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ÐIÂÍßÍÍß IÇ ÇÎÂÍIØÍIÌÈ ÂÈÏÀÄÊÎÂÈÌÈ ÇÁÓÐÅÍÍßÌÈ

It is obtained sufficient conditions for the existence of a strong solution (almost surely) of the
stochastic diffusion equation with finite aftereffect under external random processes of arbitrary
nature, and found sufficient conditions for the existence of even points of such equations.

Ó ðîáîòi îäåðæàíî äîñòàòíi óìîâè iñíóâàííÿ ìàéæå íàïåâíî ñèëüíîãî ðîçâ'ÿçêó äèôóçiéíîãî
ñòîõàñòè÷íîãî ðiâíÿííÿ çi ñêií÷åííîþ ïiñëÿäi¹þ ïiä äi¹þ çîâíiøíiõ âèïàäêîâèõ ïðîöåñiâ äî-
âiëüíî¨ ïðèðîäè, à òàêîæ çíàéäåíi äîñòàòíi óìîâè iñíóâàííÿ ïàðíèõ ìîìåíòiâ òàêèõ ðiâíÿíü.

1. Âñòóï. Ïðè ðîçãëÿäi äèôåðåíöiàëüíèõ ðiâíÿíü ç âèïàäêîâèìè ôóíêöiÿìè
ñëiä ðîçãëÿäàòè äâà âèïàäêè. Ó ïåðøîìó âèïàäêó âèïàäêîâi ôóíêöi¨, ùî âõî-
äÿòü ó äèôåðåíöiàëüíå ðiâíÿííÿ ìîæíà ðîçâ'ÿçóâàòè çà äîïîìîãîþ êëàñè÷íèõ
ìåòîäiâ òåîði¨ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Ó äðóãîìó âèïàäêó äîâî-
äèòüñÿ ðîçãëÿäàòè äèôåðåíöiàëüíi ðiâíÿííÿ, ùî ìiñòÿòü óçàãàëüíåíi âèïàäêîâi
ïðîöåñè òèïó ¾áiëîãî øóìó¿. Òàêi ðiâíÿííÿ ìîæíà îòðèìàòè â ðåçóëüòàòi ãðà-
íè÷íîãî ïåðåõîäó âiä ðiâíÿíü, ÿêi îïèñóþòü ñèñòåìè, íà ÿêi äiþòü øâèäêîçìiííi
âïëèâè (íàïðèêëàä, õàîòè÷íèé òåïëîâèé ðóõ ìîëåêóë, ùî äiþòü íà ÷àñòèíêó,
áðîóíiâñüêèé ðóõ òîùî). Äî òàêèõ ðiâíÿíü êëàñè÷íi ìåòîäè çàñòîñîâóâàòè íå-
ìîæëèâî, òîìó äëÿ íèõ ðîçðîáëåíî ñïåöiàëüíó òåîðiþ ñòîõàñòè÷íèõ äèôåðåí-
öiàëüíèõ ðiâíÿíü.

Òåðìií ¾ñòîõàñòè÷íå äèôåðåíöiàëüíå ðiâíÿííÿ¿ áóâ çàïî÷àòêîâàíèé
Ñ. Í. Áåðíøòåéíîì. É. I. Ãiõìàí [1] âïåðøå îáãðóíòóâàâ ãðàíè÷íèé ïåðåõiä. Ó
ñâî¨õ ðîáîòàõ âií äà¹ çàãàëüíå ïîíÿòòÿ ñòîõàñòè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿ-
ííÿ òà îáãðóíòîâó¹ ðiâíÿííÿ À.Ì. Êîëìîãîðîâà äëÿ ïåðåõiäíèõ iìîâiðíîñòåé
ðîçâ'ÿçêiâ.

Ïiñëÿ ââåäåííÿ ïîíÿòòÿ ñòîõàñòè÷íîãî äèôåðåíöiàëà òà iíòåãðàëà, çàìiíè
çìiííèõ äëÿ ñòîõàñòè÷íîãî äèôåðåíöiàëà, âèçíà÷åííÿ ñèëüíîãî ðîçâ'ÿçêó ñòîõà-
ñòè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ó âiäîìèõ ìîíîãðàôiÿõ [1], [5], [6], [11] òà ¨õ
ïîäàëüøå ïîøèðåííÿ íà êëàñè ñòîõàñòè÷íèõ äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ
ðiâíÿíü [3], [7], [8], [13], [14] (äèâ. íàâåäåíó âåëèêó áiáëiîãðàôiþ â öèõ ðîáîòàõ)
ñòàëî ìîæëèâèì äîñëiäæåííÿ àñèìïòîòèêè ñèëüíîãî ðîçâ'ÿçêó äëÿ ìàòåìàòè-
÷íèõ ìîäåëåé ñêëàäíèõ ñèñòåì, ÿêi âèìàãàþòü âðàõîâóâàòè âèïàäêîâi ïàðàìå-
òðè (äèâ., íàïðèêëàä, ðîáîòè [4], [10], [12], [15] òà ií.).

