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ÎÖIÍÊÈ ÄËß ÐÎÇÏÎÄIËÓ ÑÓÏÐÅÌÓÌÓ ÍÀ
ÍÅÑÊIÍ×ÅÍÍÎÑÒI ÐÎÇÂ'ßÇÊÓ ÇÀÄÀ×I ÏÐÎ ÊÎËÈÂÀÍÍß
ÑÒÐÓÍÈ Ç ÂÈÏÀÄÊÎÂÈÌÈ ÏÎ×ÀÒÊÎÂÈÌÈ ÓÌÎÂÀÌÈ

In the paper the estimates for distribution of supremum for the solution of the hyperbolic equation
of mathematical physics whis random initial conditions on the unbounded domain are found.

Â ðîáîòi îòðèìàíî îöiíêó äëÿ ðîçïîäiëó ñóïðåìóìó ðîçâ'ÿçêó ãiïåðáîëi÷íîãî ðiâíÿííÿ ìàòå-
ìàòè÷íî¨ ôiçèêè ç âèïàäêîâèìè ïî÷àòêîâèìè óìîâàìè â íåñêií÷åííié îáëàñòi.

1. Âñòóï. Áàãàòî íàóêîâöiâ äîñëiäæóâàëè âëàñòèâîñòi ðîçïîäiëiâ ñóïðåìóìiâ
âèïàäêîâèõ ïðîöåñiâ, ïðàöþâàëè íàä çíàõîäæåííÿì îöiíîê éìîâiðíîñòi, âè-
â÷àëè ïðîáëåìó iñíóâàííÿ ìîìåíòiâ ðîçïîäiëó ñóïðåìóìiâ ïðîöåñiâ. Îöiíêè
äëÿ ðîçïîäiëiâ ñóïðåìóìiâ ðiçíèõ îðëi÷åâñüêèõ ïðîöåñiâ ðîçãëÿäàëèñÿ â ðîáî-
òàõ [2,4�6]. Ó ìîíîãðàôi¨ Äàðié÷óê I. Â., Êîçà÷åíêî Þ. Â., Ïåðåñòþê Ì. Ì. [9]
ðîçãëÿäàþòüñÿ ïèòàííÿ ïîâ'ÿçàíi ç ðîçïîäiëîì ñóïðåìóìó âèïàäêîâèõ ïðîöåñiâ
ç ïðîñòîðó Îðëi÷à âèïàäêîâèõ âåëè÷èí. Çàóâàæèìî, ùî â [9] ïðîöåñè âèçíà-
÷åíi ÿê íà ñêií÷åííîìó iíòåðâàëi, òà i íà R. Îöiíêè äëÿ ðîçïîäiëó ñóïðåìóìó
ãàóññîâèõ âèïàäêîâèõ ïðîöåñiâ íà êîìïàêòàõ ðîçãëÿäàëèñÿ â áàãàòüîõ ðîáîòàõ,
çîêðåìà â ìîíîãðàôi¨ [7], äå ìîæíà çíàéòè ïîñèëàííÿ i íà iíøi ñòàòòi. Îöiíêè
äëÿ ðîçïîäiëó ñóïðåìóìó Subφ(Ω) âèïàäêîâèõ ïðîöåñiâ íà êîìïàêòàõ ðîçãëÿäà-
ëèñÿ â [8]. Ó ñòàòòi [3] îòðèìàíî îöiíêè ðîçïîäiëó ñóïðåìóìó äëÿ âèïàäêîâèõ
ïîëiâ ç ïðîñòîðó Subφ(Ω) íà íåñêií÷åííîñòi.

Äàíà ðîáîòà ïðèñâÿ÷åíà çàñòîñóâàííþ îöiíîê äëÿ ðîçïîäiëó ñóïðåìóìó âè-
ïàäêîâèõ ïîëiâ â íåñêií÷åííié îáëàñòi ç ïðîñòîðó Subφ(Ω) äî ðîçâ'ÿçêó ðiâíÿííÿ
ãiïåðáîëi÷íîãî òèïó ìàòåìàòè÷íî¨ ôiçèêè ç âèïàäêîâèìè ïî÷àòêîâèìè óìîâà-
ìè.

