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ȼɋɌɍɉ 
 

Ȼɚɝɚɬɨ ɯɬɨ ɱɚɫɬɨ ɡɚɞɚєɬьɫɹ ɩɢɬɚɧɧɹɦ ɧɚɜɿɳɨ ɩɨɬɪɿɛɧɨ ɜɱɢɬɢ ɦɚɬɟɦɚɬɢɤɭ? 
ɇɟɪɿɞɤɨ ɫɚɦ ɮɚɤɬ ɬɨɝɨ, ɳɨ ɰɹ ɞɢɫɰɢɩɥɿɧɚ ɜɯɨɞɢɬь ɞɨ ɨɛɨɜ'ɹɡɤɨɜɨʀ ɩɪɨɝɪɚɦɢ 
ɭɧɿɜɟɪɫɢɬɟɬɿɜ, ɜɢɤɥɢɤɚє ɜ ɥɸɞɟɣ ɨɛɭɪɟɧɧɹ ɬɚ ɩɨɞɢɜ.  

Ɇɚɬɟɦɚɬɢɤɚ – ɰɟ ɮɭɧɞɚɦɟɧɬɚɥьɧɚ ɧɚɭɤɚ, ɦɟɬɨɞɢ ɹɤɨʀ, ɚɤɬɢɜɧɨ 
ɡɚɫɬɨɫɨɜɭɸɬьɫɹ ɜ ɛɚɝɚɬьɨɯ ɩɪɢɪɨɞɧɢɱɢɯ ɞɢɫɰɢɩɥɿɧɚɯ. ȼɨɧɚ ɨɩɟɪɭє 
ɚɛɫɬɪɚɤɬɧɢɦɢ ɜɿɞɧɨɲɟɧɧɹɦɢ ɬɚ ɜɡɚєɦɨɡɜ'ɹɡɤɚɦɢ, ɬɨɛɬɨ ɬɚɤɢɦɢ ɫɭɬɧɨɫɬɹɦɢ, ɹɤɿ 
ɫɚɦɿ ɩɨ ɫɨɛɿ ɧɟ є ɱɢɦɨɫь ɦɚɬɟɪɿɚɥьɧɢɦ. Ⱥɥɟ, ɜɚɪɬɨ ɬɿɥьɤɢ ɦɚɬɟɦɚɬɢɰɿ ɜɫɬɭɩɢɬɢ ɜ 
ɨɛɥɚɫɬь ɛɭɞь-ɹɤɨʀ ɧɚɭɤɢ ɩɪɨ ɫɜɿɬ, ɜɨɧɚ ɜɿɞɪɚɡɭ ɜɬɿɥɸєɬьɫɹ ɜ ɨɩɢɫɚɧɧɹ, 
ɦɨɞɟɥɸɜɚɧɧɹ ɿ ɩɪɨɝɧɨɡɭɜɚɧɧɹ ɰɿɥɤɨɦ ɤɨɧɤɪɟɬɧɢɯ ɿ ɪɟɚɥьɧɢɯ ɩɪɢɪɨɞɧɢɯ 
ɩɪɨɰɟɫɿɜ. Ɍɭɬ ɜɨɧɚ ɡɧɚɯɨɞɢɬь ɫɜɨє ɡɚɫɬɨɫɭɜɚɧɧɹ, ɜɢɯɨɞɹɱɢ ɡɚ ɦɟɠɿ 
ɿɞɟɚɥɿɡɨɜɚɧɢɯ ɿ ɜɿɞɿɪɜɚɧɢɯ ɜɿɞ ɠɢɬɬɹ ɮɨɪɦɭɥ ɬɚ ɩɿɞɪɚɯɭɧɤɿɜ. 

Ɇɚɬɟɦɚɬɢɤɚ ɩɪɟɞɫɬɚɜɥɹє ɫɨɛɨɸ ɧɚɭɤɭ ɬɨɱɧɭ, ɳɨ ɧɟ ɬɟɪɩɢɬь 
ɧɟɨɞɧɨɡɧɚɱɧɢɯ  ɬɥɭɦɚɱɟɧь ɿ ɪɿɡɧɢɯ ɫɩɟɤɭɥɹɰɿɣ. ɐɟ ɜɬɿɥɟɧɧɹ ɩɨɪɹɞɤɭ ɿ ɠɨɪɫɬɤɨʀ 
ɥɨɝɿɤɢ. ȼɨɧɚ ɞɨɩɨɦɚɝɚє ɡɪɨɡɭɦɿɬɢ ɫɜɿɬ ɧɚɜɤɨɥɨ ɧɚɫ ɬɚ ɞɿɡɧɚɬɢɫɹ ɛɿɥьɲɟ ɩɪɨ ɣɨɝɨ 
ɡɚɤɨɧɢ.Ɍɨɦɭ ɭ ɜɫɿ ɱɚɫɢ ɥɸɞɫɬɜɨ ɜɢɤɨɪɢɫɬɨɜɭɜɚɥɨ ɦɚɬɟɦɚɬɢɤɭ ɭ ɩɪɚɤɬɢɱɧɢɯ 
ɰɿɥɹɯ.  

Ɂɚɫɬɨɫɭɜɚɧɧɹ  ɦɚɬɟɦɚɬɢɤɢ ɜɿɞɿɝɪɚє ɜɚɠɥɢɜɭ ɪɨɥь ɹɤ ɭ ɧɚɭɤɨɜɨɦɭ, 
ɬɟɯɧɿɱɧɨɦɭ, ɟɤɨɧɨɦɿɱɧɨɦɭ ɪɨɡɜɢɬɤɭ ɫɭɫɩɿɥьɫɬɜɚ, ɬɚɤ ɿ ɜ ɪɨɡɜɢɬɤɭ ɨɤɪɟɦɨʀ 
ɨɫɨɛɢɫɬɨɫɬɿ. Ɍɿ, ɯɬɨ ɧɚ ɜɢɫɨɤɨɦɭ ɪɿɜɧɿ ɨɜɨɥɨɞɿɜɚɥɢ ɦɚɬɟɦɚɬɢɱɧɢɦ ɚɩɚɪɚɬɨɦ, 
ɡɚɜɠɞɢ ɦɚɥɢ ɜɟɥɢɤɢɣ ɩɨɬɟɧɰɿɚɥ ɞɥɹ ɪɟɚɥɿɡɚɰɿʀ ɫɜɨʀɯ ɿɞɟɣ ɿ ɫɬɚɧɨɜɢɥɢ 
ɫɬɪɚɬɟɝɿɱɧɢɣ ɪɟɫɭɪɫ ɧɚɰɿʀ. Ɇɚɬɟɦɚɬɢɤɚ ɡɚɞɚє ɫɬɚɧɞɚɪɬɢ ɥɨɝɿɱɧɨ ɩɪɚɜɢɥьɧɨɝɨ, 
ɪɚɰɿɨɧɚɥьɧɨɝɨ ɦɢɫɥɟɧɧɹ ɧɚ ɜɫɟ ɠɢɬɬɹ. ȱ ɧɚ ɤɿɧɟɰь, ɡɧɚɧɧɹ ɦɚɬɟɦɚɬɢɤɢ ɧɟ 
ɞɨɡɜɨɥɢɬь ɜɚɫ ɨɲɭɤɚɬɢ! 

ɇɢɧɿɲɧɿɣ ɨɫɜɿɬɧɿɣ ɩɪɨɰɟɫ ɜ ɍɤɪɚʀɧɿ ɨɪɿєɧɬɨɜɚɧɢɣ ɧɚ ɬɜɨɪɱɟ ɬɚ ɚɤɬɢɜɧɟ 
ɫɚɦɨɧɚɜɱɚɧɧɹ ɤɨɠɧɨɝɨ ɫɬɭɞɟɧɬɚ, ɹɤɟ ɜɪɚɯɨɜɭє ɣɨɝɨ ɩɨɬɟɧɰɿɚɥ ɬɚ ɪɿɜɟɧь ɛɚɡɨɜɨʀ 
ɩɿɞɝɨɬɨɜɤɢ. Ɍɚɤɢɣ ɧɚɩɪɹɦɨɤ ɪɨɡɜɢɬɤɭ ɜɢɳɨʀ ɨɫɜɿɬɢ ɩɟɪɟɞɛɚɱɚє ɧɚɹɜɧɿɫɬь 
ɜɿɞɩɨɜɿɞɧɨɝɨ ɦɟɬɨɞɢɱɧɨɝɨ ɡɚɛɟɡɩɟɱɟɧɧɹ ɧɚɜɱɚɥьɧɨɝɨ ɩɪɨɰɟɫɭ, ɜɤɥɸɱɚɸɱɢ 
ɪɨɡɪɨɛɤɭ ɥɟɤɰɿɣɧɨɝɨ ɦɚɬɟɪɿɚɥɭ ɬɚ ɡɚɜɞɚɧь ɞɥɹ ɫɚɦɨɩɿɞɝɨɬɨɜɤɢ. 

ɇɚɜɱɚɥьɧɢɣ ɩɨɫɿɛɧɢɤ ɧɚɩɢɫɚɧɨ ɡɝɿɞɧɨ ɞɿɸɱɢɯ ɪɨɛɨɱɢɯ ɩɪɨɝɪɚɦ 
ɡɚɝɚɥьɧɨɝɨ ɤɭɪɫɭ ɜɢɳɨʀ ɦɚɬɟɦɚɬɢɤɢ ɛɚɝɚɬьɨɯ ɫɩɟɰɿɚɥьɧɨɫɬɟɣ, ɞɟ ɜɨɧɚ ɧɟ є 
ɩɪɨɮɿɥьɧɢɦ ɩɪɟɞɦɟɬɨɦ. ȼɪɚɯɨɜɭɸɱɢ ɜɟɥɢɤɢɣ ɞɨɫɜɿɞ ɜɢɤɥɚɞɚɧɧɹ ɞɢɫɰɢɩɥɿɧɢ 
«ȼɢɳɚ ɦɚɬɟɦɚɬɢɤɚ» ɧɚ ɝɟɨɝɪɚɮɿɱɧɨɦɭ, ɟɤɨɧɨɦɿɱɧɨɦɭ ɿ ɯɿɦɿɱɧɨɦɭ ɮɚɤɭɥьɬɟɬɚɯ 
ȾȼɇɁ «ɍɠɇɍ», ɤɨɥɟɤɬɢɜ ɚɜɬɨɪɿɜ ɧɚɦɚɝɚɜɫɹ ɞɨɫɬɭɩɧɨ ɜɢɤɥɚɫɬɢ ɨɫɧɨɜɧɢɣ 
ɬɟɨɪɟɬɢɱɧɢɣ ɦɚɬɟɪɿɚɥ ɪɿɡɧɢɯ ɪɨɡɞɿɥɿɜ ɤɭɪɫɭ ɬɚ ɞɨɩɨɜɧɢɜ ɣɨɝɨ ɪɨɡɜ’ɹɡɚɧɢɦɢ 
ɬɢɩɨɜɢɦɢ ɿɥɸɫɬɪɚɬɢɜɧɢɦɢ ɩɪɢɤɥɚɞɚɦɢ ɬɚ ɡɚɞɚɱɚɦɢ. ȼ ɤɿɧɰɿ ɤɨɠɧɨɝɨ 
ɬɟɦɚɬɢɱɧɨɝɨ ɪɨɡɞɿɥɭ ɧɚɜɟɞɟɧɨ ɪɹɞ ɡɚɜɞɚɧь ɞɥɹ ɫɚɦɨɫɬɿɣɧɨɝɨ ɪɨɡɜ’ɹɡɚɧɧɹ, ɞɟɹɤɚ 
ɱɚɫɬɢɧɚ ɹɤɢɯ ɜɡɹɬɚ ɿɡ ɡɚɝɚɥьɧɨɜɿɞɨɦɢɯ ɩɿɞɪɭɱɧɢɤɿɜ ɬɚ ɩɨɫɿɛɧɢɤɿɜ. 

Ⱦɚɧɢɣ ɩɨɫɿɛɧɢɤ ɦɨɠɟ ɛɭɬɢ ɜɢɤɨɪɢɫɬɚɧɢɣ ɫɬɭɞɟɧɬɚɦɢ ɧɟɦɚɬɟɦɚɬɢɱɧɢɯ 
ɫɩɟɰɿɚɥьɧɨɫɬɟɣ ɩɪɢ ɜɢɜɱɟɧɿ ɤɭɪɫɭ ɜɢɳɨʀ ɦɚɬɟɦɚɬɢɤɢ, ɜɢɤɥɚɞɚɱɚɦɢ ɬɚ ɜɫɿɦɚ 
ɛɚɠɚɸɱɢɦɢ. 
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ȱ. ɅȱɇȱɃɇȺ ȺɅȽȿȻɊȺ 

 

1.1. Ɇɚɬɪɢɰɿ ɬɚ ɜɢɡɧɚɱɧɢɤɢ 

 
Ɇɚɬɪɢɰɿ. Ɍɢɩɢ ɦɚɬɪɢɰь 

 

Ɇɚɬɪɢɰɟɸ ɪɨɡɦɿɪɭ  ݉ × ݊  ɧɚɡɢɜɚєɬьɫɹ ɩɪɹɦɨɤɭɬɧɚ ɬɚɛɥɢɰɹ ɱɢɫɟɥ, ɹɤɚ 

ɫɤɥɚɞɚєɬьɫɹ ɡ ݉ ɪɹɞɤɿɜ  ɿ ݊ ɫɬɨɜɛɰɿɜ: 
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ȿɥɟɦɟɧɬɢ ɡ ɨɞɧɚɤɨɜɢɦɢ ɩɟɪɲɢɦɢ ɿɧɞɟɤɫɚɦɢ ɭɬɜɨɪɸɸɬь ɪɹɞɤɢ, ɡ 
ɨɞɧɚɤɨɜɢɦɢ ɞɪɭɝɢɦɢ ɿɧɞɟɤɫɚɦɢ – ɫɬɨɜɩɰɿ ɦɚɬɪɢɰɿ.  

ɑɢɫɥɚ, ɳɨ ɜɯɨɞɹɬь ɞɨ ɫɤɥɚɞɭ ɦɚɬɪɢɰɿ, ɧɚɡɢɜɚɸɬьɫɹ ʀʀ ɟɥɟɦɟɧɬɚɦɢ. 
Ɇɚɬɪɢɰɿ ɫɤɨɪɨɱɟɧɨ ɩɨɡɧɚɱɚɸɬьɫɹ ɫɢɦɜɨɥɚɦɢ A={aij}, ɚɛɨ ɩɪɨɫɬɨ ɛɭɤɜɚɦɢ ܣ, ,ܤ ,ܥ …, ɚɛɨ ܣଵ, ,ଶܣ …, ɟɥɟɦɟɧɬɢ ɦɚɬɪɢɰɿ ɩɨɡɧɚɱɚɸɬь  ɹɤ ܽ, ɞɟ ݅ – ɧɨɦɟɪ ɪɹɞɤɚ, ݆ – ɧɨɦɟɪ ɫɬɨɜɩɰɹ. Ɇɚɬɪɢɰɿ ɪɨɡɦɿɪɭ ݉× ݊ ɩɨɡɧɚɱɚɸɬь ɫɢɦɜɨɥɨɦ nmА  . 

 
ɉɪиɤɥɚɞ 1. 

Ɂɚɞɚɦɨ ɦɚɬɪɢɰɸ ɪɨɡɦɿɪɨɦ 2×4: ܣଶ×ସ = (ͳ ͵ʹ Ͳ,ͷ    −Ͷ ͷ√͵ ͺ). 
Ɍɨɞɿ ܽଵଵ = ͳ,  ܽଵଶ = ͵, ܽଶଷ = √͵, ܽଶସ = ͺ. 
 

Ⱦɜɿ ɦɚɬɪɢɰɿ A ɿ B ɨɞɧɨɝɨ ɪɨɡɦɿɪɭ ɧɚɡɢɜɚɸɬьɫɹ ɪɿɜɧɢɦɢ, ɹɤɳɨ ܽ = ܾ , 
ɞɥɹ ɞɨɜɿɥьɧɢɯ  ݅ = ͳ, ʹ,… ,݉; ݆ = ͳ, ʹ,… , ݊ .  

Ɇɚɬɪɢɰɹ  ܣ×  ɧɚɡɢɜɚєɬьɫɹ ɤɜɚɞɪɚɬɧɨɸ, ɹɤɳɨ ݊ = ݉  ; ɩɪɹɦɨɤɭɬɧɨɸ, 
ɹɤɳɨ  ݊ ≠ ݉.  

Ɇɚɬɪɢɰɹ  ܣ×ଵ , ɳɨ ɫɤɥɚɞɚєɬьɫɹ ɡ ɨɞɧɨɝɨ ɫɬɨɜɩɱɢɤɚ ɧɚɡɢɜɚєɬьɫɹ 
ɦɚɬɪɢɰɟɸ- ɫɬɨɜɩɱɢɤɨɦ, ɚ  ܣଵ× ɦɚɬɪɢɰɟɸ - ɪɹɞɤɨɦ.  

ɉɨɪɹɞɤɨɦ ɤɜɚɞɪɚɬɧɨʀ ɦɚɬɪɢɰɿ ɧɚɡɢɜɚєɬьɫɹ ɱɢɫɥɨ, ɳɨ ɞɨɪɿɜɧɸє ɤɿɥьɤɨɫɬɿ 
ɪɹɞɤɿɜ(ɫɬɨɜɩɱɢɤɿɜ) ɰɿєʀ ɦɚɬɪɢɰɿ. 

ȿɥɟɦɟɧɬɢ ɦɚɬɪɢɰɿ ܽ  , ɜ ɹɤɢɯ ݅ = ݆ (ɬɨɛɬɨ ɪɿɜɧɿ ɿɧɞɟɤɫɢ) ɧɚɡɢɜɚɸɬьɫɹ 
ɞɿɚɝɨɧɚɥьɧɢɦɢ. Ⱦɿɚɝɨɧɚɥьɧɿ ɟɥɟɦɟɧɬɢ ܽଵଵ, ܽଶଶ, … , ܽ  ɭɬɜɨɪɸɸɬь ɝɨɥɨɜɧɭ 
ɞɿɚɝɨɧɚɥь ɤɜɚɞɪɚɬɧɨʀ ɦɚɬɪɢɰɿ ܣ× . 

Ɇɚɬɪɢɰɹ ɧɚɡɢɜɚєɬьɫɹ ɞɿɚɝɨɧɚɥьɧɨɸ, ɹɤɳɨ ɜɫɿ ɟɥɟɦɟɧɬɢ, ɳɨ ɡɧɚɯɨɞɹɬьɫɹ 
ɩɨɡɚ ɝɨɥɨɜɧɨɸ ɞɿɚɝɨɧɚɥɥɸ ɞɨɪɿɜɧɸɸɬь ɧɭɥɸ. 

ɇɚɩɪɢɤɥɚɞ, ܣ = (−͵ Ͳ ͲͲ ͵ ͲͲ Ͳ ʹ) – ɞɿɚɝɨɧɚɥьɧɚ ɦɚɬɪɢɰɹ ɬɪɟɬьɨɝɨ ɩɨɪɹɞɤɭ. 

 
əɤɳɨ ɜɫɿ ɟɥɟɦɟɧɬɢ ɞɿɚɝɨɧɚɥьɧɨʀ ɦɚɬɪɢɰɿ  n- ɝɨ ɩɨɪɹɞɤɭ ɞɨɪɿɜɧɸɸɬь 

ɨɞɢɧɢɰɿ, ɬɨ ɦɚɬɪɢɰɹ ɧɚɡɢɜɚєɬьɫɹ ɨɞɢɧɢɱɧɨɸ ɿ ɩɨɡɧɚɱɚєɬьɫɹ ɛɭɤɜɨɸ E. 
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ɇɚɩɪɢɤɥɚɞ,  ܧ = (ͳ Ͳ ͲͲ ͳ ͲͲ Ͳ ͳ)  –  ɨɞɢɧɢɱɧɚ ɦɚɬɪɢɰɹ ɬɪɟɬьɨɝɨ ɩɨɪɹɞɤɭ. 

 
Ɇɚɬɪɢɰɹ ɞɨɜɿɥьɧɨɝɨ ɪɨɡɦɿɪɭ ɧɚɡɢɜɚєɬьɫɹ ɧɭɥьɨɜɨɸ, ɹɤɳɨ ɜɫɿ ʀʀ ɟɥɟɦɟɧɬɢ 

ɪɿɜɧɿ ɧɭɥɸ: ܱଶ×ଷ = ቀͲ ͲͲ Ͳ    ͲͲቁ. 
 

Ɉɩɟɪɚɰɿʀ ɧɚɞ ɦɚɬɪɢɰɹɦɢ 

 

1. Ⱦɨɛɭɬɨɤ ɦɚɬɪɢɰɿ ɧɚ ɱɢɫɥɨ. 

Ⱦɨɛɭɬɤɨɦ ɦɚɬɪɢɰɿ ܣ×  ɧɚ ɱɢɫɥɨ ݇   ɧɚɡɢɜɚєɬьɫɹ ɦɚɬɪɢɰɹ ܤ× = ݇ ×, ɟɥɟɦɟɧɬɢ ɹɤɨʀ ܾܣ∙ = ݇ ∙ ܽ, ɞɥɹ ݅ = ͳ, ʹ,…݉ , ݆ = ͳ, ʹ,…݊. 

ɇɚɫɥɿɞɨɤ. ɋɩɿɥьɧɢɣ ɦɧɨɠɧɢɤ ɪɹɞɤɚ (ɫɬɨɜɩɱɢɤɚ) ɦɨɠɧɚ ɜɢɧɨɫɢɬɢ ɡɚ ɡɧɚɤ 
ɦɚɬɪɢɰɿ. 
ɇɚɩɪɢɤɥɚɞ,  ቀͳͷ   ʹͲʹͷ  ͳʹͳͲቁ = Ͷ ቀͶͷ  ͷʹͷ  ͳ͵Ͳቁ = Ͷ ∙ ͷ ቀͶͳ  ͷͷ  Ͷ͵ቁ = Ͷ ∙ ͷ ∙ ͷ ቀͶͳ  ͳͳ  Ͷ͵ቁ = = ͳͲͲቀͶͳ  ͳͳ  Ͷ͵ቁ. 
 

2. Ⱦɨɞɚɜɚɧɧɹ ɦɚɬɪɢɰь. 

ɋɭɦɨɸ ɞɜɨɯ ɦɚɬɪɢɰь ܣ×  ɿ ܤ×  ɧɚɡɢɜɚєɬьɫɹ ɦɚɬɪɢɰɹ ܥ×  ɜɫɿ 
ɟɥɟɦɟɧɬɢ ɹɤɨʀ ɡɧɚɯɨɞɹɬьɫɹ ɡɚ ɮɨɪɦɭɥɨɸ: ܿ = ܽ + ܾ . 
ɇɚɩɪɢɤɥɚɞ, ܣ = ቀ−͵ ͳʹ Ͳቁ ;  ܤ =  ቀ−ͳ Ͷ−ʹ ʹቁ,   ɬɨɞɿ    ܥ = ܣ + ܤ =  ቀ−Ͷ ͷͲ ʹቁ. 
 

3. Вɿɞɧɿɦɚɧɧɹ ɦɚɬɪɢɰь. 

Ɋɿɡɧɢɰɹ ɞɜɨɯ ɦɚɬɪɢɰь ܣ× ɿ ܤ× ɜɢɡɧɚɱɚєɬьɫɹ ɱɟɪɟɡ ɩɨɩɟɪɟɞɧɿ ɨɩɟɪɚɰɿʀ: ܣ× − ×ܤ = ×ܣ + ሺ−ͳሻ ∙  .×ܤ
 

4. Ⱦɨɛɭɬɨɤ ɦɚɬɪɢɰь. 

Ⱦɨɛɭɬɤɨɦ ɦɚɬɪɢɰɿ ܣ×  ɧɚ ɦɚɬɪɢɰɸ ܤ×  ɧɚɡɢɜɚєɬьɫɹ ɬɚɤɚ 
ɦɚɬɪɢɰɹ  ʠ× = ×ܣ ∙ ×ܤ , ɤɨɠɧɢɣ ɟɥɟɦɟɧɬ ɹɤɨʀ  ܿ , ɞɨɪɿɜɧɸє ɫɭɦɿ 
ɞɨɛɭɬɤɿɜ ɟɥɟɦɟɧɬɿɜ ݅ −ɝɨ ɪɹɞɤɚ ɦɚɬɪɢɰɿ ܣ× ɧɚ ɜɿɞɩɨɜɿɞɧɿ ɟɥɟɦɟɧɬɢ ݆ −ɝɨ 
ɫɬɨɜɩɰɹ ɦɚɬɪɢɰɿ ܤ×: ܿ = ܽଵܾଵ+ܽଶܾଶ +⋯+ ܾܽ. 
Ɂɚɭɜɚɠɢɦɨ, ɳɨ ɩɪɢ ɦɧɨɠɟɧɧɿ ɞɜɨɯ ɦɚɬɪɢɰь ܣ×  ɿ ܤ×  ɤɿɥьɤɿɫɬь 
ɫɬɨɜɩɰɿɜ ɦɚɬɪɢɰɿ А ɞɨɪɿɜɧɸє ɤɿɥьɤɨɫɬɿ ɪɹɞɤɿɜ ɦɚɬɪɢɰɿ В. 
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Ɍɨɛɬɨ ɦɧɨɠɟɧɧɹ ɩɪɨɜɨɞɢɬьɫɹ ɩɨ ɫɯɟɦɿ: 














 















































 

ɇɚɩɪɢɤɥɚɞ:  ܣଷ×ଶ = (−͵ ͳʹ Ͷͷ Ͳ); ܤଶ×ଶ = ቀ ͵ ͳ−Ͷ ʹቁ;                         
ଷ×ଶܥ = ቌ−͵ ∙ ͵ + ͳ ∙ ሺ−Ͷሻ −͵ ∙ ͳ + ͳ ∙ ʹʹ ∙ ͵ + Ͷ ∙ ሺ−Ͷሻ ʹ ∙ ͳ + Ͷ ∙ ʹͷ ∙ ͵ + Ͳ ∙ ሺ−Ͷሻ ͷ ∙ ͳ + Ͳ ∙ ʹ ቍ = (−ͳ͵ −ͳ−ͳͲ ͳͲͳͷ ͷ ). 

 
ɇɚɜɟɞɟɦɨ ɞɟɹɤɿ ɬɨɬɨɠɧɨɫɬɿ ɦɚɬɪɢɱɧɨʀ ɚɥɝɟɛɪɢ: 

ܣ (1 + ܤ = ܤ +  ;(ɤɨɦɭɬɚɬɢɜɧɢɣ ɡɚɤɨɧ ɞɨɞɚɜɚɧɧɹ) ܣ
2) ሺܣ + ሻܤ + ܥ = ܣ + ሺܤ +  ;ሻ (ɚɫɨɰɿɚɬɢɜɧɢɣ ɡɚɤɨɧ ɞɨɞɚɜɚɧɧɹ)ܥ
3) ݇ሺܣ + ሻܤ = ݇ ∙ ܣ + ݇ ∙ ;ܤ  ݇𝜖ܴ; 
ܣ (4 ∙ ሺܤ + ሻܥ = ܣ ∙ ܤ + ܣ ∙  ;ܥ
5) ሺܣ + ሻܤ ∙ ܥ = ܣ ∙ ܥ + ܤ ∙  ;ܥ
6) ݇ ∙ ሺܣ ∙ ሻܤ = ሺ݇ ∙ ሻܣ ∙ ܤ = ܣ ∙ ሺ݇ ∙  ;ሻܤ
7) ሺܣ ∙ ሻܤ ∙ ܥ = ܣ ∙ ሺܤ ∙  .ሻܥ

 
ȼ ɬɨɣ ɠɟ ɱɚɫ ɞɥɹ ɨɩɟɪɚɰɿʀ ɦɧɨɠɟɧɧɹ ɦɚɬɪɢɰь, ɜɡɚɝɚɥɿ ɤɚɠɭɱɢ, 

ɤɨɦɭɬɚɬɢɜɧɢɣ ɡɚɤɨɧ ɧɟ ɜɢɤɨɧɭєɬьɫɹ: 
ܣ (1 ∙ ܤ ≠ ܤ ∙  ;ܣ
2) Ɂ ɬɨɝɨ, ɳɨ ܣ ∙ ܤ = Ͳ ɧɟ ɜɢɩɥɢɜɚє, ɳɨ ܣ = Ͳ ˃˄ˑ ܤ = Ͳ. 

 
5. Цɿɥɢɣ ɞɨɞɚɬɧɢɣ ɫɬɟɩɿɧь ɤɜɚɞɪɚɬɧɨʀ ɦɚɬɪɢɰɿ. 

ɐɿɥɢɦ ɞɨɞɚɬɧɢɦ ɫɬɟɩɟɧɟɦ ܣ ሺ݇ > ͳሻ  ɤɜɚɞɪɚɬɧɨʀ ɦɚɬɪɢɰɿ ܣ  ɧɚɡɢɜɚєɬьɫɹ 
ɞɨɛɭɬɨɤ ݇ ɦɚɬɪɢɰь, ɪɿɜɧɢɯ ܣ : ܣ = ܣ ∙ ܣ ∙ ˊ˃˓−      ⏟ܣ… . 

ɇɚɩɪɢɤɥɚɞ: ܣଷ = ቀͳ −ʹͲ ͵ ቁଷ = ቀͳ −ʹͲ ͵ ቁ ቀͳ −ʹͲ ͵ ቁ ቀͳ −ʹͲ ͵ ቁ = ቀͳ −ͺͲ ͻ ቁ ቀͳ −ʹͲ ͵ ቁ = = ቀͳ −ʹͲ ʹ ቁ. 
 

6. Ɍɪɚɧɫɩɨɧɭɜɚɧɧɹ ɦɚɬɪɢɰь. 

Ɇɚɬɪɢɰɹ ܣ𝑇  ɧɚɡɢɜɚєɬьɫɹ ɬɪɚɧɫɩɨɧɨɜɚɧɨɸ ɞɨ ɦɚɬɪɢɰɿ ,ܣ   ɹɤɳɨ ɟɥɟɦɟɧɬɢ 
ɩɟɪɲɨɝɨ ɪɹɞɤɚ ɦɚɬɪɢɰɿ ܣ𝑇 ,  є ɟɥɟɦɟɧɬɚɦɢ ɩɟɪɲɨɝɨ ɫɬɨɜɩɰɹ ɦɚɬɪɢɰɿ ܣ, 
ɟɥɟɦɟɧɬɢ ɞɪɭɝɨɝɨ ɪɹɞɤɚ- ɟɥɟɦɟɧɬɢ ɞɪɭɝɨɝɨ ɫɬɨɜɩɰɹ ɿ ɬ.ɞ. ሺܣ×ሻ𝑇 = ݅ ×  ɟɥɟɦɟɧɬɢܤ − ˆˑ  ɪɹɞɤɚ ɦɚɬɪɢɰɿ ܣ  є ɟɥɟɦɟɧɬɚɦɢ ݅ − ˆˑ  
ɫɬɨɜɩɰɹ ɦɚɬɪɢɰɿ ܤ.  
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ɇɚɩɪɢɤɥɚɞ: ܣଷ×ଶ = ( ͳ ʹ−ͳ ͵Ͷ ͷ), ܤଶ×ଷ = ( ͳ ʹ−ͳ ͵Ͷ ͷ)𝑇 = ቀͳ −ͳ Ͷʹ ͵ ͷቁ. 
 
ȼɥɚɫɬɢɜɨɫɬɿ ɨɩɟɪɚɰɿʀ ɬɪɚɧɫɩɨɧɭɜɚɧɧɹ: 
1) ሺܣ𝑇ሻ𝑇 =  ;ܣ
2) ሺ݇ ∙ ሻ𝑇ܣ = ݇ ∙  ;𝑇ܣ
3) ሺܣ + ሻ𝑇ܤ = 𝑇ܣ +  ;𝑇ܤ
4) ሺܣ ∙ ሻ𝑇ܤ = 𝑇ܤ ∙  .𝑇ܣ

 
ȼɢɡɧɚɱɧɢɤɢ ɞɪɭɝɨɝɨ ɿ ɬɪɟɬьɨɝɨ ɩɨɪɹɞɤɿɜ 

 
Ʉɨɠɧɿɣ ɤɜɚɞɪɚɬɧɿɣ ɦɚɬɪɢɰɿ n-ɝɨ ɩɨɪɹɞɤɭ 
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  ɦɨɠɧɚ ɩɨɫɬɚɜɢɬɢ ɭ ɜɿɞɩɨɜɿɞɧɿɫɬь ɱɢɫɥɨ, ɹɤɟ ɨɬɪɢɦɭєɦɨ ɡ 

ɟɥɟɦɟɧɬɿɜ  ɦɚɬɪɢɰɿ ܣ ɡɚ ɜɿɞɩɨɜɿɞɧɢɦɢ ɮɨɪɦɭɥɚɦɢ.  
ȼɢɡɧɚɱɧɢɤ n-ɝɨ  ɩɨɪɹɞɤɭ  ɩɨɡɧɚɱɚєɬьɫɹ 
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ȼɢɡɧɚɱɧɢɤɨɦ ɬɪɟɬьɨɝɨ ɩɨɪɹɞɤɭ ɧɚɡɢɜɚєɬьɫɹ ɱɢɫɥɨ, ɳɨ ɨɛɱɢɫɥɸєɬьɫɹ  ɡɚ 
ɮɨɪɦɭɥɨɸ: 
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ɋɯɟɦɚɬɢɱɧɨ ɩɨɪɹɞɨɤ ɮɨɪɦɭɜɚɧɧɹ ɦɧɨɠɧɢɤɿɜ ɜ ɞɨɞɚɧɤɚɯ ɦɨɠɧɚ ɡɚɞɚɬɢ 
ɧɚɫɬɭɩɧɢɦ ɱɢɧɨɦ: 

. 
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Ɂɥɿɜɚ ɫɯɟɦɚ ɮɨɪɦɭɜɚɧɧɹ ɞɨɞɚɧɤɿɜ, ɩɨɪɹɞ ɡ ɹɤɢɦɢ ɫɬɚɜɢɬьɫɹ ɡɧɚɤ «+», ɚ 
ɫɩɪɚɜɚ  – ɡɧɚɤ «-». 

Ɉɛɱɢɫɥɟɧɧɹ ɜɢɡɧɚɱɧɢɤɚ 3-ɝɨ ɩɨɪɹɞɤɭ ɦɨɠɧɚ ɩɪɨɜɨɞɢɬɢ ɩɨ ɫɯɟɦɿ 
ɋɚɪɪɸɫɚ, ɹɤɟ ɩɟɪɟɞɛɚɱɚє ɜɜɟɞɟɧɧɹ ɞɨɩɨɦɿɠɧɢɯ ɫɬɨɜɩɱɢɤɿɜ, ɹɤɿ ɞɭɛɥɸɸɬь 1 ɿ 2 
ɫɬɨɜɩɱɢɤ ɜɢɡɧɚɱɧɢɤɚ: 

 

 

ɉɪиɤɥɚɞ 2. 

 |−͵ −͵ Ͷͳ Ͳ −ʹͷ ͵ −ͳ| −ͳ͵ͷ     −Ͳ͵͵ | = −͵ ∙ Ͳ ∙ ሺ−ͳሻ + ሺ−͵ሻ ∙ ሺ−ʹሻ ∙ ͷ + Ͷ ∙ ͳ ∙ ͵ − −(ͷ ∙ Ͳ ∙ Ͷ + ͵ ∙  ሺ−ʹሻ ∙ ͵ + ሺ−ͳሻ ∙ ͳ ∙ ሺ−͵ሻ൯ = ͷ. 
 

ɇɟɯɚɣ ɡɚɞɚɧɚ ɤɜɚɞɪɚɬɧɚ ɦɚɬɪɢɰɹ  ܣ  ݊ − ˆˑ ɩɨɪɹɞɤɭ. 
Ɇɿɧɨɪɨɦ  ܯ  ɟɥɟɦɟɧɬɚ ܽ  ɦɚɬɪɢɰɿ ݊-ɝɨ  ɩɨɪɹɞɤɭ ɧɚɡɢɜɚєɬьɫɹ ɜɢɡɧɚɱɧɢɤ 

ɦɚɬɪɢɰɿ ሺ݊ − ͳ )-ɝɨ  ɩɨɪɹɞɤɭ, ɹɤɢɣ ɨɬɪɢɦɚɧɨ ɡ ɦɚɬɪɢɰɿ  ܣ  ɜɢɤɪɟɫɥɸɜɚɧɧɹɦ 
ɟɥɟɦɟɧɬɿɜ ݅-ɝɨ ɪɹɞɤɚ ɬɚ ݆-ɝɨ ɫɬɨɜɩɰɹ. 

ɇɚɩɪɢɤɥɚɞ, ɦɿɧɨɪɨɦ ɟɥɟɦɟɧɬɚ  ܽଶଷ ɦɚɬɪɢɰɿ ܣ, ɳɨ ɡɚɞɚє ɜɢɡɧɚɱɧɢɤ |ܽଵଵ ܽଵଶ ܽଵଷܽଶଵ ܽଶଶ ܽଶଷܽଷଵ ܽଷଶ ܽଷଷ| 
є ɜɢɡɧɚɱɧɢɤ ɞɪɭɝɨɝɨ ɩɨɪɹɞɤɭ: ܯଶଷ = |ܽଵଵ ܽଵଶܽଷଵ ܽଷଶ| =  ܽଵଵܽଷଶ − ܽଵଶܽଷଵ. 

 
Ʉɨɠɧɚ ɦɚɬɪɢɰɹ  ݊-ɝɨ  ɩɨɪɹɞɤɭ ɦɚє  ݊ଶ ɦɿɧɨɪɿɜ  ሺ݊ − ͳ)-ɝɨ  ɩɨɪɹɞɤɭ. 
Аɥɝɟɛɪɚʀɱɧɢɦ ɞɨɩɨɜɧɟɧɧɹɦ  ܣ  ɟɥɟɦɟɧɬɚ ܽ  ɦɚɬɪɢɰɿ  ݊ -ɝɨ  ɩɨɪɹɞɤɭ 

ɧɚɡɢɜɚєɬьɫɹ ɦɿɧɨɪ  ܯ ɜɡɹɬɢɣ ɡɿ ɡɧɚɤɨɦ  ሺ−ͳሻ+ ɬɨɛɬɨ: ܣ = ሺ−ͳሻ+ܯ. 
Ⱥɥɝɟɛɪɚʀɱɧɟ  ɞɨɩɨɜɧɟɧɧɹ  ܣ  ɜɿɞɪɿɡɧɹєɬьɫɹ ɜɿɞ ɦɿɧɨɪɚ ܯ ɬɿɥьɤɢ ɡɧɚɤɨɦ, 

ɤɨɥɢ ݅ + ݆  – ɧɟɩɚɪɧɟ ɱɢɫɥɨ. 

ɇɚɩɪɢɤɥɚɞ,  ܣ = (−͵ Ͷ ͷ−ʹ −ͳ ͵Ͳ −Ͷ ͷ), ܯଶଷ = |−͵ ͶͲ −Ͷ| = ͳʹ,         ܣଶଷ = ሺ−ͳሻଶ+ଷܯଶଷ = −ͳʹ. 
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Тɟɨɪɟɦɚ Ʌɚɩɥɚɫɚ. Вɢɡɧɚɱɧɢɤ  ɤɜɚɞɪɚɬɧɨʀ ɦɚɬɪɢɰɿ ɞɨɪɿɜɧɸє ɫɭɦɿ 
ɞɨɛɭɬɤɿɜ  ɟɥɟɦɟɧɬɿɜ  ɞɨɜɿɥьɧɨɝɨ ɪɹɞɤɚ (ɫɬɨɜɩɱɢɤɚ) ɧɚ ʀɯ  ɚɥɝɟɛɪɚʀɱɧɿ 
ɞɨɩɨɜɧɟɧɧɹ. 

∆= ||
ܽଵଵ ܽଵଶ …    ܽଵ … ܽଵܽଶଶ ܽଶଵ ⋯    ܽଶ ⋯ ܽଶ⋯ ⋯     ⋯    ⋯       ⋯     ⋯ ܽଵ ܽଶ ⋯    ܽ ⋯ ܽ⋯ ⋯ ⋯    ⋯ ⋯ ⋯ܽଵ ܽଶ ⋯    ܽ ⋯ ܽ|

| = ܽଵܣଵ + ܽଶܣଶ +⋯+ ܽܣ= 

= ∑ ܽ𝑡ܣ𝑡 .𝑡=ଵ  

 
ɐɟ ɪɨɡɤɥɚɞ  ɜɢɡɧɚɱɧɢɤɚ ∆ ɡɚ ɟɥɟɦɟɧɬɚɦɢ ݅ − ɝɨ ɪɹɞɤɚ; ݅ = ͳ; ʹ;⋯݊. ∆=  ܽଵܣଵ + ܽଶܣଶ +⋯+ ܽܣ = ∑ ܽ𝑡ܣ𝑡𝑡=ଵ −  ɪɨɡɤɥɚɞ ɜɢɡɧɚɱɧɢɤɚ 

ɡɚ ɟɥɟɦɟɧɬɚɦɢ  ݆ − ɝɨ ɫɬɨɜɩɰɹ ݆ = ͳ; ʹ;⋯݊. 
ȼɢɡɧɚɱɧɢɤ ݊ −  ɝɨ ɩɨɪɹɞɤɭ ɜɢɡɧɚɱɚєɬьɫɹ ɹɤ ɱɢɫɥɨ, ɳɨ ɨɬɪɢɦɭєɬьɫɹ ɡ 

ɟɥɟɦɟɧɬɿɜ ɦɚɬɪɢɰɿ  ݊ − ɝɨ ɩɨɪɹɞɤɭ ɡɚ ɬɟɨɪɟɦɨɸ Ʌɚɩɥɚɫɚ. 
 

ɉɪиɤɥɚɞ 3. 

Ɉɛɱɢɫɥɢɬɢ ɜɢɡɧɚɱɧɢɤ, ɪɨɡɤɥɚɜɲɢ ɣɨɝɨ ɡɚ ɟɥɟɦɟɧɬɚɦɢ ɞɪɭɝɨɝɨ ɪɹɞɤɚ. 
 ∆= |−͵ Ͳ ͳͲ −Ͷ ʹͳʹ −ͳʹ ͶͲ    Ͳʹͷ−͵| = 

 = Ͳ + ሺ−Ͷሻሺ−ͳሻଶ+ଶ |−͵ ͳ ʹʹ Ͷ ͷͳ Ͳ −͵| + ʹሺ−ͳሻଶ+ଷ |−͵ Ͳ ʹʹ −ͳ ͷͳ ʹ −͵| + Ͳ = 

 = −Ͷ[ሺ͵ +  Ͳ + ͷሻ − ሺͺ + Ͳ − ሻ] − ʹ[−ͻ + ͺ + Ͳ—ʹ − ͵Ͳ + Ͳሻ = 
 = −ͶሺͶͳ − ʹሻ − ʹሺ−ͳ + ͵ʹሻ = −Ͷ ∙ ͵ͻ − ʹ ∙ ͵ͳ = −ͳͷ − ʹ = −ʹͳͺ. 
 

