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ÏÐÎ ÎÄÈÍ ÊÎÍÑÒÐÓÊÒÈÂÍÈÉ ÌÅÒÎÄ ÄÎÑËIÄÆÅÍÍß
ÊÐÀÉÎÂÎ� ÇÀÄÀ×I ÄÀÐÁÓ�ÃÓÐÑÀ

We give one constructive method of boundary–value problem investigation in the case of non–linear
partial differential equation of the hyperbolic type with complex structure of the bound.

Ó âèïàäêó íåëiíiéíîãî ÄÐ×Ï ãiïåðáîëi÷íîãî òèïó ïðîïîíó¹òüñÿ îäèí êîíñòðóêòèâíèé ìåòîä
äîñëiäæåííÿ êðàéîâî¨ çàäà÷i â îáëàñòi iç ñêëàäíîþ ñòðóêòóðîþ êðàþ.

Â òåîði¨ õâèëüîâèõ ðiâíÿíü íà ïëîùèíi îêðiì êëàñè÷íèõ çàäà÷ (çàäà÷i Êîøi,
Ãóðñà, Äàðáó, ìiøàíi çàäà÷i òîùî) äîñëiäæóþòüñÿ i êðàéîâi çàäà÷i â îáëàñòÿõ
iç ñêëàäíîþ ñòðóêòóðîþ êðàþ, îñêiëüêè âîíè ìàþòü øèðîêå ïðàêòè÷íå çàñòî-
ñóâàííÿ [1].

Ó äàíié ðîáîòi ïðèâîäèòüñÿ îäèí êîíñòðóêòèâíèé àíàëiòè÷íèé ìåòîä äî-
ñëiäæåííÿ òà ïîáóäîâè íàáëèæåíîãî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i Äàðáó�Ãóðñà
ó âèïàäêó íåëiíiéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ãiïåðáîëi÷íîãî òèïó, êîëè
îáëàñòü çìiíè íåçàëåæíèõ çìiííèõ îáìåæåíà ïàðîþ õàðàêòåðèñòèê ðîçãëÿäó-
âàíîãî ðiâíÿííÿ òà äâîìà "âiëüíèìè"êðèâèìè.

Ïðîïîíîâàíà ðîáîòà ¹ ïðîäîâæåííÿì äîñëiäæåíü, ïðèâåäåíèõ â
ñòàòòÿõ [1, 2].

Â R2 ðîçãëÿíåìî îáëàñòü D = {(x, y)|x ∈ [x0, x1), y ∈ (g1(x), g2(x))}, äå
x0 < x1, y = gi(x) ⇔ x = ki(y), i = 1, 2 � "âiëüíi"êðèâi, ïðè÷îìó g1(xi−1) = yi+1,
g2(xi−1) = yi−1, g′i(x) > 0, y0 < y1 < y2 < y3.

Ïîñòàíîâêà çàäà÷i [3]: â ïðîñòîði ôóíêöié C∗(D̄) := C(1.1)(D)∩C(D̄) çíàéòè
ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ

L2U(x, y) = f(x, y, U(x, y)) := f [U(x, y)], (1)

ÿêèé çàäîâîëüíÿ¹ êðàéîâi óìîâè

U(x, g1(x)) = φ1(x), φ1(x) ∈ C1([x0, x1]), (2)

U(x1, y) = ψ(y), ψ(y) ∈ C1([y1, y3]), (3)

U(x, g2(x)) = φ2(x), φ2(x) ∈ C1([x0, x1]), (4)

ïðè÷îìó âèêîíóþòüñÿ óìîâè óçãîäæåíîñòi

φ1(x1) = ψ(y3), φ2(x1) = ψ(y1), (5)

à
L2U(x, y) := Uxy(x, y) + a1(x, y)Ux(x, y) + a2(x, y)Uy(x, y),

äå ai(x, y) ∈ C(D), i = 1, 2 � çàäàíi ôóíêöi¨.
Ðîçiá'¹ìî îáëàñòü D õàðàêòåðèñòèêàìè ðiâíÿííÿ (1) y = yi, i = 1, 2 íà òðè

ïiäîáëàñòi:
D1 = {(x, y)|x ∈ [x0, x1], y ∈ [y2, g1(x)]},
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D2 = {(x, y)|x ∈ [x0, x1), y ∈ [y1, y2]},
D3 = {(x, y)|x ∈ [x0, x1], y ∈ [g2(x), y1]},

D = D1 ∪D2 ∪D3.

