)− γcαk−1(v)

)}
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≤ E exp
{ qkλ

(1 + cu− γcv)(1 + cαk−1(u)− γcαk−1(v))
×

×
(
(1 + cu− γcv) (X(u)−X(αk−1(u))− γ(X(v)−X(αk−1(v))))+

+(c(u− αk−1(u))− γc(v − αk−1(v))) (X(αk−1(u))− γX(αk−1(v)))
)}

×

× exp

{
qkλ

(
c(u− αk−1(u))− γc(v − αk−1(v))

(1 + cu− γcv)(1 + cαk−1(u)− γcαk−1(v))

)}
≤ exp

{ 3q2kλ
2/2

(1 + c(u− v) + (1− γ)cv)2(1 + c(αk−1(u)− αk−1(v)) + (1− γ)cαk−1(v))2

×
(
(1 + c(u− v) + (1− γ)cv)2

(
σ2(εk−1)(1 + γ2)

)
+

+(c(u− αk−1(u))− γc(v − αk−1(v)))
2(σ(ρ(αk−1(u), αk−1(v))) + |1− γ|τB)2

)}
×

× exp

{
qkλ

(
cεk−1(1 + |γ|)

(1 + cu− γcv)(1 + cαk−1(u)− γcαk−1(v))

)}
. (19)

Òîäi
Jk ≤

∑
(v,u)∈DVεk

E exp{q1λ(Yγ(v, u)− Yγ(αk−1(v), αk−1(u)))}

≤
N(εk)−1∑
l=0

(N(εk)−l) exp
{ 3q2kλ

2/2

(1 + |1− γ|cmB)4

(
(1+2cεkl+(1−γ)cv)2

(
σ2(εk−1l)(1 + γ2)

)
+(cεk−1 + γcεk−1)

2(σ(εk−1l) + |1− γ|τB)2
)
+ qkλ

(
cεk−1(1 + |γ|)

(1 + |1− γ|cmB)2

)}
. (20)

Íàðåøòi, iç íåðiâíîñòåé (17)�(20) îòðèìà¹ìî òâåðäæåííÿ ëåìè.

Çàóâàæåííÿ 1. Âèðàçè J1 i Jk ó íåðiâíîñòi (18) ìîæíà îöiíèòè iíøèìè
ïðîñòiøèìè ñïîñîáàìè, îòðèìóþ÷è âiäïîâiäíî äâi ãðóáøi îöiíêè äëÿ Gk(γ, λ),
k ≥ 1, ç (11):

G1(γ, λ) ≤
(
L(ε1)

) 1
q1 exp

{
q1λ

2(σ(2ε1(N(ε1)− 1)) + |1− γ|τB)2

2(1 + |1− γ|cmB)2
+

+λ

(
1− 1

1 + c2ε1(N(ε1)− 1) + |1− γ|cMB

)}
(21)

i

Gk(γ, λ) ≤
(
L(ε1)

) 1
qk exp

{ 3qkλ
2/2

(1 + |1− γ|cmB)4
× (22)

×
(
(1 + 2cεk(N(ε1)− 1) + (1− γ)cv)2

(
σ2(εk−1(N(ε1)− 1))(1 + γ2)

)
+(cεk−1+γcεk−1)

2(σ(εk−1(N(ε1)−1))+|1−γ|τB)2
)
+λ

(
cεk−1(1 + |γ|)

(1 + |1− γ|cmB)2

)}
, k ≥ 2,

÷è òàê:

G1(γ, λ)
q1 ≤

∫
N(ε1)

0

(N(ε1)− x) exp

{
q21λ

2(σ(2ε1x) + |1− γ|τB)2

2(1 + |1− γ|cmB)2
+
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+q1λ

(
1− 1

1 + c2ε1l + |1− γ|cMB

)}
dx, (23)

i äëÿ g ≥ 2

Gk(γ, λ)
qk =

∫
N(ε1)

0

(N(ε1)− x)× (24)

exp
{ 3q2kλ

2/2

(1 + |1− γ|cmB)4

(
(1 + 2cεkx+ (1− γ)cv)2

(
σ2(εk−1x)(1 + γ2)

)
+(cεk−1 + γcεk−1)

2(σ(εk−1x) + |1− γ|τB)2
)
+ qkλ

(
cεk−1(1 + |γ|)

(1 + |1− γ|cmB)2

)}
.