Ɂɧɚɱɟɧɧɹ ɬɟɨɪɟɦɢ Ʌɚɩɥɚɫɚ ɩɨɥɹɝɚє ɜ ɬɨɦɭ, ɳɨ ɜɨɧɚ ɞɨɡɜɨɥɹє ɨɛɱɢɫɥɸɜɚɬɢ 
ɜɢɡɧɚɱɧɢɤɢ  ɞɨɜɿɥьɧɨɝɨ ɩɨɪɹɞɤɭ, ɡɜɿɜɲɢ ʀɯ ɞɨ ɨɛɱɢɫɥɟɧɧɹ ɜɢɡɧɚɱɧɢɤɿɜ  ɦɟɧɲɢɯ 
ɩɨɪɹɞɤɿɜ. 

ɇɚɩɪɢɤɥɚɞ, ɨɛɱɢɫɥɟɧɧɹ ɜɢɡɧɚɱɧɢɤɿɜ  ͷ − ˆˑ   ɩɨɪɹɞɤɭ ɦɨɠɧɚ ɡɜɟɫɬɢ ɞɨ 
ɨɛɱɢɫɥɟɧɧɹ  5 ɜɢɡɧɚɱɧɢɤɿɜ Ͷ − ɝɨ ɩɨɪɹɞɤɭ , ɚɛɨ 20 ɜɢɡɧɚɱɧɢɤɿɜ ͵ − ˆˑ ɩɨɪɹɞɤɭ, 
ɚɛɨ 60 ɜɢɡɧɚɱɧɢɤɿɜ ɞɪɭɝɨɝɨ ɩɨɪɹɞɤɭ. 

Ⱦɚɥɿ ɞɥɹ ɡɪɭɱɧɨɫɬɿ ɟɥɟɦɟɧɬɢ ɦɚɬɪɢɰɿ ɜɿɞɩɨɜɿɞɧɨɝɨ ɜɢɡɧɚɱɧɢɤɚ ɛɭɞɟɦɨ  
ɧɚɡɢɜɚɬɢ ɟɥɟɦɟɧɬɚɦɢ ɜɢɡɧɚɱɧɢɤɚ. ɇɚɩɪɢɤɥɚɞ  ɪɹɞɨɤ ɜɢɡɧɚɱɧɢɤɚ, ɟɥɟɦɟɧɬ 
ɜɢɡɧɚɱɧɢɤɚ ɿ ɬ.ɩ.    
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ȼɥɚɫɬɢɜɨɫɬɿ ɜɢɡɧɚɱɧɢɤɿɜ 

 

1. əɤɳɨ ɭ ɜɢɡɧɚɱɧɢɤɭ ∆ ɨɞɢɧ ɡ ɪɹɞɤɿɜ ɦɚɬɪɢɰɿ (ɫɬɨɜɩɰɿɜ) ɫɤɥɚɞɚєɬьɫɹ ɬɿɥьɤɢ 
ɡ ɧɭɥɿɜ, ɬɨ ∆= Ͳ. 

2. əɤɳɨ ɭ ɜɢɡɧɚɱɧɢɤɭ ∆ є ɞɜɚ ɨɞɧɚɤɨɜɿ ɪɹɞɤɢ (ɫɬɨɜɩɰɿ), ɬɨ ∆= Ͳ. 
3. əɤɳɨ ɭ ɜɢɡɧɚɱɧɢɤɭ ∆ ɟɥɟɦɟɧɬɢ ɹɤɨɝɨɫь ɪɹɞɤɚ (ɫɬɨɜɩɰɹ) ɩɨɦɧɨɠɢɬɢ ɧɚ 

ɱɢɫɥɨ 𝐾, ɬɨ ∆ଵ= 𝐾 ⋅ ∆. 
ɇɚɩɪɢɤɥɚɞ,  ∆= |͵ −ʹͳ Ͷ | = ͳʹ + ʹ = ͳͶ. 

 ∆ଵ= −ͷ ⋅ ∆= |͵ ͳͲͳ −ʹͲ| = −Ͳ − ͳͲ = −Ͳ = −ͷ ⋅ ͳͶ. 
4. ɉɪɢ ɬɪɚɧɫɩɨɧɨɜɚɧɿɣ ɦɚɬɪɢɰɿ ʀʀ ɜɢɡɧɚɱɧɢɤ ɧɟ ɡɦɿɧɸєɬьɫɹ |ܣ| = ͵| .|Τܣ| −ͳʹ Ͷ | = ͳʹ + ʹ = ͳͶ. 

 | ͵ ʹ−ͳ Ͷ| = ͳʹ + ʹ = ͳͶ. 
5. ɉɪɢ ɩɟɪɟɫɬɚɧɨɜɰɿ ɦɿɫɰɹɦɢ ɞɜɨɯ ɪɹɞɤɿɜ (ɫɬɨɜɩɰɿɜ) ɭ ɜɢɡɧɚɱɧɢɤɭ ∆  ɡɧɚɤ 

ɜɢɡɧɚɱɧɢɤɚ ɡɦɿɧɸєɬьɫɹ ɧɚ ɩɪɨɬɢɥɟɠɧɢɣ 
 |−͵ ͳ ʹͶ ͷ Ͳ−ͳ ʹ | = − |ʹ ͳ −͵Ͳ ͷ Ͷ ʹ −ͳ| = | ʹ −ͳͲ ͷ Ͷʹ ͳ ͵ |. 

6. əɤɳɨ ɟɥɟɦɟɧɬɢ ɞɜɨɯ ɪɹɞɤɿɜ (ɫɬɨɜɩɰɿɜ) ɩɪɨɩɨɪɰɿɣɧɿ ɬɨ ∆= Ͳ. 
7. ȼɢɡɧɚɱɧɢɤ ɧɟ ɡɦɿɧɢɬьɫɹ, ɹɤɳɨ ɞɨ ɟɥɟɦɟɧɬɿɜ ɹɤɨɝɨ-ɧɟɛɭɞь ɪɹɞɤɚ (ɫɬɨɜɩɰɹ) 

ɞɨɞɚɬɢ ɟɥɟɦɟɧɬɢ ɿɧɲɨɝɨ ɪɹɞɤɚ (ɫɬɨɜɩɰɹ), ɹɤɿ ɩɨɩɟɪɟɞɧьɨ ɩɨɦɧɨɠɟɧɿ ɧɚ 
ɨɞɧɟ ɣ ɬɟ ɫɚɦɟ ɱɢɫɥɨ. 
 
ȼɥɚɫɬɢɜɨɫɬɿ ɜɢɡɧɚɱɧɢɤɿɜ ɞɚɸɬь ɦɨɠɥɢɜɿɫɬь ɡɧɚɱɧɨ ɡɦɟɧɲɢɬɢ ɨɛ’єɦ 

ɨɛɱɢɫɥɟɧь. 
 

ɉɪиɤɥɚɞ 4. 

Ɉɛɱɢɫɥɢɬɢ ɜɢɡɧɚɱɧɢɤ. 

|−ͳ ʹ ͵ Ͳʹ Ͷ −ͳ ͳ−ʹͳ −Ͳ͵ Ͳ −ʹ−ʹ ͵ | = |−ͳ ʹ ͵ Ͳʹ Ͷ −ͳ ͳ− ͷ−ͳʹ −ʹ Ͳͳ Ͳ | = ሺ−ͳሻଶ+ସ | −ͳ ʹ ͵ ͷ −ʹ −ͳʹ ͳ | = 

= |−ͳ Ͳ Ͳ ͳ ͳ− −ʹͺ −ʹͲ| = = ሺ−ͳሻሺ−ͳሻଵ+ଵ | ͳ ͳ−ʹͺ −ʹͲ| = Ͷ |ͳ ͳ ͷ | = Ͷሺͳ ⋅ ͷ − ͳ ⋅ ሻ = −ͳͲͺ. 
 

ɇɚ ɩɟɪɲɨɦɭ ɤɪɨɰɿ ɨɛɱɢɫɥɟɧɧɹ ɞɪɭɝɢɣ ɪɹɞɨɤ ɩɟɪɲɨɝɨ ɜɢɡɧɚɱɧɢɤɚ 
ɞɨɦɧɨɠɢɥɢ ɧɚ 2 ɿ ɞɨɞɚɥɢ ɣɨɝɨ ɞɨ ɟɥɟɦɟɧɬɿɜ ɬɪɟɬьɨɝɨ ɪɹɞɤɚ, ɭɬɜɨɪɢɜɲɢ 
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ɟɥɟɦɟɧɬɢ ɬɪɟɬьɨɝɨ ɪɹɞɤɚ ɞɪɭɝɨɝɨ ɜɢɡɧɚɱɧɢɤɚ. Ⱥɧɚɥɨɝɿɱɧɨ, ɟɥɟɦɟɧɬɢ 4-ɝɨ ɪɹɞɤɚ 
ɞɪɭɝɨɝɨ ɜɢɡɧɚɱɧɢɤɚ ɭɬɜɨɪɟɧɿ ɜ ɪɟɡɭɥьɬɚɬɿ ɞɨɞɚɜɚɧɧɹ ɟɥɟɦɟɧɬɿɜ 4-ɝɨ ɪɹɞɤɚ ɡ 
ɟɥɟɦɟɧɬɚɦɢ 2-ɝɨ ɪɹɞɤɚ, ɹɤɿ ɩɨɦɧɨɠɢɥɢ ɧɚ ɱɢɫɥɨ (-3). ȼ ɪɟɡɭɥьɬɚɬɿ ɨɬɪɢɦɚɥɢ 
ɜɢɡɧɚɱɧɢɤ, ɭ 4-ɨɦɭ ɫɬɨɜɩɱɢɤɭ ɹɤɨɝɨ є ɬɿɥьɤɢ ɨɞɢɧ ɧɟ ɧɭɥьɨɜɢɣ ɟɥɟɦɟɧɬ. 
Ɂɚɫɬɨɫɭɜɚɜɲɢ ɞɨ ɰьɨɝɨ ɫɬɨɜɩɱɢɤɚ ɬɟɨɪɟɦɭ Ʌɚɩɥɚɫɚ, ɨɬɪɢɦɚєɦɨ ɬɪɟɬɿɣ 
ɜɢɡɧɚɱɧɢɤ. ȼɢɤɨɪɢɫɬɨɜɭɸɱɢ ɩɟɪɲɢɣ ɫɬɨɜɩɱɢɤ, ɹɤ ɨɫɧɨɜɧɢɣ, ɚɧɚɥɨɝɿɱɧɨ 
ɨɬɪɢɦɚєɦɨ ɱɟɬɜɟɪɬɢɣ ɜɢɡɧɚɱɧɢɤ, ɜ ɹɤɨɦɭ ɭ ɩɟɪɲɨɦɭ ɪɹɞɤɭ є ɬɿɥьɤɢ ɨɞɢɧ ɧɟ 
ɧɭɥьɨɜɢɣ ɟɥɟɦɟɧɬ. 

 
Ɉɛɟɪɧɟɧɚ ɦɚɬɪɢɰɹ 

 

Ɇɚɬɪɢɰɹ ܣ−ଵ ɧɚɡɢɜɚєɬьɫɹ ɨɛɟɪɧɟɧɨɸ ɞɨ ɦɚɬɪɢɰɿ ܣ , ɹɤɳɨ ɜɢɤɨɧɭєɬьɫɹ 
ɪɿɜɧɿɫɬь ܣ ⋅ ଵ−ܣ = ଵ−ܣ ⋅ ܣ =  .ܧ

Ɇɚɬɪɢɰɿ, ɜɢɡɧɚɱɧɢɤ ɹɤɢɯ ɞɨɪɿɜɧɸє ɧɭɥɸ, ɧɚɡɢɜɚɸɬьɫɹ ɜɢɪɨɞɠɟɧɢɦɢ. 

 

Тɟɨɪɟɦɚ ɩɪɨ ɿɫɧɭɜɚɧɧя ɨɛɟɪɧɟɧɨʀ ɦɚɬɪицɿ. Ⱦɥɹ ɬɨɝɨ ɳɨ ɦɚɬɪɢɰɹ ܣ ɦɚɥɚ 
ɨɛɟɪɧɟɧɭ ɧɟɨɛɯɿɞɧɨ ɿ ɞɨɫɢɬь, ɳɨɛ ʀʀ ɜɢɡɧɚɱɧɢɤ |ܣ| ≠ Ͳ. 

Ɍɨɛɬɨ, ɭɦɨɜɨɸ ɿɫɧɭɜɚɧɧɹ ɨɛɟɪɧɟɧɨʀ ɦɚɬɪɢɰɿ є ʀʀ ɧɟɜɢɪɨɞɠɟɧɿɫɬь. 
 
Тɟɨɪɟɦɚ ɩɪɨ єɞɧɿɫɬь ɨɛɟɪɧɟɧɨʀ ɦɚɬɪицɿ. əɤɳɨ ɦɚɬɪɢɰɹ ɦɚє ɨɛɟɪɧɟɧɭ, 

ɬɨ ɜɨɧɚ єɞɢɧɚ. 
 
Ɉɛɟɪɧɟɧɭ ɦɚɬɪɢɰɸ ܣ−ଵ  ɞɨ ɦɚɬɪɢɰɿ ܣ  ɦɨɠɧɚ ɡɧɚɣɬɢ ɡɚ ɞɨɩɨɦɨɝɨɸ 

ɮɨɪɦɭɥɢ: 

ଵ−ܣ = ͳ|ܣ|൮ܣଵଵ ଵଶܣଶଵܣ ଶଶܣ ⋯ ⋯ଵܣ ⋯ଶܣ ଵܣ… ଶܣ ⋯ ⋯⋯  ,(ܣ
ɞɟ  |ܣ| − ɜɢɡɧɚɱɧɢɤ ɦɚɬɪɢɰɿ, ܣ − ɚɥɝɟɛɪɚʀɱɧɿ ɞɨɩɨɜɧɟɧɧɹ ɞɨ ɟɥɟɦɟɧɬɿɜ ܽ . 

 

ɉɪиɤɥɚɞ 5. 

 Ɂɧɚɣɬɢ ɦɚɬɪɢɰɸ, ɨɛɟɪɧɟɧɭ ɞɨ ɦɚɬɪɢɰɿ 𝑨 = ( −   − 𝟓  ). 

1. ɉɟɪɟɜɿɪɢɦɨ, ɱɢ ɦɚɬɪɢɰɹ ɧɟ є ɜɢɪɨɞɠɟɧɨɸ. |ܣ| = |ʹ −͵ Ͳͳ ʹ −ͳʹ ͷ ͵ | ʹ −͵ͳ ʹʹ ͷ = ͳʹ +  − ሺ−ͳͲ − ͻሻ = ͳͺ + ͳͻ = ͵ ≠ Ͳ. |ܣ| ≠ Ͳ, ɬɨɦɭ ɨɛɟɪɧɟɧɚ ɦɚɬɪɢɰɹ  ܣ−ଵ ɿɫɧɭє. 
2. Ɍɪɚɧɫɩɨɧɭєɦɨ ɦɚɬɪɢɰɸ ܣ :ܣ𝑇 = ( ʹ ͳ ʹ−͵ ʹ ͷͲ −ͳ ͵). 
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3. Ɂɧɚɯɨɞɢɦɨ ɚɥɝɟɛɪɚʀɱɧɿ ɞɨɩɨɜɧɟɧɧɹ ɞɨ ɟɥɟɦɟɧɬɿɜ ɦɚɬɪɢɰɿ ܣ𝑇 ɿ ɫɤɥɚɞɚєɦɨ ɡ 
ɧɢɯ ɩɪɢєɞɧɚɧɭ ɦɚɬɪɢɰɸ ̃ܣ: 

ܣ̃ =  (  
 | ʹ ͷ−ͳ ͵| − |−͵ ͷͲ ͵| |−͵ ʹͲ −ͳ|− | ͳ ʹ−ͳ ͵| |ʹ ʹͲ ͵| − |ʹ ͳͲ −ͳ||ͳ ʹʹ ͷ| − | ʹ ʹ−͵ ͷ| | ʹ ͳ−͵ ʹ| )  

 = (ͳͳ ͻ ͵−ͷ  ʹͳ −ͳ ). 

4. Ɉɛɱɢɫɥɸєɦɨ ɨɛɟɪɧɟɧɭ ɦɚɬɪɢɰɸ ɡɚ ɜɿɞɩɨɜɿɞɧɨɸ ɮɨɪɦɭɥɨɸ: 

ଵ−ܣ = ͳ͵(ͳͳ ͻ ͵−ͷ  ʹͳ −ͳ ) = ( 
  
ͳͳ͵ ͻ͵ ͵͵−ͷ͵ ͵ ʹ͵ͳ͵ −ͳ͵ ͵) 

  . 
 

5. ɉɟɪɟɤɨɧɚєɦɨɫɹ ɜ ɩɪɚɜɢɥьɧɨɫɬɿ ɨɛɱɢɫɥɟɧь 1-4 ɡɚ ɨɡɧɚɱɟɧɧɹɦ ɨɛɟɪɧɟɧɨʀ 
ɦɚɬɪɢɰɿ ܣ−ଵܣ = ଵ−ܣܣ =  :ܧ

( 
  
ͳͳ͵ ͻ͵ ͵͵−ͷ͵ ͵ ʹ͵ͳ͵ −ͳ͵ ͵) 

  ∙ (ʹ −͵ Ͳͳ ʹ −ͳʹ ͷ ͵ ) = (ͳ Ͳ ͲͲ ͳ ͲͲ Ͳ ͳ) 

 
Ɉɛɱɢɫɥɢɦɨ ɞɥɹ ɩɪɢɤɥɚɞɭ ɬɿɥьɤɢ ɞɿɚɝɨɧɚɥьɧɿ ɟɥɟɦɟɧɬɢ ɨɞɢɧɢɱɧɨʀ ɦɚɬɪɢɰɿ: ͳͳ͵ ∙ ʹ + ͻ͵ ∙ ͳ + ͵͵ ∙ ʹ = ͵͵ = ͳ; − ͷ͵ ∙ ሺ−͵ሻ + ͵ ∙ ʹ + ʹ͵ ∙ ͷ = ͵͵ = ͳ; ͳ͵ ∙ Ͳ − ͳ͵ ∙ ሺ−ͳሻ + ͵ ∙ ͵ = ͵͵ = ͳ. 
əɤɳɨ ɦɚɬɪɢɰɹ ܣ ɤɜɚɞɪɚɬɧɚ ɞɪɭɝɨɝɨ ɩɨɪɹɞɤɭ ܣ = ቀܽଵଵ ܽଵଶܽଶଵ ܽଶଶቁ  ɿ ɜɢɡɧɚɱɧɢɤ 
ɹɤɨʀ |ܣ| ≠ Ͳ, ɬɨ ɨɛɟɪɧɟɧɭ ɦɚɬɪɢɰɸ ɦɨɠɧɚ ɡɧɚɣɬɢ ɡɚ ɮɨɪɦɭɥɨɸ: ܣ−ଵ = ͳ|ܣ| ቀ ܽଶଶ −ܽଵଶ−ܽଶଵ ܽଵଵ ቁ. 
 

ɉɪиɤɥɚɞ 6.    

Ɂɧɚɣɬɢ ɨɛɟɪɧɟɧɭ ɦɚɬɪɢɰɸ ɞɨ ɦɚɬɪɢɰɿ A = ቀ−͵ ͳͶ ʹቁ. |ܣ| = |−͵ ͳͶ ʹ| = − − Ͷ = −ͳͲ ≠ Ͳ; ܣ−ଵ = − ͳͳͲቀ ʹ −Ͷ−ͳ −͵ቁ = ቀ−Ͳ,ʹ Ͳ,ͶͲ,ͳ Ͳ,͵ቁ. 
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ɁȺȼȾȺɇɇə ȾɈ ɌȿɆɂ 
 

1. Ɉɛɱɢɫɥɢɬɢ ɦɚɬɪɢɰɿ: 
ଵܦ (1 = ሺܤܣሻ𝑇 −  ;ଶܥ
ଶܦ (2 = ሺܤܣ +  ;ሻ𝑇ܥ
ଷܦ (3 = ሺ͵ܣ ∙ ሺ−ʹሻܤሻሺͷܥሻ ,ɞɟ  ܣଶ×ଷ = ቀ͵ Ͷͳ Ͳ    ͷʹቁ ; ଷ×ଶܤ  = (ʹ Ͳͳ ͵Ͳ ͷ) ; ܥ    = ቀͳ ͵Ͳ Ͷቁ.   

 

2. Ɉɛɱɢɫɥɢɬɢ ɦɚɬɪɢɰɿ: 
ଵܦ (1 = ሺܣଶ − ሻ𝑇ܧ͵ + Ͷܤ𝑇; 
ଶܦ (2 = ܣ ∙ ܤ − ܤ ∙  ;ܣ
ଷܦ (3 = ሺܣ𝑇 − ሻ𝑇ܤ − ܥ ∙ ܣ ɞɟ, ܣ = ቀ−ͳ ʹͲ ͵ቁ ; ܤ   = ቀͳ −Ͷʹ ͷ ቁ ; ܥ   = ቀ−ͳ −ʹ͵ Ͷ ቁ. 

 

3. Ɉɛɱɢɫɥɢɬɢ ɦɚɬɪɢɰɸ: 
ଶܣ (1 ∙ ܤ͵ ∙ ሺ−ʹܥሻ − ͷܣ  ,ܧ = (−ͳ ʹ Ͳͳ −͵ ͳͲ ʹ −͵) ; ܤ   = ( Ͳ−ͳʹ) ; ܥ   = ሺ͵ −ͷ Ͳሻ. 

 

4. Ɉɛɱɢɫɥɢɬɢ ɜɢɡɧɚɱɧɢɤ: 

1) |ͳ ͳ ͳʹ −͵ ͳͶ −ͳ −ͷ|; 
2) |ͳ ʹ ͵ Ͷʹ ͵ Ͷ ͳͶ͵ Ͷͳ ͳ ʹʹ ͵|; 
3) || Ͳ  ͵−͵ ʹ Ͷͷ ͳ Ͷ     ͷ ͳͳ Ͳ͵ ʹ −͵ ͺ ͳ Ͳ ͵     ͳͶ Ͳ ||. 

 
5. Ɂɧɚɣɬɢ ɨɛɟɪɧɟɧɭ ɦɚɬɪɢɰɸ ɞɨ ɡɚɞɚɧɨʀ ɦɚɬɪɢɰɿ ͳሻ(−ʹ ͳ ͵Ͳ ͳ ʹͳ −ʹ ͷ) ;   

 

2) (−͵ Ͷ ͷ−ʹ ͷ ͵− ͳ Ͳ) ; 
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3) ( ʹ −͵ Ͷ−ͳ ʹ −ʹͳ −ͳ ʹ ) ;  
 

4) ቀ−͵ −ͳʹ Ͳ ቁ; 
 

5) ቀ−Ͷ ʹ−ͺ Ͷቁ. 
 

6. ɉɪɢ ɹɤɢɯ 𝜆 ɦɚɬɪɢɰɿ ɧɟ ɛɭɞɭɬь ɦɚɬɢ ɨɛɟɪɧɟɧɢɯ ܦଵ = ቀ−͵ 𝜆ʹ ͵ቁ ଶܦ  ; = ቀʹ + 𝜆 ͵ + ͵𝜆ͳ − 𝜆 ͷ ቁ ଷܦ  ; = (−ͳ 𝜆 ʹ𝜆 Ͳ −͵ͳ ʹ Ͷ ) ?  
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1.2. ɋɢɫɬɟɦɢ ɥɿɧɿɣɧɢɯ ɚɥɝɟɛɪɚʀɱɧɢɯ ɪɿɜɧɹɧь 

 

Ɉɫɧɨɜɧɿ ɨɡɧɚɱɟɧɧɹ 

 

ɋɢɫɬɟɦɚ m ɚɥɝɟɛɪɚʀɱɧɢɯ ɪɿɜɧɹɧь ɡ n ɧɟɜɿɞɨɦɢɦɢ ɧɚɡɢɜɚєɬьɫɹ ɥɿɧɿɣɧɨɸ, 
ɹɤɳɨ ɜɨɧɚ ɦɨɠɟ ɛɭɬɢ ɡɚɩɢɫɚɧɚ ɭ ɜɢɝɥɹɞɿ:  
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                                                                                 (1) 

ɞɟ ݔଵ, ,ଶݔ … , ݔ  – ɧɟɜɿɞɨɦɿ, ܽ  – ɞɿɣɫɧɿ ɱɢɫɥɚ, ɹɤɿ ɧɚɡɢɜɚɸɬьɫɹ ɤɨɟɮɿɰɿєɧɬɚɦɢ 
ɫɢɫɬɟɦɢ (ɿɧɞɟɤɫ ݅  ɜɤɚɡɭє ɧɨɦɟɪ ɪɿɜɧɹɧɧɹ, ɚ ݆  ɧɨɦɟɪ ɧɟɜɿɞɨɦɨɝɨ, ɩɪɢ ɹɤɨɦɭ 
ɡɚɩɢɫɚɧɢɣ ɰɟɣ ɤɨɟɮɿɰɿєɧɬ);  ܾ  – ɞɿɣɫɧɿ ɱɢɫɥɚ, ɳɨ ɧɚɡɢɜɚɸɬьɫɹ ɜɿɥьɧɢɦɢ 
ɱɥɟɧɚɦɢ.  

əɤɳɨ ܾ = Ͳ ɞɥɹ ɭɫɿɯ ݇ = ͳ,ʹ,… , ݊, ɬɨɞɿ ɫɢɫɬɟɦɭ ɧɚɡɢɜɚɸɬь ɨɞɧɨɪɿɞɧɨɸ, ɜ 
ɿɧɲɨɦɭ ɪɚɡɿ – ɧɟɨɞɧɨɪɿɞɧɨɸ. 

Ɋɨɡɜ’ɹɡɤɨɦ ɫɢɫɬɟɦɢ (1) ɧɚɡɢɜɚєɬьɫɹ ɦɧɨɠɢɧɚ ɞɿɣɫɧɢɯ ɱɢɫɟɥ ߙଵ, ,ଶߙ … ,  , ߙ
ɹɤɿ ɩɪɢ ɩɿɞɫɬɚɧɨɜɰɿ ɭ ɫɢɫɬɟɦɭ ɡɚɦɿɫɬь ɧɟɜɿɞɨɦɢɯ ݔଵ, ,ଶݔ … , ݔ  , ɩɟɪɟɬɜɨɪɸɸɬь 
ɤɨɠɧɟ ɪɿɜɧɹɧɧɹ ɫɢɫɬɟɦɢ ɜ ɬɨɬɨɠɧɿɫɬь. 
 ɋɢɫɬɟɦɚ ɪɿɜɧɹɧь ɧɚɡɢɜɚєɬьɫɹ ɫɭɦɿɫɧɨɸ, ɹɤɳɨ ɜɨɧɚ ɦɚє ɯɨɱ ɨɞɢɧ ɪɨɡɜ’ɹɡɨɤ 
ɿ ɧɟɫɭɦɿɫɧɨɸ, ɹɤɳɨ ɪɨɡɜ’ɹɡɤɿɜ ɭ ɫɢɫɬɟɦɿ (1) ɧɟɦɚє. 
 ɋɢɫɬɟɦɚ ɪɿɜɧɹɧь (1) ɧɚɡɢɜɚєɬьɫɹ ɨɡɧɚɱɟɧɨɸ, ɹɤɳɨ ɜɨɧɚ ɦɚє ɬɿɥьɤɢ ɨɞɢɧ 
ɪɨɡɜ’ɹɡɨɤ ɿ ɧɟɨɡɧɚɱɟɧɨɸ, ɹɤɳɨ ɪɨɡɜ’ɹɡɤɿɜ ɛɿɥьɲɟ ɧɿɠ ɨɞɢɧ. 

ɇɚɩɪɢɤɥɚɞ, ɫɢɫɬɟɦɚ {−ʹݔଵ + ଶݔ͵ = −Ͷͷݔଵ − ଶݔ = ͳ  ɨɡɧɚɱɟɧɚ, ɫɢɫɬɟɦɚ {−ʹݔଵ + ଶݔ͵ = −Ͷ−Ͷݔଵ + ݔଶ = −ͺ – ɧɟɨɡɧɚɱɟɧɚ, ɚ ɫɢɫɬɟɦɚ {−ʹݔଵ + ଶݔ͵ = −Ͷ−Ͷݔଵ + ݔଶ = ʹ  ɧɟɫɭɦɿɫɧɚ. 

  
Ⱦɜɿ ɫɢɫɬɟɦɢ ɪɿɜɧɹɧь ɧɚɡɢɜɚɸɬьɫɹ ɪɿɜɧɨɫɢɥьɧɢɦɢ ɚɛɨ ɟɤɜɿɜɚɥɟɧɬɧɢɦɢ, 

ɹɤɳɨ ɜɨɧɢ ɦɚɸɬь ɨɞɧɚɤɨɜɿ ɦɧɨɠɢɧɢ ɪɨɡɜ’ɹɡɤɿɜ. 
Ɍɚɤɢɦ ɱɢɧɨɦ, ɜɫɿ ɧɟɫɭɦɿɫɧɿ ɫɢɫɬɟɦɢ є ɟɤɜɿɜɚɥɟɧɬɧɢɦɢ (ɛɨ ʀɯ ɪɨɡɜ’ɹɡɤɨɦ є 

ɩɨɪɨɠɧɹ ɦɧɨɠɢɧɚ). 
 

Ɇɚɬɪɢɱɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɫɢɫɬɟɦ ɥɿɧɿɣɧɢɯ ɪɿɜɧɹɧь 

 

Ɂɚɩɢɲɟɦɨ ɫɢɫɬɟɦɭ ɥɿɧɿɣɧɢɯ ɪɿɜɧɹɧь (1) ɜ ɦɚɬɪɢɱɧɿɣ ɮɨɪɦɿ. ɉɨɡɧɚɱɢɦɨ: 
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ɞɟ ܣ – ɦɚɬɪɢɰɹ ɤɨɟɮɿɰɿєɧɬɿɜ ɩɪɢ ɧɟɜɿɞɨɦɢɯ, ɚɛɨ ɦɚɬɪɢɰɹ ɫɢɫɬɟɦɢ; 𝑋 – ɦɚɬɪɢɰɹ-
ɫɬɨɜɩɟɰь ɧɟɜɿɞɨɦɢɯ; ܤ – ɦɚɬɪɢɰɹ-ɫɬɨɜɩɟɰь ɜɿɥьɧɢɯ ɱɥɟɧɿɜ. 

Ɂɝɿɞɧɨ ɡ ɩɪɚɜɢɥɨɦ ɦɧɨɠɟɧɧɹ ɦɚɬɪɢɰь ɬɚ ɭɦɨɜɨɸ ɪɿɜɧɨɫɬɿ ɦɚɬɪɢɰь 
ɫɢɫɬɟɦɭ (1) ɦɨɠɧɚ ɡɚɩɢɫɚɬɢ ɬɚɤ: ܣ ⋅ 𝑋 =  (2)                                                                                                                   .ܤ
 Ⱦɚɥɿ ɛɭɞɟɦɨ ɪɨɡɝɥɹɞɚɬɢ ɫɢɫɬɟɦɢ ɪɿɜɧɹɧь ɜ ɹɤɢɯ ɤɿɥьɤɿɫɬь ɧɟɜɿɞɨɦɢɯ 
ɞɨɪɿɜɧɸє ɤɿɥьɤɨɫɬɿ ɪɿɜɧɹɧь. ȼ ɰьɨɦɭ ɜɢɩɚɞɤɭ ɦɚɬɪɢɰɹ ܣ  ɛɭɞɟ ɤɜɚɞɪɚɬɧɨɸ ɿ 
ɹɤɳɨ |ܣ| ≠ Ͳ, ɬɨ ɫɢɫɬɟɦɭ (1) ɦɨɠɧɚ ɪɨɡɜ’ɹɡɚɬɢ ɦɚɬɪɢɱɧɢɦ ɫɩɨɫɨɛɨɦ ɡɜɿɜɲɢ ʀʀ 
ɞɨ ɦɚɬɪɢɱɧɨɝɨ ɪɿɜɧɹɧɧɹ ܣ ⋅ 𝑋 = ܤ . ɉɨɦɧɨɠɢɜɲɢ ɨɛɢɞɜɿ ɱɚɫɬɢɧɢ ɪɿɜɧɹɧɧɹ ɧɚ ܣ−ଵ ɦɚєɦɨ: ܣ−ଵܣ𝑋 = 𝑋ܧ ;ܤଵ−ܣ = 𝑋 ;ܤଵ−ܣ =  .ܤଵ−ܣ
 

ɉɪиɤɥɚɞ 7. 

Ɋɨɡɜ’ɹɡɚɬɢ ɫɢɫɬɟɦɭ ɪɿɜɧɹɧь ɦɚɬɪɢɱɧɢɦ ɫɩɨɫɨɛɨɦ: {−͵ݔଵ + ଶݔʹ + ଷݔ = −Ͷ;Ͷݔଵ − ଶݔ + ଷݔʹ = ͳ;ͷݔଵ           + ଷݔ = −ʹ.  

ɋɢɫɬɟɦɭ ɦɨɠɧɚ ɡɚɩɢɫɚɬɢ ɹɤ ɦɚɬɪɢɱɧɟ ɪɿɜɧɹɧɧɹ ܣ ⋅ 𝑋 = ܤ , ɞɟ: ܣ = (−͵ ʹ ͳͶ −ͳ ʹͷ Ͳ ͳ) ; 𝑋 = ቌݔଵݔଶݔଷቍ ; ܤ = (−Ͷͳ−ʹ). 
Ɋɨɡɜ’ɹɡɨɤ ɦɚɬɪɢɱɧɨɝɨ ɪɿɜɧɹɧɧɹ ɡɚɞɚєɬьɫɹ ɮɨɪɦɭɥɨɸ 𝑋 = ଷቍݔଶݔଵݔቌ :ܤଵ−ܣ = (−͵ ʹ ͳͶ −ͳ ʹͷ Ͳ ͳ)−ଵ ⋅ (−Ͷͳ−ʹ). 
Ɂɧɚɣɞɟɦɨ ɦɚɬɪɢɰɸ ܣ−ଵ ɩɨ ɮɨɪɦɭɥɿ ܣ−ଵ = ଵΔ Δ  ;ܣ̃ = |−͵ ʹ ͳͶ −ͳ ʹͷ Ͳ ͳ|−͵ ʹͶ −ͳͷ Ͳ = ͵ + ʹͲ − ሺ−ͷ + ͺሻ = ʹͲ, 

𝑇ܣ  = (−͵ Ͷ ͷʹ −ͳ Ͳͳ ʹ ͳ), 
 

ܣ̃ = (  
 |−ͳ Ͳʹ ͳ| − |ʹ Ͳͳ ͳ| |ʹ −ͳͳ ʹ |− |Ͷ ͷʹ ͳ| |−͵ ͷͳ ͳ| − |−͵ Ͷͳ ʹ|| Ͷ ͷ−ͳ Ͳ| − |−͵ ͷʹ Ͳ| |−͵ Ͷʹ −ͳ|)  

 = (−ͳ −ʹ ͷ −ͺ ͳͲͷ ͳͲ −ͷ), 
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ଵ−ܣ =
( 
  −

ͳʹͲ − ʹʹͲ ͷʹͲʹͲ − ͺʹͲ ͳͲʹͲͷʹͲ ͳͲʹͲ − ͷʹͲ) 
  . 

ቌݔଵݔଶݔଷቍ = ( 
  −

ͳʹͲ − ʹʹͲ ͷʹͲʹͲ − ͺʹͲ ͳͲʹͲͷʹͲ ͳͲʹͲ − ͷʹͲ) 
  ⋅ (−Ͷͳ−ʹ) = ( 

  
ͶʹͲ − ʹʹͲ −ͳͲʹͲ−ʹͶʹͲ − ͺʹͲ −ʹͲʹͲ−ʹͲʹͲ ͳͲͳͲ ͳͲʹͲ ) 

  . 
ȼɿɞɩɨɜɿɞь: ݔଵ = − ଶ଼ ଶݔ   ; = − ହଶଶ ଷݔ   ; = Ͳ. 
ɉɟɪɟɜɿɪɤɚ: ሺ−͵ሻ (− ͺʹͲ) + ʹ (−ͷʹʹͲ) = −Ͷ; Ͷ (− ͺʹͲ) + ͷʹʹͲ = ͳ; ͷ (− ͺʹͲ) = −ʹ. 

 
ɉɪɚɜɢɥɨ Ʉɪɚɦɟɪɚ 

 

ɒɜɟɣɰɚɪɫьɤɢɣ ɦɚɬɟɦɚɬɢɤ Ʉɪɚɦɟɪ ɭ XVIII ɫɬɨɥɿɬɬɿ ɞɨɜɿɜ ɬɟɨɪɟɦɭ, ɹɤɚ 
ɞɨɡɜɨɥɹє ɡɧɚɯɨɞɢɬɢ ɪɨɡɜ’ɹɡɤɢ ɨɡɧɚɱɟɧɢɯ ɫɢɫɬɟɦ. 

 
Тɟɨɪɟɦɚ Ʉɪɚɦɟɪɚ. əɤɳɨ ɜɢɡɧɚɱɧɢɤ  ∆  ɫɢɫɬɟɦɢ (1) ɜɿɞɦɿɧɧɢɣ ɜɿɞ ɧɭɥɹ, ɬɨ 

ɫɢɫɬɟɦɚ ɨɡɧɚɱɟɧɚ ɿ ʀʀ ɪɨɡɜ’ɹɡɨɤ ɡɧɚɯɨɞɢɬьɫɹ ɡɚ ɮɨɪɦɭɥɨɸ ݔ = ∆𝑖∆ , ɞɟ ∆ 
ɜɢɡɧɚɱɧɢɤ, ɹɤɢɣ ɨɞɟɪɠɭєɬьɫɹ ɡ ∆  ɡɚɦɿɧɨɸ ɟɥɟɦɟɧɬɿɜ i-ɝɨ ɫɬɨɜɩɱɢɤɚ 
ɫɬɨɜɩɱɢɤɨɦ ɜɿɥьɧɢɯ ɱɥɟɧɿɜ ݅ = ͳ,ʹ,… , ݊. 

 

ɉɪиɤɥɚɞ 8.  

ɚ) Ɋɨɡɜ’ɹɡɚɬɢ ɫɢɫɬɟɦɭ {−͵ݔଵ + Ͷݔଶ = −ͷ;ݔଵ − ͷݔଶ = ͵,  ɦɟɬɨɞɨɦ Ʉɪɚɦɟɪɚ. ∆= |−͵ Ͷ −ͷ| = ͳͷ − ʹͺ = −ͳ͵; ∆ଵ= |−ͷ Ͷ͵ −ͷ| = ͳ͵; ∆ଶ= |−͵ −ͷ ͵ | = ʹ; Віˇ˒ˑ˅іˇь: ݔଵ = ଵଷ−ଵଷ = −ͳ;    ݔଶ = ଶ−ଵଷ = −ʹ. 

ɉɟɪɟɜɿɪɤɚ:    
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ሺ−͵ሻሺ−ͳሻ + ሺ−ʹሻ = −ͷ; ∙ ሺ−ͳሻ − ͷ ∙ ሺ−ʹሻ = ͵.  
 

ɛ) ʟˑˊ˅′яˊ˃˕ˋ ˔ˋ˔˕ˈˏ˖ { Ͷݔଵ + ଶݔ͵ − ͷݔଷ = ͳ;−ͷݔଵ + ଶݔʹ − ଷݔ = ଵݔ͵−  ;͵ − Ͷݔଶ − ଷݔʹ = −ͳͲ, ˏˈ˕ˑˇˑˏ К˓˃ˏˈ˓˃. ∆= | Ͷ ͵ −ͷ−ͷ ʹ −ͳ−͵ −Ͷ −ʹ| Ͷ ͵−ͷ ʹ−͵ −Ͷ = −ͳ + ͻ + ͳͲͲ − ሺ͵Ͳ + ͳ + ͵Ͳሻ = = −ͳͲ −  = −ͳͺ͵. 
Ȼɟɡɩɨɫɟɪɟɞɧɿɦ ɨɛɱɢɫɥɟɧɧɹɦ ɦɚєɦɨ: ∆ଵ= | ͳ ͵ −ͷ͵ ʹ −ͳͳͲ −Ͷ −ʹ| = Ͳ; ∆ଶ= | Ͷ ͳ −ͷ−ͷ ͵ −ͳ−͵ −ͳͲ −ʹ| = −͵; ∆ଷ= | Ͷ ͵ ͳ−ͷ ʹ ͵−͵ −Ͷ −ͳͲ| = −ͳͺ͵. 
Ɂɚ ɬɟɨɪɟɦɨɸ Ʉɪɚɦɟɪɚ: ݔଵ = ∆భ∆ = −ଵ଼ଷ = Ͳ; ݔଶ = ∆మ∆ = −ଷ−ଵ଼ଷ = ଷݔ ;ʹ = ∆య∆ = −ଵ଼ଷ−ଵ଼ଷ = ͳ. 

 
Ɇɟɬɨɞ Ƚɚɭɫɫɚ 

 

Ɇɟɬɨɞɚɦɢ Ʉɪɚɦɟɪɚ ɬɚ ɨɛɟɪɧɟɧɨʀ ɦɚɬɪɢɰɿ ɦɨɠɧɚ ɪɨɡɜ’ɹɡɚɬɢ ɞɟɹɤɿ ɬɢɩɢ 
ɫɢɫɬɟɦ ɥɿɧɿɣɧɢɯ ɪɿɜɧɹɧь. ɇɟ ɦɨɠɧɚ ɪɨɡɜ’ɹɡɭɜɚɬɢ ɰɢɦɢ ɦɟɬɨɞɚɦɢ ɫɢɫɬɟɦɢ, ɜ 
ɹɤɢɯ ɜɢɡɧɚɱɧɢɤ ɫɢɫɬɟɦ ɞɨɪɿɜɧɸє ɧɭɥɸ, ɚɛɨ ɤɿɥьɤɿɫɬь ɪɿɜɧɹɧь ɧɟ ɞɨɪɿɜɧɸє 
ɤɿɥьɤɨɫɬɿ ɧɟɜɿɞɨɦɢɯ. Ɇɟɬɨɞ Ƚɚɭɫɫɚ ɩɨɡɛɚɜɥɟɧɢɣ ɰɢɯ ɧɟɞɨɥɿɤɿɜ. 

Ɇɟɬɨɞ Ƚɚɭɫɫɚ – ɰɟ ɦɟɬɨɞ ɩɨɫɥɿɞɨɜɧɨɝɨ ɜɢɤɥɸɱɟɧɧɹ ɡɦɿɧɧɢɯ: ɡɚ 
ɞɨɩɨɦɨɝɨɸ ɟɥɟɦɟɧɬɚɪɧɢɯ ɩɟɪɟɬɜɨɪɟɧь: ɫɢɫɬɟɦɚ ɪɿɜɧɹɧь ɩɪɢɜɨɞɢɬьɫɹ ɞɨ 
ɪɿɜɧɨɫɢɥьɧɨʀ ɫɢɫɬɟɦɢ ɫɬɭɩɿɧɱɚɫɬɨɝɨ ɚɛɨ ɬɪɢɤɭɬɧɨɝɨ ɜɢɝɥɹɞɭ. 

ɇɟɯɚɣ ɡɚɞɚɧɚ ɫɢɫɬɟɦɚ 
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ɿ ܽଵଵ ≠ Ͳ (ɹɤɳɨ ɰɟ ɧɟ 

ɬɚɤ, ɬɨ ɰьɨɝɨ ɦɨɠɧɚ ɞɨɫɹɝɧɭɬɢ ɩɟɪɟɫɬɚɧɨɜɤɨɸ ɪɿɜɧɹɧь). 
 