Òîäi, î÷åâèäíî, ðîçâ'ÿçîê çàäà÷i (1)�(4) U(x, y) = Us(x, y), (x, y) ∈ D̄s,
s = 1, 2, 3, äå U1(x, y) � ðîçâ'ÿçîê çàäà÷i Äàðáó (1)�(3), (5) ïðè (x, y) ∈ D̄1,
U2(x, y) � ðîçâ'ÿçîê çàäà÷i Ãóðñà (1), (3), U2(x, y2) = U1(x, y2), (x, y) ∈ D̄2, à
U3(x, y) � ðîçâ'ÿçîê çàäà÷i Äàðáó (1), (4), (5) i U3(x, y1) = U2(x, y1).

Íàäàëi áóäåìî ââàæàòè, ùî

f [U(x, y)] ∈ C(B̄), f : B̄ → R, B̄ ∈ R3,

a1(x, y) ∈ C(1.0)(D), a2(x, y) ∈ C(0.1)(D),

i
a1x(x, y) = a2y(x, y). (6)

Ñïðàâåäëèâà íàñòóïíà

Ëåìà 1. Ïðè âèêîíàííi óìîâè (6) êðàéîâà çàäà÷à (1)�(5) åêâiâàëåíòíà ñèñ-
òåìi iíòåãðàëüíèõ ðiâíÿíü

Us(x, y) = ωs(x, y) + εsT1,sF [Us−1(ξ, η)] + TsF [Us(ξ, η)], (x, y) ∈ D̄s, (7)

äå

εs =

{
0, s = 1,
1, s = 2, 3,

F [U(x, y)] := f [U(x, y)] + [a1x(x, y) + a1(x, y)a2(x, y)]U(x, y),

T1F [U(ξ, η)] :=

x1∫
x

g1(x)∫
y

K(x, y; ξ, η)F [U1(ξ, η)]dηdξ, (x, y) ∈ D̄1,

K(x, y; ξ, η) := exp

 ξ∫
x

a2(τ, y)dτ +

η∫
y

a1(ξ, τ)dτ

 ,

ω1(x, y) := ψ(y) exp

 x1∫
x

a2(ξ, y)dξ

−K(x, y;x1, g1(x))ψ(g1(x))+

+φ1(x) exp

g1(x)∫
y

a1(x, τ)dτ

 ,

T2F [U2(ξ, η)] :=

x1∫
x

y2∫
y

K(x, y; ξ, η)F [U2(ξ, η)]dηdξ, (x, y) ∈ D̄2,

T1,2F [U1(ξ, η)] :=

x1∫
x

g1(x)∫
y2

K(x, y; ξ, η)F [U1(ξ, η)]dηdξ,
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ω2(x, y) = ω1(x, y),

T3F [U3(ξ, η)] :=

y1∫
y

k2(y)∫
x

K(x, y; ξ, η)F [U3(ξ, η)]dξdη, (x, y) ∈ D̄3,

T1,3F [U2(ξ, η)] :=

x∫
k2(y)

∂

∂ξ

{ ξ∫
x1

y2∫
g1(ξ)

K(x, y; τ, η)F [U1(τ, η)]dηdτ+

+

ξ∫
k2(y)

y1∫
y2

K(x, y; τ, η)F [U2(τ, η)]dηdτ

}
dξ,

ω3(x, y) := φ2(x) +

∫ x

k2(y)

∂

∂ξ

{[
φ1(ξ)− ψ(g1(ξ))e

∫ x1
ξ a2(τ,g1(ξ))dτ

]
×

×K(x, y; ξ, g1(ξ))− φ2(ξ)e
∫ ξ
x a2(τ,y)dτ

}
dξ.

Çãiäíî ïîñòàíîâêè çàäà÷i

U1x(x, y2) = U2x(x, y2), U3x(x, y1) = U2x(x, y1),

ïðè x ∈ [x0, x1], à [
U1y(x, y2)− U2y(x, y2)

]
= 0,[

U2y(x, y1)− U3y(x, y1)
]
= ρexp

(∫ x1

x

a2(ξ, y1)dξ

)
, (8)

äå

ρ = ψ′(y1)+K
′
2(y1)

{
[φ′

1(x1)− g′1(x1)ψ
′(y3) + a2(x1, y3)ψ(y3)] exp

(∫ y3

y1

a1(x1, η)dη

)
−

− φ′
2(x1)− a2(x1, y1)φ2(x1) +

∫ y1

y3

F (x, η, ψ(η))exp

(∫ η

y1

a1(x1, τ)dτ

)
dη

}
.

Òàêèì ÷èíîì, ìà¹ ìiñöå íàñòóïíà

Ëåìà 2. Íåõàé f [U(x, y)] ∈ C(B̄), âèêîíó¹òüñÿ óìîâà (6), à çàäà÷à (1)�(5)
ìà¹ ðîçâ'ÿçîê.