Ó äàíié ðîáîòi ðîçãëÿäà¹òüñÿ êëàñ äèôóçiéíèõ ñòîõàñòè÷íèõ äèôåðåíöiàëü-
íî-ôóíêöiîíàëüíèõ ðiâíÿíü ç óðàõóâàííÿì çîâíiøíèõ âèïàäêîâèõ çáóðåíü iíøî¨
ïðèðîäè, âiäìiííî¨ âiä âiíåðiâñüêîãî ïðîöåñó, âèâ÷à¹òüñÿ ïèòàííÿ iñíóâàííÿ òà
¹äèíîñòi ñèëüíîãî ðîçâ'ÿçêó äëÿ öüîãî êëàñó ðiâíÿíü.

2. Ïîñòàíîâêà çàäà÷i.Íåõàé íà éìîâiðíiñíîìó áàçèñi (Ω, F, {Ft, t ≥ 0} , P)
çàäàíî ñòîõàñòè÷íå äèôåðåíöiàëüíî-ôóíêöiîíàëüíå ðiâíÿííÿ Iòî (äèôóçiéíå)
ïiä äi¹þ çîâíiøíiõ âèïàäêîâèõ çáóðåíü (ÑÄÔÐçÇÇ)

dx (t) = f1 (t, ω) a (t, xt) dt+ f2 (t, ω) b (t, xt) dw(t, ω) (1)
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xt|t=0 ≡ x (t+ θ) |t=0 = φ(θ) ∈ R1;−τ ≤ θ ≤ 0, (2)

äå fj (t, ω) , j = 1, 2 � îäíîâèìiðíi âèïàäêîâi ïðîöåñè iç çàäàíèì çàêîíîì ðîç-
ïîäiëó

Fjt (fj (t, ω]) ≡ P {ω : fj (t, ω) < x} , ∀x ∈ R1. (3)

Êîåôiöi¹íò çíîñó a : [0, T ] × D −→ R1, äå D ≡ D([τ, 0]) � ïðîñòið ôóíêöié,
ÿêi íå ìàþòü ðîçðèâiâ äðóãîãî ðîäó.

Êîåôiöi¹íò äèôóçi¨ b : [0;T ] × D −→ R1 × R1, a, b � âèìiðíi çà ñóêóïíiñòþ
çìiííèõ; xt ≡ {x (t+ θ)} , θ ∈ [−τ, 0] ,−∞ ≤ −τ ≤ 0.

Îçíà÷åííÿ 1. Âèïàäêîâèé ïðîöåñ x (t) ≡ x (t, ω) ∈ D íàçâåìî ñèëüíèì
ðîçâ'ÿçêîì ÑÄÔÐçÇÇ (1), (2), ÿêùî x (t) ¹ Ft-âèìiðíèì âèïàäêîâèì ïðîöåñîì
∀ t ∈ [0, T ] i çàäîâîëüíÿ¹ ñòîõàñòè÷íå iíòåãðàëüíå ðiâíÿííÿ

x (t) = φ (0) +

∫ t

0

f1 (s) a (s, xs)ds+

∫ t

0

f2 (s) b (s, xs)dw (s) (4)

çà ïî÷àòêîâîþ óìîâîþ (2), äå fj (s) ≡ fj(s, ω).
Ó ïðîñòîði D äëÿ φϵD âèçíà÷èìî íîðìó ∥φ (φ)∥ = supθϵ[−r,0] |φ(θ)| .
Çàóâàæèìî, ùî ó ðiâíîìiðíié íîðìi ïðîñòið Ñêîðîõîäà D [1] ¹ íåïîâíèì

ïðîñòîðîì. Òîìó âñi ðåçóëüòàòè áóäóòü ìàòè ìiñöå â ðîçøèðåíîìó ïðîñòîði D
ÿêèé íàäàëi áóäåìî ïîçíà÷àòè D.

3. Ïðî ¹äèíiñòü ñèëüíîãî ðîçâ'ÿçêó ÑÄÔÐçÇÇ. Äîâåäåìî ñïî÷àòêó
¹äèíiñòü ç òî÷íiñòþ äî ñòîõàñòè÷íî¨ åêâiâàëåíòíîñòi ðîçâ'ÿçêó çàäà÷i Êîøi (1),
(2).

Tåîðåìà 1. Íåõàé íà éìîâiðíiñíîìó áàçèñi (Ω, F, {Ft, t ≥ 0} , P) çàäàíî
ÑÄÔÐçÇÇ (1), (2), êîåôiöi¹íòè ÿêîãî çàäîâîëüíÿþòü óìîâè:

1) ôóíêöi¨ a(t, x), b(t, x) âèçíà÷åíi äëÿ t ∈ [0, T ], x ∈ (−∞,+∞) òà âèìiðíi
çà ñóêóïíiñòþ çìiííèõ;

2) iñíó¹ òàêà ñòàëà 0 < K < ∞, ùî ∀t ∈ [0, T ], x, y ∈ (−∞,+∞) ñïðàâ-
äæó¹òüñÿ óìîâà Ëiïøèöÿ òà óìîâà îáìåæåíîñòi

|a (t, x)− a (t, y)|+ |b (t, x)− b (t, y) | ≤ K1|x− y|, (5)

|a(t, x)|2 + |b (t, x) |2 ≤ K2(1 + |x|2); (6)

3) fj (t) ≡ f j (t, ω), j = 1, 2 � âèïàäêîâi ïðîöåñè çi ñâî¨ìè çàêîíàìè ðîçïî-
äiëó (3);