Âèêîðèñòîâóþ÷è ó íåðiâíîñòi (10) ëåìè 4 ïîñëiäîâíiñòü qk = (1 − p)−1p1−k,
k = 1, 2, . . ., îòðèìà¹ìî òàêó òåîðåìó.

Òåîðåìà 2. Íåõàé äëÿ γ-âiäîáðàæåíîãî ïðîöåñó Wγ(t), γ ∈ R, âèêîíóþòüñÿ
óìîâè ëåìè 4, i íåõàé r = {r(u), u ≥ 1} � òàêà íåïåðåðâíà ôóíêöiÿ, ùî r(u) >
0, êîëè u > 1, à ôóíêöiÿ s(t) = r(exp{t}), t ≥ 0, � îïóêëà. Òîäi çà âèêîíàííÿ
óìîâè ∫ β

0

r
(
L
(
σ(−1)(u)

))
du <∞, (25)

äëÿ âñiõ p ∈ (0; 1) i x > 0 ñïðàâäæó¹òüñÿ íåðiâíiñòü

P

{
sup
t∈B

Wγ(t) > x

}
≤ r(−1)

 1

βp

βp∫
0

r
(
L
(
σ(−1)(u)

))
du

×

× inf
λ>0

(G1(γ, λ, p))
1−pG2(γ, λ, p) (26)

äå

G1(γ, λ, p) =

N(σ(−1)(βp))−1∑
l=0

(N(σ(−1)(βp))− l) exp

{
λ2(σ(2σ(−1)(βp)l) + |1− γ|τB)2

2(1− p)2(1 + |1− γ|cmB)2
+

+
λ

1− p

(
1− 1

1 + 2cσ(−1)(βp)l + |1− γ|cMB

)}
,

G2(γ, λ, p) = exp

{
∞∑
k=2

(
3p1−kλ2/2

(1− p)(1 + |1− γ|cmB)4
×

×
((

1 + 2cσ(−1)(βpk)(N(σ(−1)(βp))− 1) + (1− γ)cv
)2×

×
(
σ2(σ(−1)(βpk−1)(N(σ(−1)(β)− 1))(1 + γ2))

)
+(cσ(−1)(βpk−1) + γcσ(−1)(βpk−1))2×

×(σ(σ(−1)(βpk−1)(N(σ(−1)(βp))− 1)) + |1− γ|τB)2
)

+λ

(
cσ(−1)(βpk−1)(1 + |γ|)
(1 + |1− γ|cmB)2

))}
.
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Äîâåäåííÿ. Ëåãêî áà÷èòè, ùî ïîñëiäîâíîñòi qk = (1 − p)−1p1−k òà εk =
σ(−1)(βpk) çàäîâîëüíÿþòü óìîâi ëåìè 4. Âèêîðèñòàâøè (22), ìàòèìåìî

E exp

{
λ sup
t∈B

Wγ(t)

}
≤ (G1(γ, λ, p))

1−pG2(γ, λ, p)

× exp

{
∞∑
k=1

(1− p)pk−1 log L
(
σ(−1)

(
βpk
))}

. (27)

Îñêiëüêè

exp

{
∞∑
k=1

(1− p)pk−1 log L
(
σ(−1)

(
βpk
))}

= r(−1)

(
r

(
exp

{
∞∑
k=1

(1− p)pk−1 log L
(
σ(−1)

(
βpk
))}))

≤ r(−1)

(
∞∑
k=1

(1− p)pk−1r
(
L
(
σ(−1)

(
βpk
))))

≤ r(−1)

 1

βp

βp∫
0

r
(
L
(
σ(−1)(u)

))
du

 , (28)

òâåðäæåííÿ íàñëiäêó âèïëèâà¹ ç (27) òà íåðiâíîñòi ×åáèøîâà.
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