1. ɉɨɦɧɨɠɢɦɨ  ɩɟɪɲɟ ɪɿɜɧɹɧɧɹ ɧɚ ɱɢɫɥɚ − మభభభ , − యభభభ ,…, − భభభ ɿ ɞɨɞɚєɦɨ ɨɬɪɢɦɚɧɿ ɪɿɜɧɹɧɧɹ ɞɨ ɞɪɭɝɨɝɨ, 
ɬɪɟɬьɨɝɨ,…,݉ − ˅ˑˆˑ  ɪɿɜɧɹɧь ɫɢɫɬɟɦ (1). ȼɢɤɥɸɱɢɦɨ ɡɦɿɧɧɭ ݔଵ , ɡ ɭɫɿɯ 
ɪɿɜɧɹɧь, ɩɨɱɢɧɚɸɱɢ ɡ ɞɪɭɝɨɝɨ. Ɉɬɪɢɦɚєɦɨ ɟɤɜɿɜɚɥɟɧɬɧɭ (1) ɫɢɫɬɟɦɭ 
ɥɿɧɿɣɧɢɯ ɪɿɜɧɹɧь (3): 
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{  
  ܽଵଵݔଵ + ܽଵଶݔଶ +⋯+ ܽଵݔ = ܾଵ,                 ܽଶଶ′ ଶݔ +⋯+ ܽଶ′ ݔ = ܾଶ′     …       ,               ܽଶ′ ଶݔ +⋯+ ܽ′ ܽ = ܾ′,…                   ܽଶ′ ଶݔ +⋯+ ܽ′ ݔ = ܾ′ .

                                                         (3) 

 
Ⱦɟ ܽ′ −  ːˑ˅і  ɤɨɟɮɿɰɿєɧɬɢ, ɹɤɿ ɨɬɪɢɦɚєɦɨ ɜ ɪɟɡɭɥьɬɚɬɿ ɨɩɢɫɚɧɢɯ ɜɢɳɟ 
ɩɟɪɟɬɜɨɪɟɧь. 
 

2. Ⱦɚɥɿ, ɚɥɝɨɪɢɬɦ ɨɩɢɫɚɧɢɣ ɧɚ 1-ɦɭ ɤɪɨɰɿ, ɡɚɫɬɨɫɨɜɭєɬьɫɹ ɞɨ ɫɢɫɬɟɦɢ (3) ɡ 
ɹɤɨʀ ɜɢɤɥɸɱɟɧɨ ɩɟɪɲɟ ɪɿɜɧɹɧɧɹ ɿ ɣɨɝɨ ɦɿɫɰɟ ɡɚɣɦɚє ɞɪɭɝɟ ɪɿɜɧɹɧɧɹ. 
ɉɪɨɞɨɜɠɭɸɱɢ ɩɪɨɰɟɫ ɩɨɫɥɿɞɨɜɧɨɝɨ ɜɢɤɥɸɱɟɧɧɹ ɡɦɿɧɧɢɯ, ɩɿɫɥɹ (Ʉ-1)-ɝɨ 
ɤɪɨɤɭ ɨɬɪɢɦɚєɦɨ ɫɢɫɬɟɦɭ: 

{  
  
     ܽଵଵݔଵ + ܽଵଶݔଶ +⋯+ ܽݔ +⋯+ ܽݔ = ܾଵ,                 ܽଶଶ′ ଶݔ +⋯+ ܽଶ′ ݔ +⋯+ ܽଶ′ ݔ = ܾଶ′ ,             …                                        ܽ−ଵݔ +⋯+ ܽ−ଵݔ = ܾ−ଵ,             …                                                                                Ͳ = ܾ+ଵ−ଵ,             …                                                                                Ͳ = ܾ−ଵ.

                                  (4) 

əɤɳɨ ɜ ɫɢɫɬɟɦɿ (4) k=n, ɬɨ ɫɢɫɬɟɦɚ ɡɜɟɥɚɫь ɞɨ ɬɪɢɤɭɬɧɨɝɨ ɜɢɝɥɹɞɭ ɿ є 
ɨɡɧɚɱɟɧɨɸ. ȼ ɿɧɲɨɦɭ ɪɚɡɿ ɫɢɫɬɟɦɚ ɡɜɟɥɚɫь ɞɨ ɫɬɭɩɿɧɱɚɬɨɝɨ ɜɢɝɥɹɞɭ ɿ є 
ɧɟɨɡɧɚɱɟɧɨɸ. 

Ɂɦɿɧɧɿ ݔଵ, ,ଶݔ ⋯ , 𝑟ݔ  ɜ ɫɢɫɬɟɦɿ (4) ɧɚɡɢɜɚɸɬьɫɹ ɛɚɡɢɫɧɢɦɢ (ɨɫɧɨɜɧɢɦɢ), ɚ ݔ𝑟+ଵ, ,𝑟+ଶݔ ⋯ ,  . – ɜɿɥьɧɢɦɢݔ
əɤɳɨ ɜɿɥьɧɢɦ ɡɦɿɧɧɢɦ ɧɚɞɚɬɢ ɞɨɜɿɥьɧɿ ɡɧɚɱɟɧɧɹ ߙ𝑟+ଵ, ,𝑟+ଶߙ ⋯ , ߙ  , ɬɨ 

ɫɢɫɬɟɦɚ (4) ɛɭɞɟ ɬɪɢɤɭɬɧɨɸ ɿ ɛɚɡɢɫɧɿ ɡɦɿɧɧɿ ɦɨɠɧɚ ɡɧɚɣɬɢ ɨɛɟɪɧɟɧɢɦ ɯɨɞɨɦ 
Ƚɚɭɫɫɚ. Ɉɬɪɢɦɚɧɢɣ ɪɨɡɜ’ɹɡɨɤ ̅ߙ = ሺߙଵ, ,ଶߙ ⋯ , 𝑟ߙ , ,𝑟+ଵߙ ሻߙ   ɧɚɡɢɜɚєɬьɫɹ 
ɱɚɫɬɢɧɧɢɦ ɪɨɡɜ’ɹɡɤɨɦ ɫɢɫɬɟɦɢ (1). əɤɳɨ ɫɢɫɬɟɦɚ ɥɿɧɿɣɧɢɯ ɪɿɜɧɹɧь (1) 
ɨɞɧɨɪɿɞɧɚ, ɬɨ ɱɚɫɬɢɧɧɿ ɪɨɡɜ’ɹɡɤɢ  ɦɚɸɬь ɜɢɞ: ߙଵ̅̅ ̅ =  ሺߙଵଵ, , ଶଵߙ ⋯ , ,𝑟ଵߙ ͳ,Ͳ,⋯ ,Ͳሻ; ߙଶ̅̅ ̅ =  ሺߙଵଶ, , ଶଶߙ ⋯ , ,𝑟ଶߙ Ͳ,ͳ,⋯Ͳሻ; ⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯ ߙ−𝑟+ଵ̅̅ ̅̅ ̅̅ ̅̅ ̅ =  ሺߙଵ−𝑟−ଵ, ⋯ , ⋯,ଶ−𝑟−ଵ ,Ͳߙ ,ͳ ሻ; 
ɿ ɭɬɜɨɪɸɸɬь ɮɭɧɞɚɦɟɧɬɚɥьɧɭ ɫɢɫɬɟɦɭ ɪɨɡɜ’ɹɡɤɿɜ ɨɞɧɨɪɿɞɧɨʀ ɫɢɫɬɟɦɢ (1). ɐɟ 
ɨɡɧɚɱɚє, ɳɨ ɞɨɜɿɥьɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɨɞɧɨɪɿɞɧɨʀ ɫɢɫɬɟɦɢ ܾ̅  ɦɨɠɟ ɛɭɬɢ 
ɩɪɟɞɫɬɚɜɥɟɧɢɣ ɭ ɜɢɝɥɹɞɿ: ܾ̅ = ݇ଵߙଵ̅̅ ̅ + ݇ଶߙଶ̅̅ ̅,⋯+ ݇−𝑟+ଵߙ−𝑟+ଵ.̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

Ⱦɨɜɿɥьɧɢɣ ɪɨɡɜ’ɹɡɨɤ �̅�  ɧɟɨɞɧɨɪɿɞɧɨʀ ɫɢɫɬɟɦɢ (1) ɦɨɠɟ ɛɭɬɢ ɡɚɩɢɫɚɧɢɣ ɭ 
ɜɢɝɥɹɞɿ:  



 

 

22 

 

�̅� = ݇ଵߙଵ̅̅ ̅ + ݇ଶߙଶ̅̅ ̅,⋯+ ݇−𝑟+ଵߙ−𝑟+ଵ̅̅ ̅̅ ̅̅ ̅̅ ̅ + ܽ,̅  ɞɟ ߙଵ̅̅ ̅ ,⋯ , −𝑟+ଵ̅̅ߙ ̅̅ ̅̅ ̅̅ ̅  – 
ɮɭɧɞɚɦɟɧɬɚɥьɧɚ ɫɢɫɬɟɦɚ ɪɨɡɜ’ɹɡɤɿɜ ɜɿɞɩɨɜɿɞɧɨʀ ɨɞɧɨɪɿɞɧɨʀ ɫɢɫɬɟɦɢ ɿ ̅ߙ  – 
ɱɚɫɬɢɧɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɫɢɫɬɟɦɢ (1). 

ɑɚɫɬɢɧɧɢɣ ɪɨɡɜ’ɹɡɨɤ, ɜ ɹɤɨɦɭ ɜɫɿ ɜɿɥьɧɿ ɡɦɿɧɧɿ ɪɿɜɧɿ «0» ɧɚɡɢɜɚєɬьɫɹ 
ɛɚɡɢɫɧɢɦ. 

 

ɉɪиɤɥɚɞ 9. 

Ɋɨɡɜ’ɹɡɚɬɢ ɫɢɫɬɟɦɭ  { ଵݔ + ଶݔʹ − ଷݔ͵ + ସݔ + ହݔʹ = ଵݔʹ−;͵− + ଶݔ + ଷݔʹ − ସݔ͵ − ହݔ = −ͳ;−ݔଵ + ଶݔ͵ − ଷݔ − ସݔʹ + ହݔ = −Ͷ;  ɦɟɬɨɞɨɦ Ƚɚɭɫɚ. 

 ( ͳ ʹ −͵−ʹ ͳ ʹ−ͳ ͵ −ͳ     ͳ ʹ−͵ −ͳ−ʹ ͳ |−͵−ͳ−Ͷ) ; 
 ( ͳ ʹ −͵Ͳ ͷ −ͶͲ ͷ −Ͷ     ͳ ʹ−ͳ ͵−ͳ ͵|−͵−−) ; 
 
ହ ( ͳݔ    ସݔ     ଷݔ    ଶݔ   ଵݔ                                           ʹ −͵Ͳ ͷ −ͶͲ ͷ −Ͷ     ͳ ʹ−ͳ ͵−ͳ ͵|−͵−−) ; 

ɞɟ ݔଵ  ݔଶ   – ɛɚɡɢɫɧɿ ɡɦɿɧɧɿ, ݔଷ  ݔସ  ݔହ – ɜɿɥьɧɿ ɡɦɿɧɧɿ. ݔଵ   ݔଶ        − –   ଷݔ –   ସݔ ହ ቀͳݔ ʹͲ ͷ|−͵−      ͵ −ͳ −ʹͶ ͳ −͵ቁ. 
 Ɂɧɚɣɞɟɦɨ ɱɚɫɬɢɧɧɢɣ ɪɨɡɜ’ɹɡɨɤ  ܽ̅ = ሺߙଵ, ,ଶߙ ,ଷߙ ,ସߙ   .ହሻߙ
ɇɟɯɚɣ ߙଷ = ସߙ = ହߙ = Ͳ. ɋɢɫɬɟɦɚ ɩɪɢɣɦɟ ɜɢɝɥɹɞ:  ቆ ଵݔ ଶ−ͳݔ ʹͲ ͷ | .−͵−ቇ. ͷݔଶ = −   ݔଶ = −ͷ ଵݔ ; = −͵ − ଶݔʹ = −͵ + ʹ ⋅ ͷ = −͵ + ͳͶͷ = −ͳͷ ; ܽ̅ = (−ͳͷ ,−ͷ , Ͳ,Ͳ,Ͳ). 

Ɂɧɚɣɞɟɦɨ ɮɭɧɞɚɦɟɧɬɚɥьɧɭ ɫɢɫɬɟɦɭ ɪɨɡɜ’ɹɡɤɿɜ ɜɿɞɩɨɜɿɞɧɨʀ ɨɞɧɨɪɿɞɧɨʀ 
ɫɢɫɬɟɦɢ. ቀͳ ʹ −͵ −ͳ ʹ Ͳ ͷ −Ͷ −ͳ ͵|ͲͲቁ, 
 Яˍщˑ ܽଵ̅̅ ̅ = ሺߙଵଵ, ,ଶଵߙ ͳ,Ͳ,Ͳሻ, ɬɨɞɿ ɨɬɪɢɦɚєɦɨ ɫɢɫɬɟɦɭ: ቆݔଵ ଶͳݔ ʹͲ ͷ | .͵Ͷቇ.  
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Ɂɜɿɞɤɢ: ݔଶ = Ͷͷ ଵݔ ; = ͵ − ଶݔʹ = ͵ − ʹ ⋅ ସହ = ͵ − ହ଼ = ହ ;    
Ɉɬɠɟ,  ܽଵ̅̅ ̅̅ = ቀହ , ସହ , ͳ,Ͳ,Ͳቁ. 

 əɤɳɨ ܽଶ̅̅ ̅ = ሺߙଵଶ, ,ଶଶߙ Ͳ,ͳ,Ͳሻ, ɬɨɞɿ ɨɬɪɢɦɚєɦɨ ɫɢɫɬɟɦɭ ቆݔଵ ଶͳݔ ʹͲ ͷ | .−ͳͳ ቇ. 
Ɂɜɿɞɤɢ: ͷݔଶ = ͳ;      ݔଶ = ͳͷ ଵݔ ; = −ͳ − ʹ; ଶݔ   = −ͳ − ͷʹ = −ͷ ; 
Ɉɬɠɟ, ܽଶ̅̅ ̅ = ቀ− ହ , ଵହ , Ͳ,ͳ,Ͳቁ. 
əɤɳɨ ܽଷ̅̅ ̅ = ሺߙଵଷ, ,ଶଷߙ Ͳ,Ͳ,ͳሻ, ɬɨɞɿ ɨɬɪɢɦɚєɦɨ ɫɢɫɬɟɦɭ: ቆݔଵ ଶͳݔ ʹͲ ͷ | .͵ʹ ቇ. 
Ɂɜɿɞɤɢ: ͷݔଶ = ଶݔ       ;͵ = ଷହ ଵݔ  ; = ʹ − ʹ; ଶݔ   = ʹ − ʹ ⋅ ͷ͵ = ʹ − ͷ = Ͷͷ ; 
Ɉɬɠɟ, ܽଷ̅̅ ̅ = ቀସହ , ଷହ , Ͳ,Ͳ,ͳቁ. ܽଵ̅̅ ̅, ܽଶ̅̅ ̅, ܽଷ̅̅ ̅ – ɮɭɧɞɚɦɟɧɬɚɥьɧɚ ɫɢɫɬɟɦɚ ɪɨɡɜ’ɹɡɤɿɜ; ܾ̅ = ݇ଵܽଵ̅̅ ̅ + ݇ଶܽଶ̅̅ ̅ + ݇ଷܽଷ̅̅ ̅ + ܽ̅  ɡɚɝɚɥьɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɫɢɫɬɟɦɢ. 

 ȼ ɤɨɨɪɞɢɧɚɬɧɿɣ ɮɨɪɦɿ ɡɚɝɚɥьɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɦɨɠɧɚ ɡɚɩɢɫɚɬɢ ɭ ɜɢɞɿ: ܾ̅ = (−ͳͷ + ͷ݇ଵ − ͷ݇ଶ + Ͷͷ݇ଷ;  − ͷ + Ͷͷ݇ଵ + ͳͷ݇ଶ + ͷ͵ ݇ଷ; ݇ଵ; ݇ଶ; ݇ଶ). 
  

ȼ ɞɟɹɤɢɯ ɜɢɩɚɞɤɚɯ ɪɨɡɜ’ɹɡɨɤ ɡɧɚɯɨɞɹɬь ɜɢɪɚɠɚɸɱɢ ɛɚɡɢɫɧɿ ɜɟɤɬɨɪɢ ɱɟɪɟɡ 
ɫɬɨɜɩɟɰь ɜɿɥьɧɢɯ ɱɥɟɧɿɜ ɛɟɡɩɨɫɟɪɟɞɧьɨ ɪɨɡɜ’ɹɡɭɸɱɢ ɫɢɫɬɟɦɭ ɨɞɧɢɦ ɿɡ ɦɟɬɨɞɿɜ 
ɪɨɡɝɥɹɧɭɬɢɯ ɜɢɳɟ. 

 ɇɚɩɪɢɤɥɚɞ, ɪɨɡɜ’ɹɠɟɦɨ ɫɢɫɬɟɦɭ {ݔଵ + ଶݔʹ = −͵ + ଷݔ͵ − ସݔ − ଶݔହ;         ͷݔʹ = − + Ͷݔଷ + ସݔ − ହ.          Δݔ͵ = |ͳ ʹͲ ͷ| = −ͷ.  
Ɂɚ ɩɪɚɜɢɥɨɦ Ʉɪɚɦɟɪɚ:  ݔଵ = ΔଵΔ = ͳͷ |−͵ + ଷݔ͵ − ସݔ − ହݔʹ ʹ− + Ͷݔଷ + ସݔ − ହݔ͵ ͷ| = = ͳͷ ሺ−ͳͷ + ͳͷݔଷ − ͷݔସ − ͳͲݔହ + ͳͶ − ͺݔଷ − ସݔʹ + ݔହሻ = = −ͳͷ + ͷݔଵ − ͷݔଶ + Ͷͷݔଷ. 



 

 

24 

 

ଶݔ = ΔଶΔ = ͳͷ |ͳ −͵ + ଷݔ͵ − ସݔ − ହͲݔʹ − + Ͷݔଷ + ସݔ − |ହݔ͵ = −ͷ + Ͷͷݔଵ + ͳͷݔଶ + ͷ͵  .ଷݔ
 ȼ ɧɟɨɡɧɚɱɟɧɢɯ ɫɢɫɬɟɦɚɯ ɥɿɧɿɣɧɢɯ ɪɿɜɧɹɧь, ɹɤɿ ɡɜɟɥɢɫɹ ɦɟɬɨɞɨɦ Ƚɚɭɫɫɚ ɞɨ 
ɬɪɢɤɭɬɧɨɝɨ ɜɢɝɥɹɞɭ ɡɚɝɚɥьɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɡɧɚɯɨɞɢɬьɫɹ ɨɛɟɪɧɟɧɢɦ ɯɨɞɨɦ. ݔଶ = −ͷ + Ͷͷݔଷ + ͳͷݔସ − ͷ͵ ଵݔ ;ହݔ + ʹ(−ͷ + Ͷͷݔଷ + ͳͷݔସ − ͷ͵ (ହݔ = −͵ + ଷݔ͵ − ସݔ − ଵݔ ;ହݔʹ = (ͳͶͷ − ͵) + (− ͷͅ + ͵) ଷݔ + (− ͷʹ − ͳ) ସݔ + (ͷ͵ − ʹ) ହݔ = = −ͳͷ + ͷݔଵ − ͷݔଶ + Ͷͷݔଷ. 
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ɁȺȼȾȺɇɇə ȾɈ ɌȿɆɂ 

 

1) ɇɚɫɬɭɩɧɿ ɫɢɫɬɟɦɢ ɪɨɡɜ’ɹɡɚɬɢ ɦɟɬɨɞɨɦ Ʉɪɚɦɟɪɚ ɬɚ ɦɚɬɪɢɱɧɢɦ ɫɩɨɫɨɛɨɦ: 
 

ɚ) 
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ȼ ɧɚɫɬɭɩɧɢɯ ɡɚɜɞɚɧɧɹɯ ɪɨɡɜ’ɹɡɚɬɢ ɋɅȺɊ ɬɪьɨɦɚ ɦɟɬɨɞɚɦɢ: ɚ) Ʉɪɚɦɟɪɚ; ɛ)  
Ƚɚɭɫɚ; ɜ) ɦɚɬɪɢɱɧɢɦ ɫɩɨɫɨɛɨɦ: 
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.1233

;42

;732

zyx

zyx

zyx

    8) 














.12

;432

;12

zyx

zyx

zyx

 

4)












.222

;62

;0322

zyx

zyx

zyx

    9) 












.23

;332

;1223

zyx

zyx

zyx

 













.18265

;4352

;9234

)5

zyx

zyx

zyx

    10) 













.9653

;53

;324

zyx

zyx

zyx

 














.20432

;43114

;3157

)6

zyx

zx

yx

   11)













.22

;42

;322

zy

yx

zyx

 

 
Ɂɧɚɣɬɢ ɡɚɝɚɥьɧɢɣ ɪɨɡɜ’ɹɡɨɤ ɨɞɧɨɪɿɞɧɢɯ ɫɢɫɬɟɦ: 
 

12) 












.0343

;025

;043

4321

432

4321

xxxx

xxx

xxxx

  13) 












.033

;052

;02223

4321

4321

4321

xxxx

xxxx

xxxx
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16) 












.023

;0222

;022

4321

4321

4321

xxxx

xxxx

xxxx

  

17) 













.033

;0522

;0222

431

4321

4321

xxx

xxxx

xxxx

 

14) 












.0243

;05

;03

321

32

321

xxx

xx

xxx

  

15) 












.033

;022

;022

21

321

321

xx

xxx

xxx

 

18) 












.03

;052

;0223

321

321

321

xxx

xxx

xxx

  

19) 













.03

;0522

;022

31

321

321

xx

xxx

xxx
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ȱȱ. ȼȿɄɌɈɊɇȺ ȺɅȽȿȻɊȺ 
 

2.1. ɉɨɧɹɬɬɹ n -ɜɢɦɿɪɧɨɝɨ ɜɟɤɬɨɪɧɨɝɨ ɩɪɨɫɬɨɪɭ. Ȼɚɡɢɫ 

 

n-ɜɢɦɿɪɧɿ ɜɟɤɬɨɪɢ є ɛɟɡɩɨɫɟɪɟɞɧɿɦ ɭɡɚɝɚɥьɧɟɧɹɦ ɞɜɨ- ɿ ɬɪɢ- ɜɢɦɿɪɧɢɯ 
ɜɟɤɬɨɪɿɜ, ɹɤɿ ɪɨɡɝɥɹɞɚɥɢɫь ɜ ɲɤɨɥɿ. 

ɋɢɫɬɟɦɚ n ɱɢɫɟɥ ),...,,( 21 nxxx , ɜɡɹɬɢɯ ɜ ɩɟɜɧɨɦɭ ɩɨɪɹɞɤɭ, ɧɚɡɢɜɚєɬьɫɹ n-

ɜɢɦɿɪɧɢɦ ɜɟɤɬɨɪɨɦ. 
 1x , 2x ,… nx – ɧɚɡɢɜɚɸɬь ɤɨɨɪɞɢɧɚɬɚɦɢ ɜɟɤɬɨɪɚ. 
Ⱦɜɚ ɜɟɤɬɨɪɢ ),...,,( 21 nxxxx   ɿ ),...,,( 21 nyyyy   ɧɚɡɢɜɚɸɬьɫɹ ɪɿɜɧɢɦɢ, ɹɤɳɨ 

ɪɿɜɧɿ ʀɯ ɜɿɞɩɨɜɿɞɧɿ ɤɨɨɪɞɢɧɚɬɢ. ɇɭɥьɨɜɢɦ ɜɟɤɬɨɪɨɦ ɧɚɡɢɜɚєɬьɫɹ ɜɟɤɬɨɪ 
)0,...,0,0(o , ɜɫɿ ɤɨɨɪɞɢɧɚɬɢ ɹɤɨɝɨ ɞɨɪɿɜɧɸɸɬь ɧɭɥɸ. 

 
Ⱦɿʀ ɧɚɞ ɜɟɤɬɨɪɚɦɢ 

1) Ⱦɨɞɚɜɚɧɧɹ ɜɟɤɬɨɪɿɜ. 
ɓɨɛ ɞɨɞɚɬɢ ɞɜɚ ɜɟɤɬɨɪɢ ɩɨɬɪɿɛɧɨ ɞɨɞɚɬɢ ʀɯ ɜɿɞɩɨɜɿɞɧɿ ɤɨɨɪɞɢɧɚɬɢ. 
ɇɟɯɚɣ  ),...,,( 21 nxxxx  , ),...,,( 21 nyyyy  , ɬɨɞɿ 

).,...,,( 2211 nn yxyxyxyx    
2) Ɇɧɨɠɟɧɧɹ ɜɟɤɬɨɪɚ ɧɚ ɱɢɫɥɨ. 

ɓɨɛ ɩɨɦɧɨɠɢɬɢ ɜɟɤɬɨɪ x  ɧɚ ɱɢɫɥɨ k ɩɨɬɪɿɛɧɨ ɤɨɠɧɭ ɤɨɨɪɞɢɧɚɬɭ ɜɟɤɬɨɪɚ 
ɩɨɦɧɨɠɢɬɢ ɧɚ ɰɟ ɱɢɫɥɨ, ɬɨɛɬɨ  xk =  

nkxkxkx ,,, 21    

 
Ɇɧɨɠɢɧɚ R n-ɜɢɦɿɪɧɢɯ ɜɟɤɬɨɪɿɜ ɧɚɡɢɜɚєɬьɫɹ ɥɿɧɿɣɧɢɦ n-ɜɢɦɿɪɧɢɦ 

ɩɪɨɫɬɨɪɨɦ, ɹɤɳɨ: 
1) ɋɭɦɨɸ ɞɜɨɯ ɛɭɞь-ɹɤɢɯ ɜɟɤɬɨɪɿɜ x  ɿ  y  ɡ R є ɞɟɹɤɢɣ ɬɪɟɬɿɣ ɜɟɤɬɨɪ z  ɡ 

R; 

2) Ⱦɨɛɭɬɤɨɦ ɤɨɠɧɨɝɨ ɜɟɤɬɨɪɚ x   ɡ R ɧɚ ɛɭɞь-ɹɤɟ ɱɢɫɥɨ k є ɞɟɹɤɢɣ ɜɟɤɬɨɪ 
ɦɧɨɠɢɧɢ R. 

Ɍɚɤ, ɫɭɤɭɩɧɿɫɬь ɜɫɿɯ n-ɜɢɦɿɪɧɢɯ ɜɟɤɬɨɪɿɜ ɭɬɜɨɪɸє n-ɜɢɦɿɪɧɢɣ ɜɟɤɬɨɪɧɢɣ 
ɩɪɨɫɬɿɪ. 

ɇɟɯɚɣ ɡɚɞɚɧɨ ɜɟɤɬɨɪɢ ),...,,( 21 nxxxx  , ),...,,( 21 nyyyy  , ɿ ).,...,,( 21 nzzzz   
ɉɨɦɧɨɠɢɦɨ ̅ݔ ɧɚ ɱɢɫɥɨ ߙ, ,ߚ ɧɚ ݕ̅  .ɿ ɞɨɞɚɦɨ ʀɯ ߛ ɧɚ ̅ݖ
ȼɟɤɬɨɪ �̅� = ሺݔߙଵ + ଵݕߚ + ,ଵݖߛ ଶݔߙ + ଶݕߚ + ,ଶݖߛ ଷݔߙ + ଷݕߚ + ଷሻݖߛ ,  ɳɨ 

ɭɬɜɨɪɸєɬьɫɹ ɩɪɢ ɰьɨɦɭ ɧɚɡɢɜɚєɬьɫɹ ɥɿɧɿɣɧɨɸ ɤɨɦɛɿɧɚɰɿєɸ ɜɟɤɬɨɪɿɜ ̅ݔ, ̅ݖ ݅ ݕ̅  ɿ 
ɡɚɩɢɫɭєɬьɫɹ ɬɚɤ: �̅� = ݔ̅ߙ + ݕ̅ߚ +  .̅ݖߛ

Ⱥɧɚɥɨɝɿɱɧɨ ɜɢɡɧɚɱɚєɬьɫɹ ɥɿɧɿɣɧɚ ɤɨɦɛɿɧɚɰɿɹ ɛɭɞь-ɹɤɨʀ ɫɤɿɧɱɟɧɧɨʀ 
ɤɿɥьɤɨɫɬɿ ɜɟɤɬɨɪɿɜ.  

ɋɢɫɬɟɦɚ n-ɜɢɦɿɪɧɢɯ ɜɟɤɬɨɪɿɜ ܽ̅ଵ, ܽ̅ଶ, … , ܽ̅  ɧɚɡɢɜɚєɬьɫɹ ɥɿɧɿɣɧɨ 
ɧɟɡɚɥɟɠɧɨɸ, ɹɤɳɨ ʀʀ ɥɿɧɿɣɧɚ ɤɨɦɛɿɧɚɰɿɹ nn aaap   ...2211  ɞɨɪɿɜɧɸє 
ɧɭɥьɨɜɨɦɭ ɜɟɤɬɨɪɭ ɬɿɥьɤɢ ɭ ɜɢɩɚɞɤɭ, ɹɤɳɨ ɜɫɿ ɞɿɣɫɧɿ ɱɢɫɥɚ 1 , 2 ,… n –, 
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ɩɟɪɟɬɜɨɪɸɸɬьɫɹ ɜ ɧɭɥь, ɬɨɛɬɨ 021  n  , ɿ ɧɚɡɢɜɚєɬьɫɹ ɥɿɧɿɣɧɨ 
ɡɚɥɟɠɧɨɸ, ɹɤɳɨ ɩɪɢɧɚɣɦɧɿ ɨɞɧɟ ɿɡ 0i . 

ɐɿ ɩɨɧɹɬɬɹ ɦɨɠɧɚ ɜɢɡɧɚɱɢɬɢ ɿ ɬɚɤ. ɋɢɫɬɟɦɚ n-ɜɢɦɿɪɧɢɯ ɜɟɤɬɨɪɿɜ ܽ̅ଵ, ܽ̅ଶ, … , ܽ̅  ɧɚɡɢɜɚєɬьɫɹ ɥɿɧɿɣɧɨ ɡɚɥɟɠɧɨɸ, ɹɤɳɨ ɩɪɢɧɚɣɦɧɿ ɨɞɢɧ ɡ ɜɟɤɬɨɪɿɜ 
ɫɢɫɬɟɦɢ ɦɨɠɧɚ ɩɪɟɞɫɬɚɜɢɬɢ, ɹɤ ɥɿɧɿɣɧɭ ɤɨɦɛɿɧɚɰɿɸ ɪɟɲɬɢ ɜɟɤɬɨɪɿɜ ɫɢɫɬɟɦɢ. 
ɋɢɫɬɟɦɚ n-ɜɢɦɿɪɧɢɯ ɜɟɤɬɨɪɿɜ ܽ̅ଵ, ܽ̅ଶ, … , ܽ̅  ɧɚɡɢɜɚєɬьɫɹ ɥɿɧɿɣɧɨ ɧɟɡɚɥɟɠɧɨɸ, 
ɹɤɳɨ ɠɨɞɟɧ ɡ ɜɟɤɬɨɪɿɜ ɫɢɫɬɟɦɢ ɧɟ є ɥɿɧɿɣɧɨɸ ɤɨɦɛɿɧɚɰɿєɸ ɪɟɲɬɢ ɜɟɤɬɨɪɿɜ 
ɫɢɫɬɟɦɢ. 

Ɂɚɭɜɚɠɢɦɨ, ɳɨ ɦɚɤɫɢɦɚɥьɧɚ ɫɢɫɬɟɦɚ ɥɿɧɿɣɧɨ ɧɟɡɚɥɟɠɧɢɯ n-ɦɿɪɧɢɯ 
ɜɟɤɬɨɪɿɜ ɫɤɥɚɞɚєɬьɫɹ ɡ n ɜɟɤɬɨɪɿɜ. əɤɳɨ ɞɨ ɫɢɫɬɟɦɢ ɡ n ɜɟɤɬɨɪɿɜ ɩɪɢєɞɧɚɬɢ 
ɩɪɢɧɚɣɦɧɿ ɨɞɢɧ  ɜɟɤɬɨɪ, ɬɨ ɰɹ ɫɢɫɬɟɦɚ ɛɭɞɟ ɥɿɧɿɣɧɨ ɡɚɥɟɠɧɨɸ. 

Ɇɚɤɫɢɦɚɥьɧɚ ɫɢɫɬɟɦɚ ɥɿɧɿɣɧɨ ɧɟɡɚɥɟɠɧɢɯ ɜɟɤɬɨɪɿɜ ɧɚɡɢɜɚєɬьɫɹ ɛɚɡɢɫɨɦ 
ɥɿɧɿɣɧɨɝɨ n-ɜɢɦɿɪɧɨɝɨ ɩɪɨɫɬɨɪɭ. 

ɇɚɩɪɢɤɥɚɞ, ɨɞɢɧɢɱɧɿ ɜɟɤɬɨɪɢ (ɞɨɜɠɢɧɚ ɹɤɢɯ ɞɨɪɿɜɧɸє ɨɞɢɧɢɰɿ) )0,0,1(1e , 

)0,1,0(2e , )1,0,0(3e  ɭɬɜɨɪɸɸɬь ɛɚɡɢɫ ɜ ɩɪɨɫɬɨɪɿ 3
R . Ȼɭɞь-ɹɤɿ ɜɟɤɬɨɪɢ ɩɪɨɫɬɨɪɭ 

ɦɨɠɧɚ ɨɞɧɨɡɧɚɱɧɨ ɪɨɡɤɥɚɫɬɢ ɩɨ ɛɚɡɢɫɭ. Ʉɨɟɮɿɰɿєɧɬɢ ɪɨɡɤɥɚɞɭ ɛɭɞɭɬь 
ɜɢɡɧɚɱɚɬɢ ɤɨɨɪɞɢɧɚɬɢ ɜɟɤɬɨɪɚ ɜ ɞɚɧɨɦɭ ɛɚɡɢɫɿ. 

 
ɉɪиɤɥɚɞ 1. 
Ⱦɨɜɟɫɬɢ, ɳɨ ɜɟɤɬɨɪɢ )5;3;1(1 a , )3;1;3(2a , )1;3;5(3a  ɭɬɜɨɪɸɸɬь ɛɚɡɢɫ ɬɚ 

ɪɨɡɤɥɚɫɬɢ ɜɟɤɬɨɪ )3,2,1( b  ɩɨ ɰьɨɦɭ ɛɚɡɢɫɭ. 

ɋɤɥɚɞɟɦɨ ɥɿɧɿɣɧɭ ɤɨɦɛɿɧɚɰɿɸ ɜɟɤɬɨɪɿɜ ɿ ɩɪɢɪɿɜɧɹєɦɨ ʀʀ ɞɨ ɧɭɥɹ:

0332211  aaa  . 

       )5;3;( 11111  a  

    + )3;1;3( 22222  a  

       );3;5( 33333  a  

         0  (   0 ;    0 ;    0 ). 

Ɉɬɪɢɦɚєɦɨ ɫɢɫɬɟɦɭ: 












.035

;033

;053

321

321

321

aaa

aaa

aaa

 

Ɍɚɤ ɹɤ 084

135

313

531





 , ɬɨ ɡɚ ɩɪɚɜɢɥɨɦ Ʉɪɚɦɟɪɚ ɫɢɫɬɟɦɚ ɦɚє ɨɞɢɧ 

ɧɭɥьɨɜɢɣ ɪɨɡɜ’ɹɡɨɤ (ɛɨ є ɨɞɧɨɪɿɞɧɨɸ) 0321   . Ⱥ ɨɬɠɟ, ɫɢɫɬɟɦɚ 
ɜɟɤɬɨɪɿɜ 321 ;; aaa  – ɥɿɧɿɣɧɨ-ɧɟɡɚɥɟɠɧɚ ɿ ɭɬɜɨɪɸє ɛɚɡɢɫ. 
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Ɋɨɡɤɥɚɞɟɦɨ ɜɟɤɬɨɪ b  ɭ ɰьɨɦ ɛɚɡɢɫɿ, ɬɨɛɬɨ ɡɚɩɢɲɟɦɨ ɣɨɝɨ ɭ ɜɢɝɥɹɞɿ: 
.332211 axaxaxb   

       )5;3;( 11111 xxxax  ; 

   + )3;1;3( 22222 xxxax ; 

       );3;5( 33333 xxxax  ; 

           b  ( 1 ; 2 ; –3 ). 

Ɉɞɟɪɠɢɦɨ ɫɢɫɬɟɦɭ: 












,335

,233

,153

321

321

321

xxx

xxx

xxx

  ɪɨɡɜ’ɹɡɚɜɲɢ ɹɤɭ ɡɚ ɩɪɚɜɢɥɨɦ 

Ʉɪɚɦɟɪɚ ( 70,84,14;84 321  ), ɨɬɪɢɦɚєɦɨ ɪɨɡɜ’ɹɡɨɤ:  

7

5
;1;

6

1
321  xxx . 

 

ȼɿɞɩɨɜɿɞь:  321
7

5

6

1
aaab  . 
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2.2. ȿɥɟɦɟɧɬɢ ɜɟɤɬɨɪɧɨʀ ɚɥɝɟɛɪɢ 

 

Ɉɫɧɨɜɧɿ ɮɨɪɦɭɥɢ 

 
ɇɚɝɚɞɚєɦɨ ɜɿɞɨɦɿ ɮɚɤɬɢ ɿɡ ɚɥɝɟɛɪɢ ɬɚ ɩɨɱɚɬɤɿɜ ɚɧɚɥɿɡɭ ɡ ɫɟɪɟɞɧьɨʀ ɲɤɨɥɢ. 
Ɉɞɢɧɢɱɧɢɦ ɜɟɤɬɨɪɨɦ ɧɟɧɭɥьɨɜɨɝɨ ɜɟɤɬɨɪɚ a  ɧɚɡɢɜɚєɬьɫɹ ɜɟɤɬɨɪ, 

ɫɩɿɜɧɚɩɪɹɦɥɟɧɢɣ ɡ ɜɟɤɬɨɪɨɦ a , ɞɨɜɠɢɧɚ ɹɤɨɝɨ ɞɨɪɿɜɧɸє ɨɞɢɧɢɰɿ. 
Ɉɞɢɧɢɱɧɿ ɜɟɤɬɨɪɢ ɩɨɡɧɚɱɚɸɬь: 0a – ɨɞɢɧɢɱɧɢɣ ɜɟɤɬɨɪ ɜɟɤɬɨɪɚ a ,  

,,,,;0 kjiea . Ȳɯ ɧɚɡɢɜɚɸɬь ɳɟ ɨɪɬɚɦɢ. 

 
22 yxa   – ɞɨɜɠɢɧɚ ɜɟɤɬɨɪɚ, ɚɛɨ ɦɨɞɭɥь ɜɟɤɬɨɪɚ a . 

Ɂɧɚɣɞɟɦɨ ɤɨɨɪɞɢɧɚɬɢ ɨɞɢɧɢɱɧɨɝɨ ɜɟɤɬɨɪɚ 0a , ɜɟɤɬɨɪɚ a ,: 

j
yx

y
i

yx

x

yx

jyix
a

a
a

2222220

1










 , ɨɬɠɟ  
















a

y

a

x
a ;0 . 

 
ɇɟɯɚɣ ɧɚɦ ɞɚɧɨ ɬɨɱɤɢ    2211 ;,; yxNyxM , ɬɨɞɿ 

ɤɨɨɪɞɢɧɚɬɢ ɜɟɤɬɨɪɚ MN ɛɭɞɭɬь  1212 ; yyxxMN  , ɚ 
ɣɨɝɨ ɞɨɜɠɢɧɚ ɡɧɚɯɨɞɢɬьɫɹ ɡɚ ɮɨɪɦɭɥɨɸ: 

 

   2

12

2

12 yyxxMN  . 

 
 

Ɋɨɡɝɥɹɧɟɦɨ ɜɟɤɬɨɪ a , ɩɨɱɚɬɨɤ, 
ɹɤɨɝɨ ɫɩɿɜɩɚɞɚє ɡ ɩɨɱɚɬɤɨɦ ɩɪɨɫɬɨɪɨɜɨʀ 
ɫɢɫɬɟɦɢ ɤɨɨɪɞɢɧɚɬ. kji ,, – ɨɞɢɧɢɱɧɿ 
ɜɟɤɬɨɪɢ, ɫɩɿɜɧɚɩɪɹɦɥɟɧɿ ɡ ɨɫɹɦɢ 
ɤɨɨɪɞɢɧɚɬ. 

ɉɨɡɧɚɱɢɦɨ ɤɨɨɪɞɢɧɚɬɢ ɜɟɤɬɨɪɚ a  

  kzjyixzyxa ;; . 

Ɂɚ ɚɧɚɥɨɝɿєɸ ɡ ɞɜɨɦɿɪɧɢɦɢ 
ɜɟɤɬɨɪɚɦɢ, ɨɞɟɪɠɢɦɨ:  

222 zyxa   – ɞɨɜɠɢɧɚ 
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ɜɟɤɬɨɪɚ;    













a

z

a

y

a

x
a ;;0  . 

 
Ⱦɜɚ ɧɟɧɭɥьɨɜɿ ɜɟɤɬɨɪɢ ɧɚɡɢɜɚɸɬьɫɹ ɤɨɥɿɧɟɚɪɧɢɦɢ, ɹɤɳɨ ɜɨɧɢ ɥɟɠɚɬь ɧɚ 

ɨɞɧɿɣ ɱɢ ɩɚɪɚɥɟɥьɧɢɯ ɩɪɹɦɢɯ. 
 

ɇɟɯɚɣ ɧɚɦ ɞɚɧɨ ɞɜɚ ɤɨɥɿɧɟɚɪɧɿ ɜɟɤɬɨɪɢ a  ɿ b :   ;; 111 zyxa ,  222 ;; zyxb . 

Ɍɨɞɿ ɭɦɨɜɨɸ ɤɨɥɿɧɟɚɪɧɨɫɬɿ ɰɢɯ ɜɟɤɬɨɪɿɜ  є  ɩɪɨɩɨɪɰɿɣɧɿɫɬь ʀɯ ɤɨɨɪɞɢɧɚɬ.  

Ɍɨɛɬɨ, b||a  ɬɨɞɿ ɿ ɬɿɥьɤɢ ɬɨɞɿ, ɤɨɥɢ k
z

z

y

y

x

x


2

1

2

1

2

1 . 

 
ɋɤɚɥɹɪɧɢɣ ɞɨɛɭɬɨɤ ɞɜɨɯ ɜɟɤɬɨɪɿɜ 

 

 ɋɤɚɥɹɪɧɢɣ ɞɨɛɭɬɨɤ ɞɜɨɯ ɧɟɧɭɥьɨɜɢɯ ɜɟɤɬɨɪɿɜ  – ɰɟ ɱɢɫɥɨ, ɹɤɟ ɞɨɪɿɜɧɸє 
ɞɨɛɭɬɤɭ ɦɨɞɭɥɿɜ ɰɢɯ ɜɟɤɬɨɪɿɜ ɧɚ ɤɨɫɢɧɭɫ ɤɭɬɚ ɦɿɠ ɧɢɦɢ, ɬɨɛɬɨ:  











bababa ;cos ;  ɹɤɳɨ 





 

ba ; ,  ɚɛɨ  cosbaba  . 