4) âèêîíóþòüñÿ E
{
f1

2 (t) ≤ K3

}
;E
{
f2

4 (t) ≤ K4

}
;E{·} � îïåðàöiÿ ìàòå-

ìàòè÷íîãî ñïîäiâàííÿ;

5) ïîïàðíî íåçàëåæíi âèïàäêîâi ïðîöåñè fj (t), j = 1, 2 íå çàëåæàòü âiä
âiíåðiâñüêîãî ïðîöåñó w(t) ≡ w (t, ω) ∈ Rn, ïðè öüîìó E {∥x0 (θ)∥} < K <
∞;

6) iíòåãðàëè ó (4) ¹ íåïåðåðâíi ïî t ìàéæå íàïåâíî.
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Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i Êîøi (1), (2) ç òî÷íiñòþ äî ñòîõàñòè÷íî¨
åêâiâàëåíòíîñòi.

Çàóâàæåííÿ 1. Iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó çàäà÷i Êîøi (1), (2) ç òî÷íiñòþ
äî ñòîõàñòè÷íî¨ åêâiâàëåíòíîñòi îçíà÷à¹ [2] íàñòóïíå: ÿêùî x1(t) ≡ x1(t, ω) òà
x2(t) ≡ x2(t, ω) � äâà ñèëüíèõ ðîçâ'ÿçêè çàäà÷i Êîøi (1), (2), òî

P
{
ω : sup

0≤t≤T
|x1 (t)− x2 (t)| = 0

}
= 1. (7)

Äîâåäåííÿ. ßêùî xi(t) ≡ xi (t, ω) ∈ R1 äâà ðîçâ'ÿçêè (1), (2), òî äëÿ i = 1, 2
ìàòèìåìî iíòåãðàëüíi ðiâíÿííÿ:

xi (t) = xi (0) +

∫ t

0

f1 (s) a (s, xs) ds+

∫ t

0

f2 (s) b (s, xs) dw (s) . (8)

Âiäíiìåìî âèðàç (8), äëÿ x1(t), âèðàç (8), äëÿ x2(t), ïiäíåñåìî äî êâàäðàòó
ëiâó òà ïðàâó ÷àñòèíó âèðàçó äëÿ x1(t)- x2(t), îá÷èñëèìî âiðíî ìàòåìàòè÷íå
ñïîäiâàííÿ E{|x1 (t)− x2(t)|2}, â ðåçóëüòàòi ìàòèìåìî:

E
{
|x1(t)− x2(t)|2

}
= E

[∫ t

0

f1(s, ω)(a (s, x1s)− a (s, x2s)) ds+

+

∫ t

0

f2 (s, ω) (b (s, x1s)− b (s, x2s) dw(s)

]2
. (9)

Óâåäåìî ïîçíà÷åííÿ ai (s) ≡ a (s, xis) , bi (s) ≡ bi (s, xis) , i = 1, 2. Î÷åâè-
äíà íåðiâíiñòü (a+ b)2 ≤ 2 (a2 + b2). Âëàñòèâiñòü ìàòåìàòè÷íîãî ñïîäiâàííÿ âiä
êâàäðàòó iíòåãðàëó Iòî, ÿê ôóíêöi¨ âåðõíüî¨ ìåæi [1], [2] äà¹ ðiâíiñòü

E

{(∫ t

0

l (s) dw (s)

)2
}

=

∫ t

0

E
{
l2(s)

}
ds,

äå l(s) ≡ l(s, ω).
Âðàõîâóþ÷è âèùå çãàäàíå çàóâàæåííÿ, ìàòèìåìî:

E
{
|x1 (t)− x2 (t)|2

}
≤ 2E

[∫ t

0

f1 (s, ω) (a1s − a2s) ds

]2
+

+2

∫ t

0

E [f2(s) (b1s − b2s)]
2 ds. (10)

Äëÿ äîäàíêó ïiä çíàêîì E{◦} âèðàçó (10) âèêîðèñòà¹ìî íåðiâíiñòü Êîøi-
Áóíÿêîâñüêîãî [7] (∫ t

0

ξη

)2

≤
∫ t

0

ξ2ds

∫ t

0

η2ds,

äå ξ ≡ ξ (ω) ∈ R1; η ≡ η (ω) ∈ R1. Äëÿ äðóãîãî äîäàíêó íåðiâíiñòü Ãåëüäåðà [7],

[3] E{f1 f2} ≤ (E{f p1 })
1
p (E{f q2})

1
q ïðè p = q = 2, òîáòî

Ef 2
2 (s) [b (s, x1s)− b(s, x2s)]

2 ≤
(
E
{
(f 2

2(s))
2
}) 1

2 (E{(b1 (s)− b2 (s))
4}) 1

2 =
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=
(
E
{
f 4
2 (s)

}) 1
2 · (E{(b1 (s)− b2(s))

4})
1
2 .

