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ÓÄÊ 517.9

Ê. Â. Ìàðèíåöü, Î. Ò. Ìàóðèö (ÄÂÍÇ ¾Óæãîðîäñüêèé íàö. óí-ò¿)

ÄÎÑËIÄÆÅÍÍß ÐÎÇÂ'ßÇÍÎÑÒI ÍÅËIÍIÉÍÈÕ
ÄÂÎÒÎ×ÊÎÂÈÕ ÊÐÀÉÎÂÈÕ ÇÀÄÀ× ÇÀ ÄÎÏÎÌÎÃÎÞ
ÒÎÏÎËÎÃI×ÍÈÕ IÍÄÅÊÑIÂ

We give new existence results of the boundary–value problem investigation, in the case of two–
point non–linear boundary conditions, that base upon the theory of topological indexes, i. e. the
Brauwer topological index.

Ó ðîáîòi íàâåäåíî íîâi ðåçóëüòàòè äîñëiäæåííÿ iñíóâàííÿ ðîçâ'ÿçêiâ íåëiíiéíèõ äâîòî÷êî-
âèõ êðàéîâèõ çàäà÷, ÿêi áàçóþòüñÿ íà âèêîðèñòàííi òåîði¨ òîïîëîãi÷íèõ iíäåêñiâ, à ñàìå �
òîïîëîãi÷íîãî iíäåêñó Áðàóåðà.

1. Âñòóï. Ðåçóëüòàòè, ÿêi íàâåäåíî ó äàíié ðîáîòi, ¹ íîâèìè òà áàçóþòüñÿ íà
îäåðæàíèõ ðàíiøå ðåçóëüòàòàõ äîñëiäæåííÿ íåëiíiéíèõ áàãàòîòî÷êîâèõ òà ií-
òåãðàëüíèõ êðàéîâèõ çàäà÷ [1�7], òà ¹ ïðîäîâæåííÿì ðîáîòè [3].
2. Ïîñòàíîâêà çàäà÷i. Ðîçãëÿíåìî êðàéîâó çàäà÷ó äëÿ ñèñòåìè íåëiíiéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü ç íåëiíiéíèìè äâîòî÷êîâèìè ãðàíè÷íèìè óìîâàìè âè-
ãëÿäó:

dx (t)

dt
= f (t, x (t)) , t ∈ [0, T ] , x, f ∈ Rn, (1)

g (x (0) , x (T )) = 0, (2)

äå ôóíêöi¨ f : [0, T ]×D → Rn òà g : D×D → Rn (n ≥ 2) íåïåðåðâíi, à ìíîæèíà
D ⊂ Rn � çàìêíåíà îáìåæåíà îáëàñòü.

Çàäà÷à ïîëÿãà¹ ó âñòàíîâëåííi íåîáõiäíèõ òà äîñòàòíiõ óìîâ iñíóâàííÿ ðîç-
â'ÿçêiâ êðàéîâî¨ çàäà÷i (1), (2) ó êëàñi íåïåðåðâíî äèôåðåíöiéîâíèõ ôóíêöié
x : [0, T ]×D.
3. Ïîáóäîâà íàáëèæåíîãî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1), (2). Ó íàóêîâié
ñòàòòi [3] îáãðóíòîâàíî, ùî äîöiëüíî, çàìiñòü êðàéîâî¨ çàäà÷i (1), (2) ç íåëiíié-
íèìè êðàéîâèìè óìîâàìè, äîñëiäæóâàòè çàäà÷ó ç äåÿêèìè ïàðàìåòðèçîâàíèìè
ëiíiéíèìè óìîâàìè. Òàêèì ÷èíîì, çà äîïîìîãîþ ïàðàìåòðèçàöi¨ âèãëÿäó:

z := x(0), λ := x(T ). (3)

îäåðæèìî êðàéîâó çàäà÷ó ç ëiíiéíèìè ðîçäiëåíèìè êðàéîâèìè óìîâàìè:

x(0) = z, x(T ) = d(z, λ), (4)

äå d(z, λ) := λ+ g (z, λ).

Çàóâàæåííÿ 1. Ìíîæèíà ðîçâ'ÿçêiâ íåëiíiéíî¨ äâîòî÷êîâî¨ êðàéîâî¨ çàäà-
÷i (1), (2) ñïiâïàäà¹ ç ìíîæèíîþ òèõ ðîçâ'ÿçêiâ çàäà÷i (1), (4), ÿêi çàäîâîëü-
íÿþòü äîäàòêîâèì óìîâàì (3).

Ïðèïóñòèìî, ùî êðàéîâà çàäà÷à (1), (4) çàäîâîëüíÿ¹ íàñòóïíi óìîâè:

1) Ôóíêöiÿ f íåïåðåðâíà â îáëàñòi [0, T ]×D òà çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ:

|f(t, u)− f(t, v)| ≤ K |u− v| , (5)

äëÿ âñiõ t ∈ [0, T ] , {u, v} ⊂ D, äå K = (kij)
n
i,j=1 � äåÿêà ñòàëà ìàòðèöÿ ç

íåâiä'¹ìíèìè êîìïîíåíòàìè.
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2) ìíîæèíà

Dβ :=

{
z ∈ D : B

(
z +

t

T
[d(z, λ)− z] ,

T

2
δD(f)

)
⊂ D, ∀λ ∈ D

}
¹ íåïîðîæíüîþ, òîáòî

Dβ ̸= ∅, (6)

äå

δD(f) :=
1

2

[
max

(t,x)∈[0,T ]×D
f(t, x)− min

(t,x)∈[0,T ]×D
f(t, x)

]
. (7)

3) Ñïåêòðàëüíèé ðàäióñ ìàòðèöi

Q :=
3T

10
K (8)

çàäîâîëüíÿ¹ íåðiâíiñòü:
r(Q) < 1. (9)