 
Вɥɚɫɬɢɜɨɫɬɿ ɫɤɚɥɹɪɧɨɝɨ ɞɨɛɭɬɤɭ: 

1) abba  , 

2) kbabkabak )( , 

3) cbcacba  )( , 

4) 0ba , ɬɨɞɿ ɿ ɬɿɥьɤɢ ɬɨɞɿ, ɹɤɳɨ ba  . 
 

ɇɟɯɚɣ ɞɚɧɨ, ɳɨ kzjyixa 111   ɿ  kzjyixb 222  . 

Ⱦɨɜɟɞɟɦɨ, ɳɨ 212121 zzyyxxba  , ɬɨɛɬɨ, ɳɨ ɫɤɚɥɹɪɧɢɣ ɞɨɛɭɬɨɤ ɞɜɨɯ 
ɜɟɤɬɨɪɿɜ ɞɨɪɿɜɧɸє ɫɭɦɿ ɞɨɛɭɬɤɿɜ ɨɞɧɨɣɦɟɧɧɢɯ ɤɨɨɪɞɢɧɚɬ. 

 

,

))((

212121

2

21212121

2

1

212121

2

21222111

zzyyxxkzzkjzykizxjkyzjyy

jiyxikxzijyyixxkzjyixkzjyixba




 

ɬɚɤ ɹɤ ji  , ki   ɿ jk     ɿ   0ji , 0jk , 0ki , 1
22
 ii , 1

22
 jj  ,

1
22
 kk . 

Ɍɚɤɢɦ ɱɢɧɨɦ ɞɨɜɟɞɟɧɨ, ɳɨ 
212121 zzyyxxba  . 
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ɉɪиɤɥɚɞ 2. 

 ɇɟɯɚɣ ɞɚɧɨ, ɳɨ 2a , 3b  ɿ 
3

2  . Ɂɧɚɣɬɢ: 

   a) ba ; 

   b) )3)(2( abba  ; 

   c) ba 2 . 

Ɋɨɡɜ’ɹɡɚɧɧɹ: 
   a)  

3
2

1
6

3

2
cos32 









ba ; 

   b)  

,12249346336

362)3)(2(

2
22

22





abba

ababbaabba
 

   c)  

 
.133

2

1
32444

cos444422
22222









 bbaabbaababa 

 
 
ɉɪиɤɥɚɞ 3. 

 Ⱦɚɧɨ ɜɟɤɬɨɪɢ )4;3;2( a , )5;4;3(b . Ɂɧɚɣɬɢ: 

   a) ba ; 

   b) )3)(2( abba  ; 

   c)  ba 2 . 

Ɋɨɡɜ’ɹɡɚɧɧɹ: 
   a) 220126 ba ; 

   b) mba  )2( , nab  )3(  

 

  )8;6;4(2 a                 )5;4;3(b  

  )5;4;3(b                 )12;9;6(3  a  

  )13;2;1( m ;              )7;13;9( n ; 

 

   Ɉɬɠɟ, 12691269 nm . 

   ɫ) 17416941 m . 

 

+ – 



 

 

33 

 

ɉɪиɤɥɚɞ 4. 

Ⱦɚɧɨ )4;3;2( a . Ɂɧɚɣɬɢ ɨɞɢɧɢɱɧɢɣ ɜɟɤɬɨɪ ɜɟɤɬɨɪɚ  a  (ɨɪɬ a ). 

Ɋɨɡɜ’ɹɡɚɧɧɹ: 
ɉɨɡɧɚɱɢɦɨ ɨɞɢɧɢɱɧɢɣ ɜɟɤɬɨɪ ɜɟɤɬɨɪɚ a  , ɹɤ 0a .  

k
a

z
j

a

y
i

a

x
a

a
a 

1
0 , ɬɨɞɿ 291694 a , ɚ 







 

29

4
;

29

3
;

29

2
0a . 

 
 

ȼɟɤɬɨɪɧɢɣ ɞɨɛɭɬɨɤ ɞɜɨɯ ɜɟɤɬɨɪɿɜ 

 

ȼɟɤɬɨɪ c  ɧɚɡɢɜɚєɬьɫɹ ɜɟɤɬɨɪɧɢɦ ɞɨɛɭɬɤɨɦ ɞɜɨɯ 
ɜɟɤɬɨɪɿɜ bia , ɹɤɳɨ ɜɿɧ ɡɚɞɨɜɿɥьɧɹє ɭɦɨɜɢ: 
    1) ac  ; bc  ; 

    2)  sinbac        , ɞɟ  ba, ; 

    3) Ɂ ɤɿɧɰɹ c  ɦɚє ɛɭɬɢ ɜɢɞɧɨ ɧɚɣɛɥɢɠɱɢɣ ɩɨɜɨɪɨɬ ɜɿɞ  a  ɞɨ 
b  ɩɪɨɬɢ ɯɨɞɭ  ɝɨɞɢɧɧɢɤɨɜɨʀ ɫɬɪɿɥɤɢ.  

 
Вɥɚɫɬɢɜɨɫɬɿ ɜɟɤɬɨɪɧɨɝɨ ɞɨɛɭɬɤɭ: 

 

1. abba  . 

2. əɤɳɨ 0ba , ɬɨ ba ||  (ɛɨ 00sin  ) ɿ ɧɚɜɩɚɤɢ, ɹɤɳɨ 


ba , ɬɨ 

.0


ba  
3.  baba   . 

4.   cabacba  . 

Ɇɧɨɠɟɧɧɹ ɨɪɬɿɜ 

0


ii , 0


jj , 0


kk , 


 kji , 


 kij , 


 ikj , 


 ijk ,  


 jik , 


 jki . 

Ⱦɨɜɟɞɟɦɨ, ɳɨ ɜɟɤɬɨɪɧɢɣ ɞɨɛɭɬɨɤ  


ba , ɦɨɠɧɚ ɨɛɱɢɫɥɢɬɢ ɡɚ ɮɨɪɦɭɥɨɸ: 



ba = 




 k
yx

yx
j

zx

zx
i

zy

zy

zyx

zyx

kji

22

11

22

11

22

11

222

111 ,  ɞɟ 


a = ( 111 ,, zyx ),  

        ^ 

a  

  

b  

c  
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b = ( 222 ,, zyx ). 

Ⱦɥɹ ɰьɨɝɨ ɩɟɪɟɦɧɨɠɢɦɨ 


ba =(


 kzjyix 111
) (



 kzjyix 222
)=   








izyjzxiyzkyxjxzkyxkkzzkjzy

kizxjkyzjjyyjiyxikxzijxyiixx

2121212121122121

21212121212121  

= ( 2121 yzzy  )

i + ( 2121 zxxz  )


j + ( 1221 yxyx  ) 


k



 k
yx

yx
j

zx

zx
i

zy

zy

22

11

22

11

22

11
. 

ɉɿɞ ɩɚɪɚɥɟɥɨɝɪɚɦɨɦ ɩɨɛɭɞɨɜɚɧɢɦ ɧɚ ɜɟɤɬɨɪɚɯ bia  ɛɭɞɟɦɨ ɪɨɡɭɦɿɬɢ 
ɬɚɤɢɣ ɩɚɪɚɥɟɥɨɝɪɚɦ, ɧɚ ɞɜɨɯ ɫɭɦɿɠɧɢɯ ɫɬɨɪɨɧɚɯ ɹɤɨɝɨ ɥɟɠɚɬь ɜɟɤɬɨɪɢ bia  

ɡɜɟɞɟɧɿ ɞɨ ɨɞɧɨɝɨ ɩɨɱɚɬɤɭ.  
 
b  
 
 
                 a  
 
ɉɪиɤɥɚɞ 5. 

Ɂɧɚɣɬɢ ɩɥɨɳɭ ɩɚɪɚɥɟɥɨɝɪɚɦɚ, ɩɨɛɭɞɨɜɚɧɨɝɨ ɧɚ ɜɟɤɬɨɪɚɯ 


a  ɿ 


b , ɹɤɳɨ 


 rpa 32 , 


 rpb 3 , ɞɟ 3


p , 4


r , ɤɭɬ ɦɿɠ ɜɟɤɬɨɪɚɦɢ p  ɿ r  ɞɨɪɿɜɧɸє π/3. 

Ɋɨɡɜ’ɹɡɚɧɧɹ: 

əɤ ɜɿɞɨɦɨ, ɩɥɨɳɚ ɩɚɪɚɥɟɥɨɝɪɚɦɚ S= 


ba = 


ba sinφ,  ɞɟ  φ - ɤɭɬ ɦɿɠ 

ɜɟɤɬɨɪɚɦɢ bia . 

Ɂɧɚɯɨɞɢɦɨ: 


ba =(


 rp 32 )(


 rp3 )=


 rrrpprpp 323332 = 

0290 


prpr = 


 pr11 ; 


ba = 11


 pr = 11


pr  rp,sin =  3411
2

3
= 66 3 . 

 

ɉɪиɤɥɚɞ 6. 

Ɂɧɚɣɬɢ ɩɥɨɳɭ ɩɚɪɚɥɟɥɨɝɪɚɦɚ, ɩɨɛɭɞɨɜɚɧɨɝɨ ɧɚ ɜɟɤɬɨɪɚɯ a  ɿ 


b , ɹɤɳɨ 


 rpa 32 , 


 rpb 3 , ɞɟ 


 kjip 32 , 


 kjir 323 . 

Ɋɨɡɜ’ɹɡɚɧɧɹ: 

ɉɥɨɳɚ ɩɚɪɚɥɟɥɨɝɪɚɦɚ  S= 


ba .  

^ 
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p2 = (4, -6, 2)               


p3 = (6, -9, 3 ) 

 


r3 = (9, 6, -9)                 


r = (3, 2, -3) 

 


a = (13, 0, -7);               


b = (3, -11, 6); 
 



ba = 
















 kji

kji

113

013

63

713

611

70

6113

7013 = 77


i –99


j –143


k = 

=11 ( 7


i –9


j –13


k ); 

S= 


ba = 11 1698149  = 11 299 . 

 

ɉɪиɤɥɚɞ 7. 

Ɂɧɚɣɬɢ ɨɪɬ 0



a  ɜɟɤɬɨɪɚ 


a , ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨɝɨ ɞɨ ɜɟɤɬɨɪɿɜ 


b = (2, –3,4 ) ɿ  


c = (3, –1, 2), ɹɤɳɨ 12ɚ . 

Ɋɨɡɜ’ɹɡɚɧɧɹ: 
 

I ɫɩɨɫɿɛ. 

əɤɳɨ 


 caba ;    ɬɨ   























.12

,0

,0

a

ca

ba

 

ɇɟɯɚɣ ),,( zyxa 


. Ɍɨɞɿ   












.144

,023

,0432

222
zyx

zyx

zyx

 

Ɋɨɡɜ’ɹɡɚɜɲɢ ɞɚɧɭ ɫɢɫɬɟɦɭ, ɨɬɪɢɦɚєɦɨ: 
117

24
x , 

117

96
y ,

 
117

84
z . 

Ɉɬɠɟ,  


a  = (
117

24
 , 

117

96
 , 

117

84
 ); 

Ɍɚɤ ɹɤ 0



a = 




a

a , ɬɨ 


0a = (
117

2
 , 

117

8
 , 

117

7
 ). 

  

+ – 
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II ɫɩɨɫɿɛ. 

Ɂɧɚɣɞɟɦɨ ɜɟɤɬɨɪɧɢɣ ɞɨɛɭɬɨɤ 


 cb : 



 cb = 






 kji

kji

782

213

432 . 

ɉɨɡɧɚɱɢɦɨ )7,8,2(1 


a , ),,( zyxa  . Ɂ ɬɨɝɨ, ɳɨ 


aa 1  ɜɢɩɥɢɜɚє: 

k
zyx


 782
. 

Ɂ ɨɫɬɚɧɧьɨʀ ɪɿɜɧɨɫɬɿ: kx 2 , ky 8 , kz 7 . 

Ɉɫɤɿɥьɤɢ 12ɚ , ɬɨ 14449644 222  kkk . Ɂɜɿɞɫɢ 
117

12
k . 



a = (
117

84
,

117

96
,

117

24
 ). Ɉɬɠɟ, 0



a = (
117

7
,

117

8
,

117

2
 ). 

 
ɉɪиɤɥɚɞ 8. 
ȼɿɞɨɦɿ ɤɨɨɪɞɢɧɚɬɢ ɜɟɪɲɢɧ ɬɪɢɤɭɬɧɢɤɚ ABC: A= (–2, 3, 4), B= (1, –3, 1), 

C= (2, –1, 0). Ɂɧɚɣɬɢ ɩɥɨɳɭ ɬɪɢɤɭɬɧɢɤɚ ɿ ɞɨɜɠɢɧɭ ɜɢɫɨɬɢ Bh , ɨɩɭɳɟɧɨʀ ɡ 
ɜɟɪɲɢɧɢ В. 

Ɋɨɡɜ’ɹɡɚɧɧɹ: 
ɉɥɨɳɚ ɬɪɢɤɭɬɧɢɤɚ Ⱥȼɋ ɞɨɪɿɜɧɸє ɩɨɥɨɜɢɧɿ ɩɥɨɳɿ ɩɚɪɚɥɟɥɨɝɪɚɦɚ, 

ɩɨɛɭɞɨɜɚɧɨɝɨ ɧɚ ɜɟɤɬɨɪɚɯ AB  ɿ AC : ACABS ABC 
2

1
. 

AB= (3, – 6, –3); AC= (4, – 4, – 4). 

)0(12

444

363






 kji

kji

ACAB ;  

26212
2

1
ABCS . 

Ɂ ɿɧɲɨɝɨ ɛɨɤɭ ,
2

1
BABC hACS   

34AC , ɬɨɞɿ 6
34

2122
 

AC

S
h ABC

B . 
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Ɇɿɲɚɧɢɣ (ɡɦɿɲɚɧɢɣ) ɞɨɛɭɬɨɤ ɜɟɤɬɨɪɿɜ 

 

Ɇɿɲɚɧɢɦ ɞɨɛɭɬɤɨɦ ɬɪьɨɯ ɜɟɤɬɨɪɿɜ 



a , 


b  ɿ 


c  
ɧɚɡɢɜɚєɬьɫɹ ɱɢɫɥɨ, ɹɤɟ ɜɢɡɧɚɱɚєɬьɫɹ ɹɤ ɫɤɚɥɹɪɧɢɣ 

ɞɨɛɭɬɨɤ ɜɟɤɬɨɪɚ 


a  ɧɚ ɜɟɤɬɨɪɧɢɣ ɞɨɛɭɬɨɤ 


 cb , ɿ 
ɩɨɡɧɚɱɚєɬьɫɹ 



 cbacbacba )()( . 

Ɍɪɢ ɜɟɤɬɨɪɢ ɧɚɡɢɜɚɸɬьɫɹ ɤɨɦɩɥɚɧɚɪɧɢɦɢ, 
ɹɤɳɨ ɜɨɧɢ ɥɟɠɚɬь ɜ ɨɞɧɿɣ ɩɥɨɳɢɧɿ. 

Ɇɨɞɭɥь ɦɿɲɚɧɨɝɨ ɞɨɛɭɬɤɭ ɬɪьɨɯ 
ɧɟɤɨɦɩɥɚɧɚɪɧɢɯ ɜɟɤɬɨɪɿɜ cba  ɞɨɪɿɜɧɸє ɨɛ’єɦɭ ɩɚɪɚɥɟɥɟɩɿɩɟɞɚ, ɩɨɛɭɞɨɜɚɧɨɝɨ 

ɧɚ ɜɟɤɬɨɪɚɯ 


a ,  


b , 


c , ɡɜɟɞɟɧɢɯ ɞɨ ɫɩɿɥьɧɨɝɨ ɩɨɱɚɬɤɭ: 


 cbaV , ɚ ɨɛ’єɦ 

ɬɟɬɪɚɟɞɪɚ, ɩɨɛɭɞɨɜɚɧɨɝɨ ɧɚ ɧɟɤɨɦɩɥɚɧɚɪɧɢɯ ɜɟɤɬɨɪɚɯ 


a ,  


b  ɿ 


c ,   ɜɢɡɧɚɱɚєɬьɫɹ 

ɮɨɪɦɭɥɨɸ: 


 cbaV
6

1
. 

Ⱦɨɜɟɞɟɦɨ, ɳɨ 

333

222

111

zyx

zyx

zyx

cba 


, ɞɟ ɟɥɟɦɟɧɬɢ ɪɹɞɤɿɜ є ɤɨɨɪɞɢɧɚɬɚɦɢ 

ɜɿɞɩɨɜɿɞɧɨ ɜɟɤɬɨɪɿɜ 


a ,  


b  ɿ 


c . 

Ɂɧɚɣɞɟɦɨ 


 cb = 




 k
yx

yx
j

zx

zx
i

zy

zy

zyx

zyx

kji

33

22

33

22

33

22

333

222 ; 




)( cba

333

222

111

33

22

1

33

22

1

33

22

1

zyx

zyx

zyx

yx

yx
z

zx

zx
y

zy

zy
x  . 

 

ɍɦɨɜɚ ɤɨɦɩɥɚɧɚɪɧɨɫɬɿ ɬɪьɨɯ ɜɟɤɬɨɪɿɜ: ɬɪɢ ɜɟɤɬɨɪɢ 


a , 


b  ɿ 


c  ɤɨɦɩɥɚɧɚɪɧɿ, 

ɹɤɳɨ ʀɯ ɦɿɲɚɧɢɣ ɞɨɛɭɬɨɤ ɪɿɜɧɢɣ ɧɭɥɸ, ɬɨɛɬɨ 0


cba . 
 
ɉɪиɤɥɚɞ 9. 
Ɂɧɚɣɬɢ ɨɛ’єɦ ɬɟɬɪɚɟɞɪɚ 4321 AAAA  ɿ ɜɢɫɨɬɭ, ɨɩɭɳɟɧɭ ɡ ɜɟɪɲɢɧɢ 4A , ɹɤɳɨ 

)3,2,1(1 A , )5,4,3(2 A , )2,1,0(3 A , )1,2,5(4 A . 

Ɋɨɡɜ’ɹɡɚɧɧɹ: 

ɉɨɛɭɞɭєɦɨ ɜɟɤɬɨɪɢ 


a , 


b  ɿ 


c  ɧɚɫɬɭɩɧɢɦ ɱɢɧɨɦ: 

ܽ̅ 

ܾ̅ 

ܿ̅ 
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)2,6,2(21 


AAa ; )1,1,1(31 


AAb ; )2,4,4(41 


AAc . 

ȼɢɤɨɪɢɫɬɨɜɭɸɱɢ ɝɟɨɦɟɬɪɢɱɧɢɣ ɡɦɿɫɬ ɡɦɿɲɚɧɨɝɨ ɞɨɛɭɬɤɭ, ɨɬɪɢɦɚєɦɨ: 

8
34

04

3

8

340

040

131

3

2

244

111

262

6

1









V  (ɤɭɛ. ɨɞɢɧɢɰь). 

Ɂ ɿɧɲɨɝɨ ɛɨɤɭ: 
43213

1
AAAA hSV  .  



  baS AAA
2

1
321

; 

)(8

111

262









 ki

kji

ba ; 

Ɉɬɠɟ, 2428
2

1
321

 AAAS (ɨɞ. 2). 

Ɂɜɿɞɫɢ 23
24

833

321

4





 AAA

A
S

V
h  (ɨɞ. ). 

 
ɉɪиɤɥɚɞ 10. 
Ⱦɨɜɟɫɬɢ ɚɛɨ ɫɩɪɨɫɬɭɜɚɬɢ, ɳɨ ɱɨɬɢɪɢɤɭɬɧɢɤ АВɋD є ɩɥɨɫɤɢɦ, ɹɤɳɨ 

А(2,4,–5), В(–6,–12,3), ɋ(1,2,5), D(–4,–8,9). 

Ⱦɨɜɟɞɟɧɧɹ: 
əɤɳɨ ɱɨɬɢɪɢ ɬɨɱɤɢ ɥɟɠɚɬь ɜ ɨɞɧɿɣ ɩɥɨɳɢɧɿ, ɬɨ ɜɟɤɬɨɪɢ ADACAB ,,  

ɦɚɸɬь ɛɭɬɢ ɤɨɦɩɥɚɧɚɪɧɢɦɢ, ɬɨɛɬɨ 0 ADACAB . 

)8,16,8( AB , )10,2,1( AC , )14,12,6( AD . Ɂɧɚɯɨɞɢɦɨ: 

0
90

90
16

763

1021

121

16

14126

1021

8168











 ADACAB .  

Ɉɬɠɟ, ɱɨɬɢɪɢɤɭɬɧɢɤ ɩɥɨɫɤɢɣ. 
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ɁȺȼȾȺɇɇə ȾɈ ɌȿɆɂ 

 

ȼ ɡɚɞɚɱɚɯ 1 – 5  ɡɧɚɣɬɢ: |ܽ̅|; |ܾ̅|;  ܽ̅ ∙ ܾ ̅;  ܽ̅ × ܾ ̅;( ܽ̅ + ͵ܾ̅൯ ∙ (ܽ̅ − ܾ̅൯; (ʹܽ ̅– ܾ̅൯ × (Ͷܽ̅ + ͵ܾ̅൯, ɹɤɳɨ 

1. a̅ ሺʹ; ͳ;−ʹሻ; b̅ ሺ͵; Ͳ;−ͳሻ; 
2. ܽ̅ ሺͷ;−ͳ; Ͳሻ; ܾ̅ ሺͲ;−ͳ; ͵ሻ; 
3. ܽ̅ ሺͷ;−ʹ;−ͳሻ; ܾ̅ ሺ−͵;−ʹ;−ͳሻ; 
4. ܽ̅ ሺ−ͳ; ʹ; Ͳሻ; ܾ̅ ሺͲ;−ͳ; ʹሻ; 
5. ܽ̅ ሺʹ;−ͳ; ͵ሻ; ܾ̅ ሺ−ͳ; Ͳ; Ͷሻ. 
 
ȼ ɡɚɞɚɱɚɯ 6-8 ɫɟɪɟɞ ɜɟɤɬɨɪɿɜ ɡɧɚɣɬɢ ɛɚɡɢɫ. 
6. ܽଵ̅̅ ̅ ሺʹ;−ͳ; ͵ሻ; ܽଶ̅̅ ̅ ሺͳ; Ͳ;−ʹሻ; ܽଷ ̅̅̅̅  ሺ͵;−ͳ; ͳሻ; ܽସ̅̅ ̅ ሺͲ; ʹ; ͳሻ. 
7. ܽଵ̅̅ ̅ ሺ−ͳ; ͵;−ʹሻ; ܽଶ̅̅ ̅ ሺͳ;−ͳ; ʹሻ; ܽଷ̅̅ ̅ ሺͲ; ʹ; Ͳሻ; ܽସ̅̅ ̅ ሺʹ; ͳ; ͵ሻ. 
8. ܽଵ̅̅ ̅ ሺ−͵; ʹ; Ͳ; ͳሻ; ܽଶ̅̅ ̅ ሺͳ; ͳ;−ʹ; ʹሻ; ܽଷ̅̅ ̅ ሺ−ʹ; ͵;−ʹ; ͵ሻ; ܽସ̅̅ ̅ ሺͷ; ͳ; Ͳ; ʹሻ;  ܽହ̅̅ ̅ ሺͲ; ʹ; ͳ; ͳሻ. 
 
ȼ ɡɚɞɚɱɚɯ 9-11 ɪɨɡɤɥɚɫɬɢ ɜɟɤɬɨɪ ܾ̅ ɩɨ ɛɚɡɢɫɭ ܽଵ̅̅ ̅ , ܽଶ̅̅ ̅ , ܽଷ̅̅ ̅. 
9. ܾ̅ ሺ;−ͳ;−ʹሻ; ܽଵ̅̅ ̅ ሺ͵; Ͳ;−ͳሻ; ܽଶ̅̅ ̅ ሺͳ;−ʹ; ͳሻ; ܽଷ̅̅ ̅ ሺʹ; ͳ;−ʹሻ. 
10. ܾ̅ ሺ−ͳ; ; ͵ሻ; ܽଵ̅̅ ̅ ሺͳ; ͵; ͳሻ; ܽଶ̅̅ ̅ ሺ−ʹ; ͵; ʹሻ; ܽଷ̅̅ ̅ ሺ−ͳ; ʹ; ͳሻ. 
11. ܾ̅ ሺ−ʹ; Ͷ; ͵ሻ; ܽଵ̅̅ ̅ ሺ͵; ʹ; ͳሻ; ܽଶ̅̅ ̅ ሺ−ͳ; ʹ; ͳሻ; ܽଷ̅̅ ̅ ሺ−ͳ; ʹ; ʹሻ. 
 
12. Ɂɧɚɣɬɢ ɜɟɤɬɨɪ ܽ̅ = ሺݔ, ,ݕ ݕ ሻ, ɹɤɳɨ ɜɿɞɨɦɿ  ɞɜɿ ɣɨɝɨ ɤɨɨɪɞɢɧɚɬɢݖ = ݖ ,ʹ = −͵  ɬɚ ɞɨɜɠɢɧɚ |ܽ̅| = √͵ͺ. 

13. Ɂɚɞɚɧɨ ɜɟɤɬɨɪɢ ܽ̅ = ሺ͵,−ͷ, ͺሻ  i ܾ̅ = ሺ−ͳ,−ͳ,−Ͷሻ . Ɂɧɚɣɬɢ |ܽ̅ + ܾ̅|  i |ܽ̅ − ܾ̅|. 
14. Ɂɧɚɣɬɢ ɤɭɬ ɦɿɠ ɞɿɚɝɨɧɚɥɹɦɢ ɩɚɪɚɥɟɥɨɝɪɚɦɚ ɩɨɛɭɞɨɜɚɧɨɝɨ ɧɚ 

ɜɟɤɬɨɪɚɯ ܽ,̅ = ሺʹ, ͳ, Ͳሻ  ɬɚ  ܾ̅ = ሺͲ,−ʹ, ͳሻ. 
15. Ɂɧɚɣɬɢ ɜɟɤɬɨɪ ܾ̅ ɤɨɥɿɧɟɚɪɧɢɣ ɜɟɤɬɨɪɭ ܽ̅ = ሺʹ, ͳ, −ͳሻ, ɳɨ ɡɚɞɨɜɨɥьɧɹє 

ɭɦɨɜɿ ܽ̅ ∙ ܾ̅ = ͳʹ. 
16. Ɂɚɞɚɧɨ ɜɟɤɬɨɪɢ ܽଵ̅̅ ̅ = ሺ͵,−ͳ, ʹሻ i ܽଶ̅̅ ̅ = ሺͳ, ʹ, −ͳሻ. Ɂɧɚɣɬɢ ɤɨɨɪɞɢɧɚɬɢ 

ɜɟɤɬɨɪɿɜ: ɚ) ܽଵ̅̅ ̅ × ܽଶ̅̅ ̅ ; ɛ) ሺʹܽଵ̅̅ ̅ + ܽଶ̅̅ ̅ሻ × ܽଶ̅̅ ̅.  
17. Ɉɛɱɢɫɥɢɬɢ ɩɥɨɳɭ ɬɪɢɤɭɬɧɢɤɚ ɡ ɜɟɪɲɢɧɚɦɢ Аሺͳ, ͳ, ͳሻ , B ሺʹ, ͵, Ͷሻ , ʠሺͶ, ͵, ʹሻ. 
18. ɍ ɬɪɢɤɭɬɧɢɤɭ ɡ ɜɟɪɲɢɧɚɦɢ Аሺͳ,−ͳ,−ʹሻ , ȼ ሺͷ,−, ʹሻ , ʠሺͳ, ͵, −ͳሻ 

ɡɧɚɣɬɢ ɜɢɫɨɬɭ ℎ =  .| ⃗⃗⃗⃗⃗⃗ܦܤ|
19. ȼɢɡɧɚɱɢɬɢ ɡɧɚɱɟɧɧɹ ߙ  ɿ ߚ , ɩɪɢ ɹɤɢɯ ɜɟɤɬɨɪ ߙଓ̅ + ͵ଔ̅ + ̅݇ߚ  ,ɛɭɞɟ 

ɤɨɥɿɧɟɚɪɧɢɦ ɜɟɤɬɨɪɭ ܽ̅ × ܾ̅, ɹɤɳɨ ܽ̅ = ሺ͵,−ͳ, ͳሻ, ܾ̅ = ሺͳ, ʹ, Ͳሻ. 
20. Ɂɚɞɚɧɨ ɜɟɤɬɨɪɢ  ܽଵ̅̅ ̅ = ሺͳ,−ͳ, ͵ሻ , ܽଶ̅̅ ̅ = ሺ−ʹ, ʹ, ͳሻ , ܽଷ̅̅ ̅ = ሺ͵,−ʹ, ͷሻ . 

Ɉɛɱɢɫɥɢɬɢ ܽଵ̅̅ ̅ ܽଶ̅̅ ̅ ܽଷ̅̅ ̅. 
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ȼ ɡɚɞɚɱɚɯ 21-22 ɡɧɚɣɬɢ ɨɛ'єɦ ɩɚɪɚɥɟɥɟɩɿɩɟɞɚ, ɩɨɛɭɞɨɜɚɧɨɝɨ ɧɚ ɜɟɤɬɨɪɚɯ: 
21. a) ܽ̅ = ʹଓ̅ + ଔ̅ − ݇̅,  ܾ̅ = ଓ̅ + ଔ̅ + ͵݇̅,  ͵ଓ̅ − Ͷଔ̅ + ʹ݇̅; 
22. ɛ) ܽ̅ = ͵ଓ̅ + ଔ̅ − ͺ݇̅,  ܾ̅ = −ʹଓ̅ + Ͷଔ̅ − ݇̅, ܿ̅ = ͷଓ̅ + ʹଔ̅ − ݇̅. 
 
23. Ɂɧɚɣɬɢ ɜɢɫɨɬɭ ɩɚɪɚɥɟɥɟɩɿɩɟɞɚ, ɩɨɛɭɞɨɜɚɧɨɝɨ ɧɚ ɜɟɤɬɨɪɚɯ                 ܽ̅ = ଓ̅ − ͷଔ̅ + ݇̅, ܾ̅ = Ͷଓ̅ + ʹ݇̅, ܿ̅ = ଓ̅ − ଔ̅ − ݇̅, ɹɤɳɨ ɡɚ ɨɫɧɨɜɭ ɜɡɹɬɨ ɩɚɪɚɥɟɥɨɝɪɚɦ, 

ɩɨɛɭɞɨɜɚɧɢɣ ɧɚ ɜɟɤɬɨɪɚɯ ܽ̅ ɿ ܾ̅. 
24. Ɉɛɱɢɫɥɢɬɢ ɨɛ'єɦ ɬɟɬɪɚɟɞɪɚ ɡ ɜɟɪɲɢɧɚɦɢ ɜ ɬɨɱɤɚɯ Аሺʹ,−͵, ͷሻ ,ሺͲܤ , ʹ, ͳሻ, ܥሺ−ʹ,−ʹ, ͵ሻ, ܦሺ͵, ʹ, Ͷሻ. 
25. ɍ ɬɟɬɪɚɟɞɪɿ ɡ ɜɟɪɲɢɧɚɦɢ ɜ ɬɨɱɤɚɯ Аሺͳ, ͳ, ͳሻ, ܤሺʹ, Ͳ, ʹሻ ,ʹሺܥ , ʹ, ʹሻ ,ሺ͵ ,Ͷܦ , −͵ሻ ɨɛɱɢɫɥɢɬɢ ɜɢɫɨɬɭ ɨɩɭɳɟɧɭ ɡ ɜɟɪɲɢɧɢ D. 
26. ɉɟɪɟɜɿɪɢɬɢ, ɱɢ ɤɨɦɩɥɚɧɚɪɧɿ ɜɟɤɬɨɪɢ: 
 ܽ̅ = −ʹଓ̅ + ଔ̅ + ݇̅,    ܾ̅ = ଓ̅ − ʹଔ̅ + ͵݇̅,   ܿ̅ = ͳͶଓ̅ − ͳ͵ଔ̅ + ݇̅. 
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ȱȱȱ. ȺɇȺɅȱɌɂɑɇȺ ȽȿɈɆȿɌɊȱə 
 

3.1. ɉɪɹɦɚ ɧɚ ɩɥɨɳɢɧɿ 
 

 Ɋɿɜɧɹɧɧɹ ɩɪɹɦɨʀ ɡ ɤɭɬɨɜɢɦ ɤɨɟɮɿɰɿєɧɬɨɦ. 
 Ʉɭɬ ɦɿɠ ɞɜɨɦɚ ɩɪɹɦɢɦɢ. 

 ɍɦɨɜɚ ɩɚɪɚɥɟɥьɧɨɫɬɿ ɬɚ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨɫɬɿ ɩɪɹɦɢɯ 

 

Ɋɿɜɧɹɧɧɹ ɩɪɹɦɨʀ ɡ ɤɭɬɨɜɢɦ ɤɨɟɮɿɰɿєɧɬɨɦ ɦɚє ɜɢɝɥɹɞ: bkxy  , ɞɟ k - 

ɤɭɬɨɜɢɣ ɤɨɟɮɿɰɿєɧɬ ɩɪɹɦɨʀ, tgk  .  -ɰɟ ɤɭɬ, ɹɤɢɣ ɭɬɜɨɪɸє ɩɪɹɦɚ ɡ ɞɨɞɚɬɧɿɦ 
ɧɚɩɪɹɦɨɦ ɨɫɿ Ɉɯ, ɚ b – ɰɟ ɜɿɞɪɿɡɨɤ, ɹɤɢɣ ɜɿɞɬɢɧɚє ɩɪɹɦɚ ɧɚ ɨɫɿ Oy . 

 
əɤɳɨ 0b , ɬɨ ɩɪɹɦɚ ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɩɨɱɚɬɨɤ 

ɤɨɨɪɞɢɧɚɬ ( kxy  ). 

Ɂɧɚɣɞɟɦɨ ɤɭɬ ɦɿɠ ɞɜɨɦɚ ɩɪɹɦɢɦɢ, ɹɤɿ ɡɚɞɚɧɿ 
ɫɜɨʀɦɢ ɪɿɜɧɹɧɧɹɦɢ 

11 bxky  , 
22 bxky  , ɞɟ 

tgk 1 , tgk 2 . 

ɉɨɡɧɚɱɢɦɨ ɱɟɪɟɡ   ɤɭɬ ɦɿɠ ɩɪɹɦɢɦɢ 
11 bxky  , 

22 bxky  . 

Ɍɨɞɿ 



tgtg

tgtg
tgtg





1

)(  ɚɛɨ 

21

12

1 kk

kk
tg




 . 

 
Ⱦɜɿ ɩɪɹɦɿ ɩɚɪɚɥɟɥьɧɿ ɬɨɞɿ ɿ ɬɿɥьɤɢ ɬɨɞɿ, ɤɨɥɢ ʀɯ ɤɭɬɨɜɿ ɤɨɟɮɿɰɿєɧɬɢ ɪɿɜɧɿ 

)( 21 kk  . 

Ⱦɜɿ ɩɪɹɦɿ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɿ ɬɨɞɿ ɿ ɬɿɥьɤɢ ɬɨɞɿ, ɤɨɥɢ ʀɯ ɤɭɬɨɜɿ ɤɨɟɮɿɰɿєɧɬɢ 
ɨɛɟɪɧɟɧɿ ɩɨ ɜɟɥɢɱɢɧɿ ɿ ɩɪɨɬɢɥɟɠɧɿ ɩɨ ɡɧɚɤɭ ( 211 kk =0). 

 
Ɂɚɝɚɥьɧɟ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ 

 

Ɂɧɚɣɞɟɦɨ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ, ɳɨ ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɬɨɱɤɭ ),( 000 yxM  

ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨ ɜɟɤɬɨɪɭ ),( BAN  . ɉɨɡɧɚɱɢɦɨ ɱɟɪɟɡ ),( yxM  ɞɨɜɿɥьɧɭ ɬɨɱɤɭ 
ɩɪɹɦɨʀ. 

ȼɟɤɬɨɪ MM 0  ɦɚɬɢɦɟ ɤɨɨɪɞɢɧɚɬɢ: ),( 000 yyxxMM  . ȼɟɤɬɨɪ 
),( BAɩ   ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɢɣ ɜɟɤɬɨɪɭ ),( 000 yyxxMM  , ɨɬɠɟ ɫɤɚɥɹɪɧɢɣ 

ɞɨɛɭɬɨɤ MMɩ 0 =0. Ɂ ɨɫɬɚɧɧьɨʀ ɪɿɜɧɨɫɬɿ ɨɬɪɢɦɚєɦɨ: 
0)()( 00  yyBxxA ; 

000  ByAxByAx . 

х 

y 

O 

I 

II 
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ɉɨɡɧɚɱɢɜɲɢ ɋ= 00 ByAx  , ɨɬɪɢɦɚєɦɨ ɡɚɝɚɥьɧɟ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ: 
0 CByAx . 

ɉɪɢɱɨɦɭ 
B

A
k  . 

 
Ɋɿɜɧɹɧɧɹ ɩɪɹɦɨʀ, ɳɨ ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɞɜɿ ɬɨɱɤɢ. 

Ɋɿɜɧɹɧɧɹ ɠɦɭɬɤɚ (ɩɭɱɤɚ) ɩɪɹɦɢɯ  
 

ɇɟɯɚɣ ɦɚєɦɨ ɬɨɱɤɢ ),( 111 yxM  ɿ ),( 222 yxM . Ɂɚɩɢɲɟɦɨ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ, 
ɳɨ ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɰɿ ɬɨɱɤɢ. 

ɇɟɯɚɣ ),( yxM – ɞɨɜɿɥьɧɚ ɬɨɱɤɚ ɲɭɤɚɧɨʀ ɩɪɹɦɨʀ. 
Ɋɨɡɝɥɹɧɟɦɨ ɜɟɤɬɨɪɢ ),( 111 yyxxMM   ɿ ),( 121221 yyxxMM  . Ⱦɚɧɿ 

ɜɟɤɬɨɪɢ ɤɨɥɿɧɟɚɪɧɿ. Ɂ  ɭɦɨɜɢ ɤɨɥɿɧɟɚɪɧɨɫɬɿ ɨɬɪɢɦɚєɦɨ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ, ɳɨ 
ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɞɜɿ ɬɨɱɤɢ: 

12

1

12

1

yy

yy

xx

xx








. 

Ɂɧɚɣɞɟɦɨ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ, ɳɨ ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɬɨɱɤɭ ),( 000 yxM  ɡ 
ɤɭɬɨɜɢɦ ɤɨɟɮɿɰɿєɧɬɨɦ k . ȼɢɤɨɪɢɫɬɚєɦɨ ɩɨɩɟɪɟɞɧє ɪɿɜɧɹɧɧɹ 

0)()( 00  yyBxxA . ȼɪɚɯɭɜɚɜɲɢ, ɳɨ 
B

A
k   ɨɞɟɪɠɢɦɨ: 

)( 00 xxkyy  . 

Ɉɫɬɚɧɧє ɪɿɜɧɹɧɧɹ є ɪɿɜɧɹɧɧɹɦ ɠɦɭɬɤɚ ɩɪɹɦɢɯ. 
 

ɇɨɪɦɚɥьɧɟ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ. 
 ȼɿɞɫɬɚɧь ɜɿɞ ɬɨɱɤɢ ɞɨ ɩɪɹɦɨʀ 

 

Ɂɧɚɣɞɟɦɨ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ, ɹɤɳɨ ɜɿɞɨɦɨ ɞɨɜɠɢɧɭ ɩɟɪɩɟɧɞɢɤɭɥɹɪɚ, 
ɨɩɭɳɟɧɨɝɨ ɡ ɩɨɱɚɬɤɭ ɤɨɨɪɞɢɧɚɬ ɧɚ ɰɸ ɩɪɹɦɭ, ɿ ɜɟɥɢɱɢɧɭ ɤɭɬɚ  , ɹɤɢɣ ɭɬɜɨɪɸє 
ɰɟɣ ɩɟɪɩɟɧɞɢɤɭɥɹɪ ɡ ɞɨɞɚɬɧɿɦ ɧɚɩɪɹɦɨɦ ɨɫɿ Ɉɯ. 

ɇɟɯɚɣ p   ɞɨɜɠɢɧɚ ɩɟɪɩɟɧɞɢɤɭɥɹɪɚ ɈɊ, 

),( yxM –  ɞɨɜɿɥьɧɚ (ɛɿɠɭɱɚ) ɬɨɱɤɚ ɲɭɤɚɧɨʀ ɩɪɹɦɨʀ,    
Ɋ(  sin,cos pp )- ɨɫɧɨɜɚ ɩɟɪɩɟɧɞɢɤɭɥɹɪɚ. 

Ɋɨɡɝɥɹɧɟɦɨ ɜɟɤɬɨɪɢ OP (  sin,cos pp ) ɿ 
)sin,cos(  pypxPM  .  

ɐɿ ɜɟɤɬɨɪɢ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɿ, ɨɬɠɟ 0PMOP . 
Ɂɜɿɞɫɢ ɨɬɪɢɦɚєɦɨ: 

0)sin(sin)cos(cos   pyppxp ; 

0sinsincoscos 22   pypx ; 

0)sin(cossincos 22   pyx ; 

0sincos  pyx  –  ɧɨɪɦɚɥьɧɟ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ. 

О 

  

р 

 yxM ,  

  sin;cos ppP  

х 
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ɇɟɯɚɣ ɧɚɦ ɩɨɬɪɿɛɧɨ ɡɧɚɣɬɢ ɜɿɞɫɬɚɧь ɜɿɞ ɬɨɱɤɢ 
),( 11 yxN  ɞɨ ɩɪɹɦɨʀ, ɡɚɞɚɧɨʀ ɫɜɨʀɦ ɪɿɜɧɹɧɧɹɦ. 

Ɂ ɪɢɫɭɧɤɚ ɜɢɞɧɨ, ɳɨ ɜɿɞɫɬɚɧь ɜɿɞ ),( 11 yxN  ɞɨ 

ɩɪɹɦɨʀ ɪɿɜɧɚ PTd  , ɞɟ PT =
op

ɩɪ PN.  

OP (  sin,cos pp ),       

)sin,cos( 11  pypxPN  . 

op
ɩɪ PN =

OP

PNOP 
. 

Ɂɧɚɣɞɟɦɨ ɫɤɚɥɹɪɧɢɣ ɞɨɛɭɬɨɤ: 

).sincos(

)sinsincoscos(

)sin(sin)cos(cos

11

2
1

2
1

11

pyxp

pypxp

pyppxpPNOP











 
Ɍɨɞɿ pyxd   sincos 11

- ɜɿɞɫɬɚɧь ɜɿɞ ɬɨɱɤɢ ),( 11 yxN  ɞɨ ɩɪɹɦɨʀ. 
əɤɳɨ ɜɿɞɨɦɨ ɡɚɝɚɥьɧɟ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ Аɯ+Вy+ɋ=0, ɬɨ ɧɨɪɦɚɥьɧɟ 

ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ ɦɚє ɜɢɝɥɹɞ: 0
22






BA

CByAx
. 