Â ðåçóëüòàòi îäåðæèìî íåðiâíiñòü

E{|x1 (t)− x2 (t)|2} ≤ 2E{
∫ t

0

f 2
1 (s) ds ·

∫ t

0

(a1 (s)− a2(s))
2ds+

+2

∫ t

0

(
E
{
f 4
2 (s)

}) 1
2
(
E
{
(b1 (s)− b2 (s))

4}) 1
2ds ≤

≤ 2T ·K3 ·K2
1

∫ t

0

E
{
|x1 (s)− x2 (s)|2

}
ds+2·K

1
2
4 ·K4

1 ·
∫ t

0

E
{
|x1 (s)− x2 (s) |2

}
ds ≤

≤ L

∫ t

0

E
{
|x1 (s)− x2 (s)|2

}
ds, (11)

äå L ≡ 2K2
1

(
TK3 +

√
K4 ·K2

1

)
. Ìà¹ ìiñöå [1] íàñòóïíå òâåðäæåííÿ

Ëåìà. Íåõàé φ(t) òà α(t) âèìiðíi îáìåæåíi ôóíêöi¨ òà ïðè äåÿêîìó L > 0
âèêîíó¹òüñÿ íåðiâíiñòü φ(t) ≤ α (t) + L

∫ t
0
φ(s)ds.

Òîäi

φ(t) ≤ α (t) + L

∫ t

0

φ (s) exp (−L (t− s))ds. (12)

Äîâåäåííÿ. Ïîçíà÷èìî ïðàâó ÷àñòèíó ó (12) ÷åðåç

ψ (t) ≡ α (t) + L

∫ t

0

φ (s) exp (−L (t− s)) ds. (13)

Çðîçóìiëî, ùî ψ (t) çàäîâîëüíÿ¹ çàäà÷ó Êîøi

ψ (t) = α (t) + L

∫ t

0

ψ (s) ds, ψ (0) = α(0). (14)

Ïîçíà÷àþ÷è △ (t) ≡ ψ (t)−α(t), ìîæåìî çàïèñàòè:

△(t) ≥ L

∫ T

0

△(s)ds ≥ L2

∫ t

o

∫ s

0

△ (u) du =

= L2

∫ t

0

(t− u)△(u)du ≥ L3

∫ t

0

(t− u)

∫ u

0

△ (s) dsdu =

= L3

∫ t

0

(t− s)2

2
△(s)ds ≥ · · · ≥ Ln

(n− 1)!

∫ t

0

(t− s)n−1△(s)ds.

Îñêiëüêè

lim
n→∞

Ln

(n− 1)!

∫ t

0

(t− s)n−1△ (s) ds = 0,

òîäi △(t) ≥ 0, òîáòî ψ (t)− α(t) ≥ 0. Îòæå, âèêîíó¹òüñÿ (12). Ëåìó 3 äîâåäåíî.
Ïðîäîâæèìî äîâåäåííÿ òåîðåìè. Âèêîðèñòà¹ìî íåðiâíiñòü (11), òîáòî

E{|x1 (t)− x2(t)|2} ≤ L

∫ t

0

E
{
|x1 (s)− x2(s)|2

}
ds,
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φ(t) ≡ E{|x1 (t)− x2(t)|2}. (15)

ßêùî âçÿòè α(t) ≡ 0 â ëåìi 1 ç L > 0, îäåðæèìî:

0 ≤ E{|x1 (t)− x2(t)|2} ≤ L

∫ t

0

exp (−L (t− s)) E {|x1 (t)− x2 (t) |} ds.

Îñòàííÿ íåðiâíiñòü ìà¹ ìiñöå ïðè

E
{
|x1 (t)− x2 (t)|2

}
= 0. (16)

Îñêiëüêè x1 (t)− x2 (t)¹ ìàðòèíãàëîì [4], òî ç (16) âèïëèâà¹ ∀t ∈ [0, T ]

P {ω : |x1 (t)− x2(t)|} = 1.

Îòæå, äëÿ äîâiëüíî¨ çëi÷åííî¨ ïiäìíîæèíè N âiäðiçêó [0, T ] âèêîíó¹òüñÿ ðiâ-
íiñòü

P
{
ω : sup

t∈N
|x1 (t)− x2 (t)| = 0

}
= 1.

ßêùî N âñþäè ùiëüíå íà [0, T ], òî ç íåïåðåðâíîñòi ìàéæå íàïåâíî x1(t) òà
x1 (t) âèïëèâà¹

P
{
ω : sup0≤t≤T |x1 (t)− x2 (t)| = 0

}
=P {ω : supt?N |x1 (t)− x2(t) | = 0} = 1,

ùî äîâîäèòü òåîðåìó 1.
Çàóâàæåííÿ 1. Íåïåðåðâíiñòü x1(t) òà x2(t) ìàéæå íàïåâíî, ÿê ñèëüíèõ

ðîçâ'ÿçêiâ çàäà÷i Êîøi (1), (2), íàâåäåìî íèæ÷å ó òåîðåìi 2.
4. Ïðî iñíóâàííÿ ñèëüíîãî ðîçâ'ÿçêó çàäà÷i Êîøi ç ïðîñòîðó Ñêî-

ðîõîäà. Íåõàé âèêîíóþòüñÿ óìîâè çàäà÷i (1), (2) (òåîðåìà 1).
Tåîðåìà 2. Íåõàé íà éìîâiðíiñíîìó áàçèñi (Ω, F, {Ft, t ≥ 0} , P) çàäàíà

çàäà÷à Êîøi (1), (2), äëÿ ÿêî¨ âèêîíóþòüñÿ óìîâè 1) � 6) òåîðåìè 1.
Òîäi:

À) ðîçâ'ÿçîê çàäà÷i (1), (2) x(t) ìàéæå íàïåâíî íåïåðåðâíèé äëÿ äîâiëüíîãî
t ∈ [0, T ] òà x (t) |t=0 = x (0) .

