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ÏÐÎ ÑÒÐÈÁÊÈ ×ÅÐÅÇ ÍÅÑÊIÍ×ÅÍÎ ÂIÄÄÀËÅÍÈÉ ÐIÂÅÍÜ
ÄËß ÎÄÍÎÃÎ ÊËÀÑÓ ÃÐÀÒ×ÀÑÒÈÕ ÏÐÎÖÅÑIÂ

Unexplored in [3]- [4] questions on overshoot functionals throungh the level x → ∞ for oscillating
lattice random walks and processes are investigated for lower semi continuous integervalued Poisson
process ξ(t) with Eξ(1) = 0.

Íåâèâ÷åíi â [3]- [4] ïèòàííÿ ïðî ôóíêöiîíàëè ïåðåòèíó ðiâíÿ x → ∞ äëÿ îñöèëþþ÷èõ ãðà-
ò÷àñòèõ âèïàäêîâèõ áëóêàíü òà ïðîöåñiâ äîñëiäæóþòüñÿ â äàíié ñòàòòi äëÿ ìàéæå íàïiâíåïå-
ðåðâíèõ çíèçó öiëîçíà÷íèõ ïóàññîíiâñüêèõ ïðîöåñiâ ξ(t) ç Eξ(1) = 0.

Ðîçïîäië ñòðèáêîâèõ ôóíêöiîíàëiâ äiéñíîçíà÷íèõ ïðîöåñiâ Ëåâi âèâ÷àâñÿ áàãà-
òüìà àâòîðàìè çîêðåìà â ìîíîãðàôiÿõ [1]- [4] òà â ñòàòòi [5], äå íàâîäèòüñÿ ñïè-
ñîê ðîáiò ç äîñëiäæåííÿ ðiçíèõ ãðàíè÷íèõ ôóíêöiîíàëiâ. Â öèõ ðîáîòàõ iíêîëè
çàìiñòü ñòðèáêîâèõ ôóíêöiîíàëiâ ðîçãëÿäàþòüñÿ çíà÷åííÿ ïðîöåñiâ äî âèõîäó i
ïiñëÿ âèõîäó çà ðiâåíü. Â [3] îñíîâíà óâàãà ïðèäiëÿëàñÿ ðîçïîäiëó ïåðåñòðèáêî-
âèõ ôóíêöiîíàëiâ ÷åðåç ôiêñîâàíèé ðiâåíü, êîëè ñåðåäí¹ çíà÷åííÿ ïðîöåñó âiä'-
¹ìíå, ïîñêiëüêè â öüîìó âèïàäêó âêàçàíi ðîçïîäiëè ìàþòü òåîðåòèêî-ðèçèêîâó
iíòåðïðèòàöiþ äëÿ ìàéæå íàïiâíåïåðåðâíèõ çíèçó äiéñíîçíà÷íèõ ïðîöåñiâ (äèâ.
[3], [4]). Òîìó â [3] â ð.7 äëÿ öiëîçíà÷íèõ ïðîöåñiâ íå ðîçãëÿäàëèñÿ ðîçïîäiëè
ïåðåñòðèáêîâèõ ôóíêöiîíàëiâ ÷åðåç ðiâåíü x → ∞ êîëè m = Eξ(1) = 0. Â [4]
çîâñiì íå âêëþ÷åíî ðîçäië öiëîçíà÷íèõ ïðîöåñiâ.

Ùîá óñóíóòè öþ ïðîãàëèíó, ìè äåòàëüíiøå ðîçãëÿíåìî ðîçïîäiëè ïåðåñòðèá-
êîâèõ ôóíêöiîíàëiâ ÷åðåç ðiâåíü x = 0 òà x→ ∞ äëÿ ìàéæå íàïiâíåïåðåðâíèõ
çíèçó öiëîçíà÷íèõ ïðîöåñiâ ξ(t) (ξ(0) = 0) ç m = 0.