Ɂɧɚɤ ɩɟɪɟɞ ɤɨɪɟɧɟɦ ɦɚє ɛɭɬɢ ɩɪɨɬɢɥɟɠɧɢɣ ɡɧɚɤɭ ɜɿɥьɧɨɝɨ ɱɥɟɧɚ ɋ, ɚ 
ɜɿɞɫɬɚɧь ɜɿɞ ɬɨɱɤɢ  11, yxN  ɞɨ ɩɪɹɦɨʀ ɨɛɱɢɫɥɸєɬьɫɹ ɡɚ ɮɨɪɦɭɥɨɸ: 

22

11

BA

CByAx
d




 . 

 
ɉɪиɤɥɚɞ 1. 
ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɩɪɹɦɢɯ, ɳɨ ɩɪɨɯɨɞɹɬь ɱɟɪɟɡ ɬɨɱɤɭ A(-2;1) ɩɚɪɚɥɟɥьɧɨ 

ɬɚ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨ ɞɨ ɩɪɹɦɨʀ ɚ: ʹɯ− ɭ+ ʹ = Ͳ. ɉɨɛɭɞɭɜɚɬɢ ɩɪɹɦɿ. 
Ɋɨɡɜ’ɹɡɚɧɧɹ:    

Ɂɧɚɣɞɟɦɨ ɤɭɬɨɜɢɣ ɤɨɟɮɿɰɿєɧɬ 

 ݇ = −  = − ଶ−ଵ = ʹ . 

ɉɨɡɧɚɱɢɦɨ ɩɪɹɦɭ ܾ ɩɚɪɚɥɟɥьɧɭ 
ɞɨ ܽ, ɚ ɩɪɹɦɭ ܿ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɭ 
ɞɨ ܽ. Ɍɨɞɿ ݇ = ݇ = ʹ; 

 ݇ = − ଵೌ = − ଵଶ. 
ȼɢɤɨɪɢɫɬɚєɦɨ ɪɿɜɧɹɧɧɹ 

ɠɦɭɬɤɚ: ݕ − ݕ = ݇ሺݔ −   .ሻݔ
Ɍɨɞɿ ɞɥɹ ɩɪɹɦɨʀ  ܾ:  ݕ − ͳ = ʹሺݔ − ʹሻ; ݕ − ͳ = ݔʹ + Ͷ; ݕ − ݔʹ − ͳ − Ͷ = Ͳ; ܾ: ݔʹ − ݕ + ͷ = Ͳ. 

  

р 

P  

 11, yxN  

х 

y 

О 

T 

d  

d  
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ɉɨɛɭɞɭєɦɨ ɩɪɹɦɭ b.  
Ⱦɥɹ ɰьɨɝɨ ɡɚɩɢɲɟɦɨ ɞɥɹ ɧɟʀ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ ɭ ɜɿɞɪɿɡɤɚɯ: ʹݔ − ݕ = −ͷ|: ሺ−ͷሻ, 
ͷ−ݔʹ  − ͷ−ݕ = ͳ; 
ʹͷ−ݔ  + ͷݕ = ͳ. 
 

Ɉɬɠɟ, ɜɟɥɢɱɢɧɚ ɜɿɞɪɿɡɤɭ, ɳɨ ɜɿɞɬɢɧɚє ɩɪɹɦɚ ܾ ɜɿɞ ɨɫɿ ܱݔ ɪɿɜɧɚ − ହଶ; ɚ ɜɿɞ 
ɨɫɿ ܱ5 – ݕ. 

Ⱦɥɹ ɩɪɹɦɨʀ ܿ ɡɚɩɢɲɟɦɨ ɪɿɜɧɹɧɧɹ ɠɦɭɬɤɚ:  ݕ − ͳ = − ଵଶ ሺݔ + ʹሻ| ⋅ ሺʹሻ; ʹݕ − ʹ = ݔ− − ݔ ;ʹ + ݕʹ − ʹ + ʹ = Ͳ; ܿ: ݔ + ݕʹ = Ͳ. 

Ⱦɥɹ ɩɨɛɭɞɨɜɢ ɞɚɧɨʀ ɩɪɹɦɨʀ ɧɟ ɦɨɠɧɚ ɜɢɤɨɪɢɫɬɚɬɢ ɪɿɜɧɹɧɧɹ ɭ ɜɿɞɪɿɡɤɚɯ, ɛɨ 
ɭ ʀʀ ɡɚɝɚɥьɧɨɦɭ ɪɿɜɧɹɧɧɿ ɜɿɞɫɭɬɧɿɣ ɜɿɥьɧɢɣ ɱɥɟɧ. Ɍɨɦɭ ɫɤɨɪɢɫɬɚєɦɨɫь ɬɚɛɥɢɱɧɢɦ 
ɫɩɨɫɨɛɨɦ:  

x 0 -2 
y 0 1 

 
ɉɨɛɭɞɭєɦɨ ɩɪɹɦɭ ܽ: ݔʹ − ݕ + ʹ = Ͳ. 
ɋɤɨɪɢɫɬɚєɦɨɫь ɪɿɜɧɹɧɧɹɦ ɭ ɜɿɞɪɿɡɤɚɯ: ʹݔ − ݕ = ʹ|: ሺ−ʹሻ; 

ʹ−ݔʹ  − ʹ−ݕ = ͳ; 
ͳ−ݔ  + ݕʹ = ͳ. 
 

Ɉɬɠɟ, ɜɟɥɢɱɢɧɚ ɜɿɞɪɿɡɤɚ, ɳɨ ɜɿɞɬɢɧɚє ɩɪɹɦɚ a ɜɿɞ ɨɫɿ ܱ1- – ݔ, ɚ ɜɿɞ ɨɫɿ ܱݕ 

– 2.  
 

ɉɪиɤɥɚɞ 2. 

Ɂɚɞɚɱɚ ɧɚ ɬɪɢɤɭɬɧɢɤ 

ȼɿɞɨɦɿ ɜɟɪɲɢɧɢ ɬɪɢɤɭɬɧɢɤɚ A(5;–4), B(–1;3), C(–3;–2). Ɂɧɚɣɬɢ ɞɨɜɠɢɧɭ 
ɫɬɨɪɨɧɢ АВ, ɪɿɜɧɹɧɧɹ ɫɬɨɪɨɧɢ АВ, ɞɨɜɠɢɧɭ ɦɟɞɿɚɧɢ ВɆ ɬɚ ʀʀ ɪɿɜɧɹɧɧɹ, ɜɟɥɢɱɢɧɭ 
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ɤɭɬɚ ВАɋ, ɞɨɜɠɢɧɭ ɜɢɫɨɬɢ ВD ɬɚ ʀʀ ɪɿɜɧɹɧɧɹ, ɤɨɨɪɞɢɧɚɬɢ ɬɨɱɤɢ Ɋ ɩɟɪɟɬɢɧɭ 
ɦɟɞɿɚɧ ɬɪɢɤɭɬɧɢɤɚ, ɩɥɨɳɭ ɬɪɢɤɭɬɧɢɤɚ АВɋ. 

Ɋɨɡɜ’ɹɡɚɧɧɹ: 
Ⱦɨɜɠɢɧɚ ɫɬɨɪɨɧɢ АВ ɨɛɱɢɫɥɸєɬьɫɹ ɡɚ  ɮɨɪɦɭɥɨɸ:                                       
   212

2

12 yyxxAB  . 

                                                             ɉɿɞɫɬɚɜɢɜɲɢ ɡɚɞɚɧɿ ɜ ɭɦɨɜɿ ɡɚɞɚɱɿ 
                                                             ɡɧɚɱɟɧɧɹ, ɨɬɪɢɦɚєɦɨ: 

                                           

    854351
22 AB .          

                                                             Ⱦɥɹ ɡɧɚɯɨɞɠɟɧɧɹ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ Ⱥȼ  
                                                             ɫɤɨɪɢɫɬɚєɦɨɫь ɪɿɜɧɹɧɧɹɦ ɩɪɹɦɨʀ, ɳɨ  
                                                             ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɞɜɿ ɬɨɱɤɢ:  

                                                                             
12

1

12

1

yy

yy

xx

xx








. 

12

1

12

1

yy

yy

xx

xx






 .                                        Ɉɬɪɢɦɚєɦɨ: 

43

4

51

5






 yx

 ɚɛɨ 

                АВ: 01167  yx . 

                                                             ɉɨɡɧɚɱɢɦɨ ɫɟɪɟɞɢɧɭ ɫɬɨɪɨɧɢ Ⱥɋ 
ɱɟɪɟɡ  );( MM yxM . 

Ɂɧɚɣɞɟɦɨ ɤɨɨɪɞɢɧɚɬɢ ɬɨɱɤɢ Ɇ – ɫɟɪɟɞɢɧɢ ɫɬɨɪɨɧɢ ɋȺ: 

1
2

53

2






 AC

M

xx
x ; 

3
2

42

2






 AC

M

yy
y . 

Ɍɨɞɿ,     403313
22 BM  – ɞɨɜɠɢɧɚ ɦɟɞɿɚɧɢ ȼɆ. 

Ɋɿɜɧɹɧɧɹ ɦɟɞɿɚɧɢ ȼɆ ɡɧɚɣɞɢɬьɫɹ ɚɧɚɥɨɝɿɱɧɨ. Ɉɞɟɪɠɢɦɨ ȼɆ: xy 3 . 

Ⱦɥɹ ɬɨɝɨ, ɳɨɛ ɡɧɚɣɬɢ ɤɭɬ ȼȺɋ, ɡɧɚɣɞɟɦɨ ɤɭɬɨɜɿ ɤɨɟɮɿɰɿєɧɬɢ ABk  ɿ ACk . 

Ɂ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ АВ, ɨɬɪɢɦɚєɦɨ 
6

7


B

A
kAB  . 

Ⱥɧɚɥɨɝɿɱɧɨ ɹɤ ɿ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ АВ, ɡɧɚɣɞɟɦɨ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ Аɋ: 

0114  yx . Ɂ ɞɚɧɨɝɨ ɪɿɜɧɹɧɧɹ 
4

1


B

A
kAC

. 

34

22

4

1

6

7
1

6/74/1

1











ABAC

ABAC

kk

kk
BACtg . 

Ɂɧɚɣɞɟɦɨ ɞɨɜɠɢɧɭ  BD  ɡɚ ɮɨɪɦɭɥɨɸ ɜɿɞɞɚɥɿ ɜɿɞ ɬɨɱɤɢ В ɞɨ ɩɪɹɦɨʀ Аɋ: 

17

22

41

114

2





 BB yx

BDd . 
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B 

C 
D 
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Ⱦɥɹ ɬɨɝɨ ɳɨɛ ɧɚɩɢɫɚɬɢ ɪɿɜɧɹɧɧɹ ɜɢɫɨɬɢ BD, ɜɢɤɨɪɢɫɬɚєɦɨ ɪɿɜɧɹɧɧɹ 
ɠɦɭɬɤɚ (ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ, ɳɨ ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɬɨɱɤɭ В ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨ ɩɪɹɦɿɣ 
Аɋ): 

 
BBDB xxkyy  . 

Ɂ ɭɦɨɜɢ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨɫɬɿ ɞɜɨɯ ɩɪɹɦɢɯ: 
AC

BD
k

k
1

 , ɨɬɠɟ 
4

1
ACk , 

4BDk . 

ȼɢɤɨɪɢɫɬɚɜɲɢ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ ɿɡ ɜɿɞɨɦɢɦɢ ɤɭɬɨɜɢɦ ɤɨɟɮɿɰɿєɧɬɨɦ ɬɚ 
ɨɞɧɿєɸ ɬɨɱɤɨɸ, ɨɬɪɢɦɚєɦɨ BD :  143  xy . 

Ɉɬɠɟ, BD: 74  xy . 

Ⱦɥɹ ɬɨɝɨ, ɳɨɛ ɡɧɚɣɬɢ ɤɨɨɪɞɢɧɚɬɢ ɬɨɱɤɢ Ɋ, ɜɢɤɨɪɢɫɬɚєɦɨ ɮɨɪɦɭɥɢ ɩɨɞɿɥɭ 
ɜɿɞɪɿɡɤɚ ɭ ɜɿɞɧɨɲɟɧɧɿ  . ȼɿɞɨɦɨ, ɳɨ ВɊ:ɊɆ=2:1, ɬɨɛɬɨ 2 . Ɍɨɞɿ 

ɜɢɤɨɪɢɫɬɚɜɲɢ, ɳɨ 






1

MB

P

xx
x , 








1

MB

P

yy
y , ɨɬɪɢɦɚєɦɨ: 

1
21

)1(23
,

3

1

21

121









 PP yx . 

Ɉɬɠɟ, ɬ. 





 1;

3

1
P . 

ɉɥɨɳɚ Ⱥȼɋ:  

     

      .225612
2

1
43534251

2

1

2

1
12131312



 yyxxyyxxS ABC
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ɁȺȼȾȺɇɇə ȾɈ ɌȿɆɂ 

 

ȼ ɡɚɞɚɱɚɯ 1-6 ɫɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ ܾ  ɩɚɪɚɥɟɥьɧɨʀ ɞɨ ܽ  ɬɚ ɩɪɹɦɨʀ ܿ 
ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨʀ ɞɨ ܽ, ɹɤɿ ɩɪɨɯɨɞɹɬь ɱɟɪɟɡ ɬɨɱɤɭ ܣ. ɉɨɛɭɞɭɜɚɬɢ ɩɪɹɦɿ. 

1. ܽ: ݔʹ − ݕ − ͵ = Ͳ,   ܣሺ−ͷ; ͵ሻ. 
2. ܽ: ݔ − ݕʹ +  = Ͳ,   ܣሺͲ;−ʹሻ. 
3. ܽ: ݔ͵ + ݕʹ − ͳ = Ͳ,   ܣሺ−ʹ; ͳሻ. 
4. ܽ: ݔ − ݕ + ʹ = Ͳ,   ܣሺ−ʹ; ͳሻ. 
5. ܽ: ݔ͵ − ݕ + ʹ = Ͳ,   ܣሺ−ͷ; ʹሻ. 
6. ܽ: ݔʹ + ݕ͵ = Ͳ,  .ሺʹ;−Ͷሻܣ
ȼ ɡɚɞɚɱɚɯ 7-11 ɫɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ,ɳɨ ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɬɨɱɤɢ ܣ ɿ ܤ. 

ɉɨɛɭɞɭɜɚɬɢ ɩɪɹɦɭ. Ɂɧɚɣɬɢ ɜɿɞɫɬɚɧь ɜɿɞ ɬɨɱɤɢ ܥ ɞɨ ɩɪɹɦɨʀ ܤܣ. 
;ሺ−ͳܣ .7 ͵ሻ, ,ሺͲ;−ʹሻܤ  .ሺ−͵;−ʹሻܥ
,ሺͲ;−ͳሻܣ .8 ;ʹሺܤ ͵ሻ, ;ሺ−ͳܥ ͳሻ 
,ሺ−ʹ;−͵ሻܣ .9 ;ሺͳܤ Ͳሻ,  .ሺͲ;−ʹሻܥ
;ሺͲܣ .10 ͵ሻ, ;ʹ−ሺܤ ͵ሻ, ;ʹ−ሺܥ ͵ሻ. 
;ሺ−ͷܣ .11 ʹሻ, ,ሺ͵;−ʹሻܤ ;͵ሺܥ Ͳሻ. 
ȼ ɡɚɞɚɱɚɯ 12 – 21 ɞɚɧɨ ɤɨɨɪɞɢɧɚɬɢ ɜɟɪɲɢɧ ɬɪɢɤɭɬɧɢɤɚ ABC. Ɂɧɚɣɬɢ: 

1) ɞɨɜɠɢɧɭ ɫɬɨɪɨɧɢ Ⱥȼ; 2) ɪɿɜɧɹɧɧɹ ɫɬɨɪɨɧɢ Ⱥȼ; 3) ɪɿɜɧɹɧɧɹ ɜɢɫɨɬɢ ɋɇ; 4) 
ɪɿɜɧɹɧɧɹ ɦɟɞɿɚɧɢ ȺɆ; 5) ɬɨɱɤɭ N ɩɟɪɟɬɢɧɭ ɦɟɞɿɚɧɢ ȺɆ ɬɚ ɜɢɫɨɬɢ ɋɇ; 6) 
ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ, ɳɨ ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɜɟɪɲɢɧɭ ɋ ɩɚɪɚɥɟɥьɧɨ ɫɬɨɪɨɧɿ Ⱥȼ. 

12. Ⱥ (1,-3), ȼ (0,7), ɋ (-2,4); 
13. Ⱥ (7,0), ȼ (1,4), ɋ (-8,-4); 
14. Ⱥ (0,2), ȼ (-7,-4), ɋ (3,2); 
15. Ⱥ (3,-1), ȼ (11,3), ɋ (-6,2); 
16. Ⱥ (-2,-3), ȼ (0,7), ɋ (8,3); 
17. Ⱥ (1,2), ȼ (3,12), ɋ (11,8); 
18. Ⱥ (-4,-1), ȼ (-2,9), ɋ (6,5); 
19. Ⱥ (5,4), ȼ (7,11), ɋ (15,10); 
20. Ⱥ (-8,-3), ȼ (4,-12), ɋ (8,10); 
21. Ⱥ (1,0), ȼ (13,-9), ɋ (17,13). 
22. Ɂɧɚɣɬɢ ɬɨɱɤɭ ɩɟɪɟɬɢɧɭ ɞɜɨɯ ɩɪɹɦɢɯ ͵ݔ − Ͷݕ − ʹͻ = Ͳ ݔʹ , + ͷݕ +ͳͻ = Ͳ. 
23. Ⱦɚɧɨ ɪɿɜɧɹɧɧɹ ɞɜɨɯ ɫɬɨɪɿɧ ɩɚɪɚɥɟɥɨɝɪɚɦɚ ͺݔ + ݕ͵ + ͳ = Ͳ , ݔʹ  ݕ+ − ͳ == Ͳ  ɿ ɪɿɜɧɹɧɧɹ ɨɞɧɿєʀ ɿɡ ɣɨɝɨ ɞɿɚɝɨɧɚɥɟɣ ͵ݔ + ݕʹ + ͵ = Ͳ . ȼɢɡɧɚɱɢɬɢ 

ɤɨɨɪɞɢɧɚɬɢ ɜɟɪɲɢɧ ɰьɨɝɨ ɩɚɪɚɥɟɥɨɝɪɚɦɚ. 
24. ɉɥɨɳɚ ɬɪɢɤɭɬɧɢɤɚ ܵ = ͺ  ɤɜ. ɨɞ; ɞɜɿ ɣɨɝɨ ɜɟɪɲɢɧɢ ܣሺͳ ; −ʹሻ  ɿ ܤሺʹ ; ͵ሻ , ɚ ɬɪɟɬɹ ɜɟɪɲɢɧɚ ܥ  ɥɟɠɢɬь ɧɚ ɩɪɹɦɿɣ ʹݔ + ݕ − ʹ = Ͳ . ȼɢɡɧɚɱɢɬɢ 

ɤɨɨɪɞɢɧɚɬɢ ɜɟɪɲɢɧɢ ܥ. 
25. Ⱦɚɧɨ ɪɿɜɧɹɧɧɹ  ɞɜɨɯ ɫɬɨɪɿɧ ɩɪɹɦɨɤɭɬɧɢɤɚ ʹݔ − ݕ͵ + ͷ = Ͳ ݔ͵ , ݕʹ+ −  = Ͳ ɿ ɨɞɧɚ ɡ ɣɨɝɨ ɜɟɪɲɢɧ ܣሺʹ ;−͵ሻ. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɞɜɨɯ ɿɧɲɢɯ ɫɬɨɪɿɧ 

ɰьɨɝɨ ɩɪɹɦɨɤɭɬɧɢɤɚ. 
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26. Ⱦɚɧɨ ɪɿɜɧɹɧɧɹ ɞɜɨɯ ɫɬɨɪɿɧ ɩɪɹɦɨɤɭɬɧɢɤɚ ݔ − ݕʹ = Ͳ, ݔ − ݕʹ + ͳͷ =Ͳ  ɿ ɪɿɜɧɹɧɧɹ ɨɞɧɿєʀ ɡ ɣɨɝɨ ɞɿɚɝɨɧɚɥɟɣ ݔ + ݕ − ͳͷ = Ͳ . Ɂɧɚɣɬɢ ɜɟɪɲɢɧɢ 
ɩɪɹɦɨɤɭɬɧɢɤɚ. 

27. Ɂɧɚɣɬɢ ɩɪɨɟɤɰɿɸ ɬɨɱɤɢ ܲሺ− ; Ͷሻ ɧɚ ɩɪɹɦɭ Ͷݔ − ͷݕ + ͵ = Ͳ. 
28. Ɂɧɚɣɬɢ ɬɨɱɤɭ ܳ , ɫɢɦɟɬɪɢɱɧɭ ɬɨɱɰɿ  ܲሺ−ͷ ; ͳ͵ሻ  ɜɿɞɧɨɫɧɨ ɩɪɹɦɨʀ ʹݔ − ݕ͵ − −͵ = Ͳ. 
29. Ⱦɚɧɨ ɫɟɪɟɞɢɧɢ ɫɬɨɪɿɧ ɬɪɢɤɭɬɧɢɤɚ ܯଵሺʹ ; ͳሻ, ܯଶሺͷ ; ͵ሻ ɿ ܯଷሺ͵ ;−Ͷሻ. 

ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɣɨɝɨ ɫɬɨɪɿɧ. 
30. Ⱦɚɧɨ ɞɜɿ ɬɨɱɤɢ ܲሺʹ ; ͵ሻ ɿ ܳሺ−ͳ ; Ͳሻ. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ, ɳɨ 

ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɬɨɱɤɭ ܳ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨ ɞɨ ɜɿɞɪɿɡɤɚ ܲܳ̅̅ ̅̅ . 
31. Ⱦɚɧɨ ɜɟɪɲɢɧɢ ɬɪɢɤɭɬɧɢɤɚ ܯଵሺʹ ; ͳሻ ଶሺ−ͳ ;−ͳሻܯ ,  ɿ ܯଷሺ͵ ; ʹሻ . 

ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɣɨɝɨ ɜɢɫɨɬ. 
32. Ⱦɚɧɨ ɜɟɪɲɢɧɢ ɬɪɢɤɭɬɧɢɤɚ ܣሺͳ ;−ͳሻ, ܤሺ−ʹ ; ͳሻ ɿ ܥሺ͵ ; ͷሻ . ɋɤɥɚɫɬɢ 

ɪɿɜɧɹɧɧɹ ɩɟɪɩɟɧɞɢɤɭɥɹɪɚ, ɨɩɭɳɟɧɨɝɨ ɡ ɜɟɪɲɢɧɢ  ܣ  ɧɚ ɦɟɞɿɚɧɭ, ɩɪɨɜɟɞɟɧɭ ɡ 
ɜɟɪɲɢɧɢ ܤ. 

33. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɫɬɨɪɿɧ ɿ ɦɟɞɿɚɧ ɬɪɢɤɭɬɧɢɤɚ ɡ ɜɟɪɲɢɧɚɦɢ ܣሺ͵ ; ʹሻ, ܤሺͷ ; −ʹሻ ɿ ܥሺͳ ; Ͳሻ . 
34. Ⱦɚɧɨ ɞɜɿ ɫɭɦɿɠɧɿ ɜɟɪɲɢɧɢ ܣሺ−͵ ;−ͳሻ ; ʹሺܤ , ʹሻ  ɩɚɪɚɥɟɥɨɝɪɚɦɚ ܦܥܤܣ ɿ ɬɨɱɤɭ ܳሺ͵ ; Ͳሻ ɩɟɪɟɬɢɧɭ ɣɨɝɨ ɞɿɚɝɨɧɚɥɟɣ. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɫɬɨɪɿɧ ɰьɨɝɨ 

ɩɚɪɚɥɟɥɨɝɪɚɦɚ. 
35. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ, ɳɨ ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɬɨɱɤɭ ܲሺ͵ ; ͷሻ  ɧɚ 

ɨɞɧɚɤɨɜɢɯ ɜɿɞɫɬɚɧɹɯ ɜɿɞ ɬɨɱɨɤ ܣሺ− ; ͵ሻ ɿ ܤሺͳͳ ;−ͳͷሻ. 
36. Ⱦɚɧɨ ɪɿɜɧɹɧɧɹ ɞɜɨɯ ɫɬɨɪɿɧ ɩɪɹɦɨɤɭɬɧɢɤɚ ͷݔ + ݕʹ −  = Ͳ , ͷݔ ݕʹ+ − −͵ = Ͳ  ɿ ɪɿɜɧɹɧɧɹ ɣɨɝɨ ɞɿɚɝɨɧɚɥɿ ͵ݔ + ݕ − ͳͲ = Ͳ . ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ 

ɿɧɲɢɯ ɫɬɨɪɿɧ ɿ ɞɪɭɝɨʀ  ɞɿɚɝɨɧɚɥɿ ɰьɨɝɨ ɩɪɹɦɨɤɭɬɧɢɤɚ. 
37. Ɂɧɚɣɬɢ ɬɨɱɤɭ ܯଵ, ɫɢɦɟɬɪɢɱɧɭ ɬɨɱɰɿ ܯଶሺͺ ; −ͻሻ ɜɿɞɧɨɫɧɨ ɩɪɹɦɨʀ, ɳɨ 

ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɬɨɱɤɢ ܣሺ͵ ;−Ͷሻ, ܤሺ−ͳ ;−ʹሻ. 
38. ɇɚ ɩɪɹɦɿɣ ʹݔ − ݕ − ͷ = Ͳ ɡɧɚɣɬɢ ɬɚɤɭ ɬɨɱɤɭ ܲ, ɳɨɛ ɫɭɦɚ ɜɿɞɫɬɚɧɟɣ 

ɹɤɨʀ ɞɨ ɬɨɱɨɤ ܣሺ−; ͳሻ, ܤሺ−ͷ ; ͷሻ ɛɭɥɚ ɛ ɧɚɣɦɟɧɲɨɸ. 
39. Ⱦɚɧɚ ɩɪɹɦɚ ʹݔ + ݕ͵ + Ͷ = Ͳ . ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ, ɳɨ 

ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɬɨɱɤɭ ܯሺʹ ; ͳሻ  ɩɿɞ ɤɭɬɨɦ Ͷͷ° ɞɨ ɞɚɧɨʀ ɩɪɹɦɨʀ. 
40. Ɍɨɱɤɚ ܣሺ−Ͷ ; ͷሻ, є ɜɟɪɲɢɧɨɸ ɤɜɚɞɪɚɬɚ, ɞɿɚɝɨɧɚɥь ɹɤɨɝɨ ɥɟɠɢɬь ɧɚ 

ɩɪɹɦɿɣ ݔ − ݕ + ͺ = Ͳ . ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɫɬɨɪɿɧ ɿ ɞɪɭɝɨʀ  ɞɿɚɝɨɧɚɥɿ ɰьɨɝɨ 
ɤɜɚɞɪɚɬɚ. 

41. Ⱦɚɧɨ ɞɜɿ ɩɪɨɬɢɥɟɠɧɿ ɜɟɪɲɢɧɢ ɤɜɚɞɪɚɬɚ ܣሺ−ͳ ; ͵ሻ, ܥሺ ; ʹሻ. ɋɤɥɚɫɬɢ 
ɪɿɜɧɹɧɧɹ ɣɨɝɨ ɫɬɨɪɿɧ. 

42. Ɍɨɱɤɚ ܧሺͳ ;−ͳሻ є ɰɟɧɬɪɨɦ ɤɜɚɞɪɚɬɚ, ɨɞɧɚ ɿɡ ɫɬɨɪɿɧ ɹɤɨɝɨ ɥɟɠɢɬь ɧɚ 
ɩɪɹɦɿɣ ݔ − ݕʹ + ͳʹ = Ͳ. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɩɪɹɦɢɯ, ɧɚ ɹɤɢɯ ɥɟɠɚɬь ɿɧɲɿ ɫɬɨɪɨɧɢ 
ɰьɨɝɨ ɤɜɚɞɪɚɬɚ. 

43. Ⱦɚɧɨ ɞɜɿ ɜɟɪɲɢɧɢ ɬɪɢɤɭɬɧɢɤɚ ܯଵሺ−ͳͲ ; ʹሻ, ܯଶሺ ; Ͷሻ; ɣɨɝɨ ɜɢɫɨɬɢ 
ɩɟɪɟɬɢɧɚɸɬьɫɹ ɜ ɬɨɱɰɿ ܰሺͷ ; ʹሻ ȼɢɡɧɚɱɢɬɢ ɤɨɨɪɞɢɧɚɬɢ ɬɪɟɬьɨʀ ɜɟɪɲɢɧɢ ܯଷ. 

44. Ⱦɚɧɨ ɞɜɿ ɜɟɪɲɢɧɢ ܣሺ͵;−ͳሻ  i ܤሺͷ ; ሻ  ɬɪɢɤɭɬɧɢɤa ܥܤܣ  ɿ ɬɨɱɤɚ ܰሺͶ ;−ͳሻ ɩɟɪɟɬɢɧɭ ɣɨɝɨ ɜɢɫɨɬ. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɫɬɨɪɿɧ ɰьɨɝɨ ɬɪɢɤɭɬɧɢɤɚ. 
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45. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɫɬɨɪɿɧ ɬɪɢɤɭɬɧɢɤɚ ܥܤܣ, ɹɤɳɨ ɞɚɧo ɨɞɧɚ ɡ ɣɨɝɨ 
ɜɟɪɲɢɧ ܣሺͳ; ͵ሻ ɿ ɪɿɜɧɹɧɧɹ ɞɜɨɯ ɦɟɞɿɚɧ ݔ − ݕʹ + ͳ = Ͳ i ݕ − ͳ = Ͳ. 

46. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɫɬɨɪɿɧ ɬɪɢɤɭɬɧɢɤɚ, ɹɤɳɨ ɞɚɧɨ ɨɞɧɚ ɡ ɣɨɝɨ ɜɟɪɲɢɧ ܤሺ−Ͷ ;−ͷሻ ɿ ɪɿɜɧɹɧɧɹ ɞɜɨɯ ɜɢɫɨɬ ͷݔ + ݕ͵ − Ͷ = Ͳ i ͵ݔ + ͺݕ + ͳ͵ = Ͳ. 
47. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɫɬɨɪɿɧ ɬɪɢɤɭɬɧɢɤɚ, ɡɧɚɸɱɢ ɨɞɧɭ ɡ ɣɨɝɨ ɜɟɪɲɢɧ ܣሺͶ;−ͳሻ ɿ ɪɿɜɧɹɧɧɹ ɞɜɨɯ ɛɿɫɟɤɬɪɢɫ ݔ − ͳ = Ͳ i ݔ − ݕ − ͳ = Ͳ. 
48. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɫɬɨɪɿɧ ɬɪɢɤɭɬɧɢɤɚ ܤሺʹ ; ሻ, ɡɧɚɸɱɢ ɨɞɧɭ ɡ ɣɨɝɨ 

ɜɟɪɲɢɧ ܥሺͶ ; ͵ሻ, ɚ ɬɚɤɨɠ ɪɿɜɧɹɧɧɹ ɜɢɫɨɬɢ ݔ + ͷݕ + ͳ = Ͳ ɿ ɛɿɫɟɤɬɪɢɫɢ ݔ + ݕʹ −ͷ = Ͳ, ɩɪɨɜɟɞɟɧɢɯ ɡ ɨɞɧɿєʀ ɜɟɪɲɢɧɢ. 
49. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɫɬɨɪɿɧ ɬɪɢɤɭɬɧɢɤɚ, ɡɧɚɸɱɢ ɨɞɧɭ ɣɨɝɨ ɜɟɪɲɢɧɭ ܥሺͶ ; −ͳሻ , ɚ ɬɚɤɨɠ ɪɿɜɧɹɧɧɹ ɜɢɫɨɬɢ ʹݔ − ݕ͵ + ͳʹ = Ͳ  ɿ ɦɟɞɿɚɧɢ ʹݔ + ݕ͵ = Ͳ , 

ɩɪɨɜɟɞɟɧɨʀ ɡ ɨɞɧɿєʀ ɜɟɪɲɢɧɢ. 
50. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɫɬɨɪɿɧ ɬɪɢɤɭɬɧɢɤɚ, ɡɧɚɸɱɢ ɨɞɧɭ ɣɨɝɨ ɜɟɪɲɢɧɭ ܤሺʹ ; −ሻ, ɚ ɬɚɤɨɠ ɪɿɜɧɹɧɧɹ ɜɢɫɨɬɢ ͵ݔ + ݕ + ͳͳ = Ͳ ɿ ɦɟɞɿɚɧɢ ݔ + ݕʹ +  = Ͳ, 

ɩɪɨɜɟɞɟɧɢɯ ɡ ɪɿɡɧɢɯ ɜɟɪɲɢɧ. 
51. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɫɬɨɪɿɧ ɬɪɢɤɭɬɧɢɤɚ, ɡɧɚɸɱɢ ɨɞɧɭ ɣɨɝɨ ɜɟɪɲɢɧɭ ܣሺ͵ ;−ͳሻ, ɚ ɬɚɤɨɠ ɪɿɜɧɹɧɧɹ ɛɿɫɟɤɬɪɢɫɢ ݔ − Ͷݕ + ͳͲ = Ͳ ɿ ɦɟɞɿɚɧɢ ݔ + ͳͲݕ −−ͷͻ = Ͳ, ɩɪɨɜɟɞɟɧɢɯ ɡ ɪɿɡɧɢɯ ɜɟɪɲɢɧ. 
52. ȼɢɡɧɚɱɢɬɢ, ɩɪɢ ɹɤɨɦɭ ɡɧɚɱɟɧɧɿ ܽ  ɩɪɹɦɚ ሺܽ + ʹሻݔ + ሺܽଶ − ͻሻݕ +͵ܽଶ − −ͺܽ + ͷ = Ͳ 
ɚ) ɩɚɪɚɥɟɥьɧɨ ɨɫɿ ɚɛɫɰɢɫ; 
b) ɩɚɪɚɥɟɥьɧɨ ɨɫɿ ɨɪɞɢɧɚɬ; 
c) ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɩɨɱɚɬɨɤ ɤɨɨɪɞɢɧɚɬ. 
ȼ ɤɨɠɧɨɦɭ ɜɢɩɚɞɤɭ ɧɚɩɢɫɚɬɢ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ. 
53. ȼɢɡɧɚɱɢɬɢ, ɩɪɢ ɹɤɢɯ ɡɧɚɱɟɧɧɹɯ ݉  ɿ ݊  ɩɪɹɦɚ ሺ݉ + ʹ݊ − ͵ሻݔ ++ሺʹ݉ − ݊ + ͳሻݕ + ݉ + ͻ = Ͳ ɩɚɪɚɥɟɥьɧɚ ɨɫɿ ɚɛɫɰɢɫ ɿ ɜɿɞɫɿɤɚє ɧɚ ɨɫɿ ɨɪɞɢɧɚɬ 

ɜɿɞɪɿɡɨɤ, ɪɿɜɧɢɣ −͵ (ɪɚɯɭɸɱɢ ɜɿɞ ɩɨɱɚɬɤɭ ɤɨɨɪɞɢɧɚɬ). Ɂɚɩɢɫɚɬɢ ɪɿɜɧɹɧɧɹ ɰɿєʀ 
ɩɪɹɦɨʀ. 

54. ȼɢɡɧɚɱɢɬɢ, ɩɪɢ ɹɤɢɯ ɡɧɚɱɟɧɧɹɯ ܽ  ɿ ܾ  ɞɜɿ ɩɪɹɦɿ ܽݔ − ݕʹ − ͳ = Ͳ , ݔ − −Ͷݕ − ܾ = Ͳ  
ɦɚɸɬь ɨɞɧɭ ɫɩɿɥьɧɭ ɬɨɱɤɭ;  ɩɚɪɚɥɟɥьɧɿ;  ɡɛɿɝɚɸɬьɫɹ. 
55. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ, ɳɨ ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɬɨɱɤɭ ܯଵሺ͵ ;−ሻ  ɿ 

ɜɿɞɫɿɤɚє ɜɿɞ ɤɨɨɪɞɢɧɚɬɧɢɯ ɨɫɟɣ ɜɿɞɦɿɧɧɿ ɜɿɞ ɧɭɥɹ ɜɿɞɪɿɡɤɢ ɨɞɧɚɤɨɜɨʀ ɜɟɥɢɱɢɧɢ 
(ɜɜɚɠɚɸɱɢ ɤɨɠɟɧ ɜɿɞɪɿɡɨɤ ɫɩɪɹɦɨɜɚɧɢɦ ɜɿɞ ɩɨɱɚɬɤɭ ɤɨɨɪɞɢɧɚɬ). 

56.  ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ, ɳɨ ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɬɨɱɤɭ ܲሺʹ ; ͵ሻ  ɿ 
ɜɿɞɫɿɤɚє ɜɿɞ ɤɨɨɪɞɢɧɚɬɧɢɯ ɨɫɟɣ ɜɿɞɪɿɡɤɢ ɪɿɜɧɨʀ ɞɨɜɠɢɧɢ.  

57. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ, ɳɨ ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɬɨɱɤɭ ʠሺͳ ; ͳሻ  ɿ 
ɜɿɞɫɿɤɚє ɜɿɞ ɤɨɨɪɞɢɧɚɬɧɨɝɨ ɤɭɬɚ ɬɪɢɤɭɬɧɢɤ ɡ ɩɥɨɳɟɸ, ɪɿɜɧɨɸ ʹ ɤɜ. ɨɞ. 

58. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ, ɳɨ ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɬɨɱɤɭ ܤሺͷ ; −ͷሻ  ɿ 
ɜɿɞɫɿɤɚє ɜɿɞ ɤɨɨɪɞɢɧɚɬɧɨɝɨ ɤɭɬɚ ɬɪɢɤɭɬɧɢɤ ɡ ɩɥɨɳɟɸ, ɪɿɜɧɨɸ ͷͲ ɤɜ. ɨɞ. 

59. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ, ɳɨ ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɬɨɱɤɭ ܲሺͺ ; ሻ  ɿ 
ɜɿɞɫɿɤɚє ɜɿɞ ɤɨɨɪɞɢɧɚɬɧɨɝɨ ɤɭɬɚ ɬɪɢɤɭɬɧɢɤ ɡ ɩɥɨɳɟɸ, ɪɿɜɧɨɸ ͳʹ ɤɜ. ɨɞ. 
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60. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ, ɳɨ ɩɪɨɯɨɞɢɬь ɱɟɪɟɡ ɬɨɱɤɭ ܲሺͳʹ ; ሻ  ɿ 
ɜɿɞɫɿɤɚє ɜɿɞ ɤɨɨɪɞɢɧɚɬɧɨɝɨ ɤɭɬɚ ɬɪɢɤɭɬɧɢɤ ɡ ɩɥɨɳɟɸ, ɪɿɜɧɨɸ ͳͷͲ ɤɜ. ɨɞ. 

61. Ɂɜɟɫɬɢ ɡɚɝɚɥьɧɟ ɪɿɜɧɹɧɧɹ ɩɪɹɦɨʀ ɞɨ ɧɨɪɦɚɥьɧɨɝɨ ɜɢɝɥɹɞɭ: Ͷݔ ݕ͵− − ͳͲ = Ͳ. ɉɨɛɭɞɭɜɚɬɢ ɩɪɹɦɭ. 
62. Ɉɛɱɢɫɥɢɬɢ ɜɿɞɫɬɚɧь ݀ ɜɿɞ ɬɨɱɤɢ ܣሺʹ ; −ͳሻ ɞɨ ɩɪɹɦɨʀ Ͷݔ + ݕ͵ + ͳͲ =Ͳ. 
63. Ɍɨɱɤɚ  ܣሺʹ ; −ͷሻ є ɜɟɪɲɢɧɨɸ ɤɜɚɞɪɚɬɚ, ɨɞɧɚ ɿɡ ɫɬɨɪɿɧ ɹɤɨɝɨ ɥɟɠɢɬь 

ɧɚ ɩɪɹɦɿɣ  ݔ − ݕʹ −  = Ͳ. Ɉɛɱɢɫɥɢɬɢ ɩɥɨɳɭ ɰьɨɝɨ ɤɜɚɞɪɚɬɚ. 
64. Ⱦɚɧɨ ɪɿɜɧɹɧɧɹ ɞɜɨɯ ɫɬɨɪɿɧ ɩɪɹɦɨɤɭɬɧɢɤɚ ͵ݔ − ݕʹ − ͷ = Ͳ ݔʹ , ݕ͵+ +  = Ͳ  ɿ ɨɞɧɚ ɡ ɣɨɝɨ ɜɟɪɲɢɧ ܣሺ−ʹ ; ͳሻ  . Ɉɛɱɢɫɥɢɬɢ ɩɥɨɳɭ ɰьɨɝɨ 

ɩɪɹɦɨɤɭɬɧɢɤɚ. 
65. Ɍɨɱɤɚ ܣሺͷ;−ͳሻ є ɜɟɪɲɢɧɨɸ ɤɜɚɞɪɚɬɚ, ɨɞɧɚ ɿɡ ɫɬɨɪɿɧ ɹɤɨɝɨ ɥɟɠɢɬь 

ɧɚ ɩɪɹɦɿɣ Ͷݔ − ݕ͵ −  = Ͳ . ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɩɪɹɦɢɯ, ɧɚ ɹɤɢɯ ɥɟɠɚɬь ɿɧɲɿ 
ɫɬɨɪɨɧɢ ɰьɨɝɨ ɤɜɚɞɪɚɬɚ. 

66. Ⱦɚɧɨ ɪɿɜɧɹɧɧɹ ɞɜɨɯ ɫɬɨɪɿɧ ɤɜɚɞɪɚɬɚ Ͷݔ − ݕ͵ + ͵ = Ͳ , Ͷݔ − ݕ͵ −ͳ = Ͳ  ɿ ɨɞɧɚ ɡ ɣɨɝɨ ɜɟɪɲɢɧ ܣሺʹ;−͵ሻ. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɞɜɨɯ ɿɧɲɢɯ ɫɬɨɪɿɧ 
ɰьɨɝɨ ɤɜɚɞɪɚɬɚ. 

67. Ⱦɚɧɨ ɪɿɜɧɹɧɧɹ ɞɜɨɯ ɫɬɨɪɿɧ ɤɜɚɞɪɚɬɚ ͷݔ + ͳʹݕ − ͳͲ = Ͳ, ͷݔ + ͳʹݕ +ʹͻ = Ͳ. ɋɤɥɚɫɬɢ ɪɿɜɧɹɧɧɹ ɞɜɨɯ ɿɧɲɢɯ ɣɨɝɨ ɫɬɨɪɿɧ ɡɚ ɭɦɨɜɢ, ɳɨ ɬɨɱɤɚ ܯଵሺ−͵ ; ͷሻ 
ɥɟɠɢɬь ɧɚ ɫɬɨɪɨɧɿ ɰьɨɝɨ ɤɜɚɞɪɚɬɚ. 
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ȱV. ȼɋɌɍɉ ȾɈ ɆȺɌȿɆȺɌɂɑɇɈȽɈ ȺɇȺɅȱɁɍ 

 
4.1. ɉɨɧɹɬɬɹ ɮɭɧɤɰɿʀ 

 
Ɉɫɧɨɜɧɿ ɨɡɧɚɱɟɧɧɹ 

 
Ɂɦɿɧɧɚ ɜɟɥɢɱɢɧɚ y  ɧɚɡɢɜɚєɬьɫɹ ɮɭɧɤɰɿєɸ ɜɿɞ ɡɦɿɧɧɨʀ ɜɟɥɢɱɢɧɢ x , ɹɤɳɨ 

ɛɭɞь-ɹɤɨɦɭ ɡɧɚɱɟɧɧɸ x  ɡ ɞɟɹɤɨʀ ɨɛɥɚɫɬɿ ɫɬɚɜɢɬьɫɹ ɭ ɜɿɞɩɨɜɿɞɧɿɫɬь єɞɢɧɟ 
ɡɧɚɱɟɧɧɹ y . ɉɨɡɧɚɱɚɸɬь )(xfy  , ɞɟ x  - ɚɪɝɭɦɟɧɬ ɚɛɨ ɧɟɡɚɥɟɠɧɚ ɡɦɿɧɧɚ, y  - 

ɮɭɧɤɰɿɹ. 
 