Â) supt∈[0,T ] E
{
|x(t)|2

}
<∞.

Äîâåäåííÿ. À) Ïîêëàäåìî x0 (t) = x(0), òîäi (n + 1)-å òà n-òå íàáëèæåííÿ
äëÿ ðîçâ'ÿçêó (4) çàäà÷i (1), (2) íàáóâàþòü âèãëÿäó

xn+1 (t) = x (0) +

∫ t

0

f1 (s) a (s, xn (s)) ds+

∫ t

0

f2 (s) b (s, xn (s)) dw (s) , (17)

xn (t) = x (0) +

∫ t

0

f1 (s) a (s, xn−1 (s)) ds+

∫ t

0

f2 (s) b (s, xn−1 (s)) dw (s) . (18)

Âiäíiìåìî âiä xn+1(t) çà ðiâíiñòþ (17) xn (t) çà ðiâíiñòþ (18), ïiäíåñåìî äî
êâàäðàòó òà, îá÷èñëþþ÷è ìàòåìàòè÷íå ñïîäiâàííÿ, îäåðæèìî

E
{
|xn+1 (t)− xn (t)|2

}
= E{

∫ t

0

f1(s)(a (s, xn (s))− a(s, xn−1(s))}ds+

+

∫ t

0

f2(s)[b (s, xn (s))− b (s, xn−1 (s)) dw (s)]2 ≤ L

∫ t

0

E
{
|xn (s)− xn−1(s)|2

}
ds,

(19)
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äå L = 2K2
1(TK3 +

√
K1 ·K2

1).
Iíòåðóþ÷è íåðiâíiñòü (19) n− 1 ðàçiâ, îäåðæèìî îöiíêó ç L âèãëÿäó

E{|xn+1 (t)− xn (t)|2 ≤ L

∫ t

0

(t− s)

(n− 1)!
E
{
|x1 (s)− x0 (s)|2

}
ds,

äå

E
{
|x1 (s)− x0 (s)|2

}
= E[

∫ t

0

f1(s)a(s, x(0))ds]
2 + E

∫ t

0

f 2
2 (s) b

2 (s, x (0)) ds.

Âðàõîâóþ÷è óìîâó (6) òåîðåìè 1, îäåðæèìî ç âèùå çàïèñàíî¨ ðiâíîñòi

E{|x1 (s)− x0 (s)|2} ≤ LTK2
2(1 + E{|x(0)|2}).

Òîìó iñíó¹ ñòàëà C òàêà, ùî

E
{
|xn+1 (t)− xn (t)|2

}
≤ C

(LT )n

n!
, (20)

äå C = LTK2
2(1 + E

{
|x(0)|2

}
).

Óâåäåìî ïðîñòið H2[0, T ], ÿê ïðîñòið âèïàäêîâèõ ôóíêöié f(t, ω), âèçíà÷åíèé
äëÿ ∀ t ∈ [0, T ] òà ïðè êîæíîìó t ∈ [0, T ] âèìiðíèõ âiäíîñíî Ft ç iìîâiðíiñíîãî
áàçèñó (Ω, F, {Ft, t ≥ 0} , P), äëÿ ÿêèõ

P
{
ω :

∫ T

0

f 2(t)dt < C1 <∞
}

= 1.

Ëåìà 4. Íåõàé f (t) ∈ H2 [0, T ] òà
∫ T
0
E
{
|f(t)|2

}
ds <∞.

Òîäi ìàéæå íàïåâíî ñåïàðàáåëüíèé ïðîöåñ I (t, ω) =
∫ t
0
f(s)dw(s)íåïåðåðâíèé

çà t ∈ [0, T ], à òàêîæ âèêîíóþòüñÿ íåðiâíîñòi [4]

P
{
ω : sup

0≤t≤T

∣∣∣∣∫ T

0

f (s) dw (s)

∣∣∣∣ > a

}
≤ 1

a2

∫ T

0

E
{
|f (t)|2dt

}
;

E

{
sup

0≤t≤T

∣∣∣∣∫ t

0

f (s) dw (s)

∣∣∣∣2
}

≤ 4

∫ T

0

E {|f (t)| dw}.

Ïðîäîâæèìî äîâåäåííÿ òåîðåìè 2. Çàóâàæèìî, ùî

supt∈[0,T ] |xn+1 (t)− xn (t)|
≤
∫ T

0

|a (s, xn (s))− a (s, xn−1 (s))| ds+

+ sup
t∈[0,T ]

|
∫ t

0

(b (s, xn (s))− b(s, xn−1(s)))dw(s)|.

Òîäi ñëiä âèêîðèñòàòè íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî, ëåìó 4, à òàêîæ óìîâó
Ëiïøèöÿ, â ðåçóëüòàòi îäåðæèìî íåðiâíiñòü

E

{
sup
t∈[0,T ]

|xn+1 (t)− xn (t)|2
}

≤ 2T

∫ t

0

K2
1E
{
|xn (s)− xn−1 (s)|2

}
ds+
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+8K2
1

∫ T

0

E
{
|xn (t)− xn−1(t)|2

}
ds ≤ C1L

n−1T n−1

(n− 1)!
,

äå C1 = K2
1 (2T + 8).