Íåõàé ξ(t) (ξ(0) = 0) � ìàéæå íàïiâíåïåðåðâíèé çíèçó öiëîçíà÷íèé ïðîöåñ
Ïóàñîíà ç êóìóëÿíòîþ

k(z) = lnEzξ(1) = λ1(p1(z)− 1) + λ2
1− z

z − b
(0 < b < 1, λ1, λ2 > 0), |m| <∞. (1)

ßêùî b = 0, òîäi ξ(t) � íàïiâíåïåðåðâíèé çíèçó ïðîöåñ. Ââåäåìî ïîçíà÷åííÿ
ãðàíè÷íèõ ôóíêöiîíàëiâ ïðîöåñó
τ+(x) = inf{t > 0 : ξ(t) > x} � ìîìåíò 1-ãî äîñÿãíåííÿ ðiâíÿ x ≥ 0,
γ1(x) = γ+(x) = ξ(τ+(x))− x � ïåðøèé ïåðåñòðèáîê ÷åðåç x,
γ2(x) = γ+(x) = x− ξ(τ+(x)− 0) � ïåðøèé íåäîñòðèáîê ξ(t),
γ3(x) = γ+x = γ1(x) + γ2(x) � ïåðøèé ñòðèáîê, ùî íàêðèâà¹ ðiâåíü x,
ξ±(t) = sup

0≤u≤t
(inf) ξ(u), ξ± = sup

0≤t<∞
(inf) ξ(t) � åêñòðåìóìè ïðîöåñó ξ(t).

Ïîçíà÷èìî ÷åðåç θs âèïàäêîâó âåëè÷èíó ç ïîêàçíèêîâèì ðîçïîäiëîì:
P{θs > t} = e−st, s > 0, t ≥ 0 i âiäïîâiäíî ãåíåðàòðèñè öèõ ôóíêöiîíàëiâ

g(s, z) = Ezξ(θs) (|z| = 1), g±(s, z) = Ezξ
±(θs) (|z|±1 ≤ 1);

V (s, x, u1, u2, u3) = E[e−sτ
+(x)u

γ1(x)
1 u

γ2(x)
2 u

γ3(x)
3 , τ+(x) <∞];
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Vk(s, x, uk) = E[e−sτ
+(x)u

γk(x)
k , τ+(x) <∞], k = 1, 3.

Â ïîçíà÷åííÿõ V (...) òà Vk(...) ó âèïàäêó m ≥ 0 P{τ+(x) <∞} = 1.
Ñïiëüíà ãåíåðàòðèñà âñiõ ïåðåñòðèáêîâèõ ôóíêöiîíàëiâ âèçíà÷à¹òüñÿ, ïðè

äîâiëüíîìó çíàêó m, çãiäíî ç òåîðåìîþ 7.7. â [3] òàêèì ÷èíîì

sV (s, x, u1, u2, u3) =
x∑
y=0

G(s, x− y, u1, u2, u3)p
+
y (s), x ≥ 0, (2)

p±
±y(s) = P{ξ±(θs) = ±y}, y ≥ 0;

G(s, x, u1, u2, u3) =
∑
y≥0

Ax+y(u1, u2, u3)p
−
−y(s), x ≥ 0;

Ax(u1, u2, u3) = λ1
∑
k≥x+1

pku
k−x
1 ux2u

k
3, x ≥ 0.

Ìè îáìåæèìîñü ðîçãëÿäîì ãåíåðàòðèñ ìàðãiíàëüíèõ ðîçïîäiëiâ

sVk(s, x, uk) =
x∑
y=0

Gk(s, x− y, uk)p
+
y (s), x ≥ 0, k = 1, 3; (3)

Gk(s, x, uk) =
∑
y≥0

A
(k)
x+y(uk)p

−
−y(s), x ≥ 0.

Äëÿ ôóíêöié A(k)
x (uk), ùî âèçíà÷àþòü ïðàâi ÷àñòèíè ðiâíÿíü äëÿ ðîçïîäiëó

âiäïîâiäíèõ ôóíêöiîíàëiâ âèêîðèñòîâóþòüñÿ ¨õ òâiðíi ïåðåòâîðåííÿ

ak(β, uk) =
∑
x≥0

βxA(k)
x (uk)

ÿêi îñòàòî÷íî âèðàæàþòüñÿ ÷åðåç ãåíåðàòðèñó p̃1(u) =
∞∑
k=1

ukpk òà Π̃(u) =
∞∑
x≥0

uxΠ(x).