Äëÿ äîñëiäæåííÿ ðîçâ'ÿçêiâ ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i (1), (4) áóäó-
¹ìî ïîñëiäîâíiñòü ôóíêöié {xm}, ùî âèçíà÷à¹òüñÿ ðåêóðåíòíèì ñïiââiäíîøåí-
íÿì [3]:

xm(t, z, λ) := z +

∫ t

0

f(s, xm−1(s, z, λ))ds−

− t

T

∫ T

0

f(s, xm−1(s, z, λ))ds+
t

T
[d (z, λ)− z] , (10)

äå m = 1 , 2 , 3 , . . . , z ∈ Dβ, λ ∈ D, à â ÿêîñòi ïî÷àòêîâîãî íàáëèæåííÿ ðîçãëÿ-
äà¹òüñÿ ôóíêöiÿ:

x0(t, z, λ) = z +
t

T
[d (z, λ)− z] ∈ Dβ,

Äëÿ äîâåäåííÿ íåîáõiäíèõ òà äîñòàòíiõ óìîâ iñíóâàííÿ ðîçâ'ÿçêiâ êðàéîâî¨
çàäà÷i (1), (4) íàâåäåìî îñíîâíi òåîðåìè.

Òåîðåìà 1. [3] Íåõàé ôóíêöiÿ f : [0, T ]×D → Rn ó ïðàâié ÷àñòèíi ñèñòå-
ìè äèôåðåíöiàëüíèõ ðiâíÿíü (1), à òàêîæ ïàðàìåòðèçîâàíi ðîçäiëåíi êðàéîâi
óìîâè (4) çàäîâîëüíÿþòü óìîâè (5), (6), (9).

Òîäi ïðè âñiõ ôiêñîâàíèõ λ ∈ D, z ∈ Dβ:

1) Óñi ôóíêöi¨ ïîñëiäîâíîñòi (10) íåïåðåðâíî äèôåðåíöiéîâíi i çàäîâîëüíÿ-
þòü ïàðàìåòðèçîâàíi êðàéîâi óìîâè:

xm(0, z, λ) = z, xm(T, z, λ) = d (z, λ) ,

m=1,2,3,. . . .

2) Ïîñëiäîâíiñòü ôóíêöié (10) ðiâíîìiðíî çáiãà¹òüñÿ âiäíîñíî t ∈ [0, T ] ïðè
m→ ∞ äî ãðàíè÷íî¨ ôóíêöi¨

x∞(t, z, λ) = lim
m→∞

xm(t, z, λ). (11)
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3) Ãðàíè÷íà ôóíêöiÿ x∞ çàäîâîëüíÿ¹ ïàðàìåòðèçîâàíi ëiíiéíi ãðàíè÷íi óìî-
âè:

x∞(0, z, λ) = z, x∞(T, z, λ) = d(z, λ).

4) Ãðàíè÷íà ôóíêöiÿ (11) äëÿ âñiõ t ∈ [0, T ] ¹ ¹äèíèì íåïåðåðâíî äèôåðåíöi-
éîâíèì ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ:

x(t) = z +

∫ t

0

f(s, x(s))ds− t

T

∫ T

0

f(s, x(s))ds+
t

T
[d (z, λ)− z] ,

àáî åêâiâàëåíòíî¨ éîìó çàäà÷i Êîøi äëÿ ìîäèôiêîâàíî¨ ñèñòåìè äèôåðåí-
öiàëüíèõ ðiâíÿíü âèãëÿäó:

dx

dt
= f(t, x) + ∆(z, λ),

x(0) = z, (12)

äå

∆(z, λ) :=
1

T
[d (z, λ)− z]− 1

T

∫ T

0

f(s, x(s))ds. (13)

5) Ìà¹ ìiñöå îöiíêà âiäõèëåííÿ xm âiä ¨¨ ãðàíè÷íî¨ ôóíêöi¨:

|x∞(t, z, λ)− xm(t, z, λ)| ≤
20

9
t

(
1− t

T

)
Qm(In −Q)−1δD(f), (14)

äå In � îäèíè÷íà n�âèìiðíà ìàòðèöÿ, K,Q, δD(f) çàäàþòüñÿ ñïiââiäíîøåííÿ-
ìè (5), (8) òà (7) âiäïîâiäíî.

Ðîçãëÿíåìî çàäà÷ó Êîøi äëÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ç ïîñòiéíèì
çáóðåííÿì ó ïðàâié ÷àñòèíi:

dx

dt
= f(t, x) + µ, t ∈ [0, T ] (15)

ç ïî÷àòêîâèìè óìîâàìè (12), äå µ = col(µ1, . . . , µn) ¹ êåðóþ÷èì ïàðàìåòðîì.

Òåîðåìà 2. [3] Íåõàé z ∈ Dβ, λ ∈ D òà µ ∈ Rn � äîâiëüíî çàäàíi âåêòîðè.
Ïðèïóñòèìî, ùî äëÿ ñèñòåìè (1) âèêîíóþòüñÿ âñi óìîâè Òåîðåìè 1.

Òîäi äëÿ òîãî, ùîá ðîçâ'ÿçîê çàäà÷i Êîøi (15), (12) çàäîâîëüíÿâ òàêîæ
i äâîòî÷êîâi ïàðàìåòðèçîâàíi êðàéîâi óìîâè (4), íåîáõiäíî i äîñòàòíüî, ùîá
ïàðàìåòð µ â (15) áóâ çàäàíèé ðiâíiñòþ:

µ = µz,λ =
1

T
[d(z, λ)− z]− 1

T

∫ T

0

f(s, x∞(s, z, λ))ds.

äå x∞ ìà¹ âèãëÿä (10).