ßêùî çàóâàæèòè, ùî çáiãà¹òüñÿ ðÿä

∞∑
n=1

P{ω : sup
t∈[0,T ]

|xn−1 (t)− xn (t)| >
1

n2
} ≤

∞∑
n=1

C1L
n−1T n−1

(n− 1)!
n4,

òîäi ç öüîãî ôàêòó âèïëèâà¹ ìàéæå íàïåâíî ðiâíîìiðíà çáiæíiñòü ðÿäó

x0 +
∞∑
n=0

[xn+1 (t)− xn (t)] .

Ñóìà öüîãî ðÿäó ¹ ìàéæå íàïåâíî ðiâíîìiðíîþ ãðàíèöåþ xn(t), à öå îçíà÷à¹,
ùî xn (t) çáiãà¹òüñÿ äî äåÿêîãî ïðîöåñó x (t) ç iìîâiðíiñòþ 1.

ßêùî ïåðåéòè äî ãðàíèöi ó ðiâíîñòi (18) ïðè n → ∞, òî ìîæíà ñòâåðäæó-
âàòè, ùî x (t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1), ïðè öüîìó x (t) ¹ âèìiðíèé âiäíîñíî
σ-àëãåáðè Ft0 , Ft ¹ ìiíiìàëüíîþ σ-àëãåáðîþ, âiäíîñíî ÿêî¨ âèìiðíi x (0), w (s),
f (t), j = 1, 2, ïðè s ≤ t. Âiäíîñíî öi¹¨ σ-àëãåáðè âèìiðíi âñi xn (t), fj (t), j = 1, 2,
à, îòæå, âèìiðíà ãðàíèöÿ limn→∞ xn (t) = x (t) .

Íàëåæíiñòü x (t) ïðîñòîðó D âèïëèâà¹ ç òîãî, ùî x (t) ìàéæå íàïåâíî ¹ ãðà-
íèöåþ ïðîöåñiâ ç D . Äîâåäåííÿ òâåðäæåííÿ À çàâåðøåíî.

Â) Î÷åâèäíà íåðiâíiñòü

E
{
x2n (t)

}
≤ 3E

{
x2 (0)

}
+ E

{[∫ t

0

f1 (s) a (s, xn−1 (s)) ds

]2}
+

+E
{
[f2 (t) b (s, xn−1 (s)) dw (s)]2

}
≤ 3E

{
x2 (0)

}
+ 3L

∫ t

0

E
{
x2n−1 (s)

}
ds. (21)

Çàñòîñîâóþ÷è îöiíêó (21), îäåðæèìî

E
{
x2n (t)

}
≤ 3E

{
x2 (0)

}
+ 3E{x2 (0) 3LT + (3L)2

∫ t

0

(t− s)E
{
x2n−2(s)

}
ds ≤

≤ 3E
{
x2 (0)

}
+ 3L+ 3E

{
x2 (t)

}
+ 3E

{
x2 (0)

} (3Lt)2

2
+ · · · ≤ 3E

{
x2 (0)

}
e3Lt.

ßêùî ïåðåéòè äî ãðàíèöi ïðè n → ∞, à ïîòiì îá÷èñëèòè sup ïî t ∈ [0, T ] ,
òîäi ïåðåêîíà¹ìîñÿ â ñïðàâåäëèâîñòi íåðiâíîñòi

sup
t∈[0,T ]

E{x2(t)} ≤ 3E{x2(0)}e3LT .

Òåîðåìà 2 ïîâíiñòþ äîâåäåíà.
5. Ïðî iñíóâàííÿ ïàðíîãî ìîìåíòó ðîçâ'ÿçêó çàäà÷i.Äâà âèùå äîâåäå-

íèõ òâåðäæåííÿ äàþòü äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi ñèëüíîãî ðîçâ'ÿçêó
ÑÄÔÐçÇÇ (1), (2) çà çàäàíèìè ïî÷àòêîâèìè óìîâàìè.

Òåîðåìà 3. Íåõàé íà éìîâiðíiñíîìó áàçèñi (Ω, F, {Ft, t ≥ 0} , P) çàäàíà
çàäà÷à (1), (2), äëÿ ÿêî¨ âèêîíóþòüñÿ óìîâè:
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1) êîåôiöi¹íòè (1) âèçíà÷åíi òà âèìiðíi ∀t ∈ [0, T ] ,∀x ∈ (−∞,∞);

2) äëÿ äåÿêîãî K1 > 0 âèêîíàíà íåðiâíiñòü |a(t, xt)|2 + |b(t, xt)|2 ≤ K1(1 +
∥xt∥);

3) âèïàäêîâi ïðîöåñè fj (t) , j = 1, 2 âèçíà÷åíi òà íåïåðåðâíi âiäíîñíî ∀t ∈
[0, T ];

4) iñíóþòü E {f 4
2 (t)} < K3 <∞; E {f 2

1 (t)} < K2 <∞;

5) äëÿ äîâiëüíîãî N > 0 iñíó¹ ñòàëà LN > 0, ùî äëÿ ∥xt∥ ≤ N ; ∥yt∥ ≤ N
âèêîíó¹òüñÿ íåðiâíiñòü Ëiïøèöÿ |a (t, xt)− a (t, yt)|+ ∥b (t, xt)− b(t, yt)∥
≤ LN ∥xt−yt∥ .