A(1)
x (u1) = λ1

∑
k≥x+1

uk−x1 pk, A
(1)
0 (u1) = λ1p̃1(u1), A

(1)
0 (1) = λ1, A

(1)
x (1) = Π(x);

a1(β, u1) = λ1
∑
k≥1

uk1pk

k−1∑
y=0

(
β

u
)y =

λ1u1
u1 − β

(p̃1(u1)− p̃1(β));

A(2)
x (u2) = λ1

∑
k≥x+1

ux2pk = ux2Π(x), A
(2)
0 (u2) = Π(0) = λ1, A

(2)
x (1) = Π(x);

a2(β, u2) = λ1
∑
k≥0

(βu2)
xΠ(x) = Π̃(βu2);

A(3)
x (u3) = λ1

∑
k≥x+1

uk3pk, A
(3)
0 (u3) = λ1p̃1(u3), A

(3)
x (1) = Π(x);

a3(β, u3) = λ1(1− β)−1(p̃1(u3)− p̃1(βu3)), a3(1, u3) = λ1u3p̃
′
1(u3).
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Çãiäíî ç (3) òâiðíi ïåðåòâîðåííÿ

vk(s, β, uk) =
∑
x≥0

βxVk(s, x, uk) = s−1g+(s, β)p−(s)gk(s, β, uk)

âèðàæàþòüñÿ äîáóòêîì ãåíåðàòðèñ gk(s, β, uk) òà g+(s, β), ïðè öüîìó gk(s, β, uk)
îá÷èñëþþòüñÿ çà äîïîìîãîþ ak(β, uk).

Äëÿ äîñëiäæåííÿ ðîçïîäiëó ïåðåñòðèáêiâ ÷åðåç ðiâåíü x = 0 òà x→ ∞ âèêî-
ðèñòà¹ìî ëåìó, ùî âèïëèâà¹ ç ðåçóëüòàòiâ ð.7 â [3], ïðî àñèìïòîòè÷íó ïîâåäiíêó
êîðåíiâ êóìóëÿíòíîãî ðiâíÿííÿ Ëóíäáåðãà ïðè s→ 0

k(z) = s, s ≥ 0. (Ls)

Ëåìà 1. Äëÿ ξ(t) ç êóìóëÿíòîþ (1) ç |m| <∞ ðiâíÿííÿ (Ls) ïðè s→ 0 ìà¹
2 äiéñíi êîðåíi 0 < z1(s) < 1 < z2(s). Ëiâèé êîðiíü z1(s) âèçíà÷à¹ ãåíåðàòðèñó
ξ−(θs)

g−(s, z) =
p−(s)(z − b)

z − z1(s)
, p−(s) = P{ξ−(θs) = 0} =

1− z1(s)

1− b
.

à)ßêùîm = 0, òîäi ïðè s→ 0 äîáóòîê äîïîâíåíü êîðåíiâ z1(s) = 1−z1(s), z2(s) =
z2(s)− 1

z1(s)z2(s) = O(s), p−(s)p+(s) ≈ k1s, k1 = (λ1b+ λ2)
−1. (4)

á)ßêùî m > 0, òîäi z2(0) = 1, à z1(0) < 1 âèçíà÷à¹ ãåíåðàòðèñó ξ−

E zξ
−
=
p−(z − b)

z − z1(0)
, z1(0) = q− + bp−, (p− = P{ξ− = 0}). (5)

â) ßêùî m < 0, òîäi z2(0) > 1, à z1(0) = 1, ïðè öüîìó ( äèâ. (7.91) â [3])

z1(s) ≈ 1 +
s

|m|
, p−(s) ≈

s

|m|(1− b)
, s→ 0. (6)

Ñõåìàòè÷íî ãðàôiêè êóìóëÿíòè äëÿ y ≤ s, ïðè äîñòàòíüî ìàëèõ s > 0,
ìàþòü ôîðìó ïàðàáîëè (ç íåñèìåòðè÷íèìè âåðòèêàëüíî íàïðàâëåíèìè ââåðõ
ãiëêàìè, ÿêi ïðè çðîñòàííi k(z) íàáëèæàþòüñÿ äî àñèìïòîò z = b òà z = c−1) i
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ðîçòàøîâàíi â ïðàâié ïiâïëîùèíi â îáìåæåíié ñìóçi ïðÿìî¨ z = 1. Ïðè m = 0
âåðøèíà ãðàôiêà çíàõîäèòüñÿ íà îñi àáñöèñ â òî÷öi z = 1. Ïðè ±m > 0 ãðàôiêè
îïóùåíi âíèç i çìiùåíi âëiâî(âïðàâî) òàê, ùîá ïðàâà (ëiâà) ãiëêà éîãî ïðîõîäèëà
÷åðåç òî÷êó (1; 0).