Òîäi óìîâà ρ = 0 ¹ íåîáõiäíîþ i äîñòàòíüîþ, ùîá ðîçâ'ÿçîê çàäà÷i (1)�(5)
áóâ ðåãóëÿðíèì. Â ñóïðîòèâíîìó âèïàäêó âèêîíó¹òüñÿ ðiâíiñòü (8) i âií áóäå
iððåãóëÿðíèì.

Îçíà÷åííÿ 1. Áóäåìî ââàæàòè, ùî F [U(x, y)] ∈ C1(B̄) ÿêùî ôóíêöiÿ
F [U(x, y)] çàäîâîëüíÿ¹ íàñòóïíi óìîâè [4] :

1. f [U(x, y)] ∈ C(B̄);
2. â ïðîñòîði ôóíêöié C(B̄1), B̄1 ⊂ R4, ÏðxOyB̄1 = D̄, iñíó¹ òàêà ôóíêöiÿ

H(x, y;U(x, y), V (x, y)) := H[U(x, y);V (x, y)] ùî
a) H[U(x, y);V (x, y)] ≡ F [U(x, y)];
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á) äëÿ äîâiëüíî¨ ç ïðîñòîðó C(D̄) ïàðè ôóíêöié U(x, y), V (x, y) ∈ B̄1 ÿêi
çàäîâîëüíÿþòü óìîâó U(x, y) > V (x, y), (x, y) ∈ D̄ â îáëàñòi B̄1 âèêîíó¹òüñÿ
íåðiâíiñòü

H[U(x, y);V (x, y)] > H[V (x, y);U(x, y)], (x, y) ∈ D̄; (9)

3. ôóíêöiÿ H[U(x, y);V (x, y)] â îáëàñòi B̄1 çàäîâîëüíÿ¹ óìîâó Ëiïøiöà, òîá-
òî, äëÿ âñÿêèõ ç ïðîñòîðó C(D̄) ôóíêöié Ui(x, y), Vi(x, y) ∈ B̄1, i = 1, 2, âèêî-
íó¹òüñÿ óìîâà

|H[U1(x, y);U2(x, y)]−H[V1(x, y);V2(x, y)]| 6

6 L (|W1(x, y)|+ |W2(x, y)|) , (x, y) ∈ D̄,

äå L � ñòàëà Ëiïøiöà, à Wi(x, y) = Ui(x, y)− Vi(x, y), i = 1, 2.

Çàóâàæèìî, ÿêùî ôóíêöiÿ f [U(x, y)] ∈ C(B̄) i ìà¹ â îáëàñòi B̄ îáìåæåíó
÷àñòèííó ïîõiäíó ïåðøîãî ïîðÿäêó ïî U(x, y), òî F [U(x, y)] çàâæäè íàëåæèòü
ïðîñòîðîâi C1(B̄). Çâîðîòí¹ òâåðäæåííÿ íå ñïðàâåäëèâå.

Âñòàíîâèìî äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi ðåãóëÿðíîãî àáî iððåãó-
ëÿðíîãî ðîçâ'ÿçêó çàäà÷i (1)-(6) â îáëàñòi D̄ òà ïîáóäó¹ìî iòåàöiéíèé ìåòîä
éîãî çíàõîäæåííÿ.

Íåõàé Zs,p(x, y), Vs,p(x, y) ∈ C(D̄s), s = 1, 2, 3, p ∈ N0,N0 = {0, 1, 2, . . .} íàëå-
æàòü îáëàñòi B̄1.

Ââåäåìî ïîçíà÷åííÿ:

Ws,p := Zs,p(x, y)− Vs,p(x, y), (x, y) ∈ D̄s, s = 1, 2, 3, p ∈ N0,

f ps (x, y) := H[Zs,p(x, y);Vs,p(x, y)], fs,p(x, y) := H[Vs,p(x, y);Zs,p(x, y)]

T
(1)
1,3 f

p
1 (ξ, η) :=

∫ x1

x

∫ g1(x)

y2

K(x, y, ξ, η)f p1 (ξ, η)dηdξ,

T
(2)
1,3 f1,p(ξ, η) :=

∫ x1

k2(y)

∫ g1(k2(y))

y2

K(x, y, ξ, η)f1,p(ξ, η)dηdξ,

T
(3)
1,3 f

p
2 (ξ, η) :=

∫ k2(y)

x

∫ y2

y1

K(x, y, ξ, η)f p2 (ξ, η)dηdξ,

T1,3f
p
2 (ξ, η) := T

(1)
1,3 f

p
1 (ξ, η)− T

(2)
1,3 f1,p(ξ, η) + T

(3)
1,3 f

p
2 (ξ, η),

T1,3f2,p(ξ, η) := T
(1)
1,3 f1,p(ξ, η)− T

(2)
1,3 f

p
1 (ξ, η) + T

(3)
1,3 f2,p(ξ, η),

α∗
s,p(x, y) := Zs,p(x, y)− ωs(x, y)− ϵsT1,sf

p
s−1(ξ, η)− Tsf

p
s (ξ, η),

β∗
s,p(x, y) := Vs,p(x, y)− ωs(x, y)− ϵsT1,sfs−1,p(ξ, η)− Tsfs,p(ξ, η),

(10)