Îòðèìàíi îöiíêè ìîæíà çàñòîñîâóâàòè ïðè âèâ÷åííi øâèäêîñòi ðîñòó ðîç-
âÿçêiâ çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè ïðè t → ∞. Ðåçóëüòàòè â öüîìó íàïðÿìêó
ìîæíà âèêîðèñòîâóâàòè â íàñòóïíèõ ñèòóàöiÿõ: Íåõàé äèôåðåíöiàëüíå ðiâíÿí-
íÿ îïèñó¹ äåÿêèé ôiçè÷íèé ïðîöåñ. Âiäîìî, ùî ïðè ïåðåâèùåííi äåÿêîãî ðiâíÿ
äàíèì ïðîöåñîì âiäáóâà¹òüñÿ êàòàñòðîôà. Öi ïåðåâèùåííÿ âiäáóâàþòüñÿ äîñèòü
ðiäêî. ßêùî ìàòè îöiíêè çðîñòàííÿ ïðîöåñó íà íåñêií÷åíîñòi, òî ìîæíà îöiíèòè
éìîâiðíiñòü êàòàñòðîôè çà ïåâíèé ïðîìiæîê ÷àñó.

2. Îñíîâíèé ðåçóëüòàò. Ðîçãëÿíåìî êðàéîâó çàäà÷ó ãiïåðáîëi÷íîãî òèïó
ìàòåìàòè÷íî¨ ôiçèêè ïðî êîëèâàííÿ íåîäíîðiäíî¨ ñòðóíè:

∂

∂x

(
p(x)

∂u

∂x

)
− q(x)u− ρ(x)

∂2u

∂t2
= 0; (1)

x ∈ [0, l] , t ∈ [0, T ] , T > 0;

u(0, t) = u(l, t) = 0, t ∈ [0, T ] ; (2)
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u(x, 0) = ξ(x),
∂u(x, 0)

∂t
= η(x), x ∈ [0, l] . (3)

Ïðèïóñòèìî, ùî ïî÷àòêîâå ïîëîæåííÿ ñòðóíè (ξ(x), x ∈ [0, π]) i ïî÷àòêîâà øâèä-
êiñòü (η(x), x ∈ [0, π]) ¹ ñóìiñíî ñòðîãî Subφ (Ω) âèïàäêîâi ïðîöåñè, äå φ(x) =
|x|p
p
, |x| > 1, p > 1.

Îçíà÷åííÿ 1 ( [1]). Ïàðíà íåïåðåðâíà îïóêëà ôóíêöiÿ u (x) , x ∈ R1 òàêà,

ùî u (0) = 0, u (x) > 0 ïðè x ̸= 0 i lim
x→0

u(x)
x

= 0, lim
x→∞

u(x)
x

= ∞ íàçèâà¹òüñÿ N

-ôóíêöi¹þ.

Îçíà÷åííÿ 2 ( [1]). Äëÿ N-ôóíêöi¨ φ (x) âèêîíó¹òüñÿ óìîâà Q, ÿêùî

lim inf
x→0

φ(x)

x2
= c > 0.

Îçíà÷åííÿ 3 ( [1]). Íåõàé φ (x) � N-ôóíêöiÿ, äëÿ ÿêî¨ âèêîíó¹òüñÿ óìîâà
Q. Ïðîñòîðîì Subφ (Ω) ïîðîäæåíèì N-ôóíêöi¹þ φ (x) íàçèâà¹òüñÿ ïðîñòið
âèïàäêîâèõ ξ (ω), ω ∈ Ω, (Eξ = 0), òàêèõ, ùî iñíó¹ êîíñòàíòà aξ, ùî äëÿ âñiõ
λ ∈ R1 âèêîíó¹òüñÿ íåðiâíiñòü

E exp {λξ} 6 exp {φ (λaξ)} .
Îçíà÷åííÿ 4 ( [1]). Âèïàäêîâèé ïðîöåñ X = {X (t) , t ∈ T} íàëåæèòü ïðî-

ñòîðó Subφ (Ω) (X ∈ Subφ (Ω)), ÿêùî äëÿ t ∈ T âèïàäêîâà âåëè÷èíà X(t) ∈
Subφ (Ω).