 
 
 
 
 
 
 
 
 
 
 

Ɍɚɤɢɦ ɱɢɧɨɦ, ɡɝɿɞɧɨ ɨɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿʀ ɧɚ ɪɢɫɭɧɤɭ ɡɥɿɜɚ ɡɨɛɪɚɠɟɧɨ 
ɝɪɚɮɿɤ ɮɭɧɤɰɿʀ, ɚ ɧɚ ɪɢɫɭɧɤɭ ɫɩɪɚɜɚ ɞɟɹɤɚ ɤɪɢɜɚ (ɛɨ ɿɫɧɭє ɬɨɱɤɚ 0x , ɹɤɿɣ 
ɜɿɞɩɨɜɿɞɚɸɬь ɞɜɚ ɪɿɡɧɿ ɡɧɚɱɟɧɧɹ ɚɪɝɭɦɟɧɬɿɜ 1y  ɬɚ 2y ). 

Ɇɧɨɠɢɧɚ ɜɫɿɯ ɡɧɚɱɟɧь x , ɞɥɹ ɹɤɢɯ ɮɭɧɤɰɿɹ ɿɫɧɭє, ɧɚɡɢɜɚєɬьɫɹ ɨɛɥɚɫɬɸ 
ɜɢɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿʀ. ɉɨɡɧɚɱɚɸɬь )(yD ɚɛɨ Ɉȼ. 

ɉɪɢ ɡɧɚɯɨɞɠɟɧɧɿ )(yD  ɩɨɬɪɿɛɧɨ ɜɪɚɯɨɜɭɜɚɬɢ: 
1) Ɂɧɚɦɟɧɧɢɤ ɮɭɧɤɰɿʀ ɧɟ ɩɨɜɢɧɟɧ ɞɨɪɿɜɧɸɜɚɬɢ ɧɭɥɸ. 
2) ɉɿɞɤɨɪɟɧɟɜɢɣ ɜɢɪɚɡ (ɞɥɹ ɤɨɪɟɧɹ ɩɚɪɧɨɝɨ ɫɬɟɩɟɧɹ) ɛɿɥьɲɢɣ ɜɿɞ 

ɧɭɥɹ ɚɛɨ ɪɿɜɧɢɣ ɧɭɥɸ. 
3) ȼɢɪɚɡ ɩɿɞ ɡɧɚɤɨɦ ɥɨɝɚɪɢɮɦɚ ɦɚє ɛɭɬɢ ɛɿɥьɲɢɣ ɜɿɞ ɧɭɥɹ. 
4) ȼɢɪɚɡ ɩɿɞ ɡɧɚɤɨɦ arcsin ɬɚ arccos  ɡɚ ɚɛɫɨɥɸɬɧɨɸ ɜɟɥɢɱɢɧɨɸ 

ɦɚє ɛɭɬɢ ɦɟɧɲɢɣ ɚɛɨ ɪɿɜɧɢɣ ɡɚ 1. 
5) ɍ ɜɢɩɚɞɤɭ ɞɟɤɿɥьɤɨɯ ɞɨɞɚɧɤɿɜ ɩɨɬɪɿɛɧɨ ɜɪɚɯɭɜɚɬɢ ɩɨɩɟɪɟɞɧɿ 

ɡɚɭɜɚɠɟɧɧɹ. ɉɪɢ ɞɨɫɥɿɞɠɟɧɧɿ ɤɨɠɧɨɝɨ ɞɨɞɚɧɤɭ ɜɢɡɧɚɱɢɬɢ ʀɯ ɨɛɥɚɫɬɿ 
ɜɢɡɧɚɱɟɧɧɹ, ɚ ɩɨɬɿɦ ɡɧɚɣɬɢ ʀɯ ɩɟɪɟɬɢɧ (ɫɩɿɥьɧɭ ɱɚɫɬɢɧɭ). 
 
ɉɪиɤɥɚɞи 1-6. 

  

Ɂɧɚɣɬɢ ɨɛɥɚɫɬь ɜɢɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɣ: 
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Ʉɜɚɞɪɚɬɧɢɣ ɬɪɢɱɥɟɧ ɭ ɡɧɚɦɟɧɧɢɤɭ ɧɟ ɦɚє ɞɿɣɫɧɢɯ ɤɨɪɟɧɿɜ, ɬɨɛɬɨ ɧɟ 
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Ƚɪɚɮɿɤɢ ɞɟɹɤɢɯ ɟɥɟɦɟɧɬɚɪɧɢɯ ɮɭɧɤɰɿɣ ɬɚ ʀɯ ɨɛɥɚɫɬɿ ɜɢɡɧɚɱɟɧɧɹ 

 

ɋɬɟɩɟɧɟɜɚ ɮɭɧɤɰɿɹ 2
xy  , );+(-x :D(y)  . 

 

 
 

ɋɬɟɩɟɧɟɜɚ ɮɭɧɤɰɿɹ 3
xy  , );+(-x :D(y)  . 
 

 
 

ɉɨɤɚɡɧɢɤɨɜɚ ɮɭɧɤɰɿɹ )1,0(,  aaay
x , ).;+(-x :D(y)   
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Ʌɨɝɚɪɢɮɦɿɱɧɚ ɮɭɧɤɰɿɹ )1,0(log  aaxy a , );+0(x :D(y)  . 

 
Ɍɪɢɝɨɧɨɦɟɬɪɢɱɧɿ ɮɭɧɤɰɿʀ 

 
xy sin , ).;+(-x :D(y)   
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tgxy  , Zn n,+
2

x:D(y)  
. 

 

 
 

 
ctgxy  , Zn n,x:D(y)   . 
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xy arcsin ,  11;-x :D(y)  . 

fff                   

xy arccos ,  11;-x :D(y)  .                         

 
arctgxy  , ).;+(-x :D(y)   

                   
 

 
arcctgxy  , );+(-x :D(y)  . 
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4.2. Ƚɪɚɧɢɰɹ ɩɨɫɥɿɞɨɜɧɨɫɬɿ. Ƚɪɚɧɢɰɹ ɮɭɧɤɰɿʀ 
 

Ɉɫɧɨɜɧɿ ɨɡɧɚɱɟɧɧɹ 

 
 ȼɩɨɪɹɞɤɨɜɚɧɚ ɫɭɤɭɩɧɿɫɬь ɱɢɫɟɥ ɧɚɡɢɜɚєɬьɫɹ ɱɢɫɥɨɜɨɸ ɩɨɫɥɿɞɨɜɧɿɫɬɸ, 

ɹɤɳɨ ɤɨɠɟɧ ɧɚɫɬɭɩɧɢɣ ʀʀ ɱɥɟɧ ɲɭɤɚєɬьɫɹ ɡɚ ɨɞɧɢɦ ɿ ɬɢɦ ɠɟ ɡɚɤɨɧɨɦ. 
Ⱥɛɨ, ɱɢɫɥɨɜɨɸ ɩɨɫɥɿɞɨɜɧɿɫɬɸ ɧɚɡɢɜɚєɬьɫɹ ɮɭɧɤɰɿɹ ɧɚɬɭɪɚɥьɧɨɝɨ 

ɚɪɝɭɦɟɧɬɭ. Ɍɨɛɬɨ, ɤɨɠɧɨɦɭ ɧɚɬɭɪɚɥьɧɨɦɭ ɱɢɫɥɭ n ɫɬɚɜɢɬьɫɹ ɭ ɜɿɞɩɨɜɿɞɧɿɫɬь 
ɩɟɜɧɟ ɞɿɣɫɧɟ ɱɢɫɥɨ ܽ. 

Ɂɚɩɢɫɚɬɢ ɩɨɫɥɿɞɨɜɧɿɫɬь, ɹɤɳɨ ʀʀ ɡɚɝɚɥьɧɢɣ ɱɥɟɧ ɦɚє ɜɢɝɥɹɞ .
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Ⱦɥɹ ɤɨɪɨɬɤɢɯ ɡɚɩɢɫɿɜ ɛɚɝɚɬьɨɯ ɨɡɧɚɱɟɧь ɬɚ ɬɟɨɪɟɦ ɤɨɪɢɫɬɭɸɬьɫɹ 

ɤɜɚɧɬɨɪɚɦɢ ɬɚ ɥɨɝɿɱɧɢɦɢ ɨɩɟɪɚɰɿɹɦɢ. Ʉɜɚɧɬɨɪ ɡɚɝɚɥьɧɨɫɬɿ ɩɨɡɧɚɱɚɸɬь «», ɿ 
ɱɢɬɚɸɬь «ɞɥɹ ɜɫɹɤɨɝɨ», «ɞɥɹ ɛɭɞь-ɹɤɨɝɨ». Ʉɜɚɧɬɨɪ ɿɫɧɭɜɚɧɧɧɹ ɩɨɡɧɚɱɚɸɬь «», 
ɿ ɱɢɬɚɸɬь «ɿɫɧɭє», «ɡɧɚɣɞɟɬьɫɹ». 

Ʌɨɝɿɱɧɚ ɨɩɟɪɚɰɿɹ ɿɦɩɥɿɤɚɰɿʀ ɩɨɡɧɚɱɚєɬьɫɹ - «  », ɚ ɡɚɩɢɫ « BА » 
ɱɢɬɚєɬьɫɹ «ɿɡ Ⱥ ɫɥɿɞɭє B», ɚɛɨ «ɹɤɳɨ Ⱥ ɬɨ ȼ». Ʌɨɝɿɱɧɚ ɨɩɟɪɚɰɿɹ ɟɤɜɿɜɚɥɟɧɬɧɨɫɬɿ 
ɩɨɡɧɚɱɚєɬьɫɹ - « », ɡɚɩɢɫ « BA » ɱɢɬɚєɬьɫɹ ɹɤ «A ˈˍ˅і˅˃ˎˈː˕ːˑ B», «A 
ɬɨɞɿ ɿ ɬɿɥьɤɢ ɬɨɞɿ, ɤɨɥɢ B», «ɞɥɹ A ɧɟɨɛɯɿɞɧɨ ɿ ɞɨɫɢɬь, ɳɨɛ ɜɢɤɨɧɭɜɚɥɨɫь B». 

Ɂɚɭɜɚɠɢɦɨ, ɳɨ ɡɚɩɢɫ BA ɨɡɧɚɱɚє, ɳɨ ɨɞɧɨɱɚɫɧɨ BА  ɿ AB . 
 
ɑɢɫɥɨ A ɧɚɡɢɜɚєɬьɫɹ ɝɪɚɧɢɰɟɸ ɩɨɫɥɿɞɨɜɧɨɫɬɿ nx  ɹɤɳɨ ɞɥɹ 0  ɿɫɧɭє 

ɧɨɦɟɪ N , ɩɨɱɢɧɚɸɱɢ ɡ ɹɤɨɝɨ ɜɢɤɨɧɭєɬьɫɹ ɧɟɪɿɜɧɿɫɬь:  Axn
. Ⱦɚɧɢɣ ɮɚɤɬ 

ɡɚɩɢɫɭɸɬь ɧɚɫɬɭɩɧɢɦ ɱɢɧɨɦ : Axn
n




lim  ɚɛɨ: .x)()()0( n   ANnN  

ɑɢɫɥɨ A  ɧɚɡɢɜɚєɬьɫɹ ɝɪɚɧɢɰɟɸ ɮɭɧɤɰɿʀ )(xf , ɩɪɢ ɩɪɹɦɭɜɚɧɧɿ x  ɞɨ 0x , 

ɹɤɳɨ ɞɥɹ, ɛɭɞь-ɹɤɨɝɨ ɱɢɫɥɚ 0  ɿɫɧɭє ɬɚɤɟ ɞɨɞɚɬɧɟ  , ɳɨ ɞɥɹ ɜɫɿɯ x , 
ɜɿɞɦɿɧɧɢɯ ɜɿɞ 0x  ɿ ɹɤɿ ɡɚɞɨɜɨɥьɧɹɸɬь ɭɦɨɜɭ  0xx , ɜɢɤɨɧɭєɬьɫɹ ɧɟɪɿɜɧɿɫɬь 

.)(  Axf  

Ʉɨɪɨɬɤɨ ɰɟ ɡɚɩɢɫɭɸɬь ɧɚɫɬɭɩɧɢɦ ɱɢɧɨɦ :   Axf
xx


 0

lim , ɩɪɢɱɨɦɭ 

.)(x0)()0()0( 0   Axfxx  

.)()()0()0(,)(lim  


AxfxxAxf
x

 

 
ɇɟɫɤɿɧɱɟɧɧɨ ɦɚɥɿ ɬɚ ɧɟɫɤɿɧɱɟɧɧɨ ɜɟɥɢɤɿ ɜɟɥɢɱɢɧɢ 

 
ɇɟɫɤɿɧɱɟɧɧɨ ɦɚɥɨɸ ɧɚɡɢɜɚєɬьɫɹ ɬɚɤɚ ɡɦɿɧɧɚ ɜɟɥɢɱɢɧɚ )(x , ɹɤɳɨ ɝɪɚɧɢɰɹ 

ʀʀ ɞɨɪɿɜɧɸє ɧɭɥɸ, ɩɪɢ ɩɪɹɦɭɜɚɧɧɿ x  ɞɨ 0x  ɚɛɨ ɞɨ  .  
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əɤɳɨ   ,0lim
0




x
xx


 
ɬɨ   )()()0()0( 0 xxxx , ɚɛɨ 

ɹɤɳɨ 
  ,0lim 


x

x
 ɬɨ .)()()0()0(   xxx  

Ɏɭɧɤɰɿɹ )(xfy   ɧɚɡɢɜɚєɬьɫɹ ɧɟɫɤɿɧɱɟɧɧɨ ɜɟɥɢɤɨɸ, ɹɤɳɨ ʀʀ ɝɪɚɧɢɰɹ ɡɚ 
ɦɨɞɭɥɟɦ ɞɨɪɿɜɧɸє ɧɟɫɤɿɧɱɟɧɧɨɫɬɿ ɩɪɢ ɩɪɹɦɭɜɚɧɧɿ x  ɞɨ 0x ɚɛɨ ɞɨ  . Ɍɨɛɬɨ 

  


xf
xx 0

lim ,)(x)()0()0( 0 MxfxxM    ɚɛɨ  

  


xf
x
lim .)()()0()0( MxfxxM   
 
Ɉɫɧɨɜɧɿ ɬɟɨɪɟɦɢ ɩɪɨ ɜɥɚɫɬɢɜɨɫɬɿ ɧɟɫɤɿɧɱɟɧɧɨ ɦɚɥɢɯ ɬɚ ɧɟɫɤɿɧɱɟɧɧɨ 

ɜɟɥɢɤɢɯ ɜɟɥɢɱɢɧ 

 
1. əɤɳɨ ɮɭɧɤɰɿɹ )(xfy   ɩɪɟɞɫɬɚɜɥɟɧɚ ɭ ɜɢɝɥɹɞɿ )(xby  , ɞɟ b  - 

ɞɟɹɤɟ ɱɢɫɥɨ, ɚ )(x  - ɧɟɫɤɿɧɱɟɧɧɨ ɦɚɥɚ ɜɟɥɢɱɢɧɚ ɩɪɢ 0xx   ɚɛɨ x , ɬɨ 
by

xx


 0

lim  ɚɛɨ
 

.lim by
x




  

Ɉɛɟɪɧɟɧɟ ɬɜɟɪɞɠɟɧɧɹ ɬɚɤɨɠ ɦɚє ɦɿɫɰɟ, ɬɨɛɬɨ, ɹɤɳɨ by
xx


 0

lim  ɚɛɨ
 

,lim by
x




ɬɨ , by  ɞɟ   ɧɟɫɤɿɧɱɟɧɧɨ ɦɚɥɚ ɜɟɥɢɱɢɧɚ ɩɪɢ 0xx   ɚɛɨ x  

ɜɿɞɩɨɜɿɞɧɨ. 
2. əɤɳɨ )(x  ɩɪɹɦɭє ɞɨ ɧɭɥɹ ɩɪɢ ɩɪɹɦɭɜɚɧɧɿ x  ɞɨ 0x ( ɚɛɨ ɞɨ  ) ɿ ɧɟ 

ɩɟɪɟɬɜɨɪɸєɬьɫɹ ɜ ɧɭɥь, ɬɨ 
)(

1

x
y


  ɩɪɹɦɭє ɞɨ ɧɟɫɤɿɧɱɟɧɧɨɫɬɿ, ɬɨɛɬɨ є 

ɧɟɫɤɿɧɱɟɧɧɨ ɜɟɥɢɤɨɸ ɜɟɥɢɱɢɧɨɸ ɩɪɢ 0xx   ɚɛɨ x  ɜɿɞɩɨɜɿɞɧɨ. 

3. Ɉɛɟɪɧɟɧɚ ɜɟɥɢɱɢɧɚ ɞɨ ɧɟɫɤɿɧɱɟɧɧɨ ɦɚɥɨʀ є ɧɟɫɤɿɧɱɟɧɧɨ ɜɟɥɢɤɚ 
ɜɟɥɢɱɢɧɚ, ɿ ɧɚɜɩɚɤɢ, ɨɛɟɪɧɟɧɚ ɞɨ ɧɟɫɤɿɧɱɟɧɧɨ ɜɟɥɢɤɨʀ є ɧɟɫɤɿɧɱɟɧɧɨ ɦɚɥɚ. 

4. ɋɭɦɚ ɫɤɿɧɱɟɧɧɨʀ ɤɿɥьɤɨɫɬɿ ɧɟɫɤɿɧɱɟɧɧɨ ɦɚɥɢɯ ɜɟɥɢɱɢɧ є ɜɟɥɢɱɢɧɚ 
ɧɟɫɤɿɧɱɟɧɧɨ ɦɚɥɚ. 

5. Ⱦɨɛɭɬɨɤ ɫɤɿɧɱɟɧɧɨʀ ɤɿɥьɤɨɫɬɿ ɧɟɫɤɿɧɱɟɧɧɨ ɦɚɥɢɯ ɜɟɥɢɱɢɧ є ɜɟɥɢɱɢɧɚ 
ɧɟɫɤɿɧɱɟɧɧɨ ɦɚɥɚ. 

6. Ⱦɨɛɭɬɨɤ ɫɬɚɥɨʀ ɧɚ ɧɟɫɤɿɧɱɟɧɧɨ ɦɚɥɭ є ɜɟɥɢɱɢɧɚ ɧɟɫɤɿɧɱɟɧɧɨ ɦɚɥɚ. 
7. Ƚɪɚɧɢɰɹ ɜɿɞɧɨɲɟɧɧɹ ɧɟɫɤɿɧɱɟɧɧɨ ɦɚɥɨʀ ɞɨ ɮɭɧɤɰɿʀ, ɝɪɚɧɢɰɹ ɹɤɨʀ 

ɜɿɞɦɿɧɧɚ ɜɿɞ ɧɭɥɹ, ɞɨɪɿɜɧɸє ɧɭɥɸ. 
 

Ⱦɿʀ ɡ ɧɟɫɤɿɧɱɟɧɧɨ ɦɚɥɢɦɢ ɬɚ ɧɟɫɤɿɧɱɟɧɧɨ ɜɟɥɢɤɢɦɢ ɜɟɥɢɱɢɧɚɦɢ 

 

ɉɨɡɧɚɱɢɦɨ ɫɢɦɜɨɥɚɦɢ “0” – ɧɟɫɤɿɧɱɟɧɧɨ ɦɚɥɭ ɜɟɥɢɱɢɧɭ, “ ∞ ” – 
ɧɟɫɤɿɧɱɟɧɧɨ ɜɟɥɢɤɭ, “?” – ɩɟɜɧɢɣ ɬɢɩ ɧɟɜɢɡɧɚɱɟɧɨɫɬɿ. 

ɇɟɯɚɣ a – ɞɟɹɤɟ ɫɤɿɧɱɟɧɧɟ ɞɨɞɚɬɧє ɱɢɫɥɨ. ȼɢɤɨɪɢɫɬɨɜɭɸɱɢ ɰɿ ɫɢɦɜɨɥɢ, 
ɦɨɠɧɚ ɡɚɩɢɫɚɬɢ ɧɚɫɬɭɩɧɿ ɜɢɪɚɡɢ: 

 ∞+∞ = ∞; ∞−∞ =?; 
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∞ = Ͳ;  = ∞; ܽ ∙ Ͳ = Ͳ; ܽ ∙ ∞ = ∞;  =?; ∞∞ =?; lnሺͲሻ = −∞; lnሺ+∞ሻ = +∞; ܽ+∞ = { +∞, яˍщˑ ܽ > ͳ;Ͳ, яˍщˑ Ͳ < ܽ < ͳ? , яˍщˑ ܽ = ͳ; ; 

ܽ−∞ = { Ͳ, яˍщˑ ܽ > ͳ;+∞, яˍщˑ Ͳ < ܽ < ͳ? , яˍщˑ ܽ = ͳ; ; 

0∙ ∞ =?; ∞ = ∞; ∞ ∙ ∞ = 𝑔 ሺ+∞ሻݐܿݎܽ ;∞ = 𝜋ଶ; ܽݐܿݎ𝑔ሺ−∞ሻ = − 𝜋ଶ; ܽݐܿܿݎ𝑔ሺ+∞ሻ = Ͳ; ܽݐܿܿݎ𝑔ሺ−∞ሻ = 𝜋; ݐ𝑔 ቀ𝜋ଶቁ = 𝑔ݐ ;∞+ ቀ− 𝜋ଶቁ = 𝑔ሺͲሻݐܿ ;∞− = 𝑔ሺ𝜋ሻݐܿ ;∞+ = −∞. 

 

 

Ɉɫɧɨɜɧɿ ɬɟɨɪɟɦɢ ɩɪɨ ɝɪɚɧɢɰɿ 
 
1. Ƚɪɚɧɢɰɹ ɫɭɦɢ ɞɜɨɯ ɚɛɨ ɞɟɤɿɥьɤɨɯ ɮɭɧɤɰɿɣ ɞɨɪɿɜɧɸє ɫɭɦɿ ɝɪɚɧɢɰь ɰɢɯ 

ɮɭɧɤɰɿɣ: ).(lim)(lim))()(lim( xVxUxVxU   
 
2. Ƚɪɚɧɢɰɹ ɞɨɛɭɬɤɭ ɞɜɨɯ ɚɛɨ ɞɟɤɿɥьɤɨɯ ɮɭɧɤɰɿɣ ɞɨɪɿɜɧɸє ɞɨɛɭɬɤɭ 

ɝɪɚɧɢɰь ɰɢɯ ɮɭɧɤɰɿɣ: ).(lim)(lim)()(lim xVxUxVxU   
 
3. ɋɬɚɥɢɣ ɦɧɨɠɧɢɤ ɦɨɠɧɚ ɜɢɧɟɫɬɢ ɡɚ ɡɧɚɤ ɝɪɚɧɢɰɿ: ).(lim)(lim xUcxcU   
 
4. Ƚɪɚɧɢɰɹ ɜɿɞɧɨɲɟɧɧɹ ɞɜɨɯ ɮɭɧɤɰɿɣ ɞɨɪɿɜɧɸє ɜɿɞɧɨɲɟɧɧɸ ɝɪɚɧɢɰь ɰɢɯ 

ɮɭɧɤɰɿɣ, ɹɤɳɨ ɝɪɚɧɢɰɹ ɡɧɚɦɟɧɧɢɤɚ ɜɿɞɦɿɧɧɚ ɜɿɞ ɧɭɥɹ:

.0)(lim,
)(lim

)(lim

)(

)(
lim  xVɩɪи

xV

xU

xV

xU
 

 
ɑɭɞɨɜɿ ɝɪɚɧɢɰɿ  

 

ɑɭɞɨɜɿ ɝɪɚɧɢɰɿ ɪɨɡɤɪɢɜɚɸɬь ɩɟɜɧɿ ɬɢɩɢ ɧɟɜɢɡɧɚɱɟɧɨɫɬɟɣ. Ɍɚɤ ɩɟɪɲɚ 
ɱɭɞɨɜɚ ɝɪɚɧɢɰɹ ɪɨɡɤɪɢɜɚє ɧɟɜɢɡɧɚɱɟɧɿɫɬь ɬɢɩɭ - , ɚ ɞɪɭɝɚ ɱɭɞɨɜɚ ɝɪɚɧɢɰɹ - ͳ∞. 

1. ɉɟɪɲɚ ɱɭɞɨɜɚ ɝɪɚɧɢɰɹ: .1
sin

lim
0


 x

x

x
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2. Ⱦɪɭɝɚ ɱɭɞɨɜɚ ɝɪɚɧɢɰɹ: e
n

n

n







 



1
1lim  ɚɛɨ ɜ ɿɧɲɨɦɭ ɜɢɝɥɹɞɿ: 

  .1lim
1

0
e





  

 

Ɉɛɱɢɫɥɟɧɧɹ ɝɪɚɧɢɰь 

Ⱦɥɹ ɬɨɝɨ, ɳɨɛ ɨɛɱɢɫɥɢɬɢ ɝɪɚɧɢɰɸ ɩɨɬɪɿɛɧɨ: 
1) ɉɿɞɫɬɚɜɢɬɢ ɡɚɦɿɫɬь ɡɦɿɧɧɨʀ ʀʀ ɝɪɚɧɢɱɧɟ ɡɧɚɱɟɧɧɹ; 
2) ɇɚ ɨɫɧɨɜɿ ɨɫɧɨɜɧɢɯ ɬɟɨɪɟɦ ɩɪɨ ɝɪɚɧɢɰɿ ɬɚ ɞɿɣ ɡ ɧɟɫɤɿɧɱɟɧɧɨ 

ɦɚɥɢɦɢ ɬɚ ɜɟɥɢɤɢɦɢ ɜɟɥɢɱɢɧɚɦɢ ɩɪɨɜɟɫɬɢ ɨɛɱɢɫɥɟɧɧɹ. 
 

ɉɪиɤɥɚɞи 7-9. 

Ɉɛɱɢɫɥɢɬɢ ɝɪɚɧɢɰɿ: 

7. .
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4243
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 x
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8. .0
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6104
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 x

xx
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9. .
0

19
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32
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 xx
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Ɂɚɭɜɚɠɢɦɨ, ɳɨ ɩɿɫɥɹ ɩɿɞɫɬɚɧɨɜɤɢ ɝɪɚɧɢɱɧɨɝɨ ɡɧɚɱɟɧɧɹ ɡɦɿɧɧɨʀ ɭ ɜɢɪɚɡ, 

ɹɤɢɣ ɫɬɨʀɬь ɩɿɞ ɡɧɚɤɨɦ ɝɪɚɧɢɰɿ, ɿɧɤɨɥɢ ɨɬɪɢɦɭєɬьɫɹ ɧɟɜɢɡɧɚɱɟɧɿɫɬь. Ɋɨɡɝɥɹɧɟɦɨ 
ɞɟɹɤɿ ɜɢɩɚɞɤɢ ɧɟɜɢɡɧɚɱɟɧɨɫɬɟɣ. 

I. Ƚɪɚɧɢɰɹ ɜɿɞɧɨɲɟɧɧɹ ɪɚɰɿɨɧɚɥьɧɢɯ, ɚɛɨ ɿɪɪɚɰɿɨɧɚɥьɧɢɯ ɜɢɪɚɡɿɜ ɩɪɢ 
ɩɪɹɦɭɜɚɧɧɿ x  ɞɨ   ɞɨɪɿɜɧɸє ɝɪɚɧɢɰɿ ɜɿɞɧɨɲɟɧɧɹ ɫɬɚɪɲɢɯ ɱɥɟɧɿɜ ɰɢɯ ɜɢɪɚɡɿɜ. 

Ȼɭɞɟɦɨ ɪɨɡɪɿɡɧɹɬɢ ɧɚɫɬɭɩɧɿ ɜɢɩɚɞɤɢ: 
 

ɚ) Нˈх˃ˌ ܽ ≠ Ͳ,  ܾ , ܿ , ݅ = ͳ,ʹ̅̅ ̅̅ −  ˇіˌ˔ːі чˋ˔ˎ˃ ɿ ɧɚɣɫɬɚɪɲɿ ɫɬɟɩɟɧɿ ɡɦɿɧɧɢɯ 
ɜ ɱɢɫɟɥьɧɢɤɭ ɬɚ ɡɧɚɦɟɧɧɢɤɭ ɪɿɜɧɿ, ɬɨɞɿ lim𝑥→∞ ܽଵݔଶ + ܾଵݔ + ܿଵܽଶݔଶ + ܾଶݔ + ܿଶ = lim𝑥→∞ ݔሺܽଵݔ + ܾଵሻ + ܿଵݔሺܽଶݔ + ܾଶሻ + ܿଶ = lim𝑥→∞∞ ∙ ሺܽଵ ∙ ∞ + ܾଵሻ + ܿଵ∞ ∙ ሺܽଶ ∙ ∞ + ܾଶሻ + ܿଶ =  = ∞ ∙ ∞ + ܿଵ∞ ∙ ∞ + ܿଶ = [∞∞]. 
Ɉɬɪɢɦɚɧɚ ɧɟɜɢɡɧɚɱɟɧɿɫɬь ɦɨɠɟ ɛɭɬɢ ɭɫɭɧɭɬɚ ɬɚɤɢɦ ɱɢɧɨɦ: lim𝑥→∞ ܽଵݔଶ + ܾଵݔ + ܿଵܽଶݔଶ + ܾଶݔ + ܿଶ = lim𝑥→∞ ܽଵݔ

ଶ + ܾଵݔ + ܿଵݔଶܽଶݔଶ + ܾଶݔ + ܿଶݔଶ = lim𝑥→∞𝑥≠
ܽଵݔଶݔଶ + ܾଵݔݔଶ + ܿଵݔଶܽଶݔଶݔଶ + ܾଶݔݔଶ + ܿଶݔଶ = 
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= lim𝑥→∞𝑥≠
ܽଵ + ܾଵݔ + ܿଵݔଶܽଶ + ܾଶݔ + ܿଶݔଶ = ܽଵ +

ܾଵ∞ + ܿଵ∞ܽଶ + ܾଶ∞ + ܿଶ∞ = ܽଵ + Ͳ + Ͳܽଶ + Ͳ + Ͳ = ܽଵܽଶ. 
Ɉɬɠɟ, ɹɤɳɨ ɫɬɚɪɲɿ ɫɬɟɩɟɧɿ ɡɦɿɧɧɢɯ ɜ ɱɢɫɟɥьɧɢɤɭ ɿ ɡɧɚɦɟɧɧɢɤɭ ɪɿɜɧɿ, ɬɨ 

ɝɪɚɧɢɰɹ ɞɪɨɛɭ ɪɿɜɧɚ ɜɿɞɧɨɲɟɧɧɸ ɤɨɟɮɿɰɿєɧɬɿɜ ɩɪɢ ɧɢɯ. 
 
ɛ) Нˈх˃ˌ ܽ ≠ Ͳ,  ܾ , ܿ , ݅ = ͳ,ʹ̅̅ ̅̅ −  ˇіˌ˔ːі чˋ˔ˎ˃  ɿ ɧɚɣɫɬɚɪɲɢɣ ɫɬɟɩɿɧь 

ɡɦɿɧɧɨʀ ɜ ɱɢɫɟɥьɧɢɤɭ ɛɿɥьɲɢɣ ɡɚ ɧɚɣɫɬɚɪɲɢɣ ɫɬɟɩɿɧь ɜ ɡɧɚɦɟɧɧɢɤɭ, ɬɨɞɿ lim𝑥→∞ ܽଵݔ + ܾଵݔ + ܿଵܽଶݔ + ܾଶݔ + ܿଶ = lim𝑥→∞ −ଵݔሺܽଵݔ + ܾଵሻ + ܿଵݔሺܽଶݔ−ଵ + ܾଶሻ + ܿଶ = = lim𝑥→∞∞ ∙ ሺܽଵ ∙ ∞−ଵ + ܾଵሻ + ܿଵ∞ ∙ ሺܽଶ ∙ ∞−ଵ + ܾଶሻ + ܿଶ =∞ ∙ ∞ + ܿଵ∞ ∙ ∞ + ܿଶ = [∞∞].  
ɍɫɭɧɟɦɨ ɨɬɪɢɦɚɧɭ ɧɟɜɢɡɧɚɱɟɧɿɫɬь ɧɚɫɬɭɩɧɢɦ ɱɢɧɨɦ: lim𝑥→∞ ܽଵݔ + ܾଵݔ + ܿଵܽଶݔ + ܾଶݔ + ܿଶ = lim𝑥→∞ ܽଵݔ + ܾଵݔ + ܿଵݔܽଶݔ + ܾଶݔ + ܿଶݔ = lim𝑥→∞𝑥≠

ܽଵݔݔ + ܾଵݔݔ + ܿଵݔܽଶݔݔ + ܾଶݔݔ + ܿଶݔ = 

 = lim𝑥→∞𝑥≠
ܽଵ + ܾଵݔ−ଵ + ܿଵݔܽଶݔ− + ܾଶݔ−ଵ + ܿଶݔ = ܽଵ + ܾଵ∞−ଵ + ܿଵ∞ܽଶ∞− + ܾଶ∞−ଵ + ܿଶ∞ = ܽଵ +

ܾଵ∞ + ܿଵ∞ܽଶ∞ + ܾଶ∞ + ܿଶ∞ = 

= ܽଵ + Ͳ + ͲͲ + Ͳ + Ͳ = ܽଵͲ = ∞. 
 

Ɉɬɠɟ, ɹɤɳɨ ɫɬɚɪɲɢɣ ɫɬɟɩɿɧь ɡɦɿɧɧɨʀ ɜ ɱɢɫɟɥьɧɢɤɭ ɛɿɥьɲɢɣ ɡɚ 
ɧɚɣɫɬɚɪɲɢɣ ɫɬɟɩɿɧь ɡɦɿɧɧɨʀ ɜ  ɡɧɚɦɟɧɧɢɤɭ, ɬɨɞɿ ɝɪɚɧɢɰɹ ɞɪɨɛɨɜɨɝɨ ɜɢɪɚɡɭ ɩɪɢ 

x  ɪɿɜɧɚ ɧɟɫɤɿɧɱɟɧɧɨɫɬɿ. 
 
ɜ) Нˈх˃ˌ ܽ ≠ Ͳ,  ܾ , ܿ , ݅ = ͳ,ʹ̅̅ ̅̅ −  ˇіˌ˔ːі чˋ˔ˎ˃  ɿ ɧɚɣɫɬɚɪɲɢɣ ɫɬɟɩɿɧь  

ɡɦɿɧɧɨʀ ɜ ɱɢɫɟɥьɧɢɤɭ ɦɟɧɲɢɣ ɡɚ ɧɚɣɫɬɚɪɲɢɣ ɫɬɟɩɿɧь ɡɦɿɧɧɨʀ ɜ ɡɧɚɦɟɧɧɢɤɭ, ɬɨɞɿ lim𝑥→∞ ܽଵݔ + ܾଵݔ + ܿଵܽଶݔ + ܾଶݔ + ܿଶ = lim𝑥→∞ −ଵݔሺܽଵݔ + ܾଵሻ + ܿଵݔሺܽଶݔ−ଵ + ܾଶሻ + ܿଶ = 

 = lim𝑥→∞∞ ∙ ሺܽଵ ∙ ∞−ଵ + ܾଵሻ + ܿଵ∞ ∙ ሺܽଶ ∙ ∞−ଵ + ܾଶሻ + ܿଶ = = ∞ ∙ ∞ + ܿଵ∞ ∙ ∞ + ܿଶ = [∞∞]. 
ɍɫɭɧɟɦɨ ɨɬɪɢɦɚɧɭ ɧɟɜɢɡɧɚɱɟɧɿɫɬь ɧɚɫɬɭɩɧɢɦ ɱɢɧɨɦ: lim𝑥→∞ ܽଵݔ + ܾଵݔ + ܿଵܽଶݔ + ܾଶݔ + ܿଶ = lim𝑥→∞ ܽଵݔ + ܾଵݔ + ܿଵݔܽଶݔ + ܾଶݔ + ܿଶݔ = lim𝑥→∞𝑥≠

ܽଵݔݔ + ܾଵݔݔ + ܿଵݔܽଶݔ݊ + ܾଶݔݔ + ܿଶݔ = 
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= lim𝑥→∞𝑥≠
ܽଵݔ− + ܾଵݔ−ଵ + ܿଵݔܽଶ + ܾଶݔ−ଵ + ܿଶݔ = ܽଵ∞− + ܾଵ∞−ଵ + ܿଵ∞ܽଶ + ܾଶ∞−ଵ + ܿଶ∞ = ܽଵ∞ + ܾଵ∞ + ܿଵ∞ܽଶ + ܾଶ∞ + ܿଶ∞ = 

= Ͳ + Ͳ + Ͳܽଶ + Ͳ + Ͳ = Ͳܽଶ = Ͳ. 
Ɉɬɠɟ, ɹɤɳɨ ɧɚɣɫɬɚɪɲɢɣ ɫɬɟɩɿɧь ɡɦɿɧɧɨʀ ɜ ɱɢɫɟɥьɧɢɤɭ ɦɟɧɲɢɣ ɡɚ 

ɧɚɣɫɬɚɪɲɢɣ ɫɬɟɩɿɧь ɡɦɿɧɧɨʀ ɜ ɡɧɚɦɟɧɧɢɤɭ, ɬɨ ɝɪɚɧɢɰɹ ɞɪɨɛɨɜɨɝɨ ɜɢɪɚɡɭ ɩɪɢ 
x ɪɿɜɧɚ ɧɭɥɸ. 

 
 

ɉɪиɤɥɚɞи 10-12. 
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ȱȱ. Ⱦɥɹ ɪɨɡɤɪɢɬɬɹ ɧɟɜɢɡɧɚɱɟɧɨɫɬɿ  ɬɢɩɭ 







0

0
 ɭ ɜɢɩɚɞɤɭ ɪɚɰɿɨɧɚɥьɧɨɝɨ 

ɞɪɨɛɭ ɩɪɢ ɩɪɹɦɭɜɚɧɧɿ x  ɞɨ 0x , ɩɨɬɪɿɛɧɨ ɪɨɡɤɥɚɫɬɢ ɱɢɫɟɥьɧɢɤ ɿ ɡɧɚɦɟɧɧɢɤ ɧɚ 
ɦɧɨɠɧɢɤɢ ɡ ɧɚɫɬɭɩɧɢɦɢ ɫɤɨɪɨɱɟɧɧɹɦɢ. 

 
ɉɪиɤɥɚɞ 13. 
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ȱȱȱ. Ⱦɥɹ ɪɨɡɤɪɢɬɬɹ ɧɟɜɢɡɧɚɱɟɧɨɫɬɿ ɬɢɩɭ 







0

0
 ɭ ɜɢɩɚɞɤɭ ɿɪɪɚɰɿɨɧɚɥьɧɨɝɨ 

ɞɪɨɛɭ ɩɪɢ ɩɪɹɦɭɜɚɧɧɿ x  ɞɨ 0x , ɩɨɬɪɿɛɧɨ ɩɨɡɛɭɜɚɬɢɫɹ ɿɪɪɚɰɿɨɧɚɥьɧɨɫɬɿ ɬɚ 
ɫɩɪɨɫɬɢɬɢ ɜɢɪɚɡ ɩɨ ɦɨɠɥɢɜɨɫɬɿ. 
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ɉɪиɤɥɚɞ 14-15.  
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ȼɢɤɨɪɢɫɬɚɧɧɹ ɩɟɪɲɨʀ «ɱɭɞɨɜɨʀ ɝɪɚɧɢɰɿ» 

 
ɉɪɢ ɡɧɚɯɨɞɠɟɧɧɿ ɝɪɚɧɢɰь ɜɿɞ ɬɪɢɝɨɧɨɦɟɬɪɢɱɧɢɯ ɜɢɪɚɡɿɜ ɩɨɬɪɿɛɧɨ: 

1) ɩɪɨɜɟɫɬɢ ɫɩɪɨɳɟɧɧɹ, 
2) ɩɪɢ ɩɨɬɪɟɛɿ ɜɢɤɨɪɢɫɬɚɬɢ «ɱɭɞɨɜɭ ɝɪɚɧɢɰɸ». 

 

ɉɪиɤɥɚɞи 16-17. 
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Ɂɚɫɬɨɫɭɜɚɧɧɹ ɞɪɭɝɨʀ «ɱɭɞɨɜɨʀ ɝɪɚɧɢɰɿ» 

 

Ⱦɪɭɝɚ ɱɭɞɨɜɚ ɝɪɚɧɢɰɹ: 
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ɉɪиɤɥɚɞи 18-24. 

Ɉɛɱɢɫɥɢɬɢ ɝɪɚɧɢɰɿ. 
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nan , ɩɪɢ a=3, 2, 1. 

 
ɇɟɯɚɣ ɚ =3, ɬɨɞɿ  lim→∞ሺ ͵݊ଶ + ͵݊ − ʹʹ݊ଶ + ͵݊ + ͳ ሻర+ଷ+ଵ+ଵ = lim→∞ሺ ͵݊ଶʹ݊ଶ ሻర = ሺ ͵ʹ ሻ∞ =  ∞. 

 
ɇɟɯɚɣ ɚ = 1, ɬɨɞɿ lim→∞ሺ ݊ଶ + ͵݊ − ʹʹ݊ଶ + ͵݊ + ͳ ሻర+ଷ+ଵ+ଵ = lim→∞ሺ ݊ଶʹ݊ଶ ሻర = ሺ ͳʹ ሻ∞ = Ͳ. 
 
ɇɟɯɚɣ ɚ = 2, ɬɨɞɿ lim→∞ሺ ʹ݊ଶ + ͵݊ − ʹʹ݊ଶ + ͵݊ + ͳ ሻర+ଷ+ଵ+ଵ = lim→∞ሺ ʹ݊ଶʹ݊ଶ ሻర = ሺͳ∞ሻ = 
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= lim→∞ሺͳ + ʹ݊ଶ + ͵݊ − ʹʹ݊ଶ + ͵݊ + ͳ − ͳሻర+ଷ+ଵ+ଵ = = lim→∞ሺͳ + ʹ݊ଶ + ͵݊ − ʹ − ʹ݊ଶ − ͵݊ − ͳʹ݊ଶ + ͵݊ + ͳ ሻర+ଷ+ଵ+ଵ = = lim→∞ሺͳ + −͵ʹ݊ଶ + ͵݊ + ͳሻర+ଷ+ଵ+ଵ = = lim→∞ሺͳ + −͵ʹ݊ଶ + ͵݊ + ͳሻଶమ+ଷ+ଵ−ଷ ∙ర+ଷ+ଵ+ଵ ∙ −ଷଶమ+ଷ+ଵ = = ݁ ୪i୫→∞ −ଷሺర+ଷ+ଵሻሺ+ଵሻ∙ሺଶమ+ଷ+ଵሻ = ݁ ୪i୫→∞−ଷర∙ଶమ = ݁ ୪i୫→∞−ଷరଶయ = ݁−∞ = Ͳ. 
Ɍɚɤɢɦ ɱɢɧɨɦ, ɦɢ ɪɨɡɤɪɢɥɢ ɧɟɜɢɡɧɚɱɟɧɿɫɬь ɬɢɩɭ 1 ɩɪɢ ɨɛɱɢɫɥɟɧɧɿ ɞɚɧɨʀ 

ɝɪɚɧɢɰɿ. 
 