Zs,p(x, y) := Zs,p(x, y)− ds,p(x, y)Ws,p(x, y), (x, y) ∈ D̄s;

V s,p(x, y) := Vs,p(x, y) + qs,p(x, y)Ws,p(x, y), (x, y) ∈ D̄s,

F p
s (x, y) := H[Zs,p(x, y);V s,p(x, y)],

Fs,p(x, y) := H[V s,p(x, y);Zs,p(x, y)],
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äå ds,p(x, y), qs,p(x, y) ∈ C(Ds) � äîâiëüíi ôóíêöi¨, ÿêi çàäîâîëüíÿþòü óìîâè

0 6 ds,p(x, y) 6 0, 5; 0 6 qs,p(x, y) 6 0, 5 (11)

äëÿ âñiõ p ∈ N0, s = 1, 2, 3.
Ïîáóäó¹ìî ïîñëiäîâíîñòi ôóíêöié {Zs,p(x, y)} òà {Vs,p(x, y)} çãiäíî çàêîíó [5]-

[6]
Zs,p+1(x, y) = ωs(x, y) + ϵsT1,sF

p
s−1(ξ, η) + TsF

p
s (ξ, η)

Vs,p+1(x, y) = ωs(x, y) + ϵsT1,sFs−1,p(ξ, η) + TsFs,p(ξ, η),
(x, y) ∈ D̄s, s = 1, 2, 3, p ∈ N0,

(12)

äå çà íóëüîâå íàáëèæåííÿ Zs,0(x, y), Vs,0(x, y) ∈ B̄1 âèáèðà¹ìî äîâiëüíi ç ïðîñòî-
ðó C(D̄s) ôóíêöi¨, ÿêi çàäîâîëüíÿþòü âiäïîâiäíî óìîâè (2)-(4) òà íåðiâíîñòi

Ws,0(x, y) > 0, α∗
s,0(x, y) > 0, β∗

s,0(x, y) 6 0, (x, y) ∈ D̄s, s = 1, 2, 3. (13)

Îçíà÷åííÿ 2. Ôóíêöi¨ Zs,0(x, y), Vs,0(x, y) ∈ C(D̄s), s = 1, 2, 3 ÿêi íàëåæàòü
îáëàñòi B̄1 i çàäîâîëüíÿþòü âiäïîâiäíî óìîâè (2)-(4) òà íåðiâíîñòi (13) íàçè-
âàþòüñÿ ôóíêöiÿìè ïîðiâíÿííÿ çàäà÷i (1)-(5).

Çàóâàæèìî, ùî âíàñëiäîê (11),(13) ìà¹ìî

Vs,0(x, y) 6 V̄s,0(x, y) 6 Z̄s,0(x, y) 6 Zs,0(x, y), (x, y) ∈ D̄s, s = 1, 2, 3,

òîáòî, ÿêùî Vs,0(x, y), Zs,0(x, y) ∈ B̄1 òî i V̄s,0(x, y), Z̄s,0(x, y) òàêîæ íàëåæèòü
îáëàñòi B̄1.

Iç (12) ïðè (x, y) ∈ D̄s, s = 1, 2, 3, âèïëèâà¹ ñëóøíiñòü ôîðìóë

Zs,p − Zs,p+1 = αs,p(x, y) := Zs,p − ωs(x, y)− ϵsT1,sF
p
s−1(ξ, η)− TsF

p
s (ξ, η),

Vs,p − Vs,p+1 = βs,p(x, y) := Vs,p − ωs(x, y)− ϵsT1,sFs−1,p(ξ, η)− TsFs,p(ξ, η),
(14)

Ws,p+1(x, y) = ϵsT1,s(F
p
s−1 − Fs−1,p) + Ts(F

p
s (ξ, η)− Fs,p(ξ, η)), (15)

αs,p+1(x, y) := ϵsT1,s(F
p
s−1 − F p+1

s−1 ) + Ts(F
p
s (ξ, η)− F p+1

s (ξ, η)),
βs,p(x, y) := ϵsT1,s(Fs−1,p − Fs−1,p+1) + Ts(Fs,p(ξ, η)− Fs,p+1(ξ, η)).

(16)

Çàçíà÷èìî, ùî ÿêùî α∗
s,p+1(x, y) > 0, β∗

s,p(x, y) 6 0, òî i αs,p+1(x, y) > 0,
βs,p(x, y) 6 0, (x, y) ∈ D̄s, s = 1, 2, 3.