Ïðèêëàä 1. Ãàóññiâ öåíòðîâàíèé âèïàäêîâèé ïðîöåñ X(t) ¹ Subφ (Ω), äå

φ (x) = x2

2
i τ(X(t)) = (E(X(t))2)1/2.

Îçíà÷åííÿ 5 ( [1]). Âèïàäêîâà âåëè÷èíà ξ ∈ Subφ (Ω) íàçèâà¹òüñÿ ñòðîãî

Subφ (Ω), (SSubφ (Ω)), ÿêùî τφ (ξ) = (Eξ2)1/2.
Îçíà÷åííÿ 6 ( [11]). Ñiì'ÿ âèïàäêîâèõ âåëè÷èí ξ ç ïðîñòîðó Subφ (Ω) íà-

çèâà¹òüñÿ SSubφ (Ω), ÿêùî äëÿ äîâiëüíî¨ íå áiëüø íiæ çëi÷åííî¨ ìíîæèíè I,
ξi ∈ ∆i, i ∈ I i äëÿ âñiõ λi ∈ R1 âèêîíó¹òüñÿ íåðiâíiñòü

τφ

(∑
i∈I

λiξi

)
6

E

(∑
i∈I

λiξi

)2
1/2

.

Ðîçâ'ÿçîê çàäà÷i çîáðàæó¹òüñÿ ó âèãëÿäi ðÿäó [12]

u (x, t) =
∞∑
k=1

Xk(x)

[
Ak cos

√
λkt+

Bk√
λk

sin
√
λkt

]
, (4)

x ∈ [0, l] , t ∈ [0, T ] , T > 0;

äå

Ak =

∫ l

0

ξ(x)Xk(x)ρ(x)dx,

Bk =

∫ l

0

η(x)Xk(x)ρ(x)dx, k ≥ 1,
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λk, k ≥ 1 � âëàñíi çíà÷åííÿ, Xk = (Xk)(x), x ∈ [0, l]), k ≥ 1 � âiäïîâiäíi ¨ì
âëàñíi ôóíêöi¨ çàäà÷i Øòóðìà-Ëióâiëëÿ

d

dx

(
p(x)

dXk(x)

dx

)
− q(x)x(x) + λρ(x)X(x) = 0, x ∈ [0, l],

X(0) = X(l) = 0.

Ðÿä (4) çãiäíî [10], ¹ òàêîæ Subφ (Ω) âèïàäêîâèì ïîëåì.

Òåîðåìà 1 ( [3]). Íåõàé {ξ(x, t), (x, t) ∈ V } , V = [−A;A] × [0,+∞) � ñå-
ïàðàáåëüíå âèïàäêîâå ïîëå ç ïðîñòîðó Subφ (Ω). Íåõàé âèêîíóþòüñÿ íàñòóïíi
óìîâè:

1) [bk, bk+1] , k = 0, 1, . . . � ñiì'ÿ òàêèõ âiäðiçêiâ, ùî 0 ≤ bk < bk+1 < +∞,
k = 0, 1, . . . Vk = [−A;A]× [bk, bk+1] ,

∪
k

Vk = V ;

2) iñíóþòü òàêi íåïåðåðâíi ìîíîòîííî çðîñòàþ÷i ôóíêöi¨ σk(h), 0 < h <
bk+1 − bk, ùî σk(h) −→ 0 ïðè h −→ 0, ùî íà êîæíîìó Vk âèêîíó¹òüñÿ
óìîâà

sup
|x−x1|≤h,
|t−t1|≤h

(x,t),(x1,t1)∈Vk

τφ (ξ (x, t)− ξ (x1, t1)) 6 σk (h) (5)

i ∫
0+

Ψ

(
ln

1

σ
(−1)
k (ε)

)
dε <∞, (6)

äå Ψ(u) = u
φ(−1)(u)

, σ
(−1)
k (ε) � îáåðíåíi ôóíêöi¨ äî σk(ε);

3) c = {c(t), t ∈ R} � äåÿêà íåïåðåðâíà ôóíêöiÿ òàêà, ùî c(t) > 0, t ∈ R,
ck = min

t∈[bk,bk+1]
c(t);

4) sup
k

εk
ck
<∞, sup

k

Iφ(θεk)

ck
<∞, äå εk = sup

(x,t)∈Vk
τφ (ξ(x, t)) ,

5) äëÿ äåÿêîãî s, òàêîãî ùî, sup
k

4εk
ck(1−θ)

< s < u
2
, çáiãà¹òüñÿ ðÿä

∞∑
k=0

exp

{
−φ∗

(
sck(1− θ)

2εk

)}
.