Òåîðåìà 3. [3] Íåõàé äëÿ êðàéîâî¨ çàäà÷i (1), (2) âèêîíóþòüñÿ óìîâè (5),
(6), (9).
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Òîäi ïàðà (x∞(·, z∗, λ∗), λ∗) ¹ ðîçâ'ÿçêîì ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i
(1), (4) òîäi i òiëüêè òîäi, êîëè z∗ = (z∗1 , z

∗
2 , . . . , z

∗
n), λ

∗ = (λ∗1, λ
∗
2, . . . , λ

∗
n) çàäî-

âîëüíÿòèìóòü ñèñòåìó âèçíà÷àëüíèõ àëãåáðà¨÷íèõ ðiâíÿíü:

∆(z, λ) =
1

T
[d(z, λ)− z]− 1

T

∫ T

0

f(s, x∞(s, z, λ))ds = 0, (16)

x∞ (T, z, λ) = λ. (17)

Çàóâàæåííÿ 2. Ïðè äåÿêîìó m ≥ 1 âèçíà÷èìî ôóíêöiþ ∆m : Dβ×D → Rn

çãiäíî ôîðìóëè:

∆m (z, λ) :=
1

T
[d(z, λ)− z]− 1

T

∫ T

0

f(s, xm(s, z, λ))ds, (18)

äå z òà λ çàäàþòüñÿ ñïiââiäíîøåííÿìè (3). Äëÿ äîñëiäæåííÿ ðîçâ'ÿçíîñòi
ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i (1), (4) ðîçãëÿäàòèìåìî íàáëèæåíó âèçíà-
÷àëüíó ñèñòåìó àëãåáðà¨÷íèõ ðiâíÿíü, ùî ìà¹ âèãëÿä:

∆m(z, λ) =
1

T
[d(z, λ)− z]− 1

T

∫ T

0

f(s, xm(s, z, λ))ds = 0, (19)

xm (T, z, λ) = λ, (20)

äå xm (·, z, λ) âåêòîð�ôóíêöiÿ, çàäàíà ðåêóðåíòíèì ñïiââiäíîøåííÿì (10).
Ïðè çðîñòàííi m ñèñòåìè (16), (17) i (19), (20) äîñèòü áëèçüêi, ùîá çà-

áåçïå÷èòè íåîáõiäíó òî÷íiñòü çíàõîäæåííÿ íàáëèæåíîãî ðîçâ'ÿçêó âèõiäíî¨
êðàéîâî¨ çàäà÷i (1), (2).

4. Äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ êðàéîâî¨ çàäà÷i

Îçíà÷åííÿ 1. [4] Äëÿ âñiõ iíäåêñiâ i1 òà i2, ùî ïðèéìàþòü çíà÷åííÿ âiä 1
äî n, âèçíà÷èìî ìàòðèöþ Ji1,i2 ðîçìiðíîñòi (i2− i1+1)×n íàñòóïíèì ÷èíîì:

Ji1,i2 := (Oi2−i1+1,i1−1, Ii2−i1+1, Oi2−i1+1,n−i2) .

Òàêèì ÷èíîì, ìíîæåííÿ çëiâà äåÿêîãî âåêòîðà ìàòðèöåþ Ji1,i2 åêâiâàëåíòíî
âèáîðó éîãî êîìïîíåíò ç íîìåðàìè âiä i1 äî i2.

Ëåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1.
Òîäi äëÿ êîæíîãî m ≥ 1 òà z, λ âèãëÿäó (3) äëÿ òî÷íî¨ òà íàáëèæåíî¨

âèçíà÷àëüíèõ ôóíêöié
∆ : Dβ ×D → Rn,
∆m : Dβ ×D → Rn

âèçíà÷åíèõ çãiäíî ç (13) òà (18), âèïëèâà¹ îöiíêà:

|∆(z, λ)−∆m(z, λ)| ≤
10T

27
KQm(In −Q)−1δD(f), (21)

äå K,Q, δD(f) çàäàþòüñÿ ñïiââiäíîøåííÿìè (5), (8) òà (7) âiäïîâiäíî.
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Äîâåäåííÿ. Çàôiêñó¹ìî ïàðàìåòðè z, λ âèãëÿäó (3). Ç óðàõóâàííÿì óìîâè
Ëiïøèöÿ (5), îöiíêè (14) òà ðiâíîñòi∫ T

0

α1(t)dt =
T 2

3
,

ìà¹ìî:
|∆(z, λ)−∆m(z, λ)| =

=

∣∣∣∣ 1T
∫ T

0

f (s, x∞(s, z, λ)) ds− 1

T

∫ T

0

f (s, xm(s, z, λ)) ds

∣∣∣∣ ≤
≤ 1

T

∫ T

0

K |x∞(s, z, λ)− xm(s, z, λ)| ds ≤
1

T
K

∫ T

0

10

9
α1(s)Q

m (In −Q)−1 δD(f)ds =

=
10

9T
KQm (In −Q)−1 δD(f)

∫ T

0

α1(s)ds =
10T

27
KQm (In −Q)−1 δD(f),

ùî i äîâîäèòü ëåìó.
Íà îñíîâi ñèñòåì âèçíà÷àëüíèõ ðiâíÿíü (16), (17) òà (19), (20) ââåäåìî â

ðîçãëÿä íàñòóïíi âiäîáðàæåííÿ:

Φ : Dβ ×D → R2n,
Φm : Dβ ×D → R2n,

ÿêi äëÿ âñiõ z, λ ç (3) ìàþòü âèãëÿä:

Φ(z, λ) :=

(
1
T
[d(z, λ)− z]− 1

T

∫ T
0
f(s, x∞(s, z, λ))ds

x∞(T, z, λ)− λ

)
, (22)

Φm(z, λ) :=

(
1
T
[d(z, λ)− z]− 1

T

∫ T
0
f(s, xm(s, z, λ))ds

xm(T, z, λ)− λ

)
. (23)

Îçíà÷åííÿ 2. [4] Íåõàé H ⊂ R2n äåÿêà íåïîðîæíÿ ìíîæèíà. Äëÿ âñÿêî¨
ïàðè ôóíêöié

fj = col (fj1(x), . . . , fj,2n(x)) : H → R2n, j = 1, 2

ìà¹ ìiñöå çàïèñ:
f1 ◃H f2

òîäi i òiëüêè òîäi, êîëè iñíó¹ ôóíêöiÿ

g : H → {1, 2, . . . , 2n}

òàêà, ùî
f1,g(x) > f2,g(x)

äëÿ âñiõ x ∈ H, öå îçíà÷à¹, ùî â êîæíié òî÷öi x ∈ H ïðèíàéìíi îäíà ç
êîìïîíåíò âåêòîðà f1(x) áiëüøà, íiæ âiäïîâiäíà ¨é êîìïîíåíòà âåêòîðà f2(x).