Àëå òîäi iç (14), (15) ïðè p = 0 îäåðæó¹ìî Zs,0(x, y) > Zs,1(x, y),
Vs,0(x, y) 6 Vs,1(x, y),Ws,1(x, y) > 0, òîáòî

Vs,0(x, y) 6 Vs,1(x, y) 6 Zs,1(x, y) 6 Zs,0(x, y), (x, y) ∈ D̄s, s = 1, 2, 3,

à îòæå Vs,1(x, y), Zs,1(x, y) ∈ B̄1.
Âèáèðà¹ìî ôóíêöi¨ ds,0(x, y) òà qs,0(x, y), ÿêi çàäîâîëüíÿþòü óìîâè (11) òàêèì

÷èíîì ùîá ïðè (x, y) ∈ D̄s âèêîíóâàëàñü óìîâè [7]

Zs,0(x, y)− Zs,1(x, y)− ds,0(x, y)Ws,0(x, y) > 0,

Vs,0(x, y)− Vs,1(x, y)− qs,0(x, y)Ws,0(x, y) 6 0.
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Òîäi â íàñëiäîê (9)

F 0
s (x, y)− F 1

s (x, y) > 0, Fs,0(x, y)− Fs,1(x, y) 6 0, (x, y) ∈ D̄s.

Àëå â òàêîìó âèïàäêó iç (16) ïðè p = 0, αs,1(x, y) > 0, βs,1 6 0, (x, y) ∈ D̄s,
s = 1, 2, 3.

Ïðèéìàþ÷è ôóíêöi¨ Zs,1(x, y) òà Vs,1(x, y) çà âèõiäíi i ïîâòîðþþ÷è íàâåäåíi
âèùå ìiðêóâàííÿ ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïåðåêîíó¹ìîñü, ùî ÿêùî ôóí-
êöi¨ ds,p(x, y), qs,p(x, y), (x, y) ∈ D̄s, s = 1, 2, 3, p ∈ N íà êîæíîìó êðîöi iòåðàöi¨
(12) âèáèðàòè òàêèì ÷èíîì ùîá âèêîíóâàëèñÿ óìîâè

Zs,p(x, y)− Zs,p+1(x, y)− ds,p(x, y)Ws,p(x, y) > 0,
Vs,p(x, y)− Vs,p+1(x, y)− qs,p(x, y)Ws,p(x, y) 6 0, (x, y) ∈ D̄s, s = 1, 2, 3, p ∈ N,

(17)
òî â îáëàñòi ìàòèìóòü ìiñöå íåðiâíîñòi

Vs,p(x, y) 6 Vs,p+1(x, y) 6 Zs,p+1(x, y) 6 Zs,p(x, y),
αs,p(x, y) > 0, βs,p(x, y) 6 0 (x, y) ∈ D̄s, s = 1, 2, 3, p ∈ N (18)

Çàçíà÷èìî, ùî äëÿ âñiõ p ∈ N αs,p(x, y) > α∗
s,p(x, y), βs,p(x, y) 6 β∗

s,p(x, y),
(x, y) ∈ D̄s, s = 1, 2, 3.

Ëåìà 3. ßêùî F [U(x, y)] ∈ C1(B̄) i â îáëàñòi B̄1 iñíóþòü ôóíêöi¨ ïîðiâ-
íÿííÿ Zs,0(x, y) òà Vs,0(x, y), (x, y) ∈ D̄s, s = 1, 2, 3 çàäà÷i (1)-(5), òîäi ìíîæèíà
ôóíêöié ds,p(x, y), qs,p(x, y) ∈ C(D̄s), ÿêi çàäîâîëüíÿþòü íåðiâíîñòi (11),(17), íå
ïîðîæíÿ.

Äiéñíî, íà êîæíîìó êðîöi iòåðàöi¨ (12) ïîêëàäåìî

ds,p(x, y) =

{
α∗
s,p(x, y)ρ

−1
s,p(x, y), ïðè Ws,p(x, y) ̸= 0,

0,Ws,p(x, y) = 0, (x, y) ∈ D̄s, s = 1, 2, 3,

qs,p(x, y) =

{
−β∗

s,p(x, y)ρ
−1
s,p(x, y), ïðè Ws,p(x, y) ̸= 0,

0,Ws,p(x, y) = 0, (x, y) ∈ D̄s, s = 1, 2, 3,

ρ−1
s,p(x, y) := α∗

s,p(x, y)− β∗
s,p(x, y) +Ws,p(x, y), (x, y) ∈ D̄s, s = 1, 2, 3, p ∈ N0.