Òîäi äëÿ u > sup
k

Iφ(θεk)

ck
· 4
θ(1−θ) , äå

Ĩφ (δ) =

δ∫
0

Ψ

[(
ln

(
A

σ
(−1)
k (ε)

+ 1

))
+

(
ln

(
bk+1 − bk

2σ
(−1)
k (ε)

+ 1

))]
dε,

k = 0, 1, . . . , 0 < θ < 1 ìà¹ ìiñöå íåðiâíiñòü

P

{
sup

(x,t)∈V

|ξ(x, t)|
c(t)

> u

}
6 2 exp

{
−φ∗

(u
s

)}
×
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×
∞∑
k=0

exp

{
−φ∗

(
sck(1− θ)

2εk

)}
. (7)

Òåîðåìà 2 ( [3]). Íåõàé {ξ(x, t), (x, t) ∈ V } , V = [−A;A]× [0,+∞) � ñåïà-

ðàáåëüíå âèïàäêîâå ïîëå ç ïðîñòîðó Subφ (Ω), äå φ(x) =
|x|p
p

ïðè |x| > 1, p > 1,
Íåõàé âèêîíóþòüñÿ íàñòóïíi óìîâè:

1) [bk, bk+1] , k = 0, 1, . . . � ñiì'ÿ òàêèõ âiäðiçêiâ, ùî 0 ≤ bk < bk+1 < +∞,
k = 0, 1, . . . Vk = [−A;A]× [bk, bk+1] ,

∪
k

Vk = V ;

2) iñíóþòü òàêi êîíñòàíòè ak > 0 i d > 1, ùî A > 1
d
, bk+1−bk

2
> 1

d
i äëÿ

äîâiëüíîãî |h| âèêîíó¹òüñÿ óìîâà

sup
|x−x1|6h,|t−t1|6h(x,t),(x1,t1)∈Vk

τφ (ξ (x, t)− ξ (x1, t1)) 6
ak∣∣∣ln( 1

|h| + d
)∣∣∣α ,

ïðè α > 1− 1
p
;

3) c = {c(t), t ∈ R} � äåÿêà íåïåðåðâíà ôóíêöiÿ òàêà, ùî c(t) > 0, t ∈ R,
ck = min

t∈[bk,bk+1]
c(t);

4) sup
k

εk
ck
<∞, sup

k

(ak)
1
αq (εk)

1− 1
αq

ck
<∞, sup

k

εk ln
(
A·

bk+1−bk
2

) 1
q

ck
<∞;

5) äëÿ äåÿêîãî s òàêîãî, ùî, sup
k

4εk
ck(1−θ)

< s < u
2
,

äå εk = sup
(xk,tk)∈Vk

τφ (ξ(xk, tk)) , k = 0, 1, . . . çáiãà¹òüñÿ ðÿä

∞∑
k=0

exp

{
−1

q

(
sck(1− θ)

2εk

)q}
.

Òîäi äëÿ u > sup
k

1

p
1
p

(
2
1
q (ak)

1
αq (θεk)

1− 1
αq

1− 1
αq

+θεk ln
(
A·

bk+1−bk
2

) 1
q

)
ck

· 4
θ(1−θ) ,

0 < θ < 1 ìà¹ ìiñöå íåðiâíiñòü

P

{
sup

(x,t)∈V

|ξ(x, t)|
c(t)

> u

}
6 2 exp

{
−1

q

(u
s

) 1
q

}
×

×
∞∑
k=0

exp

{
−1

q

(
sck(1− θ)

2εk

)q}
. (8)

Òåîðåìà 3. Íåõàé {u(x, t), (x, t) ∈ D} , D = [0; l] × [0,+∞) � ðîçâ'ÿçîê

çàäà÷i (1)�(3) ñåïàðàáåëüíå âèïàäêîâå ïîëå ç ïðîñòîðó SSubφ (Ω), äå φ(x) =
|x|p
p

ïðè |x| > 1, p > 1, Íåõàé âèêîíóþòüñÿ íàñòóïíi óìîâè:

1) [bk, bk+1] , k = 0, 1, . . . � ñiì'ÿ òàêèõ âiäðiçêiâ, ùî 0 ≤ bk < bk+1 < +∞,
k = 0, 1, . . . Dk = [0; l]× [bk, bk+1] ,

∪
k

Dk = D;
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2) c = {c(t), t ∈ R} � äåÿêà íåïåðåðâíà ôóíêöiÿ, ùî c(t) > 0, t ∈ R, ck =
min

t∈[bk,bk+1]
c(t);

3) sup
k

1
ck
<∞, sup

k

ln
(

l
2
·
bk+1−bk

2

) 1
q

ck
<∞;

4) äëÿ äåÿêîãî s, òàêîãî ùî, sup
k

4ε0
ck(1−θ)

< s < v
2
,

äå ε0 ≤
∞∑
k=n

∞∑
l=n

[
|EAkAl|+ |EBkBl|

ml
+ |EAkBl|

l

] 1
2
, çáiãà¹òüñÿ ðÿä

∞∑
k=0

exp

{
−1

q

(
sck(1− θ)

2ε̃0

)q}
<∞.

Òîäi äëÿ v > sup
k

1

p
1
p

(
2
1
q (ak)

1
αq (θε0)

1− 1
αq

1− 1
αq

+θε0 ln
(

l
2
·
bk+1−bk

2

) 1
q

)
ck

· 4
θ(1−θ) , 0 < θ < 1 ìà¹ ìiñöå

íåðiâíiñòü

P

{
sup

(x,t)∈D

|u(x, t)|
c(t)

> v

}
6

6 2 exp

{
−1

q

(v
s

)q}
·

∞∑
k=0

exp

{
−1

q

(
sck(1− θ)

2ε̃0

)q}
.

Äîâåäåííÿ.

Îñêiëüêè {u(x, t), (x, t) ∈ D} � ñòðîãî Subφ (Ω) âèïàäêîâå ïîëå, òî áóäåìî
ìàòè

sup
|xk−yk|6h
|tk−sk|6h

(xk,tk),(yk,sk)∈Vk

τφ (u (x, t)− u (x1, t1)) 6

6 sup
|xk−yk|6h
|tk−sk|6h

(xk,tk),(yk,sk)∈Vk

(
E |u(xk, tk)− u(yk, sk)|2

) 1
2 =

= sup
|xk−yk|6h
|tk−sk|6h

(xk,tk),(yk,sk)∈Vk

(
E

∣∣∣∣∣
∞∑
l=1

(
Al sin(lγ(xk)) cos ltk +

Bl

l
sin(lγ(xk)) cos ltk

)
−

−
∞∑
l=1

(
Al sin(lγ(yk)) cos lsk +

Bl

l
sin(lγ(yk)) cos lsk

)∣∣∣∣∣
2
 1

2

6

6 sup
|xk−yk|6h
|tk−sk|6h

(xk,tk),(yk,sk)∈Vk

∞∑
l=1

[(
EA2

l

) 1
2 |sin(lγ(xk)) cos ltk − sin(lγ(yk)) cos lsk| +

(EB2
l )

1
2

l
|sin(lγ(xk)) sin ltk − sin(lγ(ys)) sin lsk|

]
.
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Ðîçãëÿíåìî
|sin(lγ(xk)) cos ltk − sin(lγ(yk)) cos lsk| ≤

6 |sin(lγ(xk))− sin(lγ(yk))|+ |cos ltk − cos lsk| 6

6
(
ln
(
l + eδ

))δ(
ln
(

1
c0|xk−yk|

+ eδ
))δ +

(
ln
(
l + eδ

))δ(
ln
(

1
|tk−sk|

+ eδ
))δ 6

6 2

(
ln
(
l + eδ

))δ(
ln
(

1
|h| + eδ

))δ .
Àíàëîãi÷íî

|sin(lγ(xk)) sin ltk − sin(lγ(ys)) sin lsk| 6 2

(
ln
(
l + eδ

))δ(
ln
(

1
|h| + eδ

))δ .
Îòæå,

sup
|xk−yk|6h
|tk−sk|6h

(xk,tk),(yk,sk)∈Vk

τφ (u (x, t)− u (x1, t1)) 6
C̃(

ln
(

1
|h| + eδ

))δ ,
äå

C̃ = 2
∞∑
l=1

[(
EA2

l

) 1
2 +

(EB2
l )

1
2

l

] (
ln
(
l + eδ

))δ
.