Îòæå, ïðè m = 0 ðiâíÿííÿ (L0) ìà¹ äâîêðàòíèé êîðiíü z1,2(0) = 1 (äèâ.(4)).
Ïðè m > 0 ðiâíÿííÿ (L0) ìà¹ êîðiíü z2(0) = 1, à z1(0) < 1 (âèçíà÷à¹ p− â
(5)). Ïðè m < 0 ðiâíÿííÿ (L0) ìà¹ êîðiíü z2(0) > 1, i z1(0) = 1, à 1 − z1(s) ≈
O(s) âèçíà÷à¹ àñèìïòîòèêó p−(s) â (6). ßêùî ξ(t) ç êóìóëÿíòîþ (1)� ìàéæå
íàïiâíåïåðåðâíèé çâåðõó ïðîöåñ (c ∈ (0, 1)), òî 1 < z2(s) < c−1. Íàñòóïíà ëåìà
âèïëèâà¹ ç íàñëiäêó 2.1. â [6]

Ëåìà 2. Äëÿ ξ(t) ç êóìóëÿíòîþ (1) i m = 0

lim
s→0
β→1

m0(s, β) = lim
s→0
β→1

1− β

s
p−(s)g+(s, β) =

1

σ2
1(1− b)

=
1

λ1(bµ1 + (1− b)µ2)
. (7)

Çàóâàæèìî, ùî ïðèm = 0 ìîìåíòè äîäàòíèõ ñòðèáêiâ µ1 = p̃ ′
1(1), µ2 = p̃ ′′

1(1)
ïîâ'ÿçàíi ç ìîìåíòàìè ãåîìåòðè÷íîãî ðîçïîäiëó:

λ1µ1 = λ2(1−b)−1, σ2
1 = k′′(1) = λ1µ2+

λ2b

(1− b)2
= λ1(1−b)−1(bµ1+(1−b)µ2). (8)

Íàäàëi áóäåìî ïîçíà÷àòè z1(s) = zs i ðîçãëÿíåìî ñïî÷àòêó ïåðåñòðèáêîâi
ôóíêöiîíàëè ÷åðåç ðiâåíü x = 0.

Çãiäíî ç (2)-(3) ãåíåðàòðèñè {τ+(0), γk(0)} äëÿ äîâiëüíîãî çíàêó m âèçíà÷à-
þòüñÿ ïðîñòèìè ñïiââiäíîøåííÿìè

Vk(s, 0, uk) = s−1p+(s)Gk(s, 0, uk), k = 1, 3. (9)

Íàñ öiêàâèòü îñöèëþþ÷èé âèïàäîê m = 0, äëÿ ÿêîãî ïîçíà÷àòèìåìî

G0
k(s, x, uk) = p−1

− (s)Gk(s, x, uk), x ≥ 0, k = 1, 3.

Òåîðåìà 1. Äëÿ ïðîöåñó ξ(t) ç êóìóëÿíòîþ (1) i m = 0

E uγ1(0) = [bλ1p̃1(u) + (1− b)uΠ̃(u)](λ1b+ λ2)
−1, (10)

E vγ2(0) = [bλ1 + (1− b)Π̃(v)](λ1b+ λ2)
−1, (11)

E µγ3(0) = [bλ1p̃1(µ) + (1− b)Π̃(µ)](λ1b+ λ2)
−1. (12)

Äîâåäåííÿ. Çãiäíî ç (7.31) â [3]

p−−k(s) = p−(s)(zs − b)zk−1
s (k ≥ 1, zs = z1(s) ≤ 1). (13)

Äëÿ âèïàäêó k = 1 çíàõîäèìî ôóíêöiþ G0
1(s, 0, u) òà ¨¨ ãðàíè÷íi çíà÷åííÿ ïðè

s→ 0, u→ 1

G0
1(s, 0, u) = bA

(1)
0 (u) + λ1

(zs − u)u

zs − u
(p̃1(zs)− p̃1(u)),

G0
1(0, 0, u) = bλ1p̃1(u) +

λ1(1− b)u

1− u
(p̃1(1)− p̃1(u)),
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G0
1(0, 0, 1) = bλ1 + λ1(1− b)µ1.