Î÷åâèäíî, âèáðàíi òàêèì ÷èíîì ôóíêöi¨ ds,p(x, y), qs,p(x, y) çàäîâîëüíÿþòü
óìîâè (11) à â íàñëiäîê (14) ìà¹ìî

Zs,p(x, y)− Zs,p+1(x, y)− ds,p(x, y)Ws,p(x, y) = αs,p(x, y)−
α∗
s,p(x, y)

ρs,p(x, y)
Ws,p(x, y) >

> αs,p(x, y)

(
1−

Ws,p(x, y)

ρs,p(x, y)

)
> 0,

Vs,p(x, y)− Vs,p+1(x, y) + qs,p(x, y)Ws,p(x, y) 6

6 βs,p(x, y)

(
1−

Ws,p(x, y)

ρs,p(x, y)

)
6 0, (x, y) ∈ D̄s, s = 1, 2, 3, p ∈ N,

òîáòî íåðiâíîñòi (17) âèêîíóþòüñÿ
Òàêèì ÷èíîì, ìà¹ ìiñöå íàñòóïíà
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Òåîðåìà 1. Íåõàé F [U(x, y)] ∈ C1(B̄), a1(x, y) ∈ C(1.0)(D), a2(x, y) ∈ C(0.1)(D)
i âèêîíó¹òüñÿ óìîâà (6) à â îáëàñòi B̄1 iñíóþòü ôóíêöi¨ ïîðiâíÿííÿ Zs,0(x, y),
Vs,0(x, y) ∈ C(D̄s), s = 1, 2, 3 çàäà÷i (1)-(5).

Òîäi äëÿ ôóíêöié Zs,p(x, y), Vs,p(x, y), ÿêi ïîáóäîâàíi çãiäíî iç çàêîíîì (12),
äå ds,p(x, y), qs,p(x, y) ∈ C(D̄s) çàäîâîëüíÿþòü óìîâè (11),(17) â îáëàñòi B̄1 âè-
êîíóþòüñÿ íåðiâíîñòi (18)

Ïîêàæåìî, ùî ïîáóäîâàíi òàêèì ÷èíîì ïîñëiäîâíîñòi ôóíêöié
{Zs,p(x, y)}, {Vs,p(x, y)} çáiãàþòüñÿ ðiâíîìiðíî â îáëàñòi D̄s, s = 1, 2, 3 äî ¹äè-
íîãî ðîçâ'ÿçêó âiäïîâiäíîãî iíòåãðàëüíîãî ðiâíÿííÿ â (7). Â ñèëó âèêîíàííÿ
íåðiâíîñòåé (18) äëÿ öüîãî äîñòàòíüî ïîêàçàòè, ùî

lim
p→∞

Ws,p(x, y) = 0, (x, y) ∈ D̄s, s = 1, 2, 3.

Äiéñíî, iç (15) ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ íåâàæêî ïåðåêîíàòèñü â ñëóø-
íîñòi îöiíîê

max
s

sup
D̄s

Ws,p(x, y) 6
2q(kl(x1 − x+ y3 − y))p

p!
· d (19)

äå âèêîðèñòàíî ïîçíà÷åííÿ:

max
s

sup
D̄s

Ws,0(x, y) 6 d, max
s,p

sup
D̄s

(1− ds,p(x, y)− qs,p(x, y)) 6 q

sup
D̄×D̄

K(x, y, ξ, η) 6 0, 5K, l = sup
D̄

(x1 − x+ y3 − y).

Iç îöiíîê (19) âèïëèâà¹, ùî

lim
p→∞

Zs,p(x, y) = lim
p→∞

Vs,p(x, y) = Us(x, y), (x, y) ∈ D̄s, s = 1, 2, 3.

Ïåðåõîäÿ÷è ó ôîðìóëàõ (12) äî ãðàíèöi ïðè p → ∞ ïðè ïåðåêîíó¹ìîñÿ, ùî
ãðàíè÷íi ôóíêöi¨ Us(x, y) ¹ ðîçâ'ÿçêàìè âiäïîâiäíèõ iíòåãðàëüíèõ ðiâíÿíü (7)
ïðè (x, y) ∈ D̄s, s = 1, 2, 3.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 1.
Òîäi ïîñëiäîâíîñòi ôóíêöié Zs,p(x, y) òà Vs,p(x, y), ïîáóäîâàíi çãiäíî çàêîíó

(12),(13),(17):
à) çáiãàþòüñÿ ðiâíîìiðíî äî ¹äèíîãî ðîçâ'ÿçêó âiäïîâiäíîãî iíòåãðàëüíîãî

ðiâíÿííÿ â (7) ïðè (x, y) ∈ D̄s, s = 1, 2, 3;
á) ñïðàâåäëèâi îöiíêè (19);
â) â îáëàñòi B̄1 âèêîíóþòüñÿ íåðiâíîñòi