Ðîçãëÿíåìî ìíîæèíó:
Ω = D1 × Λ1, (24)

äå D1 ⊂ Dβ, Λ1 ⊂ D0 � äåÿêi âiäêðèòi ìíîæèíè.
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Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1 i ìîæíà âêàçàòè äåÿêå
m ≥ 1 òà ìíîæèíó Ω ⊂ R2n âèãëÿäó (24) òàêi, ùî ìà¹ ìiñöå ñïiââiäíîøåííÿ:

|Φm| ◃∂Ω
(

10T
27
KQm(In −Q)−1δD(f)

20
9
t(1− t

T
)Qm(In −Q)−1δD(f)

)
, (25)

.
Êðiì òîãî, ÿêùî iíäåêñ Áðàóåðà âåêòîðíîãî ïîëÿ Φm íà ìíîæèíi Ω âiäíîñíî

íóëÿ çàäîâîëüíÿ¹ íåðiâíiñòü:

deg (Φm,Ω, 0) ̸= 0, (26)

òîäi iñíó¹ ïàðà (z∗, λ∗) ∈ Ω òàêà, ùî

x∞(t) = x∞ (t, z∗, λ∗) = lim
m→∞

xm (t, z∗, λ∗) (27)

¹ ðîçâ'ÿçêîì íåëiíiéíî¨ êðàéîâî¨ çàäà÷i (1), (2) ç ïî÷àòêîâîþ óìîâîþ

x∞(0) = z∗. (28)

Äîâåäåííÿ. Äîâåäåìî, ùî âåêòîðíi ïîëÿ Φ òà Φm ãîìîòîïíi. Äëÿ öüîãî
ââåäåìî â ðîçãëÿä ñiì'þ âåêòîðíèõ âiäîáðàæåíü:

P(θ, z, λ) := Φm(z, λ) + θ [Φ(z, λ)− Φm(z, λ)] , (29)

äå (z, λ) ∈ ∂Ω, θ ∈ [0, 1].
Î÷åâèäíî, ùî P (θ, ·, ·) � íåïåðåðâíå íà ∂Ω äëÿ êîæíîãî θ ∈ [0, 1]. Êðiì òîãî,

P(0, z, λ) = Φm(z, λ),P(1, z, λ) = Φ(z, λ)

äëÿ âñiõ (z, λ) ∈ ∂Ω.
Äëÿ äîâiëüíî¨ ïàðè (z, λ) ∈ ∂Ω, ç óðàõóâàííÿì (29), ìà¹ìî

|P (θ, z, λ)| = |Φm(z, λ) + θ [Φ(z, λ)− Φm(z, λ]| ≥

≥ |Φm(z, λ)| − |Φ(z, λ)− Φm(z, λ)| . (30)

Ç iíøîãî áîêó, íà îñíîâi ïîçíà÷åííü (22), (23), ç âèêîðèñòàííÿì àïðîêñèìàöi¨
(10) òà îöiíêè (21), îäåðæèìî ïîêîìïîíåíòíi íåðiâíîñòi:

|Φ(z, λ)− Φm(z, λ)| ≤
(

10T
27
KQm(In −Q)−1δD(f)

20
9
t(1− t

T
)Qm(In −Q)−1δD(f)

)
, (31)

çâiäêè, íà îñíîâi ñïiââiäíîøåíü (25), (30), (31), âèïëèâà¹, ùî:

|P (θ, ·, ·)| ◃∂Ω 0, θ ∈ [0, 1]. (32)

Âèðàç (32) çîêðåìà ïîêàçó¹, ùî P (θ, ·, ·) íå ïåðåòâîðþ¹òüñÿ â 0, äëÿ æîäíîãî
çíà÷åííÿ θ ∈ [0, 1], òîáòî çáóðåííÿ (29) íåâèðîäæåíå, à îòæå, âåêòîðíi ïîëÿ, Φm

òà Φ ãîìîòîïíi..
Áåðó÷è äî óâàãè ñïiââiäíîøåííÿ (26) òà âëàñòèâiñòü iíâàðiàíòíîñòi iíäåêñó

Áðàóåðà âiäíîñíî ãîìîòîïi¨, ìîæåìî çðîáèòè âèñíîâîê, ùî

deg (Φ(z, λ),Ω, 0) = deg (Φ(z, λ),Ω, 0) ̸= 0.
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Êëàñè÷íèé òîïîëîãi÷íèé ðåçóëüòàò ãàðàíòó¹ iñíóâàííÿ ïàðè:

(z∗, λ∗) ∈ Ω

òàêî¨, ùî
Φ (z∗, λ∗) = 0.

Òîìó ïàðà (z∗, λ∗) çàäîâîëüíÿ¹ ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü (15), (16).
Áåðó÷è äî óâàãè óìîâè Òåîðåìè 3, ïðèõîäèìî äî âèñíîâêó, ùî ôóíêöiÿ (27) ¹

ðîçâ'ÿçêîì âèõiäíî¨ íåëiíiéíî¨ äâîòî÷êîâî¨ êðàéîâî¨ çàäà÷i (1), (2) ç ïî÷àòêîâîþ
óìîâîþ (28).