Çãiäíî ç (8) ïðè k = 1, 3

E[e−sτ
+(0)u

γ1(0)
k ] = p−(s)p+(s)G

0
k(s, 0, u). (14)

Âðàõîâóþ÷è (4) ïiñëÿ ãðàíè÷íîãî ïåðåõîäó s → 0 ç (14) âèïëèâà¹, ùî ïðè k =
1, uk = u: E[uγ1(0)] = k1G

0
1(s, 0, u) −−→

u→1
1, îòæå, k1 = (G0

1(0, 0, 1))
−1.

Çãiäíî ç (7) G0
1(0, 0, 1) = bλ1 + λ2 i ñïiââiäíîøåííÿ (9) äîâåäåíî i âèçíà÷åíà

ñòàëà k1 â (4).
Ó âèïàäêó k = 2 ïðîñòiøå îá÷èñëþ¹òüñÿ ôóíêöiÿ G0

2 ç ¨¨ ãðàíè÷íèìè çíà÷å-
ííÿìè

G0
2(s, 0, v) = bz−1

s λ1 + (zs − b)zsΠ̃(vzs),

G0
2(0, 0, v) = bλ1 + (1− b)zsΠ̃(v) → G0

2(0, 0, 1) = bλ1 + λ2.

ßê i â ïîïåðåäíüîìó âèïàäêó ïðè k = 2, u2 = v ç óðàõóâàííÿì (4) ÷åðåç
G0

2(0, 0, v) âèçíà÷à¹òüñÿ ãåíåðàòðèñà γ2(0) â (11).
Äëÿ âèïàäêó k = 3, u3 = µ, àíàëîãi÷íî îá÷èñëþþòüñÿ

G0
3(s, 0, µ) = z−1

s [bλ1p̃1(µ) + λ1
zs − b

1− zs
(p̃1(µ)− p̃1(µzs))],

G0
3(0, 0, µ) = bλ1p̃1(µ) + (1− b)Π̃(µ) → G0

3(0, 0, 1) = bλ1 + λ2.

ßê i â ïîïåðåäíiõ âèïàäêàõ ïðè k = 3 i uk = µ iç (13) ïiñëÿ ãðàíè÷íîãî ïåðåõîäó
s→ 0 âñòàíîâëþ¹òüñÿ (12).

Â íàñòóïíèõ òåîðåìàõ ðîçãëÿäàþòüñÿ ãåíåðàòðèñè ïåðåñòðèáêiâ ÷åðåç ðiâåíü
x→ ∞.

Òåîðåìà 2. Äëÿ ïðîöåñó ξ(t) ç êóìóëÿíòîþ (1) òà m = 0

E uγ1(∞) =

[
buΠ̃(u) + λ1(1− b)

u

u− 1
(p̃ ′

1(u)− p̃ ′
1(1))

]
1

(1− b)σ2
1

. (15)

Äîâåäåííÿ. Ïðè m = 0 çãiäíî ç (13) îá÷èñëþ¹òüñÿ ôóíêöiÿ

G0
1(s, x, u) = bz−1

s A(1)
x + λ1(zs − b)z−1

s

u

u− zs

∑
k≥x+1

pk(u
k − zks )

òà ¨¨ òâiðíå ïåðåòâîðåííÿ g01(s, β, u) ç ¨¨ ãðàíè÷íèìè çíà÷åííÿìè

g01(s, β, u) = z−1
s

[
bΠ̃(u) +

λ1u(zs − b)

(u− zs)(1− β)
(p̃1(u)− p̃1(uβ)− p̃1(zs) + p̃1(βzs))

]
,

g01(0, 1, u) = lim
s→0

g01(s, β, u) = bΠ̃(u) + λ1u
1− b

u− 1
(p̃ ′

1(u)− p̃ ′
1(1)) , (16)

g01(0, 1, 1) = lim
u→1

g01(0, 1, u) = λ1(bµ1 + (1− b)µ2).