Vs,p(x, y) 6 Vs,p+1(x, y) 6 Us(x, y) 6 Zs,p+1(x, y) 6
6 Zs,p(x, y), (x, y) ∈ D̄s, s = 1, 2, 3, (20)

äëÿ âñiõ p ∈ N0, äå Us(x, y)− ¹äèíèé ðîçâ'ÿçîê âiäïîâiäíîãî iíòåãðàëüíîãî ðiâ-
íÿííÿ â (7) ïðè (x, y) ∈ D̄s, s = 1, 2, 3;

ã) çáiæíiñòü iòåðàöiéíîãî ïðîöåñó (12),(13),(17) íå ïîâiëüíiøà çáiæíîñòi
äâîñòîðîííüîãî ìåòîäó, êîëè ds,p(x, y) = qs,p(x, y) = 0 äëÿ âñiõ s = 1, 2, 3,
p ∈ N0.
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Äîâåäåííÿ. �äèíiñòü ðîçâ'ÿçêó ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü (7)
ïðè (x, y) ∈ D̄s, s = 1, 2, 3, äîâîäèòüñÿ ìåòîäîì âiä ñóïðîòèâíîãî. Äîâåäåìî
ñïðàâåäëèâiñòü íåðiâíîñòåé (20) [7]. Äëÿ öüîãî ïðèïóñòèìî, ùî â äåÿêié òî-
÷öi (x, y) ∈ D̄s äëÿ äåÿêîãî íîìåðà p íàïðèêëàä, Us(x, y) > Zs,p(x, y). Òîäi
â íàñëiäîê íåðiâíîñòåé (18) äëÿ äîâiëüíîãî n ∈ (N) ó ðîçãëÿäóâàíié òî÷öi
(x, y) ∈ D̄s, Us(x, y) > Zs,p(x, y) > Zs,p+n(x, y), à îòæå â öié òî÷öi ïîñëiäîâíiñòü
ôóíêöié Zs,p+n(x, y) ïðè n→ ∞ íå çáiãà¹òüñÿ äî ðîçâ'ÿçêó Us(x, y), ùî ïðîòèði-
÷èòü äîâåäåíîìó. Àíàëîãi÷íî äîâîäèòüñÿ ñïðàâåäëèâiñòü âñiõ iíøèõ íåðiâíîñòåé
â (20).

Íåõàé Zs,p(x, y), Vs,p(x, y)− äâîñòîðîííi íàáëèæåííÿ äî ðîçâ'ÿçêiâ âiäïîâiä-
íèõ iíòåãðàëüíèõ ðiâíÿíü (7) ïðè (x, y) ∈ D̄s, s = 1, 2, 3, ïîáóäîâàíi çà äåÿêèì
ìåòîäîì i âîíè çàäîâîëüíÿþòü óìîâè

Ws,p(x, y) > 0, α∗
s,p(x, y) > 0, β∗

s,p(x, y) 6 0.

Ïîçíà÷èìî ÷åðåç Z∗
s,p+1(x, y), V

∗
s,p+1(x, y) íàñòóïíi íàáëèæåííÿ, ïîáóäîâàíi ïðè

óìîâi qs,p(x, y) = ds,p(x, y) = 0, (x, y) ∈ D̄s, s = 1, 2, 3.
Òîäi â íàñëiäîê (9),(11) ìà¹ìî

Z∗
s,p+1(x, y)− Zs,p+1(x, y) =

= ϵsT1,s
(
f ps−1(ξ, η)− F p

s−1(ξ, η)
)
+ Ts (fs,p(ξ, η)− Fs,p(ξ, η)) > 0,

V ∗
s,p+1(x, y)− Vs,p+1(x, y) =

= ϵsT1,s (fs−1,p(ξ, η)− Fs−1,p(ξ, η)) + Ts (fs,p(ξ, η)− Fs,p(ξ, η))60,

îòæå,

Vs,p(x, y) 6 V ∗
s,p+1(x, y) 6 Vs,p+1(x, y) 6 Zs,p+1(x, y) 6 Z∗

s,p+1(x, y) 6 Zs,p(x, y)

äëÿ âñiõ (x, y) ∈ D̄s, s = 1, 2, 3, òîáòî çáiæíiñòü ìåòîäó (11), (12),(13),(17) íå
ïîâiëüíiøà çáiæíîñòi äâîñòîðîííüîãî ìåòîäó, êîëè ds,p(x, y) = qs,p(x, y) = 0.

Çàçíà÷èìî, çàëåæíî âiä âèáîðó ôóíêöié ds,p(x, y), qs,p(x, y) â àëãîðèòìi (11)-
(13),(17) îòðèìà¹ìî ðiçíi ìîäèôiêàöi¨ äâîñòîðîííüîãî ìåòîäó.