Çàóâàæåííÿ 3. Äëÿ ïåðåâiðêè óìîâè (25) Òåîðåìè 4 íà êîíêðåòíèõ ïðèê-
ëàäàõ, ïîòðiáíî âèêîðèñòàòè ðåêóðåíòíó ôîðìóëó (10), ùîá îá÷èñëèòè çíà-
÷åííÿ ôóíêöi¨ xm(·, z, λ), ÿêà çàëåæèòü âiä ïàðàìåòðiâ z ∈ Dβ, λ ∈ D òà
âñòàíîâèòè ÷è ïðèíàéìíi îäíà ç êîìïîíåíò âåêòîðà Φm ó ëiâié ÷àñòèíi ñïiâ-
âiäíîøåííÿ (25) áiëüøà íiæ âiäïîâiäíà ¨é êîìïîíåíòà âåêòîðà ó ïðàâié ÷àñ-
òèíi éîãî ó êîæíié òî÷öi ãðàíèöi ∂Ω.

Ïiñëÿ öüîãî âñòàíîâèòè, çãiäíî ç (26), ÷è òîïîëîãi÷íèé iíäåêñ âiäîáðàæåí-
íÿ Φm âiäìiííèé âiä íóëÿ. Ó çàãàëüíîìó öå ¹ äîñèòü ñêëàäíîþ çàäà÷åþ, àëå â
ðÿäi âèïàäêiâ ìîæíà çàñòîñóâàòè äîäàòêîâi êðèòåði¨ äëÿ äîñëiäæåííÿ öüîãî
ïèòàííÿ.

Çîêðåìà, êîëè Φm íå ïàðíå âiäîáðàæåííÿ, òîáòî

Φm(−z,−λ) = −Φm(z, λ),

òîäi çãiäíî ç òåîðåìîþ Áîðñóêà iíäåêñ Áðàóåðà ¹ íåïàðíèì ÷èñëîì, à îòæå
âiäìiííèì âiä íóëÿ.

Çàóâàæåííÿ 4. Áåçïîñåðåäíüî ç âèçíà÷åííÿ òîïîëîãi÷íîãî iíäåêñó âèïëè-
âà¹, ùî ÿêùî ÿêîáiàí ôóíêöi¨ Φm âèãëÿäó (23) âèðîäæåíèé â içîëüîâàíîìó íóëi

z = zm,0, λ = λm,0,

òîáòî

det
∂

∂(z, λ)
Φm(zm,0, λm,0) ̸= 0,

òîäi íåðiâíiñòü (26) ìà¹ ìiñöå.

5. Íåîáõiäíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ. Ââåäåìî ó ðîçãëÿä ìàòðèöþ

R := sup
t∈[0,T ]

∣∣∣∣1− t

T

∣∣∣∣ In (33)

òà âåêòîð
ρ(z0, z1, λ0, λ1) = d(z0, λ0)− d(z1, λ1). (34)

Ëåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1.
Òîäi ãðàíè÷íà ôóíêöiÿ (11) âiäíîñíî çìiííèõ z òà λ çàäîâîëüíÿ¹ óìîâó ëiï-

øèöåâîãî òèïó íàñòóïíîãî âèãëÿäó:∣∣x∞ (t, z0, λ0)− x∞
(
t, z1, λ1

)∣∣ ≤
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≤
[
R +

10

9
K (In −Q)−1Rα1(t)

] ∣∣z0 − z1
∣∣+

+

[
In +

10

9
K (In −Q)−1 α1(t)

] ∣∣ρ (z0, λ0, z1, λ1)∣∣ , (35)

äå zj ∈ Dβ, λ
j ∈ D0, j = 0, 1, t ∈ [0, T ].

Äîâåäåííÿ. Ç âèðàçó (10) ïðè m = 1 âèïëèâà¹

x1
(
t, z0, λ0

)
− x1

(
t, z1, λ1

)
=
(
z0 − z1

)
+

+

∫ t

0

[
f
(
s, z0

)
− f

(
s, z1

)]
ds− t

T

∫ T

0

[
f
(
s, z0

)
− f

(
s, z1

)]
ds+

+
t

T

[
d(z0, λ)− z0 − d(z1, λ) + z1]

]
=

=

(
1− t

T

)
In
(
z0 − z1

)
+

(
1− t

T

)∫ t

0

[
f
(
s, z0

)
− f

(
s, z1

)]
ds−

− t

T

∫ T

t

[
f
(
s, z0

)
− f

(
s, z1

)]
ds− t

T

[
d(z0, λ)− d(z1, λ)

]
=

=

(
1− t

T

)
In
(
z0 − z1

)
+

(
1− t

T

)∫ t

0

[
f
(
s, z0

)
− f

(
s, z1

)]
ds−

− t

T

∫ T

t

[
f
(
s, z0

)
− f

(
s, z1

)]
ds− t

T
ρ(z0, z1, λ0, λ1),

äå ρ(z0, z1, λ0, λ1) âèçíà÷åíà çãiäíî ç (34).
Âèêîðèñòîâóþ÷è ðåêóðåíòíó ôîðìóëó (10) òà áåðó÷è äî óâàãè ñïiââiäíîøåí-

íÿ (5), (33), (34) îäåðæèìî:∣∣x1 (t, z0, λ0)− x1
(
t, z1, λ1

)∣∣ ≤
≤ R

∣∣z0 − z1
∣∣+K

[(
1− t

T

)∫ t

0

ds+
t

T

∫ T

t

ds

] ∣∣z0 − z1
∣∣+ t

T
|ρ(z0, z1, λ0, λ1)| ≤

= [R + α1(t)K]
∣∣z0 − z1

∣∣+ |ρ(z0, z1, λ0, λ1)|, (36)