Ïîçíà÷èìî ÷åðåç νβ � ãåîìåòðè÷íî ðîçïîäiëåíó âèïàäêîâó âåëè÷èíó ç ïàðàìå-
òðîì β < 1. Òîäi çãiäíî ç (2)-(3) ãåíåðàòðèñè {τ+(νβ), γk(νβ)} âèçíà÷àþòüñÿ
ñïiââiäíîøåííÿìè

E
[
e−sτ

+(νβ)u
γk(νβ)

k

]
=

1− β

s
p−(s)g+(s, β)g

0
k(s, β, uk) = m0(s, β)g

0
k(s, β, uk). (17)
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Ç óðàõóâàííÿì ëåìè 2 òà ãðàíè÷íèõ çíà÷åíü â (16) ïðè k = 1 i u1 = u iç (16)
ïðè s → 0 i β → 1 âèïëèâà¹, ùî E uγ1(∞) = g01(0, 1, u)(g

0
1(0, 1, 1))

−1. Çãiäíî ç (8)
g01(0, 1, 1) = σ2

1(1− b) i òàêèì ÷èíîì (15) äîâåäåíî.

Òåîðåìà 3. Äëÿ ïðîöåñó ξ(t) ç êóìóëÿíòîþ (1) òà m = 0

E vγ2(∞) =

[
bΠ̃(v) +

1− b

1− v

(
Π̃(v)− λ1vp̃

′
1(v)

)] 1

(1− b)σ2
1

. (18)

Äîâåäåííÿ. Äëÿ âèïàäêó k = 2, u2 = v ïðè m = 0 çíàõîäèìî

G0
2(s, x, v) = z−1

s vx

[
bΠ(x) + λ1

zs − b

1− vzs

∑
k≥x+1

pk(1− (vzs)
k−x)

]

òà ¨¨ òâiðíå ïåðåòâîðåííÿ g02(s, β, u) ç ãðàíè÷íèìè çíà÷åííÿìè

g02(s, β, v) = z−1
s bΠ̃(βv) +

zs − b

zs(1− vzs)

(
Π̃(βv)− λ1vp̃

′
1(v)

)
,

g02(0, 1, v) = lim
s→0

g01(s, 1, v) = bΠ̃(v) +
1− b

1− v

(
Π̃(v)− λ1vp̃1(v)

)
, (19)

g02(0, 1, 1) = lim
v→1

g01(0, 1, v) = λ1(bµ1 + (1− b)µ2).

Ç óðàõóâàííÿì ëåìè (19) ïiñëÿ ãðàíè÷íîãî ïåðåõîäó s → 0, β → 1 â (17) ïðè
k = 2 i u2 = v çíàõîäèìî, ùî E vγ2(∞) = g02(0, 1, v)(g

0
2(0, 1, 1))

−1. Çãiäíî ç (8) ç
îñòàííüîãî ñïiââiäíîøåííÿ âèïëèâà¹ (18).

Òåîðåìà 4. Ïðè óìîâi m = 0 ãåíåðàòðèñà γ3(∞) âèçíà÷à¹òüñÿ ÷åðåç òâiðíi

ïåðåòâîðåííÿ ôóíêöi¨ A
(3)
x (µ)

a3(β, µ) =
λ1

1− β
(p̃1(µ)− p̃1(βµ)) , a3(1, µ) = λ1p̃

′
1(µ),

E vγ3(∞) = [ba3(1, µ) + (1− b)a ′
3(1, µ)]

1

(1− b)σ2
1

, (20)

a ′
3(1, µ) =

∂

∂β
a3(β, µ)

∣∣
β=1

=
∑
x≥0

xA(3)
x (µ).

Äîâåäåííÿ. Iç (17) ïðè k = 3, u3 = µ, àíàëîãi÷íî, ÿê i â ïîïåðåäíiõ âèïàä-
êàõ ïðè s→ 0, β → 1 âñòàíîâëþ¹òüñÿ (20).