6) E
{
x (0)2m

}
<∞, m > 0, m ∈ Z.

Òîäi çíàéäåòüñÿ ñòàëà C, ÿêà çàëåæèòü ëèøå âiä m, Kj, j = 1, 3 òà
T > 0, äëÿ ÿêî¨ ñïðàâåäëèâà íåðiâíiñòü

E
{
|x (t)|2m

}
≤ E

{[
1 + (x (0))2m

]
eCt
}
. (22)

Äîâåäåííÿ. Ïîêëàäåìî xN (0) = x(0) äëÿ ∥x0(0)∥ ≤ N ; xN (0) = Nsign x (0)
äëÿ ∥x(0)∥ > N ; an (t, xt) = a (t, xt) äëÿ ∥xt∥ ≤ N ; aN (t, xt) = a (t, Nsign xt)
ïðè ∥xt∥ > N, bN (t, xt) = b(t, xt) äëÿ ∥xt∥ ≤ N ; bN (t, xt ) = b (t, Nsign xt) äëÿ
∥xt∥ > N ; |fj (t, w)| ≤ N.

Ïîçíà÷èìî xN(t) ÷åðåç ðîçâ'ÿçîê ðiâíÿííÿ

dxN (t) = xN (0) + aN (t, xtN) dt+ bn(t, xtN)dN(t) (23)

çà ïî÷àòêîâîþ óìîâîþ xNt|t=0 = φ (θ) , −2 ≤ θ ≤ 2.
Äëÿ çàäà÷i Êîøi ðiâíÿííÿ (23) âèêîíóþòüñÿ óìîâè òåîðåì 1, 2, òîìó iñíó¹

¹äèíèé ðîçâ'ÿçîê ìàéæå íàïåâíî ðiâíÿííÿ (23) çà óìîâàìè À), Â) òåîðåìè 2.
Çà ôîðìóëîþ Iòî [2], [13] ìà¹ìî äëÿ öiëîãî m > 0:

|xN (t)|2m = |xN (0)|2m +

∫ t

0

[f1 (s) 2m(xN (s))2m−1aN (s, xsN)+

+m (2m− 1) (xN (s))2m−2b2N (s, xsN)]ds+

∫ t

0

2m(xN (s))2m−1bN (s, xsN) dw (s).

(24)
Çàóâàæèìî, ùî ñïðàâäæó¹òüñÿ (23), äëÿ ÿêîãî E{[xN(0)]2m} < ∞, äå aN(t, xt),
bN (t, xt) îáìåæåíi, òîäi E

{
[xN(t)]

2m} <∞.
Îá÷èñëèìî ìàòåìàòè÷íå ñïîäiâàííÿ âiä (24), â ðåçóëüòàòi îäåðæèìî

E
{
[xN (t)]2m

}
= E{[xN (0)]2m}+

+

∫ t

0

E{[2mf1 (t) aN (s, xsN) x
2m−1
N (s) +m(2m− 1)f2(t)b

2
N(s, xtN(s))]}·

·x2m−1
sN ds ≤ E{[x (0)]2m + (2m+ 1)mK2

∫ t

0

E{(1 + x2n(s)[xN (s)]2m−2ds}.
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Âðàõóâàâøè íåðiâíiñòü [xN(s)]
2m−2 ≤ 1 + [xN(s)]

2m−1, ìàòèìåìî íåðiâíiñòü

E{[xN (t)]2m} ≤ E{[x (0)]2m}+ (2m+ 1)mK2

∫ t

0

{
1 + 2E{[xN(s)]2m}

}
ds.

Ç ëåìè 4 òà îñòàííüî¨ íåðiâíîñòi âèïëèâà¹ íåðiâíiñòü

E[xN(t)]2m ≤ E[x (0)]2m +m (2m+ 1)K2t+ 2m+

+K2

∫ t

0

e2m(2m+1)K2(t−s) [E(x (0))2m + sm (2m+ 1)K2
]
ds . (25)

ßêùî âèáðàòè c = 2m(m+1)K2, òîäi íåðiâíiñòü (22) âèïëèâà¹ ç (25). Òåîðåìó
3 äîâåäåíî.

Òåîðåìà 4. Íåõàé f (t) ∈ H2[0, T ] òà ïðè m ∈ N∫ t

0

E
{
f 2m (t)

}
dt <∞.

Òîäi

E[
∫ T

0

f(t, ω)dw(t, ω)]

2m

≤ [m(2m− 1)]m−1Tm−1

∫ T

0

E
{
f 2m(t)

}
dt. (26)

Äîâåäåííÿ. ßêùî çàñòîñóâàòè ôîðìóëó Iòî [2] äî ôóíêöi¨ φ (x) = x2m (m �
öiëå íåâiä'¹ìíå ÷èñëî ) òà ξ (t, ω) ≡ ξ (t) ìà¹ ñòîõàñòè÷íèé äèôåðåíöiàë dξ (t) =
ξ (0) + f (t) dw (t), òîäi[∫ t

0

f(s)dw(s)

]2m
= 2m

∫ t

0

(∫ s

0

f (z) dw (z)

)2m−1

f (s) dw (s) +
2m(2m− 1)

2
·

·
∫ t

0

[∫ s

0

f (z) dw (z)

]2m−2

f 2 (s) ds.