äëÿ âñiõ t ∈ [0, T ].
Àíàëîãi÷íî, âðàõîâóþ÷è âèðàçè (10), (5) òà (36), ïðè m = 2 ìà¹ìî:∣∣x2 (t, z0, λ0)− x2

(
t, z1, λ1

)∣∣ ≤
≤ R

∣∣z0 − z1
∣∣+K

[(
1− t

T

)∫ t

0

[
(R +Kα1(s))

∣∣z0 − z1
∣∣+ |ρ(z0, z1, λ0, λ1)|

]
ds+

+
t

T

∫ T

t

[
(R +Kα1(s))

∣∣z0 − z1
∣∣+ |ρ(z0, z1, λ0, λ1)|

]
ds

]
+ |ρ(z0, z1, λ0, λ1)| =

= (R +KRα1(t) +K2α2(t))|z0 − z1|+Kα1(t)|ρ(z0, z1, λ0, λ1)|+

+|ρ(z0, z1, λ0, λ1)|. (37)
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Çà iíäóêöi¹þ, íà îñíîâi îöiíîê, îäåðæàíèõ ó (36), (37), ìîæíà ïîêàçàòè, ùî:∣∣xm (t, z0, λ0)− xm
(
t, z1, λ1

)∣∣ ≤
≤

[
R +

m−1∑
i=1

KiRαi(t) +Kmαm(t)

] ∣∣z0 − z1
∣∣+ m−1∑

i=0

Kiαi(t)|ρ(z0, z1, λ0, λ1)|. (38)

Ç íåðiâíîñòi (38) îòðèìà¹ìî:∣∣xm (t, z0, λ0)− xm
(
t, z1, λ1

)∣∣ ≤
≤

[
R +

10

9
K

m−2∑
i=1

QiRα1(t) +
10

9
KQm−1α1(t)

] ∣∣z0 − z1
∣∣+

+

[
In +

10

9
Kα1(t)

m−2∑
i=1

Qi

] ∣∣ρ (z0, λ0, z1, λ1)∣∣ . (39)

Ïðè ïåðåõîäi â îöiíöi (39) äî ãðàíèöi ïðè m→ ∞, îäåðæèìî:∣∣x∞ (t, z0, λ0)− x∞
(
t, z1, λ1

)∣∣ ≤
≤
[
R +

10

9
K (In −Q)−1Rα1(t)

] ∣∣z0 − z1
∣∣+

+

[
In +

10

9
K (In −Q)−1 α1(t)

] ∣∣ρ (z0, λ0, z1, λ1)∣∣ .
Ëåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1.
Òîäi äëÿ ôóíêöi¨ ∆ : Dβ×D0 → Rn ñèñòåìè âèçíà÷àëüíèõ ðiâíÿíü (16),(17)

ñïðàâåäëèâà îöiíêà: ∣∣∆ (z0, λ0)−∆
(
z1, λ1

)∣∣ ≤
≤ KR

[
In +

10T

27
K(In −Q)−1

]
|z0 − z1|+

+K

[
In +

10T

27
K(In −Q)−1

]
|ρ(z0, z1, λ0, λ1)|+ 1

T
|ρ(z0, z1, λ0, λ1)|. (40)

äå zj ∈ Dβ, λ
j ∈ D, j=0,1.

Äîâåäåííÿ. Çãiäíî iç ñïiââiäíîøåííÿìè (13) ìà¹ìî:

∆
(
z0, λ0

)
−∆

(
z1, λ1

)
=

= − 1

T

∫ T

0

[
f
(
s, x∞

(
s, z1, λ1

))
− f

(
s, x∞

(
s, z0, λ0

))]
ds+

+
1

T

[
d(z0, λ0)− d(z1, λ1)− z0 + z1

]
. (41)

À òîäi, ç óðàõóâàííÿì (5), (33) � (35), iç (41) îòðèìà¹ìî:∣∣∆ (z0, λ0)−∆
(
z1, λ1

)∣∣ ≤
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≤ 1

T

∣∣z0 − z1
∣∣+ 1

T

∫ T

0

K
∣∣x∞ (s, z1, λ1)− x∞

(
s, z0, λ0

)∣∣ ds+ 1

T
|ρ(z0, z1, λ0, λ1)| ≤

≤ 1

T

∣∣z0 − z1
∣∣+ 1

T
K

∫ T

0

{
R +

10

9
K(In −Q)−1Rα1(s)

}
ds|z0 − z1|+

+
1

T
K

∫ T

0

{
In +

10

9
K(In −Q)−1α1(s)

}
ds|ρ(z0, z1, λ0, λ1)|+ 1

T
|ρ(z0, z1, λ0, λ1)| =

= KR

[
In +

10T

27
K(In −Q)−1

]
|z0−z1|+K

(
In +

10T

27
K(In −Q)−1

)
|ρ(z0, z1, λ0, λ1)|+

+
1

T
|ρ(z0, z1, λ0, λ1)|,

ùî i äîâîäèòü ñïðàâåäëèâiñòü îöiíêè (40).

Òåîðåìà 5. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1. Êðiì òîãî, íåõàé iñíó-
þòü äåÿêèé íîìåð m ∈ N i ïàðà (

z̄, λ̄
)
∈ Ω,

äå ìíîæèíà Ω ìà¹ âèãëÿä (24), òàêi, ùî ïîêîìïîíåíòíà íåðiâíiñòü:∣∣∆m

(
z̄, λ̄
)∣∣ ≤

≤ sup
z∈D

{
R

[
In +

10T

27
K(In −Q)−1

]
|z − z|

}
+

+ sup
(z,λ)∈Ω

{
K

[
In +

10T

27
K(In −Q)−1

]
|ρ(z, z, λ, λ)|+ 1

T
|ρ(z, z, λ, λ)|

}
+

+
10T

27
KQm (In −Q)−1 δD(f), (42)

íå ñïðàâäæó¹òüñÿ, äå âåêòîð δD(f) ìà¹ âèãëÿä (7) i ìàòðèöi K,Q,R òà âåê-
òîð ρ âèçíà÷åíi çãiäíî ç (5), (8), (33) òà (34) âiäïîâiäíî.