Çàóâàæåííÿ 1. Äëÿ äiéñíîçíà÷íèõ ñõiä÷àñòèõ ïðîöåñiâ Ëåâi (äèâ. [4], ëå-
ìà 3.4, ñ.84) íåçàëåæíî âiä çíàêó m àòîìàðíi éìîâiðíîñòi p±(s) > 0, p0(s) =
P{ξ(θs) = 0} çàäîâîëüíÿþòü ñïiââiäíîøåííÿ(òî÷íå i àñèìïòîòè÷íå)

p+(s)p−(s) = p0(s) =
s

s+ λ
⇒ lim

s→0
s−1p+(s)p−(s) =

1

λ1 + λ2
. (21)

Îòæå, àñèìïòîòè÷íå ñïiââiäíîøåííÿ (4) â ëåìi 1 i (21) ìàéæå ïîäiáíi, òîáòî i â
ãðàò÷àñòîìó âèïàäêó ïðè m = 0 i s→ 0 äîáóòîê

p+(s)p−(s) ≈ k1s =
s

bλ1 + λ2
, (s→ 0) (22)
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àñèìïòîòè÷íî ëiíiéíèé ïî s i îáåðíåíî ïðîïîðöiîíàëüíèé ñóìàðíié iíòåíñèâíî-
ñòi λ1 äîäàòíèõ òà λ2 âiä'¹ìíèõ ñòðèáêiâ. Àëå â ãðàò÷àñòîìó âèïàäêó âåëè÷èíà
iíòåíñèâíîñòi λ1 çìåíøåíà (λ1b < λ1, 0 < b < 1). Êðiì òîãî,

p0(s) = p+(s)p−(s) +
∑
k≥1

p−−k(s)p
+
k (s) > p+(s)p−(s) >

s

s+ λ
= p00(s). (23)

Ñëiä âiäçíà÷èòè, ùî çãiäíî (7.32) â [3]

p+(s)p−(s) = p0(s)− (zs − b)
∑
k≥1

bk−1pk(s), 0 < b < zs < 1.

Öå ïîÿñíþ¹òüñÿ òèì, ùî â ãðàò÷àñòîìó âèïàäêó ïiñëÿ ìîìåíòà ïåðøîãî
ñòðèáêà ζ1 ïðîöåñ ξ(t) ïîâòîðíî ìîæå ïîïàäàòè â íóëü. Òîìó

p0(s) > s

∫ ∞

0

e−stP{ζ1 > t}dt = s

∫ ∞

0

e−(s+λ)tdt = s(s+ λ)−1 = p00(s), (24)

äå p00(s) � iìîâiðíiñòü ïî÷àòêîâîãî ïåðåáóâàííÿ ξ(t) â 0 (äî âèõîäó ç 0). Iìî-
âiðíiñòü ïåðåáóâàííÿ ξ(t) â íóëi çà ðàõóíîê ïîâåðíåííÿ â íüîãî âèçíà÷à¹òüñÿ
ðiçíèöåþ

p0(s) = p0(s)− p00(s) > p+(s)p−(s)− p00(s) ≈
sλ1(1− b)

(λ1 + λ2)(bλ1 + λ2)
(s→ 0). (25)

Ïðàâà ÷àñòèíà â (25) äîñÿãà¹ ìàêñèìóìó ïðè b = 0, êîëè ïðîöåñ ξ(t) íàïiâíåïå-
ðåðâíèé çíèçó.

Çàóâàæåííÿ 2. Ç ðåçóëüòàòiâ òåîðåì 7.6, 7.7 òà ëåìè 7.6 â [3] (äèâ. (7.34)
òà (7.51)) âèïëèâà¹, ùî ïðè ±m > 0 i s→ 0

0 < p∓ = P{ξ∓ = 0} < 1, p±(s) −−→
s→0

0,

p ′
+(0) = E[τ+(0)], p ′

−(0) = E[τ−(0)] =
1

|m|(1− b)
> 0.

Îòæå, ïðè ±m > 0 òà s→ 0 ìàþòü ìiñöå ïîäiáíi äî (22) ñïiââiäíîøåííÿ

p+(s)p−(s) ≈ sp∓p
′
±(0) (s→ 0). (26)

Çàóâàæåííÿ 3. Äëÿ iëþñòðàöi¨ äåÿêèõ ðåçóëüòàòiâ ç ðîçïîäiëó ãðàíè÷íèõ
ôóíêöiîíàëiâ âèêîðèñòîâó¹òüñÿ ââåäåíå Þ. Ï. Ñòóäí¹âèì (äèâ. [7]) ïîíÿòòÿ
äèñêðåòíèõ êâàçiéìîâiðíiñíèõ ðîçïîäiëiâ.