Íåõàé f (s) = fn(s) � îáìåæåíà ñòàëîþ òà ¹ ïðîñòîþ ôóíêöi¹þ. Òîäi ëåãêî
áà÷èòè, ùî

∫ T
0
E
(∫ s

0
fn (z) dw (z)

)
f 2
n (s) ds <∞.

Çíà÷èòü,

E[
∫ t

0

fn(s)dw(s)]
2m

=
2m(2m− 1)

2

∫ t

0

E
[∫ s

0

fn (z) dw (z)

]2m−1

f 2
n (s) ds. (27)

Çàñòîñóâàâøè äî (27) íåðiâíiñòü Ãåëüäåðà, ìàòèìåìî

E[
∫ T

0

fn(s)dw(s)]

2m

≤ 2m (m− 1)

2

{∫ T

0

E
[∫ t

0

fn (z) dw (z)

]2m
dt

} 2m−1
2

·
{∫ T

0

Ef 2m
n (s) ds

} 2
2m

;

Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �1 (30)



152 Â. Ê. ßÑÈÍÑÜÊÈÉ, I. Â. ÞÐ×ÅÍÊÎ, Ó. Ì. ÊÈÑIËÞÊ

E[
∫ T

0

fn(t)dw(t)]

2m

≤

≤ 2m (m− 1)

2

{∫ T

0

E
[∫ T

0

fn (s) dw (s)

]2m
dt

} 1
m

·
{∫ T

0

Ef 2m
n (t) dt

} 1
m

. (28)

Äàëi ïiäíåñåìî äî ñòåïåíÿ m íåðiâíiñòü (28) òà, ñêîðî÷óþ÷è äâi ÷àñòèíè

îäåðæàíî¨ íåðiâíîñòi íà{E[
∫ T
0
fn(s)dw(s)]

2m
}
m

, îäåðæèìî íåðiâíiñòü

E[
∫ T

0

fn(t, ω)dw(t, ω)]

2m

≤ [m(2m− 1)]m−1

∫ T

0

E
{
f 2m
n (t, ω)

}
dt.

Çàëèøèòüñÿ ïåðåéòè äî ãðàíèöi ïðè n → ∞ â îñòàííié íåðiâíîñòi, ùî äà¹
íåðiâíiñòü (26) òåîðåìè 4. Äîâåäåííÿ çàâåðøåíî.

Òåîðåìà 5. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 3. Òîäi iñíó¹ ñòàëà K ≡
K (m, K1, K2,K3,T ), äëÿ ÿêî¨ E[x (t)− x(0)]2m ≤ K

[
E[x (0)]2m

]
ecttm.

Äîâåäåííÿ. Ç iíòåãðàëüíî¨ íåðiâíîñòi ìàòèìåìî

E[x (t)− x (0)]2m =

= E
[∫ t

0

f1 (s, ω) a (s, x (s)) ds+

∫ t

0

f2 (s, ω) b (s, x (s)) dw (s)

]2m
≤

≤ 22m−1

{
E
[∫ t

0

f1 (s, ω) a (s, x (s)) ds

]2m
+ E

[∫ t

0

f2(s, ω)b(s, x(s))dw(s)

]2m}
.

Âèêîðèñòà¹ìî íåðiâíiñòü Ãåëüäåðà òà òåîðåìó 4. Â ðåçóëüòàòi ìàòèìåìî

E[x (t)− x(0)]2m ≤ 22m−1

[
t2m−1

∫ t

0

E [f1 (s, ω) a (s, x (s))]

]2m
ds+

+tm−1[m(2m− 1)]mE
∫ t

0

f 2m
2 (s, ω) b2m(s, x(s))ds

Çíà÷èòü, iñíó¹ ñòàëà K, ùî

E[x (t)− x(0)]2m ≤ Ktm−1

∫ t

0

E(1 + x2(s))
m
ds ≤

≤ Ktm−1

∫ t

0

[
2m−1 + 2m−1Ex2m (s)

]
ds ≤ 2m−1Ktm−1×

×
∫ t

0

[
1 +

(
1 + E[x (0)]2m

)
ecs
]
ds = 2mKtm + 2m−1tmKE[x (0)]2m

ect + 1

ct
≤

≤ 2mKtm
[
1 + E[x (0)]2m

]
ect.

Â îñòàííié íåðiâíîñòi çàñòîñóâàëè î÷åâèäíå ñïiââiäíîøåííÿ ex−1
x

≤ ex äëÿ
x > 0. Òåîðåìà 5 äîâåäåíà.

Âèñíîâêè. Ó ðîáîòi îäåðæàíî äîñòàòíi óìîâè iñíóâàííÿ ìàéæå íàïåâíî
ñèëüíîãî ðîçâ'ÿçêó äèôóçiéíîãî ñòîõàñòè÷íîãî ðiâíÿííÿ çi ñêií÷åííîþ ïiñëÿäi-
¹þ ïiä äi¹þ çîâíiøíiõ âèïàäêîâèõ ïðîöåñiâ äîâiëüíî¨ ïðèðîäè, à òàêîæ çíàéäåíi
äîñòàòíi óìîâè iñíóâàííÿ ïàðíèõ ìîìåíòiâ òàêèõ ðiâíÿíü.
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