 

 

67 

 

ɁȺȼȾȺɇɇə ȾɈ ɌȿɆɂ 

 

Ɉɛɱɢɫɥɢɬɢ ɝɪɚɧɢɰɿ: 
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 x

xx

x  ʹ͵. lim → ∞ ሺ݊ଷ +  ʹ݊ + ͳሻ ∙ ሺ݊ଶ + ͵݊ − ͳሻ + ʹ݊ଶ݊ሺ݊ + ሻଷ ∙ ሺ݊ − ͵ሻ ; ʹͶ. lim→∞ ሺͷ݊ଶ − ʹ݊ + ͵ሻଶሺ͵݊ − ͳሻ + ͵݊ହሺʹ݊ + ͳሻଶ + ሺ͵݊ + ͳሻଶ ∙ ሺ݊ + ʹሻଷ ; ʹͷ. lim→∞ ሺʹ݊ଶ + ͵݊ − ͳሻ ∙ ሺ͵݊ + ͳሻ + ʹ݊ ∙ ሺ݊ + ʹሻሺ݊ − ሻ ∙ ሺ݊ + ͵ሻ + ݊ ∙ ሺ݊ + ͵ሻଶ ; ʹ. lim→∞ሺ ܽ݊ଷ + ͵݊ʹ݊ሺ݊ଶ + ͳሻ ሻℎሺ+ଶሻయଷ−ଵ , ˒˓ˋ   ܽ = ʹ, ͵, ͳ; ʹ. lim→∞ሺ ܽ݊ଶ + ʹ݊ + ͳሺ݊ + ʹሻ ∙ ሺ݊ − ͵ሻ ሻ್+−ଵమ+ଵ , ˒˓ˋ 

 a = 2, 3, ½;    b = 2, 3, 1\; ʹͺ. lim→∞ሺ ݊ଶ + ͵݊ − ͳ݊ ∙ ሺ݊ + ͳሻ  ሻమ+ଵ ; ʹͻ. lim→∞ሺ ݊ଶ + ʹ݊ + ͳ݊ଶ + ͵  ሻ ; ͵Ͳ. lim→∞ሺ ͵݊ଶ + ͷ͵݊ଶ − Ͷ ሻమ+ଷ ; ͵ͳ. lim→∞  ሺ ʹ݊ଶ + ͺ݊ − ͳͷ݊ଶ + ʹ݊ + ͳ  ሻయ+ଶ+ଵ ; ͵ʹ.  lim𝑥→ଵ ଶݔ + ݔ͵ − Ͷݔ − ͳ ; 
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;
85

273
lim33.

5 3

3 433 2

xx

xxx

x 




 ͵Ͷ. lim𝑥→ଵ ଶݔ − ݔʹ + ͳݔ − ͳ ; 
35. ;

25

5
lim

3 5

3 23

xx

xxx

x 




 

36. ;
64

1252
lim

3

2

4 


 x

xx

x
 

37. ;
345

823
lim

25

25




 xx

xx

x
 

38. ;
1

lim
3

3

1 


 x

xx

x
 

39. ;
423

lim
3 5

4 24 5

xx

xx

x 




 

40. ;
2

8
lim

2

3

2 xx

x

x 



 Ͷͳ. lim𝑥→ሺ ݔଶ + ݔ͵ + ͷݔ + ͷ  ሻଶ𝑥 ; 

Ͷʹ. lim𝑥→ሺ ݔଶ + ݔ + ͳݔ + ͳ  ሻଷ+𝑥𝑥మ ; Ͷ͵. lim𝑥→ sin ݔݔ ; ͶͶ. lim𝑥→ cos͵ݔ + ͳݔ ; Ͷͷ. lim𝑥→ ݔݔʹଶ݊݅ݏ ; Ͷ. lim𝑥→ ଶݔ + ݔ͵ + ͳݔ ; Ͷ. lim𝑥→[ lnሺݔଶ + [ሻݔʹ ; Ͷͺ. lim𝑥→ሺ ݔଷ + ݔʹ + ͷݔଶ + ͵  ሻ𝑥మ+ଷ𝑥+ଶ𝑥 ; Ͷͻ. lim𝑥→ tg ݔݔଶ ; ͷͲ. lim𝑥→ cosͷݔsin ݔ͵ ; ͷͳ. lim𝑥→ ଶݔݔͺ݊݅ݏ ; ͷʹ. lim𝑥→ ଶݔݔଶ݊݅ݏ ; ͷ͵. lim𝑥→ ݔݔʹ݊݅ݏ . 
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4.3. ɇɟɩɟɪɟɪɜɧɿɫɬь ɮɭɧɤɰɿʀ. Ɉɞɧɨɫɬɨɪɨɧɧɿ ɝɪɚɧɢɰɿ 
Ɉɫɧɨɜɧɿ ɨɡɧɚɱɟɧɧɹ 

 

Ƚɪɚɧɢɰɹ ɧɚɡɢɜɚєɬьɫɹ ɥɿɜɨɫɬɨɪɨɧɧьɨɸ (ɩɪɢ ɩɪɹɦɭɜɚɧɧɿ 0xx ), ɹɤɳɨ 
ɡɦɿɧɧɚ x  ɡɚɥɢɲɚєɬьɫɹ ɡɚɜɠɞɢ ɡɥɿɜɚ ɜɿɞ 0x ɿ ɩɨɡɧɚɱɚєɬьɫɹ ).(lim)(lim

000

xfxf
xxxx 

  

Ⱥɧɚɥɨɝɿɱɧɨ ɞɚєɬьɫɹ ɨɡɧɚɱɟɧɧɹ ɩɪɚɜɨɫɬɨɪɨɧɧьɨʀ ɝɪɚɧɢɰɿ : )(lim
00

xf
xx 

. 

ɉɪɢɪɨɫɬɨɦ  ɡɦɿɧɧɨʀ ɧɚɡɢɜɚєɬьɫɹ ɪɿɡɧɢɰɹ ɦɿɠ ɧɚɫɬɭɩɧɢɦ ɿ ɩɨɩɟɪɟɞɧɿɦ 
ɡɧɚɱɟɧɧɹɦ ɡɦɿɧɧɨʀ ɜɟɥɢɱɢɧɢ. ɉɨɡɧɚɱɚєɬьɫɹ: 

.

;

01

01

yyy

xxx




 

ɇɟɯɚɣ ɞɚɧɨ ɮɭɧɤɰɿɸ )(xfy  , ɹɤɚ ɜɢɡɧɚɱɟɧɚ ɜ ɬ. 0xx   ɬɚ ɞɟɹɤɨɦɭ ɨɤɨɥɿ 
ɰɿєʀ ɬɨɱɤɢ.  

ɇɟɯɚɣ  ɡɦɿɧɧɿɣ x ɧɚɞɚɧɨ ɩɪɢɪɿɫɬ x ,ɬɨɞɿ ɮɭɧɤɰɿɹ y ɧɚɛɭɞɟ ɩɪɢɪɨɫɬɭ y . 

).()(

);(

;)()(

xxfyxf

xxfyy

yxfxxf





 

Ɏɭɧɤɰɿɹ )(xfy   ɜɢɡɧɚɱɟɧɚ ɜ ɞɟɹɤɿɣ ɬɨɱɰɿ 0x  ɬɚ ʀʀ ɨɤɨɥɿ ɧɚɡɢɜɚєɬьɫɹ 
ɧɟɩɟɪɟɪɜɧɨɸ ɜ ɬɨɱɰɿ 0x , ɹɤɳɨ ɧɟɫɤɿɧɱɟɧɧɨ ɦɚɥɨɦɭ ɩɪɢɪɨɫɬɭ ɡɦɿɧɧɨʀ ɯ ɜ ɬɨɱɰɿ

0x  ɜɿɞɩɨɜɿɞɚє ɧɟɫɤɿɧɱɟɧɨ ɦɚɥɢɣ ɩɪɢɪɿɫɬ ɮɭɧɤɰɿʀ, ɬɨɛɬɨ 0lim
0




y
x

. Ɂɜɿɞɤɢ 

)()(lim 0
0

xfxf
xx




, ɚɛɨ 0)]()([lim 00
0




xfxxf
x

, ɚɛɨ  ).()(lim 00
0

xfxxf
x




 

Тɟɨɪɟɦɚ: ȿɥɟɦɟɧɬɚɪɧɿ ɮɭɧɤɰɿʀ ɧɟɩɟɪɟɪɜɧɿ ɜ ɤɨɠɧɿɣ ɬɨɱɰɿ ɨɛɥɚɫɬɿ 
ɜɢɡɧɚɱɟɧɧɹ  ɰɢɯ ɮɭɧɤɰɿɣ. 

əɤɳɨ ɮɭɧɤɰɿɹ )(xfy   ɧɟɩɟɪɟɪɜɧɚ ɜ ɤɨɠɧɿɣ ɬɨɱɰɿ ɩɪɨɦɿɠɤɭ [a,b], ɬɨ ɜɨɧɚ 
ɧɚɡɢɜɚєɬьɫɹ ɧɟɩɟɪɟɪɜɧɨɸ ɧɚ ɰьɨɦɭ ɩɪɨɦɿɠɤɭ. 

 
Ɍɨɛɬɨ )(xfy   є ɧɟɩɟɪɟɪɜɧɨɸ ɜ ɬɨɱɰɿ x = 0x , ɹɤɳɨ: 
1. Ɏɭɧɤɰɿɹ ɜɢɡɧɚɱɟɧɚ ɜ ɰɿɣ ɬɨɱɰɿ, ɬɨɛɬɨ ɿɫɧɭє )( 0xf ; 

2. ȱɫɧɭɸɬь ɫɤɿɧɱɟɧɧɿ ɥɿɜɨɫɬɨɪɨɧɧɹ ɬɚ ɩɪɚɜɨɫɬɨɪɨɧɧɹ ɝɪɚɧɢɰɿ ɰɿєʀ 
ɮɭɧɤɰɿʀ ɩɪɢ 0xx : 

 axf
xx




)(lim
0

, 

 bxf
xx




)(lim
0

; 

3. ɐɿ ɝɪɚɧɢɰɿ ɪɿɜɧɿ ɦɿɠ ɫɨɛɨɸ ɿ ɞɨɪɿɜɧɸɸɬь ɡɧɚɱɟɧɧɸ ɮɭɧɤɰɿɣ ɜ ɰɿɣ 
ɬɨɱɰɿ; ɬɨɛɬɨ a = b= )( 0xf . 

əɤɳɨ ɧɟ ɜɢɤɨɧɭєɬьɫɹ ɯɨɱɚ ɛ ɨɞɧɚ ɡ ɰɢɯ ɭɦɨɜ, ɬɨ ɤɚɠɭɬь, ɳɨ ɮɭɧɤɰɿɹ ɜ 
ɬɨɱɰɿ 0xx   ɦɚє ɪɨɡɪɢɜ, ɚ ɬɨɱɤɚ x = 0x  ɧɚɡɢɜɚєɬьɫɹ ɬɨɱɤɨɸ ɪɨɡɪɢɜɭ. 
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Ʉɥɚɫɢɮɿɤɚɰɿɹ ɬɨɱɨɤ ɪɨɡɪɢɜɭ ɮɭɧɤɰɿɣ 

 
əɤɳɨ ɮɭɧɤɰɿɹ ɜ ɬɨɱɰɿ x= 0x є ɧɟɜɢɡɧɚɱɟɧɨɸ, ɚɥɟ ɿɫɧɭɸɬь ɫɤɿɧɱɟɧɧɿ 

ɥɿɜɨɛɿɱɧɚ ɬɚ ɩɪɚɜɨɛɿɱɧɚ ɝɪɚɧɢɰɿ ɮɭɧɤɰɿʀ, ɿ ɜɨɧɢ ɪɿɜɧɿ, ɬɨ ɤɚɠɭɬь, ɳɨ ɮɭɧɤɰɿɹ ɦɚє  
ɭɫɭɜɧɢɣ ɪɨɡɪɢɜ (ɧɟ ɜɢɤɨɧɭєɬьɫɹ ɩɭɧɤɬ 1). 

əɤɳɨ ɿɫɧɭɸɬь ɫɤɿɧɱɟɧɧɿ ɥɿɜɨɫɬɨɪɨɧɧɹ ɬɚ ɩɪɚɜɨɫɬɨɪɨɧɧɹ ɝɪɚɧɢɰɿ ɮɭɧɤɰɿʀ, 
ɚɥɟ ɜɨɧɢ ɧɟ ɪɿɜɧɿ, ɬɨ  ɮɭɧɤɰɿɹ ɦɚє  ɬɨɱɤɭ ɪɨɡɪɢɜɭ ɩɟɪɲɨɝɨ ɪɨɞɭ –ɫɤɚɱɨɤ (ɧɟ 
ɜɢɤɨɧɭєɬьɫɹ ɩɭɧɤɬ 3). 

əɤɳɨ ɚɛɨ ɥɿɜɨɫɬɨɪɨɧɧɹ, ɚɛɨ ɩɪɚɜɨɫɬɨɪɨɧɧɹ, ɚɛɨ ɨɛɢɞɜɿ ɰɿ ɝɪɚɧɢɰɿ є 
ɧɟɫɤɿɧɱɟɧɧɢɦɢ, ɬɨ ɬɚɤɚ ɬɨɱɤɚ є ɬɨɱɤɨɸ  ɪɨɡɪɢɜɭ ɞɪɭɝɨɝɨ ɪɨɞɭ. Ɏɭɧɤɰɿɹ ɦɚє 
ɧɟɫɤɿɧɱɟɧɧɢɣ ɪɨɡɪɢɜ (ɧɟ ɜɢɤɨɧɭєɬьɫɹ ɩɭɧɤɬ 2). 

 

ɉɪиɤɥɚɞи 1-3. 

1. Ɏɭɧɤɰɿɹ 
x

x
y

sin
  ɜ ɬɨɱɰɿ 0x  ɦɚє ɭɫɭɜɧɢɣ ɪɨɡɪɢɜ.  

ȼɿɞɨɦɨ, ɳɨ 1
sin

lim
0


 x

x

x
, ɬɨɛɬɨ 

1
sin

lim
0


 x

x

x
, 1

sin
lim

0


 x

x

x
.  

əɤɳɨ ɡɚɩɢɫɚɬɢ  












0,1

0,
sin

x

x
x

x

y , ɬɨ ɰɹ ɮɭɧɤɰɿɹ ɜɠɟ ɛɭɞɟ ɧɟɩɟɪɟɪɜɧɨɸ ɜ ɬɨɱɰɿ 0x , ɬɨɛɬɨ 

ɪɨɡɪɢɜ ɭɫɭɧɭɬɨ. 
 

2. Ⱦɨɫɥɿɞɢɦɨ  ɮɭɧɤɰɿɸ x

y
 3

2

4  ɧɚ ɧɟɩɟɪɟɪɜɧɿɫɬь. ܦሺݕሻ: ݔ ∈ ሺ−∞;͵ሻ ∪ ሺ͵; +∞ሻ. 
Ɂɧɚɣɞɟɦɨ ɨɞɧɨɫɬɨɪɨɧɧɿ ɝɪɚɧɢɰɿ ɜ ɬɨɱɰɿ, ɞɟ ɜɨɧɚ ɧɟ ɜɢɡɧɚɱɟɧɚ: 

;4lim 3

2

3




x

x
 

04lim 3

2

3




x

x
, ɛɨ „ 0

2

4  “=„ 4 “=„
4

1 “=„

1 “= 0. 

Ɉɬɠɟ, 3x  є ɬɨɱɤɨɸ ɪɨɡɪɢɜɭ ɞɪɭɝɨɝɨ ɪɨɞɭ. 
 ɓɨɛ ɩɨɛɭɞɭɜɚɬɢ ɫɯɟɦɚɬɢɱɧɢɣ ɝɪɚɮɿɤ ɰɿєʀ ɮɭɧɤɰɿʀ, ɡɧɚɣɞɟɦɨ ɝɪɚɧɢɰɿ  

14lim 3

2





x

x
,  

14lim 3

2





x

x
. 
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3. Ⱦɨɫɥɿɞɢɬɢ ɧɚ ɧɟɩɟɪɟɪɜɧɿɫɬь ɮɭɧɤɰɿɸ 















.2,4

;20,1

;0,2

2
xx

xx

x

y

x

. 

Ɏɭɧɤɰɿɹ x
y 2  є ɧɟɩɟɪɟɪɜɧɨɸ ɧɚ ɜɫɿɣ ɱɢɫɥɨɜɿɣ ɨɫɿ, ɨɬɠɟ ɿ ɞɥɹ 0x ; 

1 xy  ɬɟɠ є ɧɟɩɟɪɟɪɜɧɚ ɧɚ ɩɪɨɦɿɠɤɭ (0;2], ɹɤ ɿ ɮɭɧɤɰɿɹ 24 xy   ɩɪɢ 2x .  

Ⱦɨɫɥɿɞɢɦɨ ɞɚɧɭ ɮɭɧɤɰɿɸ ɧɚ ɧɟɩɟɪɟɪɜɧɿɫɬь ɜ ɬɨɱɤɚɯ ɫɬɢɤɭ 00 x  ɬɚ 
20 x . Ⱦɥɹ ɰьɨɝɨ ɡɧɚɣɞɟɦɨ 12lim

0




x

x
, 1)1(lim

0



x

x
. Ɉɞɟɪɠɢɦɨ 121 0  ba , 

)0(fba  .  

Ɉɬɠɟ, ɜ ɬɨɱɰɿ 00 x  ɮɭɧɤɰɿɹ є ɧɟɩɟɪɟɪɜɧɨɸ. 

 
Ɂɧɚɣɞɟɦɨ 3)1(lim

2



x

x
, 0)4(lim 2

2



x

x
, ɛɚɱɢɦɨ, ɳɨ a b, ɬɨɦɭ ɮɭɧɤɰɿɹ 

ɦɚє ɬɨɱɤɭ ɪɨɡɪɢɜɭ 20 x , ɩɪɢɱɨɦɭ ɰɟ ɪɨɡɪɢɜ ɩɟɪɲɨɝɨ ɪɨɞɭ – ɫɤɚɱɨɤ, ɜɟɥɢɱɢɧɚ 
ɫɤɚɱɤɚ .330   
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ɁȺȼȾȺɇɇə ȾɈ ɌȿɆɂ 

 

Ⱦɨɫɥɿɞɢɬɢ ɮɭɧɤɰɿɸ ɧɚ ɧɟɩɟɪɟɪɜɧɿɫɬь: ͳ.  ݕ = ݔ − ͳݔ + Ͷ ݕ  .ʹ ; = ݔ + ͳʹݔ + Ͷ ݕ  .͵ ; = ݔ − ݔʹ − ͵ ; Ͷ.  ݕ = ݔ − ͳݔଶ + Ͷ ; ͷ.  ݕ = ͳݔଶ − Ͷ ; .  ݕ = ݔ − ଶݔʹ − ͳ ; .  ݕ = ݔ + ͳݔଶ − ͻ ; ͺ.  ݕ = ʹ ଷ𝑥+ଷ; ͻ.  ݕ = ʹ ଵ𝑥−ଶ; ͳͲ.  ݕ = ͵ ଷହ−𝑥; ͳͳ.  ݕ = (ͳʹ) ଷ𝑥−ଵ ; ͳʹ.  ݕ = { ݔ яˍщˑ   ,ݔ ≤ Ͳ;ݔ + ͵,   яˍщˑ ݔ > Ͳ. ͳ͵.  ݕ = { ݔ − ʹ,   яˍщˑ ݔ ≤ Ͳ;ݔଶ + ͵,   яˍщˑ ݔ > Ͳ. ͳͶ.  ݕ = { ݔ + ͳ,   яˍщˑ ݔ ≤ Ͳ;ݔଷ,   яˍщˑ Ͳ < ݔ ≤ ݔ;͵ + ʹͶ,   яˍщˑ ݔ > ͵. 
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V. ȾɂɎȿɊȿɇɐȱȺɅЬɇȿ ɑɂɋɅȿɇɇə 

 

5.1. ɉɨɯɿɞɧɚ ɮɭɧɤɰɿʀ 
 

Ⱦɢɮɟɪɟɧɰɿɣɨɜɚɧɿɫɬь ɮɭɧɤɰɿʀ. 
Ɉɡɧɚɱɟɧɧɹ ɩɨɯɿɞɧɨʀ ɮɭɧɤɰɿʀ ɨɞɧɿєʀ ɡɦɿɧɧɨʀ 

 

ɇɟɯɚɣ ɮɭɧɤɰɿɹ )(xfy   ɜɢɡɧɚɱɟɧɚ ɧɚ ɿɧɬɟɪɜɚɥɿ (a;b). Ɂɚɮɿɤɫɭєɦɨ ɞɟɹɤɟ 
ɡɧɚɱɟɧɧɹ 0xx   ɿ ɜɿɡьɦɟɦɨ ɧɨɜɟ ɡɧɚɱɟɧɧɹ 1xx   (  baxx ,, 10  ). ɉɨɡɧɚɱɢɦɨ 
ɩɪɢɪɿɫɬ ɚɪɝɭɦɟɧɬɭ ɱɟɪɟɡ 01 xxx  . Ɂɧɚɣɞɟɦɨ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿʀ ɜ ɬɨɱɰɿ 1x : 

)()( 011 xxfxfy   

ɿ ɩɪɢɪɿɫɬ ɮɭɧɤɰɿʀ  
)()( 0001 xfxxfyyy  . 

ɉɨɯɿɞɧɨɸ ɮɭɧɤɰɿʀ ɨɞɧɿєʀ ɡɦɿɧɧɨʀ ɜ ɞɚɧɿɣ ɬɨɱɰɿ 0x , ɚɛɨ ɡɜɢɱɚɣɧɨɸ 
ɩɨɯɿɞɧɨɸ, ɧɚɡɢɜɚєɬьɫɹ ɝɪɚɧɢɰɹ ɜɿɞɧɨɲɟɧɧɹ ɩɪɢɪɨɫɬɭ ɮɭɧɤɰɿʀ ɞɨ ɩɪɢɪɨɫɬɭ 
ɚɪɝɭɦɟɧɬɭ, ɤɨɥɢ ɩɪɢɪɿɫɬ ɚɪɝɭɦɟɧɬɭ ɩɪɹɦɭє ɞɨ ɧɭɥɹ. 

)()(
)()(

limlim 00
00

00
xyxf

x

xfxxf

x

y

xx











 

Ɉɩɟɪɚɰɿɹ ɡɧɚɯɨɞɠɟɧɧɹ ɩɨɯɿɞɧɨʀ ɮɭɧɤɰɿʀ ɧɚɡɢɜɚєɬьɫɹ ɞɢɮɟɪɟɧɰɿɸɜɚɧɧɹɦ 
ɮɭɧɤɰɿʀ. 

əɤɳɨ ɮɭɧɤɰɿɹ )(xfy   ɜ ɬɨɱɰɿ 0xx   ɦɚє ɩɨɯɿɞɧɭ, ɬɨ ɤɚɠɭɬь, ɳɨ ɜɨɧɚ 
ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɚ ɜ ɬɨɱɰɿ 0x . 

əɤɳɨ ɮɭɧɤɰɿɹ )(xfy   ɦɚє ɩɨɯɿɞɧɿ ɜ ɤɨɠɧɿɣ ɬɨɱɰɿ ɿɧɬɟɪɜɚɥɭ (a;b), ɬɨ 
ɤɚɠɭɬь, ɳɨ ɜɨɧɚ ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɚ ɧɚ ɿɧɬɟɪɜɚɥɿ (a;b).  

 

Тɟɨɪɟɦɚ. əɤɳɨ ɮɭɧɤɰɿɹ )(xfy   є ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɨɸ ɜ ɬɨɱɰɿ 0xx  , ɬɨ 
ɜɨɧɚ є ɧɟɩɟɪɟɪɜɧɨɸ ɜ ɰɿɣ ɬɨɱɰɿ. 
Ɉɛɟɪɧɟɧɟ ɬɜɟɪɞɠɟɧɧɹ ɧɟ є ɿɫɬɢɧɧɢɦ. 

Ⱦɨɜɟɞɟɧɧɹ: əɤɳɨ ɮɭɧɤɰɿɹ )(xfy   є ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɨɸ ɜ ɬɨɱɰɿ 0xx  , 

ɬɨ ɿɫɧɭє ɝɪɚɧɢɰɹ  y
x

y

x





 0
lim . ɉɪɢɪɿɫɬ ɮɭɧɤɰɿʀ ɦɨɠɧɚ ɩɪɟɞɫɬɚɜɢɬɢ ɭ ɜɢɝɥɹɞɿ 

xxyy   , ɞɟ   - ɧɟɫɤɿɧɱɟɧɧɨ ɦɚɥɚ ɜɟɥɢɱɢɧɚ.Ɍɨɞɿ 
0)(limlim

00



xxyy

xx

 . 

əɤɳɨ 0lim
0




y
x

, ɬɨ ɮɭɧɤɰɿɹ є ɧɟɩɟɪɟɪɜɧɨɸ. Ɍɟɨɪɟɦɚ ɞɨɜɟɞɟɧɚ. 

 
Ƚɟɨɦɟɬɪɢɱɧɢɣ ɡɦɿɫɬ ɩɨɯɿɞɧɨʀ 

 

Ɋɨɡɝɥɹɧɟɦɨ ɮɭɧɤɰɿɸ )(xfy  , ɹɤɚ є ɧɟɩɟɪɟɪɜɧɨɸ ɧɚ ɞɟɹɤɨɦɭ ɿɧɬɟɪɜɚɥɿ 
(a;b), ɚ ɭ ɜɧɭɬɪɿɲɧɿɣ ɬɨɱɰɿ  0x  ɦɚє ɩɨɯɿɞɧɭ )( 0xy . 
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 )(lim
0

xy
x

y

x






. Ɂ KMM 01 : 

x

y

KM

KM
tg





0

1 . 

ɇɟɯɚɣ 0x ,ɬɨɞɿ ɬ. 1M  ɛɭɞɟ ɧɚɦɚɝɚɬɢɫь ɡɚɣɧɹɬɢ ɩɨɥɨɠɟɧɧɹ ɬ. 0M , ɚ 
ɯɨɪɞɚ 10MM – ɩɨɥɨɠɟɧɧɹ ɞɨɬɢɱɧɨʀ TM 0 ɞɨ ɝɪɚɮɿɤɚ ɮɭɧɤɰɿʀ )(xfy   ɜ ɬɨɱɰɿ 0x

. Ɉɬɠɟ, tg
x

TK

x

y

x








 0
lim ,  tgxy  )( 0 . 

 
Ɍɨɛɬɨ, ɡɧɚɱɟɧɧɹ ɩɨɯɿɞɧɨʀ ɮɭɧɤɰɿʀ ɜ 

ɬɨɱɰɿ 0x  ɞɨɪɿɜɧɸє ɬɚɧɝɟɧɫɭ ɤɭɬɚ, ɳɨ 
ɭɬɜɨɪɸє ɞɨɬɢɱɧɚ, ɩɪɨɜɟɞɟɧɚ ɞɨ ɤɪɢɜɨʀ ɜ 
ɰɿɣ ɬɨɱɰɿ ɡ ɞɨɞɚɬɧɿɦ ɧɚɩɪɹɦɨɦ ɨɫɿ Ɉx. ɐɟ ɿ 
є ɝɟɨɦɟɬɪɢɱɧɢɣ ɡɦɿɫɬ ɩɨɯɿɞɧɨʀ. 

 
ɬ.  000 , yxM ; 

 ɬ.  ;, 00 yxxK   

 ɬ.  ;, 001 yyxxM   

 );( 00 xfy   

  .)( 00 xfyxfy   

 
 

 
Ɋɿɜɧɹɧɧɹ ɞɨɬɢɱɧɨʀ 

 
Ɂɚɩɢɲɟɦɨ ɪɿɜɧɹɧɧɹ ɞɨɬɢɱɧɨʀ, ɩɪɨɜɟɞɟɧɨʀ ɞɨ ɤɪɢɜɨʀ )(xfy   ɜ ɬɨɱɰɿ 

0xx  . ɋɤɨɪɢɫɬɚєɦɨɫь ɪɿɜɧɹɧɧɹɦ )( 00 xxkyy  , ɞɟ )( 0xytgk   . Ɍɨɞɿ 
))(( 000 xxxyyy  . 

 
ɉɨɯɿɞɧɿ ɞɟɹɤɢɯ ɟɥɟɦɟɧɬɚɪɧɢɯ ɮɭɧɤɰɿɣ 

 

Ⱦɨɜɟɞɟɦɨ, ɳɨ ɹɤɳɨ: 
xy sin  , ɬɨ xx cos)(sin  ; 

xy cos , ɬɨ xx sin)(cos  ; 

xy alog , ɬɨ 
ax

xa
ln

1
)(log  ; 

xy ln , ɬɨ 
x

x
1

)(ln  . 

Ɋɨɡɝɥɹɧɟɦɨ ɮɭɧɤɰɿɸ xy sin . ɋɤɨɪɢɫɬɚєɦɨɫь ɨɡɧɚɱɟɧɧɹɦ ɩɨɯɿɞɧɨʀ, 

ɬɨɛɬɨ 
x

xfxxf
y

x 





)()(
lim

0
. 



 

 

75 

 
















 x

xxxxxx

x

xxx
y

xx

2
sin

2
cos2

lim
)sin()sin(

lim
00

 

x
x

x
x

x

x
cos

2
2

2
cos

2
sin2

lim
0











 







, .1

2

2
sin

lim
0






 x

x

x

  

Ⱥɧɚɥɨɝɿɱɧɨ ɦɨɠɧɚ ɞɨɜɟɫɬɢ, ɳɨ xx sin)(cos  . 

Ɍɭɬ ɜɢɤɨɪɢɫɬɚɧɨ ɩɟɪɲɭ «ɱɭɞɨɜɭ ɝɪɚɧɢɰɸ» ( 1
sin

lim
0


 




). 

ɇɟɯɚɣ xy ln . Ⱦɨɜɟɞɟɦɨ, ɳɨ )(ln  xy =
x

1
, 







 

















x

xxx x

xx

x

xx

xx

xxx
y

1

000
lnlimln

1
lim

)ln()ln(
lim  

.
1

ln1limln
1

1

0 x
e

x

x
x

x

x

x

x





















 





  

Ɍɭɬ ɜɢɤɨɪɢɫɬɚɧɨ ɞɪɭɝɭ «ɱɭɞɨɜɭ ɝɪɚɧɢɰɸ» (   e






1

0
1lim ). 

ɇɟɯɚɣ xy alog , ɬɨɞɿ 

.
ln

1
log

1
log1limlog

loglimlog
1

lim
)(log)(log

lim

1

1

0

1

000

ax
e

x
e

x

x

x

xx

x

xx

xx

xxx
y

a
x

a

x

x

x

x
a

x

a
x

a
x

aa

x





















 








 





















 

 
ɉɪɚɜɢɥɚ ɞɢɮɟɪɟɧɰɿɸɜɚɧɧɹ 

 

Ⱦɨɜɟɞɟɦɨ, ɳɨ  
1. 1)( x . ɋɤɨɪɢɫɬɚєɦɨɫь ɨɡɧɚɱɟɧɧɹɦ ɩɨɯɿɞɧɨʀ. əɤɳɨ xy  , ɬɨ y

.1lim
0





 x

xxx

x  
 
2. 0)( c (c=const). 

cy  , y 0lim
0





 x

cc

x
. 
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3. .)( uccu   

cuy  , y uc
x

u
c

x

uc

x

cuuccu

x

cuuuc

xxxx


















 0000
limlimlim

)(
lim . 

 
4. ɉɨɯɿɞɧɚ ɫɭɦɢ ɞɟɤɿɥьɤɨɯ ɮɭɧɤɰɿɣ ɞɨɪɿɜɧɸє ɫɭɦɿ ɩɨɯɿɞɧɢɯ ɰɢɯ ɮɭɧɤɰɿɣ. 

ɇɟɯɚɣ vuy  , ɬɨɞɿ ɡɚ ɨɡɧɚɱɟɧɧɹɦ: 

vu
x

v

x

u

x

vu
y

xxx














 000

limlimlim .  

Ɉɬɠɟ vuvu  )( . 

 
5. Ⱦɨɜɟɞɟɦɨ, ɳɨ uvvuvu  )( . 

ɇɟɯɚɣ vuy  , ɬɨɞɿ  















 x

uvvuvuuvuv

x

uvvvuu

x

y
y

xxx 000
lim

))((
limlim  

uvvuv
x

u
u

x

v
v

x

u

x
















)(lim
0

, ɨɫɤɿɥьɤɢ ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɚ ɮɭɧɤɰɿɹ

)(xvv   є ɧɟɩɟɪɟɪɜɧɨɸ ɭ ɬɨɱɰɿ x , ɨɬɠɟ   .0lim
0




xv
x  

 

6. Ⱦɨɜɟɞɟɦɨ, ɳɨ 
2

v

vuvu

v

u 











. 

əɤɳɨ 
v

u
y  , ɬɨ ɜɪɚɯɨɜɭɸɱɢ ɳɨ 

     
x

xf

x

xfxxf
y

xx 








 00
limlim , ɦɚєɦɨ (ɩɪɢ 

   
 xv

xu
xf  ). 

 
 

 
 

                 
   

          

            
   
  

   
  

       
  

.

}
11

11
{lim

1
lim

1
lim

2

22

0

0

0

xv

xuxvxvxu

xv

xuxv

xv

xvxu

xxvxv
xuxuxvxxv

x

xxvxv
xvxuxxu

x

xxvxv

xuxvxuxxvxuxvxxuxv

x

xv

xu

xxv

xxu

x
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x

x
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Ɍɭɬ ɜɪɚɯɨɜɚɧɨ, ɳɨ    xvxxv
x


 0

lim . 

 
7. Ɂɧɚɣɞɟɦɨ ɩɨɯɿɞɧɭ ɮɭɧɤɰɿʀ tgxy  .  

.
cos

sin

x

x
tgxy   ɋɤɨɪɢɫɬɚєɦɨɫь ɮɨɪɦɭɥɨɸ ,

2
v

vuvu

v

u 










 ɬɨɞɿ ɨɞɟɪɠɢɦɨ  

xx

xx

x

xxxx
y

22

22

2 cos

1

cos

sincos

cos

sin)(coscos)(sin






 , ɨɬɠɟ, 

.
cos

1
)(

2
x

tgx   

Ⱥɧɚɥɨɝɿɱɧɨ ɞɨɜɨɞɢɬьɫɹ ɿ ɧɚɫɬɭɩɧɚ ɮɨɪɦɭɥɚ:  
x

ctgx
2sin

1
)(  . 

 
ɉɨɯɿɞɧɚ ɫɤɥɚɞɧɨʀ ɮɭɧɤɰɿʀ 

 

Ɋɨɡɝɥɹɧɟɦɨ ɫɤɥɚɞɧɭ ɮɭɧɤɰɿɸ )(ufy  , ɞɟ )(xu  , x - ɧɟɡɚɥɟɠɧɚ ɡɦɿɧɧɚ, u - 

ɩɪɨɦɿɠɤɨɜɚ ɡɦɿɧɧɚ. 
 

Тɟɨɪɟɦɚ. əɤɳɨ ɮɭɧɤɰɿɹ )(x ɦɚє ɩɨɯɿɞɧɭ ɜ ɞɟɹɤɿɣ ɬɨɱɰɿ x , ɬɨɛɬɨ ɿɫɧɭє )(x 
, ɚ ɮɭɧɤɰɿɹ )(uf ɦɚє ɩɨɯɿɞɧɭ )(uf  ɭ ɜɿɞɩɨɜɿɞɧɿɣ ɬɨɱɰɿ )(xu  , ɬɨɞɿ ɫɤɥɚɞɧɚ 
ɮɭɧɤɰɿɹ )(ufy  ɬɟɠ ɦɚє ɩɨɯɿɞɧɭ ɭ ɰɿɣ ɬɨɱɰɿ x , ɹɤɚ ɞɨɪɿɜɧɸє ɞɨɛɭɬɤɭ ɩɨɯɿɞɧɨʀ 
ɰɿєʀ ɮɭɧɤɰɿʀ ɩɨ ɩɪɨɦɿɠɤɨɜɿɣ ɡɦɿɧɧɿɣ ɧɚ ɩɨɯɿɞɧɭ ɜɿɞ ɩɪɨɦɿɠɤɨɜɨʀ ɡɦɿɧɧɨʀ ɩɨ 
ɧɟɡɚɥɟɠɧɿɣ ɡɦɿɧɧɿɣ, ɬɨɛɬɨ: xux uyy  . 

Ⱦɨɜɟɞɟɧɧɹ. Ɂ ɭɦɨɜɢ ɬɟɨɪɟɦɢ ɦɨɠɧɚ ɡɚɩɢɫɚɬɢ u
u

y
u

y 



 0
lim .Ɂɜɿɞɫɢ uy

u

y 



+ , 

uuyy u    (ɹɤɳɨ 0x , ɬɨ 0u ). ɉɨɞɿɥɢɦɨ ɥɿɜɭ ɿ ɩɪɚɜɭ ɱɚɫɬɢɧɢ 

ɨɫɬɚɧɧьɨʀ ɪɿɜɧɨɫɬɿ ɧɚ x , ɬɨɞɿ ɨɞɟɪɠɢɦɨ 
x

u

x

u
y

x

y
u 









   ɿ ɩɟɪɟɣɲɨɜɲɢ ɜ 

ɰɿɣ ɪɿɜɧɨɫɬɿ ɞɨ ɝɪɚɧɢɰɿ ɩɪɢ 0x , ɬɚ ɜɪɚɯɭɜɚɜɲɢ, ɳɨ  - ɧɟɫɤɿɧɱɟɧɧɨ ɦɚɥɚ (
0 ), ɨɞɟɪɠɢɦɨ: xux uyy  . 

 
Зɚɭɜɚɠɟɧɧɹ: ɹɤɳɨ ɫɤɥɚɞɧɚ ɮɭɧɤɰɿɹ ɦɿɫɬɢɬь ɤɿɥьɤɚ ɩɪɨɦɿɠɤɨɜɢɯ ɡɦɿɧɧɢɯ (

)(ufy  , )(xu  , )(tx  ) , ɬɨɞɿ txut xuyy  . 

 
ɉɪиɤɥɚɞи 1-2. 

1. )ln(sin xy  , 

ctgx
x

x
x

x
y 

sin

cos
)(sin

sin

1
. 
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2. )2ln(sin xy  , 

xctg
x

x
x

x
y 22

2sin

2cos
2)2(sin

2sin

1
 . 

 

ɉɨɯɿɞɧɿ ɫɬɟɩɟɧɟɜɨʀ ɬɚ ɩɨɤɚɡɧɢɤɨɜɨʀ ɮɭɧɤɰɿɣ 

 

Ɋɨɡɝɥɹɧɟɦɨ ɫɬɟɩɟɧɟɜɭ ɮɭɧɤɰɿɸ ɜɢɞɭ: 
xy  . 

ɉɪɨɥɨɝɚɪɢɮɦɭєɦɨ ɥɿɜɭ ɿ ɩɪɚɜɭ ɱɚɫɬɢɧɢ ɰɿєʀ ɪɿɜɧɨɫɬɿ, ɨɞɟɪɠɢɦɨ: 
xy lnln  .  

Ɂɧɚɣɞɟɦɨ y . Ɉɞɟɪɠɢɦɨ 
x

y
y

11  ,  ɡɜɿɞɤɢ 111    xx
x

y
x

y . 

Ɍɚɤɢɦ ɱɢɧɨɦ, ɩɨɯɿɞɧɚ ɫɬɟɩɟɧɟɜɨʀ ɮɭɧɤɰɿʀ ɨɛɱɢɫɥɸєɬьɫɹ ɡɚ ɮɨɪɦɭɥɨɸ
1)(  aa

xax . Ⱥɧɚɥɨɝɿɱɧɨ ɡɧɚɣɞɟɦɨ ɩɨɯɿɞɧɭ ɩɨɤɚɡɧɢɤɨɜɨʀ ɮɭɧɤɰɿʀ: x
ay  ,

 1,0  aa . 

1. Ʌɨɝɚɪɢɮɦɭєɦɨ: axy lnln  . 

2. Ⱦɢɮɟɪɟɧɰɿɸєɦɨ: ay
y

ln
1

 , ɡɜɿɞɤɢ aaayy
x lnln  . 

Ɉɬɠɟ, ɩɨɯɿɞɧɚ ɩɨɤɚɡɧɢɤɨɜɨʀ ɮɭɧɤɰɿʀ ɨɛɱɢɫɥɸєɬьɫɹ ɡɚ ɮɨɪɦɭɥɨɸ 
aaa

xx ln)(  . 

Ɂɚɭɜɚɠɢɦɨ, ɳɨ xx
ee )( ,  ɨɫɤɿɥьɤɢ 1ln e . 

 
ɉɪиɤɥɚɞи 3-4. 

Ɂɧɚɣɬɢ ɩɨɯɿɞɧɿ ɮɭɧɤɰɿɣ. 
 

3. 2
1

xxy  , 

x
xxy

2

1

2

1

2

1
2

1
2

1
1

 
, ɨɬɠɟ 

x
x

2

1
)(  . 

 

4. 3
2

3 2 )2(sin2sin xxy  , 

3

3

1
1

3

2

2sin3

2cos4
22cos)2(sin

3

2
)2(sin)2(sin

3

2

x

x
xxxxy 


. 

 
ɉɨɯɿɞɧɚ ɫɤɥɚɞɧɨʀ ɫɬɟɩɟɧɟɜɨ-ɩɨɤɚɡɧɢɤɨɜɨʀ ɮɭɧɤɰɿʀ 

 

Ɋɨɡɝɥɹɧɟɦɨ ɮɭɧɤɰɿɸ v
uy  , ɞɟ u  ɿ v  є ɮɭɧɤɰɿʀ ɜɿɞ x . 

 
1. ɉɪɨɥɨɝɚɪɢɮɦɭєɦɨ ɥɿɜɭ ɿ ɩɪɚɜɭ ɱɚɫɬɢɧɢ ɪɿɜɧɨɫɬɿ: 

uvy lnln  . 
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2. ɉɪɨɞɢɮɟɪɟɧɰɿɸєɦɨ ɩɨ x  ɥɿɜɭ ɿ ɩɪɚɜɭ ɱɚɫɬɢɧɢ ɨɞɟɪɠɚɧɨʀ ɪɿɜɧɨɫɬɿ: 

u
u

vuvy
y


1

ln
1

. 