Òîäi íå iñíó¹ ïàðè (z∗, λ∗) ∈ Ω, äëÿ ÿêî¨ âèõiäíà äâîòî÷êîâà êðàéîâà çàäà÷à
(1), (2) ìàòèìå ðîçâ'ÿçîê x = x(t) òàêèé, ùî:

x(0) = z∗,

x(T ) = λ∗.

Äîâåäåííÿ.

Íåõàé m ∈ N òà
(
z̄, λ̄
)
∈ D × Λ � äîâiëüíi. Ïîêàæåìî, ùî ïðè çðîáëåíèõ

ïðèïóùåííÿõ ñèñòåìà âèçíà÷àëüíèõ ðiâíÿíü (16), (17) íå ìà¹ íà ìíîæèíi Ω
æîäíîãî ðîçâ'ÿçêó. Äîâåäåìî öå âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî ïàðà

(
z̄, λ̄
)

¹ ðîçâ'ÿçêîì (16), (17). Çãiäíî ç Òåîðåìîþ 4 ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1), (4)
çàäà¹òüñÿ ôîðìóëîþ (27). Âèêîðèñòà¹ìî îöiíêó (40), ïîêëàäàþ÷è(

z0, λ0
)
= (z∗, λ∗) ,

(
z1, λ1

)
=
(
z̄, λ̄
)
,
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Òîäi ç (40) âèïëèâà¹:∣∣∆ (z̄, λ̄)∣∣ ≤ KR

[
In +

10T

27
K(In −Q)−1

]
|z∗ − z|+

+K

[
In +

10T

27
K(In −Q)−1

]
|ρ(z∗, z, λ∗, λ)|+ 1

T
|ρ(z∗, z, λ∗, λ)|. (43)

Ç óðàõóâàííÿì íåðiâíîñòi (21) Ëåìè 1, ìàòèìåìî:∣∣∆m

(
z̄, λ̄
)∣∣ ≤ ∣∣∆ (z̄, λ̄)∣∣+ ∣∣∆m

(
z̄, λ̄
)
−∆

(
z̄, λ̄
)∣∣ ≤

≤
∣∣∆ (z̄, λ̄)∣∣+ 10T

27
KQm(In −Q)−1δD(f). (44)

Ïî¹äíóþ÷è íåðiâíîñòi (43) òà (44), ìîæåìî çàïèñàòè, ùî:∣∣∆m

(
z̄, λ̄
)∣∣ ≤

≤ R

[
In +

10T

27
K(In −Q)−1

]
|z∗ − z|+

+K

[
In +

10T

27
K(In −Q)−1

]
|ρ(z∗, z, λ∗, λ)|+ 1

T
|ρ(z∗, z, λ∗, λ)|+

+
10T

27
KQm (In −Q)−1 δD(f) (45)

àáî ∣∣∆m

(
z̄, λ̄
)∣∣ ≤

≤ sup
z∈D

{
R

[
In +

10T

27
K(In −Q)−1

]
|z − z|

}
+

+ sup
(z,λ)∈Ω

{
K

[
In +

10T

27
K(In −Q)−1

]
|ρ(z, z, λ, λ)|+ 1

T
|ρ(z, z, λ, λ)|

}
+

+
10T

27
KQm (In −Q)−1 δD(f),

òîáòî îòðèìàëè íåðiâíiñòü, ÿêà ñïiâïàäà¹ ç (42). Àëå, çà ïðèïóùåííÿì òåîðåìè,
äëÿ ïàðè (z̄, λ̄) ïîêîìïîíåíòíà íåðiâíiñòü (42) íå âèêîíó¹òüñÿ. Îòðèìàëè ïðî-
òèði÷÷ÿ, ÿêå îçíà÷à¹, ùî âèçíà÷àëüíà ñèñòåìà (16), (17) íå ìà¹ ðîçâ'ÿçêiâ íà
ìíîæèíi Ω. Òîìó, íà îñíîâi Òåîðåìè 3, ôóíêöiÿ x∞, ùî âèçíà÷åíà ôîðìóëîþ
(11), íå ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (1), (4) ïðè áóäü�ÿêîìó âèáîði ïàðè (z̄, λ̄) ç
îáëàñòi Ω. Òîìó, çãiäíî ç Òåîðåìîþ 4, öå îçíà÷à¹, ùî íåëiíiéíà êðàéîâà çàäà÷à
(1), (2) íå ìà¹ æîäíîãî ðîçâ'ÿçêó x(·), äëÿ ÿêîãî ïàðà (x(0), x(T )) íàëåæèòü
îáëàñòi Ω.

Çàóâàæåííÿ 5. Íà îñíîâi Òåîðåìè 5 ìîæåìî çàäàòè àëãîðèòì äëÿ íàáëè-
æåíîãî âiäøóêàííÿ ïàðè (z∗, λ∗), ÿêà âèçíà÷à¹ ðîçâ'ÿçîê (27) âèõiäíî¨ êðàéîâî¨
çàäà÷i (1), (2). Äëÿ öüîãî ïðåäñòàâèìî ìíîæèíó Ω âèãëÿäó (24) ÿê îá'¹äíàííÿ
ñêií÷åíî¨ êiëüêîñòi ïiäìíîæèí:

Ω :=
N
∪
i=1

Ωi = Di × Λi. (46)
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Ó êîæíié ïiäìíîæèíi Ωi ç (46) âèáèðà¹ìî äîâiëüíó òî÷êó(
z̄i, λ̄i

)
∈ Ωi, (47)