Îñêiëüêè, {u(x, t), (x, t) ∈ D} ç iìîâiðíiñòþ îäèíèöÿ ¹ ðîçâ'ÿçêîì çàäà÷i (1)�
(3), òî ðÿä C̃, çãiäíî òåîðåìè 3.9 ðîáîòè [10], ¹ çáiæíèì.

Îòæå, óìîâà 2) òåîðåìè 2 âèêîíó¹òüñÿ.
Ðîçãëÿíåìî

εk = sup
(xk,tk)∈Dk

τφ (u(xk, tk)) = sup
(xk,tk)∈Vk

(
E |u(xk, tk)|2

) 1
2 =

sup
(xk,tk)∈Vk

E

∣∣∣∣∣
∞∑
l=1

(
Al sin(lγ(xk)) cos ltk +

Bl

l
sin(lγ(xk)) cos ltk

)∣∣∣∣∣
2
 1

2

6

≤
∞∑
k=n

∞∑
l=n

[
|EAkAl|+

|EBkBl|
kl

+
|EAkBl|

l

] 1
2

.

Îñêiëüêè, {u(x, t), (x, t) ∈ D} ç iìîâiðíiñòþ îäèíèöÿ ¹ ðîçâ'ÿçêîì çàäà÷i (1)�
(3), òî îñòàííié ðÿä, çãiäíî òåîðåìè 3.9 ðîáîòè [10], ¹ çáiæíèì. Òîìó

εk 6 ε0 = const.

Îòæå, óìîâè 4) òåîðåìè 2 ìîæíà ïåðåïèñàòè ó âèãëÿäi

sup
k

1

ck
<∞, sup

k

ln
(
l
2
· bk+1−bk

2

) 1
q

ck
<∞.

Òîìó äàíà òåîðåìà âèïëèâà¹ ç òåîðåìè 2.
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Ïðèêëàä 2. Íåõàé b0 = 0, bk = ek, k ≥ 1, c(t) = B(ln t)
1
q
+ε, ε > 0, B = const.

Ïîêàæåìî, ùî ôóíêöiÿ c(t) = B(ln t)
1
q
+ε çàäîâîëüíÿ¹ óìîâàì òåîðåìè 3.

Ðîçãëÿíåìî ðÿä

∞∑
k=0

exp

{
−1

q

(
sck(1− θ)

2ε̃0

)q}
.

ck = min
t∈[bk,bk+1]

c(t) = min
t∈[ek,ek+1]

B(ln t)
1
q
+ε = B(ln ek)

1
q
+ε = B(k)

1
q
+ε.

Òîäi

exp

{
−1

q

(
sck(1− θ)

2ε̃0

)q}
= exp

{
−1

q

(
sBk

1
q
+ε(1− θ)

2ε̃0

)q}
=

= exp
{
−B̃k1+εq

}
,

äå B̃ = −1
q

(
sB(1−θ)

2ε̃0

)q
. Ðÿä

∞∑
k=0

exp
{
−B̃k1+εq

}
¹ çáiæíèì.

Ïåðåâiðèìî âèêîíàííÿ óìîâ 3) òåîðåìè 3.

sup
k

1

ck
= sup

k

1

B(k)
1
q
+ε

<∞,

sup
k

ln
(
l
2
· bk+1−bk

2

) 1
q

ck
= sup

k

ln
(
l
2
· ek+1−ek

2

) 1
q

B(k)
1
q
+ε

=

=
1

qB
sup
k

[
ln l

2

(k)
1
q
+ε

+
ln ek(e−1)

2

(k)
1
q
+ε

]
=

=
1

qB
sup
k

[
ln l

2

(k)
1
q
+ε

+
1

k
1
q
+ε−1

+
ln (e−1)

2

(k)
1
q
+ε

]
<∞.

Îòæå, ôóíêöiÿ c(t) = B(ln t)
1
q
+ε, ε > 0, B = const çàäîâîëüíÿ¹ óìîâàì òåîðå-

ìè 3.
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