Îçíà÷åííÿ 1. Ïîñëiäîâíiñòü {pk}+∞
k=−∞ íàçèâà¹òüñÿ äèñêðåòíèì êâàçiéìî-

âiðíiñíèì ðîçïîäiëîì, ÿêùî∑
|k|≥0

pk = 1,
∑
|k|≥0

|pk| <∞. (27)

Êâàçiãåíåðàòðèñîþ òàêîãî ðîçïîäiëó íàçèâà¹òüñÿ òâiðíà ôóíêöiÿ

p∗(z) =
∑
|k|≥0

pkz
k, |z| = 1. (28)
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Äëÿ ìàéæå íàïiâíåïåðåðâíîãî çâåðõó ïðîöåñó ξ(t) ç 0 < c < 1 ðiâíÿííÿ
Ëóíäáåðãà: k(z) = 0 (L0) (k(z) = lnEzξ(t)) ìà¹ êîðiíü z0 > 1. ßêùî ïîçíà÷èòè
c′ = z−1

0 , òî ïðè m < 0 ãåíåðàòðèñà ξ+ çâîäèòüñÿ äî âèãëÿäó

g+(z) =
1− c′

1− c
· 1− cz

1− c′z
=
z−1 − c

1− c
· (1− c′)z

1− c′z
= b−∗ (z)g

+
∗ (z), (29)

g+∗ (z) � ãåíåðàòðèñà ãåîìåòðè÷íîãî ðîçïîäiëó ç ïàðàìåòðîì c′ íà Z+. Ôóíêöiþ
b−∗ (z) ìîæíà iíòåðïðåòóâàòè ÿê êâàçiãåíåðàòðèñó áåðíóëëiâñüêîãî "ðîçïîäiëó":

p0 = − c

1− c
· p−1 = 1− p0 =

1

1− c
; Eξ+ =

1

1− c′
− 1

1− c
=

c′ − c

(1− c′)(1− c)
> 0.

Àíàëîãi÷íî äëÿ ìàéæå íàïiâíåïåðåðâíîãî çíèçó ïðîöåñó ξ(t) ç 0 < b < 1 ðiâ-
íÿííÿ Ëóíäáåðãà (L0) ìà¹ êîðiíü b < z0 < 1. ßêùî ïîçíà÷èòè b′ = z0, òî ïðè
m > 0 ãåíåðàòðèñà ξ− çâîäèòüñÿ äî âèãëÿäó

g−(z) =
1− b′

1− b
· z − b

z − b′
=
z − b

1− b
· 1− b′

z − b′
= b+∗ (z)g

−
∗ (z), (30)

g−∗ (z) � ãåíåðàòðèñà ãåîìåòðè÷íîãî ðîçïîäiëó ç ïàðàìåòðîì b′ íà Z−, b+∗ (z) êâà-
çiãåíåðàòðèña áåðíóëëiéîâîãî "ðîçïîäiëó":

p0 = − b

1− b
, p1 = 1− p0 =

1

1− b
; Eξ− =

b− b′

(1− b′)(1− b)
< 0.

Çà ðàõóíîê p1 > 0 ìíîæèíà çíà÷åíü ξ− ïîïîâíþ¹òüñÿ çíà÷åííÿì {0}.
Äëÿ ðîçïîäiëó ξ+ òà ïåðåñòðèáêîâèõ ôóíêöiîíàëiâ ïðîöåñó ξ(t) ç ïîëiíîìi-

àëüíèìè ãåíåðàòðèñàìè äîäàòíèõ ñòðèáêiâ p̃1(z) âèêîðèñòîâóþòüñÿ êâàçiãåíå-
ðàòðèñè ãåîìåòðè÷íîãî ðîçïîäiëó íà Z+∪{0} ç ïàðàìåòðîì 0 < c∗ = |z3(0)|−1 <
1 (|z3(0)| > z1,2(0)):

p+∗ (z) =
1 + c∗
1 + c∗z

(p∗k = (1 + c∗)(−c∗)k, k ≥ 0,
∑
k≥0

p∗k = 1,
∑
k≥0

|p∗k| =
1 + c∗
1− c∗

.)
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