òà äëÿ äåÿêîãî m îá÷èñëþ¹ìî m�âå íàáëèæåííÿ xm
(
t, z̄i, λ̄i

)
, êîðèñòóþ÷èñü

ðåêóðåíòíèì ñïiââiäíîøåííÿì (10), à òîäi çíàõîäèìî çíà÷åííÿ �âèçíà÷àëüíî¨
ôóíêöi¨� ∆m

(
z̄i, λ̄i

)
çãiäíî ç ôîðìóëîþ (19). Âèêëþ÷à¹ìî ç ìíîæèíè (46) òi

ïiäìíîæèíè Ωi , äëÿ ÿêèõ íåðiâíiñòü íå âèêîíó¹òüñÿ.
Öå îáóìîâëþ¹òüñÿ òèì, ùî, çà Òåîðåìîþ 5, âîíè íå ìîæóòü ìiñòèòè

ïàðó (z∗, λ∗), ÿêà âèçíà÷à¹ ðîçâ'ÿçîê (27) êðàéîâî¨ çàäà÷i (1), (2).
Ðåøòà ïiäìíîæèí

Ωi1 ,Ωi2 , . . . ,Ωis

óòâîðþþòü äåÿêó ìíîæèíó

Ωm,N = Dm,N × Λm,N (48)

òàêó, ùî òiëüêè
(
z̃, λ̃
)
∈ Ωm,N ìîæå âèçíà÷èòè ðîçâ'ÿçîê (27).

Êîëè N òà m ïðÿìóþòü äî ∞, Ωm,N �ïðÿìó¹� äî ìíîæèíè

Ω∗ = D∗ × Λ∗, (49)

ÿêà ìîæå ìiñòèòè çíà÷åííÿ (z∗, λ∗) , ùî âèçíà÷à¹ ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i
(1), (2) ó âèãëÿäi (27).

Êîæíó ïàðó
(
z̃, λ̃
)

∈ Ωm,N ìîæíà ðîçãëÿäàòè ÿê íàáëèæåííÿ äî ïàðè

(z∗, λ∗), ÿêà âèçíà÷à¹ ðîçâ'ÿçîê âèõiäíî¨ êðàéîâî¨ çàäà÷i (1), (2).
Ó öüîìó âèïàäêó î÷åâèäíî, ùî

|z̃ − z∗| ≤ sup
z∈Dm,N

|z̃ − z| ,
∣∣∣λ̃− λ∗

∣∣∣ ≤ sup
λ∈Λm,N

∣∣∣λ̃− λ
∣∣∣ ,

à çíà÷åííÿ ôóíêöi¨ xm

(
t, z̃, λ̃

)
, ùî îá÷èñëþ¹òüñÿ çãiäíî ç ðåêóðñèâíèì ñïiâ-

âiäíîøåííÿì (10), ìîæå áóòè âçÿòå â ÿêîñòi íàáëèæåíîãî ðîçâ'ÿçêó êðàéîâî¨
çàäà÷i (1), (2).

Òåîðåìà 6. Íåõàé ìàþòü ìiñöå óìîâè Òåîðåìè 1. Êðiì òîãî, ïàðà (z∗, λ∗),
âèçíà÷åíà íà ìíîæèíi (49) ¹ ðîçâ'ÿçêîì òî÷íî¨ ñèñòåìè âèçíà÷àëüíèõ ðiâ-

íÿíü (16), (17), òà
(
z̃, λ̃
)
� äîâiëüíà ïàðà ç ìíîæèíè Ωm,N âèãëÿäó (48).

Òîäi ñïðàâåäëèâà íàñòóïíà îöiíêà:∣∣∣x∞ (t, z∗, λ∗)− xm

(
t, z̃, λ̃

)∣∣∣ ≤
≤ 10

9
α1(t)Q

m (In −Q)−1 sup
(z,λ)∈Ωm,N

δD(f)+

+ sup
z∈Dm,N

[
R +

10

9
Kα1(t) (In −Q)−1Rα1(t)

]
|z − z̃| . (50)
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Äîâåäåííÿ. Âèêîðèñòà¹ìî íåðiâíiñòü:∣∣∣x∞ (t, z∗, λ∗)− xm

(
t, z̃, λ̃

)∣∣∣ ≤ |x∞ (t, z∗, λ∗)− xm (t, z∗, λ∗)|+

+
∣∣∣xm (t, z∗, λ∗)− xm

(
t, z̃, λ̃

)∣∣∣ . (51)

Îöiíèìî ïåðøèé äîäàíîê ó ïðàâié ÷àñòèíi (51) íåðiâíiñòþ (14).
Ç âèêîðèñòàííÿì (38), äðóãèé äîäàíîê íåðiâíîñòi (51) áóäåìî îöiíþâàòè íà-

ñòóïíèì ÷èíîì: ∣∣∣xm (t, z∗, λ∗)− xm

(
t, z̃, λ̃

)∣∣∣ ≤
≤

[
R +

10

9
K

m−2∑
i=1

QiRα1(t) +
10

9
KQm−1α1(t)

]
|z∗ − z̃|+

+

[
In +

10

9
Kα1(t)

m−2∑
i=1

Qi

] ∣∣∣ρ(z∗, λ∗, z̃, λ̃)∣∣∣ ≤
≤ sup

z∈Dm,N

[
R +

10

9
K

m−2∑
i=1

QiRα1(t) +
10

9
KQm−1α1(t)

]
|z − z̃|+

+ sup
(z,λ)∈Ωm,N

[
In +

10

9
Kα1(t)

m−2∑
i=1

Qi

] ∣∣∣ρ(z, λ, z̃, λ̃)∣∣∣ (52)

Îá'¹äíóþ÷è (14) òà (52), îòðèìó¹ìî îöiíêó (50), ùî é äîâîäèòü òåîðåìó.
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