Íàñëiäîê 1. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 1.
Òîäi ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1)-(5) â îáëàñòi D̄ iñíó¹ i âií ¹äèíèé, ïðè-

÷îìó, ÿêùî âèêîíó¹òüñÿ óìîâà ρ = 0, òî ðîçâ'ÿçîê áóäå ðåãóëÿðíèì, ó ñóïðî-
òèâíîìó âèïàäêó - iððåãóëÿðíèì.

Íàñëiäîê 2. Íåõàé φ1(x) = φ2(x) = ψ(x) = 0, x ∈ [x0, x1], y ∈ [y1, y3],
F [U(x, y)] ∈ C1(B̄) ïðè÷îìó F [U(x, y)] ≡ H[U(x, y), 0].

Òîäi, ÿêùî F [0] 6 (>)0 â îáëàñòi B, òî ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1)-(5)
ïðè (x, y) ∈ D çàäîâîëüíÿ¹ íåðiâíiñòü U(x, y) 6 (>)0.

Ðîçãëÿíåìî ïîðÿä ç ðiâíÿííÿì (1) ðiâíÿííÿ âèãëÿäó

L2Z(x, y) = f1(x, y, Z(x, y)) := f [Z(x, y)], f1 : B̄ → R, B̄ ⊂ R3. (21)

Ââàæàòèìåìî, ùî ïðàâi ÷àñòèíè ðiâíÿíü (1), (21) çàäîâîëüíÿþòü íàñòóïíi
óìîâè
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1. f [U(x, y)] ∈ C1(B̄);
2. ôóíêöiÿ f1[Z(x, y)] ∈ C(B̄) i â îáëàñòi B̄ ìà¹ îáìåæåíó ïîõiäíó ïåðøîãî

ïîðÿäêó ïî Z(x, y) ÿêà çàäîâîëüíÿ¹ óìîâó

∂f1[Z(x, y)]

∂Z(x, y)
+ a1x(x, y) + a1(x, y)a2(x, y) > 0, (x, y) ∈ D. (22)

3. äëÿ âñÿêî¨ ç ïðîñòîðó C∗(D̄) ôóíêöi¨ V (x, y) ∈ B̄

f1[V (x, y)] > (6)f [V (x, y)]. (23)

Òåîðåìà 3. Íåõàé a1(x, y) ∈ C(1.0)(D), a2(x, y) ∈ C(0.1)(D) çàäîâîëüíÿþòü
óìîâó (6), à ïðàâi ÷àñòèíè ðiâíÿíü (1), (21) f [U(x, y)] òà f1[Z(x, y)] çàäîâîëü-
íÿþòü âèùå íàâåäåíi óìîâè 1-3 i â îáëàñòi B̄1 iñíóþòü ôóíêöi¨ ïîðiâíÿííÿ
çàäà÷ (1)-(5), (21), (2)-(5)

Òîäi äëÿ ðîçâ'ÿçêiâ öèõ çàäà÷ ïðè (x, y) ∈ D̄ âèêîíóþòüñÿ íåðiâíîñòi

U(x, y) 6 (>)Z(x, y) (24)

Äîâåäåííÿ. Çãiäíî òåîðåìè 2 i íàñëiäêó 1 ðîçâ'ÿçêè çàäà÷ (1)-(5) òà (21),
(2)-(5) iñíóþòü i âîíè ¹äèíi (ðåãóëÿðíi àáî iððåãóëÿðíi), à îòæå, ïîçíà÷èâøè
W (x, y) = Z(x, y)− V (x, y) i âèêîðèñòàâøè òåîðåìó ïðî ñêií÷åíi ïðèðîñòè, ìà-
òèìåìî

L2W (x, y) = b(x, y)W (x, y) + f1[U(x, y)]− f [U(x, y)],

äå b(x, y) :=
∂f̃1[Z(x, y)]

∂Z(x, y)
− ïîõiäíà ïðè äåÿêîìó ôiêñîâàíîìó çíà÷åíi Z(x, y) ∈

B̄, (x, y ∈ D̄).
Î÷åâèäíî ôóíêöiÿ W (x, y) çàäîâîëüíÿ¹ îäíîðiäíi óìîâè (2)-(6), à

F [W (x, y)] := [b(x, y) + a1x(x, y) + a2(x, y)a1(x, y)]W (x, y)+f1[U(x, y)]−f [U(x, y)],

òîáòî âíàñëiäîê (22),(23) F [W (x, y)] ∈ C1(B̄) i F [W (x, y)] ≡ H[W (x, y), 0], à
F [0] > (6)0. Íà ïiäñòàâi íàñëiäêó 2 W (x, y) > (6)0 ïðè (x, y) ∈ D̄, òîáòî ìàþòü
ìiñöå íåðiâíîñòi (24)
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