 
3. Ɂɧɚɣɞɟɦɨ y  ɡ ɨɬɪɢɦɚɧɨɝɨ ɜɢɳɟ ɪɿɜɧɹɧɧɹ: 

uuvvuuuu
u

vuvyu
u

vuvy
vvv  1ln)

1
ln()

1
ln( . Ɉɞɟɪɠɢɦɨ 

  uuvvuuu
vvv 

 1ln . 

 
ɉɪиɤɥɚɞ 5. 

Ɂɧɚɣɬɢ ɩɨɯɿɞɧɭ ɮɭɧɤɰɿʀ: x
xy

sin . 
Ɂɝɿɞɧɨ ɚɥɝɨɪɢɬɦɭ: 
1. xxy lnsinln  ,  

2. 
x

xxxy
y

1
sinlncos

1
 , 

3. 
x

x
x

xxxy
sin)

1
sinln(cos  . 

Ɍɚɤɢɣ ɦɟɬɨɞ ɞɢɮɟɪɟɧɰɿɸɜɚɧɧɹ ɜɢɤɨɪɢɫɬɨɜɭɸɬь ɿ ɭ ɜɢɩɚɞɤɚɯ, ɞɟ є ɛɿɥьɲɟ, 
ɧɿɠ ɞɜɚ ɫɩɿɜɦɧɨɠɧɢɤɢ ɭ ɡɚɩɢɫɿ ɮɭɧɤɰɿʀ.  

 
ɉɪиɤɥɚɞ 6. 

Ɂɧɚɣɬɢ ɩɨɯɿɞɧɭ ɮɭɧɤɰɿʀ: 3

22

3)2(

sin




xx

xex
y

x

. 

1. )]3ln(
2

1
)2ln()ln(sin2ln2[

3

1
ln  xxxxxy . 

2. ]
3

1

2

1

2

1
cos

sin

1
2

1
2[

3

11







xx
x

xx
y

y
. 

3. 3

22

3)2(

sin
)

)3)(2(2

431
2(

3

1











xx

xex

xx

x
ctgx

x

x
y

x

. 

 
Ɉɛɟɪɧɟɧɚ ɮɭɧɤɰɿɹ ɬɚ ʀʀ ɞɢɮɟɪɟɧɰɿɸɜɚɧɧɹ 

 

ɇɟɯɚɣ ɧɚɦ ɡɚɞɚɧɨ ɮɭɧɤɰɿɸ )(xfy   ɧɚ ɩɪɨɦɿɠɤɭ [a,b], caf )( , dbf )(

. 
Ɏɭɧɤɰɿɹ )(xfy   ɧɚɡɢɜɚєɬьɫɹ ɡɪɨɫɬɚɸɱɨɸ ɧɚ ɩɪɨɦɿɠɤɭ [a,b], ɹɤɳɨ 

ɛɿɥьɲɨɦɭ ɡɧɚɱɟɧɧɸ ɚɪɝɭɦɟɧɬɭ ɜɿɞɩɨɜɿɞɚє ɛɿɥьɲɟ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿʀ: 21, xx , 
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ɬɚɤɢɯ ɳɨ 21 xx   ɜɢɤɨɧɭєɬьɫɹ )()( 21 xfxf  . əɤɳɨ ɿɡ 21 xx  ɜɢɩɥɢɜɚє
)()( 21 xfxf  , ɬɨɞɿ ɮɭɧɤɰɿɹ )(xf  ɧɚɡɢɜɚєɬьɫɹ ɧɟɫɩɚɞɧɨɸ. 

Ɏɭɧɤɰɿɹ )(xfy   ɧɚɡɢɜɚєɬьɫɹ ɫɩɚɞɧɨɸ ɧɚ ɩɪɨɦɿɠɤɭ [a,b], ɹɤɳɨ 
ɛɿɥьɲɨɦɭ ɡɧɚɱɟɧɧɸ ɚɪɝɭɦɟɧɬɭ ɜɿɞɩɨɜɿɞɚє ɦɟɧɲɟ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿʀ: 21, xx , 

ɬɚɤɢɯ ɳɨ 21 xx   ɜɢɤɨɧɭєɬьɫɹ )()( 21 xfxf  . əɤɳɨ ɿɡ 21 xx   ɜɢɩɥɢɜɚє
)()( 21 xfxf  , ɬɨɞɿ ɮɭɧɤɰɿɹ )(xf  ɧɚɡɢɜɚєɬьɫɹ ɧɟɡɪɨɫɬɚɸɱɨɸ.  

Ɏɭɧɤɰɿʀ ɡɪɨɫɬɚɸɱɿ, ɧɟɫɩɚɞɧɿ, ɫɩɚɞɧɿ, ɧɟɡɪɨɫɬɚɸɱɿ ɧɚɡɢɜɚɸɬь 
ɦɨɧɨɬɨɧɧɢɦɢ ɮɭɧɤɰɿɹɦɢ. 

Ɋɨɡɝɥɹɧɟɦɨ ɡɪɨɫɬɚɸɱɭ ɮɭɧɤɰɿɸ )(xfy  .  

ɇɟɯɚɣ caf )( ; .)( dbf   

əɤɳɨ ɮɭɧɤɰɿɹ )(xfy   є ɡɪɨɫɬɚɸɱɨɸ ɧɚ ɩɪɨɦɿɠɤɭ [a,b], ɬɨ ɜɨɧɚ ɦɚє 
ɨɛɟɪɧɟɧɭ ɮɭɧɤɰɿɸ )(yx   ɧɚ ɩɪɨɦɿɠɤɭ [c,d]. Ɂɚɭɜɚɠɢɦɨ, ɳɨ ɹɤɳɨ )(yx   -

ɨɛɟɪɧɟɧɚ ɮɭɧɤɰɿɹ ɞɥɹ )(xfy  , ɬɨɞɿ ɮɭɧɤɰɿɹ )(xfy   є ɨɛɟɪɧɟɧɨɸ ɞɥɹ ɮɭɧɤɰɿʀ 
)(yx  . Ɍɨɦɭ ɮɭɧɤɰɿʀ )(xfy   ɿ )(yx   ɧɚɡɢɜɚɸɬьɫɹ ɫɬɪɨɝɨ ɨɛɟɪɧɟɧɢɦɢ. 

Ɉɱɟɜɢɞɧɨ    yyf  ,    xxf  . 

əɤɳɨ ɮɭɧɤɰɿɹ ɧɟ є ɧɿ ɫɩɚɞɧɨɸ, ɧɿ ɡɪɨɫɬɚɸɱɨɸ, ɬɨ ɜɨɧɚ ɦɨɠɟ ɦɚɬɢ 
ɞɟɤɿɥьɤɚ ɨɛɟɪɧɟɧɢɯ. 

əɤɳɨ ɠ ɩɟɪɟɩɨɡɧɚɱɢɬɢ x   ɬɚ y  ɜ ɨɛɟɪɧɟɧɿɣ ɮɭɧɤɰɿʀ, ɬɨɛɬɨ ɪɨɡɝɥɹɧɭɬɢ 
ɮɭɧɤɰɿɸ )(xy  , ɬɨ ɝɪɚɮɿɤɢ ɮɭɧɤɰɿɣ )(xfy   ɬɚ )(xy  ɛɭɞɭɬь ɫɢɦɟɬɪɢɱɧɿ 
ɜɿɞɧɨɫɧɨ ɛɿɫɟɤɬɪɢɫɢ ɩɟɪɲɨɝɨ ɿ ɬɪɟɬьɨɝɨ ɤɨɨɪɞɢɧɚɬɧɢɯ ɤɭɬɿɜ.  

 

Тɟɨɪɟɦɚ.  əɤɳɨ ɞɥɹ ɮɭɧɤɰɿʀ )(xfy   ɿɫɧɭє ɨɛɟɪɧɟɧɚ ɮɭɧɤɰɿɹ )(yx  ,ɹɤɚ 
ɦɚє ɩɨɯɿɞɧɭ 0)(  y , ɬɨ ɭ ɜɿɞɩɨɜɿɞɧɿɣ ɬɨɱɰɿ ɮɭɧɤɰɿɹ )(xfy   ɬɟɠ ɦɚє 

ɩɨɯɿɞɧɭ:
)(

1
)(

y
xf

 
 . 

Ⱦɨɜɟɞɟɧɧɹ. Ɂ ɭɦɨɜɢ ɬɟɨɪɟɦɢ )(yx   є ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɨɸ, ɬɨɛɬɨ є 
ɧɟɩɟɪɟɪɜɧɨɸ,  ɚ ɰɟ ɨɡɧɚɱɚє, ɳɨ ɹɤɳɨ 0y , ɬɨ ɿ 0x . Ɋɨɡɝɥɹɧɟɦɨ 

y
xx

y






 1 ; ɡɜɿɞɤɢ 

y
xx

y

xx










1
limlim

00
; Ɉɬɠɟ  

)(

1
)(

y
xf

 
 . 

Ɋɨɡɝɥɹɧɟɦɨ ɨɛɟɪɧɟɧɿ ɬɪɢɝɨɧɨɦɟɬɪɢɱɧɿ ɮɭɧɤɰɿʀ. 
 

1. xy arcsin , ]1;1[x . Ɉɛɟɪɧɟɧɨɸ ɮɭɧɤɰɿєɸ ɞɨ ɞɚɧɨʀ є yx sin , 







2
;

2


y ; ɋɤɨɪɢɫɬɚєɦɨɫь ɬɟɨɪɟɦɨɸ ɩɪɨ ɞɢɮɟɪɟɧɰɿɸɜɚɧɧɹ ɨɛɟɪɧɟɧɢɯ 
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ɮɭɧɤɰɿɣ, ɬɨɛɬɨ 
y

xy
 


1 , ɬɨɞɿ 

22 1

1

sin1

1

cos

1

)(sin

1
)(arcsin

xyyy
xy








 , 

21

1

x
y


 .  

 
2. xy arccos , ]1;1[x , ɬɨɞɿ ɨɛɟɪɧɟɧɨɸ ɮɭɧɤɰɿєɸ є yx cos , ];0[ y . 

21

1

sin

1

)(cos

1
)(arccos

xyy
xy








 . 

3. arctgxy  , );( x . Ɉɛɟɪɧɟɧɨɸ ɮɭɧɤɰɿєɸ є tgyx  , 







2
;

2


y . 

22

2

2
1

1

1

1
cos

cos
1

1

)(

1
)(

xytg
y

y
tgy

arctgxy








 , ɨɫɤɿɥьɤɢ 

ytg
y

2

2

1

1
cos


 , ɛɨ ytg

21 =
y

2cos

1
. 

 
4. arcctgxy  , );( x , ɬɨɞɿ ɨɛɟɪɧɟɧɨɸ ɮɭɧɤɰɿєɸ є ctgyx  , );0( y . 

22

2

2
1

1

1

1
sin

sin
1

1

)(

1
)(

xyctg
y

y
ctgy

arcctgxy








 . 

 

Ɍɚɛɥɢɰɹ ɩɨɯɿɞɧɢɯ  
 
1. )(,0 constCC  ; 

2. 1x ; 
3. 1)(  nn

nxx ; 

4. 
2

11

xx











 ; 

5.  
x

x





2

1
; 

6.   aaa
xx ln


; 

7.   xx
ee 


; 

8.  
ax

xa
ln

1
log  ; 

9.  
x

x
1

ln  ; 

10.   xx cossin  ; 

11.   xx sincos  ; 

12.  
x

tgx
2cos

1
 ; 

13.  
x

ctgx
2sin

1
 ; 

14.  
21

1
arcsin

x
x


 ; 

15.  
21

1
arccos

x
x


 ; 

16.  
21

1

x
arctgx


 ; 

17.  
21

1

x
arcctgx


 . 
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Ɍɚɛɥɢɰɹ ɩɨɯɿɞɧɢɯ ɫɤɥɚɞɧɨʀ ɮɭɧɤɰɿʀ 
 

1. uuau aa  1)( , u
u

u 
2

1
)( ; 

2. uaaa
uu  ln)( ; 

3. uee
uu )( ; 

4. u
au

ua


ln

1
)(log ; 

5. u
u

u 
1

)(ln ; 

6. uuu  cos)(sin ; 

7. uuu  sin)(cos ; 

8. u
u

tgu 
2cos

1
)( ; 

9. u
u

ctgu 
2sin

1
)( ; 

10. u
u

u 



21

1
)(arcsin ; 

11. u
u

u 



21

1
)(arccos ; 

12. u
u

arctgu 



21

1
)( ; 

13. u
u

arcctgu 



21

1
)( . 

 
ɉɨɯɿɞɧɚ ɫɤɥɚɞɧɨʀ ɮɭɧɤɰɿʀ )(ufy  , ɞɟ )(xu  , ɨɛɱɢɫɥɸєɬьɫɹ ɡɚ 

ɮɨɪɦɭɥɨɸ xux uyy  . 

 
ɇɚɩɪɢɤɥɚɞ:  

xarctg
ey

2

 , xarctgxarctg
e

xx

xarctg

xx
xarctgey

22

)1(2

1

)(1

1
2

2






 . 
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ɁȺȼȾȺɇɇə ȾɈ ɌȿɆɂ 

 

Ɂɧɚɣɬɢ ɩɨɯɿɞɧɿ ɮɭɧɤɰɿɣ. 
 

1. 263
4

2
4

 xx
x

y ; 

 2. x
x

x
y 

3

3

2 5

; 

 3. 32 3

121

xxx
y  ; 

 4. x
x

y 2
1

 ; 

 5. 232
1 3  x
x

y ; 

 6.  2xxy  ; 

 7.  2xay  ; 

 8. 

2

3

1
1 







 
x

y ; 

 9. 
4 33 2

53

xx
y  ; 

10. xtgxy cos32  ; 

11. x
exy 5sin7  ; 

12. ctgxxy  ; 

13. 5 32ln xxy  ; 

14. 
3 x

x
ey

x  ; 

15. 
4

cos
1

x
y  ; 

16. tgxxy 6sin2  ; 

17. 
3

ln

5

xe
y

x

 ; 

18. ctgxxy  4 ; 

19. x
x

ey
x ln

3

1

2

1
 ; 

20. 
3

2
sin

x
xy  ; 

21. 43 2 xxy  ; 

22. 
4

ln xtgx
y


 ; 

23. 
5

sin2
ctgx

xy  ; 

24. 53 235 xxxy  ; 

25. xxey
x sincos  ; 

26. 
2

2 1
2 






 

x
xy ; 

27. 

2
1

3 






 
x

xy ; 

28. 4

4 53

32
x

xx
y  ; 

29. 

2

43 2

11










xx
y ; 

30.
3

ln1 x

x
ey

x  .
 

 

Ɂɧɚɣɬɢ ɩɨɯɿɞɧɿ ɮɭɧɤɰɿɣ. 

 1. xxy cossin  ; 

 2. xxxy ln)( 2  ; 

 3. x
etgxy  ; 

 4. xctgxy cos ; 

 5. 





  x

x
xy

2
sin ; 

 6.  2
cossin xxy  ; 
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 7. 
1

1





x

x
y ; 

 8. 
x

xx
y

sin

22 
 ;

 

9. 
2

cos




x

x
y ; 

10. 
x

tgx
y  ; 

11. 
x

xe
y

x

cos

3 4
 ; 

12. 
1

13
2

2





x

xx
y ; 

13.  2sin x
exy  ; 

14. 
 

x

x
y

ln

1
2

 ; 

15. 
xx

xe
y

x

cos

sin2




 ; 

16. 
tgx

xx
y

3ln 
 ; 

17. 
x

xtgx
y

cos
 ; 

18. xxy sin3 4 ; 

19. x
exy

2)1(  ; 

20. 
14

32
2 



x

x
y ; 

21. 
ctgx

xx
y

4sin 
 ; 

22. 





  2

3
cos x

x
xy ; 

23. tgxxy  sin ; 

24. xctgxy cos ; 

25. x
exy

2)23(  ; 

26. 
xx

xtgx
y

2

cos
3 


 ; 

27.  2cos x
exy  ; 

28. 
ctgxx

tgxe
y

x





2

; 

29. 
2

sin

x

ex
y

x
 ; 

30. 
)( 2

xx

ctgx
y


 . 

 

Ɂɧɚɣɬɢ ɩɨɯɿɞɧɿ ɫɤɥɚɞɧɢɯ ɮɭɧɤɰɿɣ. 

 

 1. 
4

3
sin 3 x

y  ; 

 2. xy 5cos2 ; 

 3. xxy 5cos3sin  ; 

 4.  2
2cos3 xxtgy  ; 

 5. )2( 23
xxctgy  ; 

 6. 3 3sin xy  ; 

 7. )23( 2  xxy ; 

 8. 
x

x
y

4cos

5sin
 ; 

 9. 
1

32







x

ee
y

xx

; 

10. )23ln( 4  xxy ; 

11. 5)14(sin  xy ; 

12. 
3 2)3sin2(

1

xx
y


 ; 



 

 

85 

 

13. 
1cos

1sin





x

x
y ; 

14. 
)21ln(

12

x

x
y




 ; 

15. 
7)4cos1(

1

x
y


 ; 

16. 
)3ln(

52
2

x

xtg
y


 ; 

17. 
)(

2sin1
2

xx

x
y




 ; 

18. 4

1

1

bx

ax
y




 ; 

19. 
12

5ln





x

x
y ; 

20. 
1cos

)12sin(





x

x
y ; 

21. 3)34(  xtgy ; 

22. 
x

x
y

2cos

)13sin( 
 ; 

23. 
3)2cos1(

1

x
y


 ; 

24. 
)3sin(

12ln

x

x
y


 ; 

25. 
3 4)32(ln

1

xtgx
y


 ; 

26. xx
exy

34 2

)3sin(  ; 

27. 
)ln(

21
2

4

xx

x
y




 ; 

28. 
x

xtg
y

5cos

31 2
 ; 

29. 3
3 3

2sin




x
e

x
y ; 

30. ))23ln(cos( 2
xxy  . 
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5.2. Ⱦɢɮɟɪɟɧɰɿɚɥ ɮɭɧɤɰɿʀ.  
ɉɨɯɿɞɧɚ ɬɚ ɞɢɮɟɪɟɧɰɿɚɥɢ ɜɢɳɢɯ ɩɨɪɹɞɤɿɜ 

 

Ⱦɢɮɟɪɟɧɰɿɚɥ ɮɭɧɤɰɿʀ ɬɚ ɣɨɝɨ ɝɟɨɦɟɬɪɢɱɧɢɣ ɡɦɿɫɬ 

 

Ɂɚ ɨɡɧɚɱɟɧɧɹɦ ɩɨɯɿɞɧɨʀ ɦɚєɦɨ: y
x

y

x





 0
lim , ɡɜɿɞɤɢ 




y
x

y
, 

xxyy   , ɞɟ xy  - ɝɨɥɨɜɧɚ ɥɿɧɿɣɧɚ ɱɚɫɬɢɧɚ ɩɪɢɪɨɫɬɭ ɮɭɧɤɰɿʀ. ȼɨɧɚ 
ɧɚɡɢɜɚєɬьɫɹ ɞɢɮɟɪɟɧɰɿɚɥɨɦ ɮɭɧɤɰɿʀ, ɿ ɩɨɡɧɚɱɚєɬьɫɹ xydy  .  

Ɍɨɛɬɨ, ɞɢɮɟɪɟɧɰɿɚɥ ɮɭɧɤɰɿʀ ɞɨɪɿɜɧɸє ɞɨɛɭɬɤɭ ʀʀ ɩɨɯɿɞɧɨʀ ɧɚ ɩɪɢɪɿɫɬ 
ɚɪɝɭɦɟɧɬɭ:    xyxfddy  . 

Ⱦɨɜɟɞɟɦɨ, ɳɨ ɩɪɢɪɿɫɬ ɧɟɡɚɥɟɠɧɨʀ ɡɦɿɧɧɨʀ ɞɨɪɿɜɧɸє ɞɢɮɟɪɟɧɰɿɚɥɭ 
ɧɟɡɚɥɟɠɧɨʀ ɡɦɿɧɧɨʀ. 

Ɋɨɡɝɥɹɧɟɦɨ ɮɭɧɤɰɿɸ xy  . Ɂɧɚɣɞɟɦɨ dx : dx = xxx  1)( .  

Ɍɨɛɬɨ dxx   ɿ ɬɚɤɢɦ ɱɢɧɨɦ, ɞɢɮɟɪɟɧɰɿɚɥ ɮɭɧɤɰɿʀ ɞɨɪɿɜɧɸє ɞɨɛɭɬɤɭ 
ɩɨɯɿɞɧɨʀ ɰɿєʀ ɮɭɧɤɰɿʀ ɧɚ ɞɢɮɟɪɟɧɰɿɚɥ ɧɟɡɚɥɟɠɧɨʀ ɡɦɿɧɧɨʀ: dxydy  . 

Ƚɟɨɦɟɬɪɢɱɧɢɣ ɡɦɿɫɬ ɞɢɮɟɪɟɧɰɿɚɥɭ: ɞɢɮɟɪɟɧɰɿɚɥ ɞɨɪɿɜɧɸє ɩɪɢɪɨɫɬɭ 
ɨɪɞɢɧɚɬɢ ɞɨɬɢɱɧɨʀ, ɩɪɨɜɟɞɟɧɨʀ ɞɨ ɤɪɢɜɨʀ ɜ ɞɚɧɿɣ ɬɨɱɰɿ. 
 

ɉɨɯɿɞɧɿ ɬɚ ɞɢɮɟɪɟɧɰɿɚɥɢ ɜɢɳɢɯ ɩɨɪɹɞɤɿɜ 

Ɋɨɡɝɥɹɧɟɦɨ ɮɭɧɤɰɿɸ  xfy  , ɹɤɚ ɦɚє ɩɨɯɿɞɧɭ 
dx

dy
xfy  )( . Ɉɱɟɜɢɞɧɨ, 

ɳɨ ɰɹ ɩɨɯɿɞɧɚ ɬɚɤɨɠ є ɮɭɧɤɰɿєɸ ɜɿɞ x . əɤɳɨ ɜɨɧɚ є ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɨɸ, ɬɨ ʀʀ 

ɩɨɯɿɞɧɚ ɧɚɡɢɜɚєɬьɫɹ ɞɪɭɝɨɸ ɩɨɯɿɞɧɨɸ ɜɿɞ ɮɭɧɤɰɿʀ )(xfy  : 
2

2

)(
dx

yd
xfy  . 

Ⱥɧɚɥɨɝɿɱɧɨ 
3

3

dx

yd
y   є ɩɨɯɿɞɧɨɸ ɬɪɟɬьɨɝɨ ɩɨɪɹɞɤɭ ɿ ɬ. ɞ., 

n

n
nn

dx

yd
xfy

)(
)()( )(  . 

 
ɉɪиɤɥɚɞи 7-9. 

 

7. Ⱦɚɧɨ x
exy
 . Ɂɧɚɣɬɢ y  . 

xxx
exexey
  )1()1( ; 

xxx
exexey
  )2()1()1( ; 

xxx
exexey
  )3()1()2( . 

 

8. Ɂɧɚɣɬɢ )(n
y , ɹɤɳɨ  

ax
y




1
. 

21 )(])[(   axaxy ; 
3)(2  axy ; 
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4))(3(2  axy ; 
5)4( )(432  axy ; 

!)()1( )1()(
naxy

nnn   . 

 
9.  Ɂɧɚɣɬɢ )(n

y , ɹɤɳɨ xy sin . 

)
2

sin(cos


 xxy ; 

)sin()
22

sin()
2

cos( 
 xxxy ; 

)
2

3
sin()

2
sin()cos(

  xxxy ; 

)
2

sin()( 
nxy

n  . 

 

Ɋɨɡɝɥɹɧɟɦɨ ɪɿɜɧɿɫɬь 
dx

dy
y  , ɬɨɞɿ dxydy  . 

əɤɳɨ 
2

2

dx

yd
y  ,  ɬɨ 22

dxyyd  ; ɚɧɚɥɨɝɿɱɧɨ     nnn
dxyyd  . 

 
ɉɪиɤɥɚɞ 10.  

Ɂɧɚɣɬɢ yd
2 , ɹɤɳɨ )sin( 2

xy  . 

xxy 2)cos( 2  ; 

))sin(2)(cos(22))sin((2)cos(2 22222
xxxxxxxy  ; 

22222 ))sin(2)(cos(2 dxxxxyd  . 

 
Ɉɫɧɨɜɧɿ ɬɟɨɪɟɦɢ ɩɪɨ ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɿ ɮɭɧɤɰɿʀ 

 

Ɏɭɧɤɰɿɹ є ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɨɸ ɧɚ ɩɪɨɦɿɠɤɭ [a,b], ɹɤɳɨ ɜɨɧɚ ɦɚє ɩɨɯɿɞɧɭ ɭ 
ɤɨɠɧɿɣ ɬɨɱɰɿ ɞɚɧɨɝɨ ɩɪɨɦɿɠɤɭ.  

 

Тɟɨɪɟɦɚ Ɋɨɥɥя. əɤɳɨ ɮɭɧɤɰɿɹ )(xfy   є ɧɟɩɟɪɟɪɜɧɨɸ ɧɚ ɜɿɞɪɿɡɤɭ [a;b] ɿ 
ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɨɸ ɧɚ ɩɪɨɦɿɠɤɭ (a;b), ɚ ɧɚ ɤɿɧɰɹɯ ɩɪɨɦɿɠɤɭ ɧɚɛɢɪɚє ɪɿɜɧɿ 
ɡɧɚɱɟɧɧɹ )()( bfaf  , ɬɨɞɿ ɜɫɟɪɟɞɢɧɿ ɰьɨɝɨ ɩɪɨɦɿɠɤɭ ɿɫɧɭє ɩɪɢɧɚɣɦɧɿ ɨɞɧɚ 
ɬɨɱɤɚ cx   , bca  , ɜ ɹɤɿɣ ɩɨɯɿɞɧɚ 0)(  cf . 

 

Тɟɨɪɟɦɚ Ʌɚɝɪɚɧɠɚ.  əɤɳɨ ɮɭɧɤɰɿɹ )(xfy   є ɧɟɩɟɪɟɪɜɨɸ ɧɚ ɜɿɞɪɿɡɤɭ 
[a;b]  ɿ ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɨɸ ɧɚ ɩɪɨɦɿɠɤɭ (a;b), ɬɨ ɜɫɟɪɟɞɢɧɿ ɰьɨɝɨ ɩɪɨɦɿɠɤɭ 
ɿɫɧɭє ɩɪɢɧɚɣɦɧɿ ɨɞɧɚ ɬɨɱɤɚ cx   , bca  , ɳɨ ))(()()( abcfafbf  . 
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Тɟɨɪɟɦɚ Ʉɨшɿ. əɤɳɨ ɮɭɧɤɰɿʀ )(xfy   ɿ )(xgy   є ɧɟɩɟɪɟɪɜɧɢɦɢ ɧɚ 
ɜɿɞɪɿɡɤɭ [a;b] ɿ ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɢɦɢ ɧɚ ɩɪɨɦɿɠɤɭ (a;b), ɩɪɢɱɨɦɭ 0)(  xg ɜ 
ɤɨɠɧɿɣ ɬɨɱɰɿ  bax , , ɬɨɞɿ ɡɧɚɣɞɟɬьɫɹ ɬɚɤɚ ɬɨɱɤɚ cx   , bca  , ɳɨ 

ɜɢɤɨɧɭєɬьɫɹ ɪɿɜɧɿɫɬь 
)(

)(

)()(

)()(

cg

cf

agbg

afbf








. 

 

ɉɪɚɜɢɥɨ Ʌɨɩɿɬɚɥɹ 

 

ɋɮɨɪɦɭɥɸєɦɨ ɩɨɧɹɬɬɹ ɩɪɨɤɨɥɨɬɨɝɨ ɨɤɨɥɭ ɬɨɱɤɢ C  ɡ ɿɧɬɟɪɜɚɥɚ (a;b). 

ɉɪɨɤɨɥɨɬɢɦ  –ɨɤɨɥɨɦ ɬɨɱɤɢ C  ɧɚɡɢɜɚєɬьɫɹ ɿɧɬɟɪɜɚɥ    ccc \;    ɡ 
ɜɢɤɥɸɱɟɧɨɸ ɬɨɱɤɨɸ C , ɬɨɛɬɨ ɦɧɨɠɢɧɚ ɬɨɱɨɤ      cccc ;;  ɡ ɿɧɬɟɪɜɚɥɚ 

(a;b). ȼɢɛɢɪɚєɬьɫɹ 0  ɬɚɤɢɦ, ɳɨɛ      bacccc ;;;   . 

 

ɉɪɚɜиɥɨ Ʌɨɩɿɬɚɥя. ɇɟɯɚɣ ɮɭɧɤɰɿʀ )(xf  ɿ )(xg  ɜɢɡɧɚɱɟɧɿ ɿ 
ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɿ ɧɚ ɦɧɨɠɢɧɿ      cccc ;; ɿ, ɤɪɿɦ ɬɨɝɨ, ɩɨɯɿɞɧɚ 0)(  xg  ɜ 
ɤɨɠɧɿɣ ɬɨɱɰɿ    ccx ; , ɩɪɢɱɨɦɭ      0limlim 


xgxf

cxcx
, ɬɨɞɿ, ɹɤɳɨ ɿɫɧɭє  

)(

)(
lim

xg

xf

cx 



, ɬɨ ɿɫɧɭє ɿ  

)(

)(
lim

xg

xf

cx
, ɩɪɢɱɨɦɭ 

 
  )(

)(
limlim

xg

xf

xg

xf

cxcx 





. 

Ɂɚɭɜɚɠɢɦɨ, ɳɨ ɜɿɞɧɨɲɟɧɧɹ ɞɜɨɯ ɮɭɧɤɰɿɣ 
)(

)(

xg

xf
 ɩɪɢ cx   є 

ɧɟɜɢɡɧɚɱɟɧɿɫɬɸ  
0

0 , ɹɤɳɨ     0limlim 


xgxf
cxcx

. 

ɉɪɚɜɢɥɨ Ʌɨɩɿɬɚɥɹ ɡɚɫɬɨɫɨɜɭɸɬь ɞɥɹ ɪɨɡɤɪɢɬɬɹ ɧɟɜɢɡɧɚɱɟɧɨɫɬɟɣ 
ɧɚɫɬɭɩɧɢɯ ɬɢɩɿɜ: ""


 , ""  , "0"  , "","0","1" 00  . 

Ɂɚɭɜɚɠɟɧɧɹ. ɉɪɚɜɢɥɨ Ʌɨɩɿɬɚɥɹ ɦɚє ɦɿɫɰɟ ɿ ɩɪɢ x . 
 
ɉɪиɤɥɚɞи 11-21. 

ɇɚɜɟɞɟɦɨ ɞɜɚ ɩɪɢɤɥɚɞɢ, ɜ ɹɤɢɯ ɧɟ ɜɚɪɬɨ ɡɚɫɬɨɫɭɜɚɬɢ ɩɪɚɜɢɥɨ Ʌɨɩɿɬɚɥɹ. 
 

11. 
 3

1

7815

945
lim

3

23





 xx

xx

x
.  

 

12. 

 9

2

39

23
lim

1327)49(

)574)(23(
lim

2

2

3 32

43 2









 nn

nn

nnnn

nnnnn

nn
. 

 

ȼ ɧɚɫɬɭɩɧɢɯ ɩɪɢɤɥɚɞɚɯ ɫɤɨɪɢɫɬɚєɦɨɫɹ ɩɪɚɜɢɥɨɦ Ʌɨɩɿɬɚɥɹ. 

13. 
 6

1

24

34
lim

0

0

18

132
lim

2
2

13

2

2
1















 x

x

x

xx

xx
. 
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14. 

 3

5

92

2
lim

0

0

5

49
lim

25

2

5















 x

x

x

x

xx

. 

 

15. 

 

1)21(lim

21

1
2

2
lim

0

0

)21ln(

1
lim 2

0

2

0

2

0

















x

x

x

x

x

x
ex

x

e

x

e
. 

 

16. 
 

  















  0

0

cossin2

cos1
lim

sin

sin
lim)

1

sin

1
(lim

202020 xxxx

x

xx

xx

xxx xxx
 

2

1

)2(sin

sin
lim

cos2sincos2sin2

sin
lim

2020








 xx

x

xxxxxxx

x

xx
. 

 

17. 






















 )ln(

)2ln(
limcoslim

)ln(

)2ln(cos
lim

22222 ee

x
x

ee

xx
xxxxx

2cos
1

lim
2cos

0

0

)2(
lim2cos2

1

lim2cos
22

2

2

2

2



















x

xx

x

x

x

x
x

e

exe

ee

ee

e

x . 

 

18.    0lim
1

1
lim

1

ln
lim0lnlim

2

0
2

000





  x

x

x

x

x

x
xx

xxxx

. 

 

19.   2
2

sin2lim

2

1

2
sin

1

1
lim

2

lim0
2

)(lim 2

2












x

x

x
ctg

xx
tgx

xxxx 

 . 

 

20. 


2
6

3
)

3
2(lim e

x x
tg

x



, ɞɟ 






 2

)
3

2(

6
sin2

lim

6

)
3

2ln(
lim)

3
2ln(

6
lim

2

333








 x

x

x
ctg

x

xx
tg

xxx
. 

 

21. 
2

1

4cos4

2
lim

0

0

4sin

1
lim3coslim

4sin

)1(3cos
lim

2

0

2

00

2

0
















 x

e

x

e
x

x

ex
x

x

x

xx

x

x
. 
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ɁȺȼȾȺɇɇə ȾɈ ɌȿɆɂ 

 

Ɉɛɱɢɫɥɢɬɢ ɝɪɚɧɢɰɿ ɤɨɪɢɫɬɭɸɱɢɫь ɩɪɚɜɢɥɨɦ Ʌɨɩɿɬɚɥɹ. 

1. 
x

x

x 3sin

2sin
lim

0
; 

2. 
xxx

x

x 


 22

3

0

x2
lim ; 

3. 
22

3

1

4-x22
lim

xx

x

x 



; 

4. 
xxx

x

x 


 22

3

1 2

1x2
lim ; 

5. 
x

x

x sin

3sin
lim

2

0
; 

6. 
1

5sin
lim

2

0  xx e

x
; 

7. 
1

2sin
lim

5

3

0  xx e

x
; 

8. 
xtg

x

x 5

2sin
lim

0
; 

9. 
xtg

x

x 2

sin
lim

2

0
; 

10. ;
3sin

53
lim

2

0 x

xx

x




           

11. ;
5sin

lim 3

3

0 x

x

x
 

12. ;
cos1

cos2cos
lim

0 x

xx

x 



               

13. ;
cos1

lim 2

4

0 x

x

x 
 

14. ;)ln(coslim
2

1

0

x

x

x


           

15. ;
sin

lim
0 xx

xtgx

x 



 

16. );
5

1

5sin

1
(lim

0 xxx




                

17. ;
5cos4cos

15cos
lim

0 xx

x

x 



 

18. ;
3cos7cos

2cos1
lim

0 xx

x

x 



        

19. ;
8cos7cos

4cos3cos
lim

0 xx

xx

x 



 

20. 
xtg

x

x 7

sin
lim

0
. 
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5.3. Ⱦɨɫɥɿɞɠɟɧɧɹ ɩɨɜɟɞɿɧɤɢ ɮɭɧɤɰɿʀ ɬɚ ɩɨɛɭɞɨɜɚ ʀʀ ɝɪɚɮɿɤɚ 
 

Ɂɪɨɫɬɚɧɧɹ ɬɚ ɫɩɚɞɚɧɧɹ ɮɭɧɤɰɿɣ 

 
Ɏɭɧɤɰɿɹ )(xfy   ɧɚɡɢɜɚєɬьɫɹ ɡɪɨɫɬɚɸɱɨɸ ɧɚ ɩɪɨɦɿɠɤɭ [a,b], ɹɤɳɨ 

ɛɿɥьɲɨɦɭ ɡɧɚɱɟɧɧɸ ɚɪɝɭɦɟɧɬɭ ɜɿɞɩɨɜɿɞɚє ɛɿɥьɲɟ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿʀ: 
21

, xx , 

ɬɚɤɢɯ ɳɨ 
21

xx   ɜɢɤɨɧɭєɬьɫɹ )()(
21

xfxf  .  

Ɏɭɧɤɰɿɹ )(xfy   ɧɚɡɢɜɚєɬьɫɹ ɫɩɚɞɧɨɸ ɧɚ ɩɪɨɦɿɠɤɭ [a,b], ɹɤɳɨ 
ɛɿɥьɲɨɦɭ ɡɧɚɱɟɧɧɸ ɚɪɝɭɦɟɧɬɭ ɜɿɞɩɨɜɿɞɚє ɦɟɧɲɟ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿʀ: 

21
, xx , 

ɬɚɤɢɯ ɳɨ 
21

xx   ɜɢɤɨɧɭєɬьɫɹ )()(
21

xfxf  .  

 

Тɟɨɪɟɦɚ.  

1) əɤɳɨ ɮɭɧɤɰɿɹ )(xfy   є ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɨɸ ɧɚ ɩɪɨɦɿɠɤɭ [a;b], ɿ 
ɡɪɨɫɬɚє ɧɚ ɰьɨɦɭ ɩɪɨɦɿɠɤɭ, ɬɨ 0)(  xf . 

2) əɤɳɨ ɮɭɧɤɰɿɹ )(xfy   є ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɨɸ ɧɚ ɩɪɨɦɿɠɤɭ [a;b], ɚ 
0)(  xf  ],[ bax , ɬɨ ɜɨɧɚ є ɡɪɨɫɬɚɸɱɨɸ ɧɚ [a;b]. 

Ⱦɨɜɟɞɟɧɧɹ: 

1. Ɋɨɡɝɥɹɧɟɦɨ ɜɿɞɧɨɲɟɧɧɹ 
x

xfxxf


 )()(

. 

əɤɳɨ x  ɞɨɞɚɬɧɟ, ɬɨ  ɞɥɹ ɡɪɨɫɬɚɸɱɨʀ ɮɭɧɤɰɿʀ ɱɢɫɟɥьɧɢɤ )()( xfxxf 

ɬɟɠ ɞɨɞɚɬɧɢɣ, ɿ 
x

xfxxf


 )()(

>0; 

ɹɤɳɨ x  ɜɿɞ’єɦɧɟ, ɬɨ ɱɢɫɟɥьɧɢɤ )()( xfxxf   ɬɟɠ ɜɿɞ’єɦɧɢɣ, ɿ 

x

xfxxf


 )()(

>0, ɚ 
0

lim
x x

xfxxf


 )()(

0 , ɨɬɠɟ 0)(  xf . 

2. ɇɟɯɚɣ 0)(  xf  ɩɪɢ ];[ bax .Ɋɨɡɝɥɹɧɟɦɨ ɞɜɚ ɞɨɜɿɥьɧɢɯ ɡɧɚɱɟɧɧɹ 1
x  ɿ 

2
x , ɳɨ ɧɚɥɟɠɚɬь ɩɪɨɦɿɠɤɭ ba; , ɿ ɧɟɯɚɣ 21

xx  . 

Ɂɚ ɬɟɨɪɟɦɨɸ Ʌɚɝɪɚɧɠɚ ɡɚɩɢɲɟɦɨ 
.),)(()()(

211212
xxxxfxfxf    

Ɂɚ ɭɦɨɜɨɸ ,0)(  f  ɨɬɠɟ ,0)()(
12
 xfxf  ɬɨɛɬɨ ɮɭɧɤɰɿɹ )(xf  є 

ɡɪɨɫɬɚɸɱɨɸ. 
Ɍɚɤɢɦ ɱɢɧɨɦ ɬɟɨɪɟɦɚ ɞɨɜɟɞɟɧɚ ɩɨɜɧɿɫɬɸ. 
 

Тɟɨɪɟɦɚ.  

1) əɤɳɨ ɮɭɧɤɰɿɹ )(xfy   є ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɨɸ ɧɚ ɩɪɨɦɿɠɤɭ [a;b], ɿ 
ɫɩɚɞɚє ɧɚ ɰьɨɦɭ ɩɪɨɦɿɠɤɭ, ɬɨ 0)(  xf . 

2) əɤɳɨ ɮɭɧɤɰɿɹ )(xfy   є ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɨɸ ɧɚ ɩɪɨɦɿɠɤɭ [a;b], ɚ 
0)(  xf  ],[ bax , ɬɨ ɜɨɧɚ є ɫɩɚɞɧɨɸ ɧɚ [a;b]. 

Ⱦɨɜɟɞɟɧɧɹ ɚɧɚɥɨɝɿɱɧɟ ɩɨɩɟɪɟɞɧьɨɦɭ. 
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ȿɤɫɬɪɟɦɭɦ ɮɭɧɤɰɿʀ  
 

Ʉɚɠɭɬь, ɳɨ ɮɭɧɤɰɿɹ )(xfy   ɜ ɬɨɱɰɿ 
1

x  ɦɚє ɥɨɤɚɥьɧɢɣ ɦɚɤɫɢɦɭɦ 
(ɫɤɨɪɨɱɟɧɨ max ), ɹɤɳɨ ɡɧɚɣɞɟɬьɫɹ ɬɚɤɢɣ  –ɨɤɿɥ ɬɨɱɤɢ 

1
x , ɜ ɦɟɠɚɯ ɹɤɨɝɨ 

ɡɧɚɱɟɧɧɹ )(
1

xf  є ɧɚɣɛɿɥьɲɢɦ ɫɟɪɟɞ ɜɫɿɯ ɡɧɚɱɟɧь ɰɿєʀ ɮɭɧɤɰɿʀ )(xf . 

Ɏɭɧɤɰɿɹ )(xfy   ɜ ɬɨɱɰɿ 
2

x  ɦɚє ɥɨɤɚɥьɧɢɣ ɦɿɧɿɦɭɦ ( min ),  ɹɤɳɨ 

ɡɧɚɣɞɟɬьɫɹ ɬɚɤɢɣ  –ɨɤɿɥ ɬɨɱɤɢ 
2

x , ɜ ɦɟɠɚɯ ɹɤɨɝɨ ɡɧɚɱɟɧɧɹ )(
2

xf  є ɧɚɣɦɟɧɲɢɦ 
ɫɟɪɟɞ ɜɫɿɯ ɡɧɚɱɟɧь ɰɿєʀ ɮɭɧɤɰɿʀ )(xf . 

ɋɤɚɠɟɦɨ, ɳɨ ɮɭɧɤɰɿɹ )(xfy   ɦɚє ɜ ɬɨɱɰɿ 
0

x  ɥɨɤɚɥьɧɢɣ ɟɤɫɬɪɟɦɭɦ, 
ɹɤɳɨ ɰɹ ɮɭɧɤɰɿɹ ɦɚє ɜ ɭɤɚɡɚɧɿɣ ɬɨɱɰɿ ɚɛɨ ɥɨɤɚɥьɧɢɣ ɦɚɤɫɢɦɭɦ, ɚɛɨ ɥɨɤɚɥьɧɢɣ 
ɦɿɧɿɦɭɦ. 

 
ɇɟɨɛɯɿɞɧɚ ɭɦɨɜɚ ɿɫɧɭɜɚɧɧɹ ɟɤɫɬɪɟɦɭɦɭ 

 

Тɟɨɪɟɦɚ. əɤɳɨ ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɚ ɮɭɧɤɰɿɹ )(xfy   ɜ ɬɨɱɰɿ 
1

xx   ɦɚє 
ɥɨɤɚɥьɧɢɣ ɟɤɫɬɪɟɦɭɦ ɜ ɬɨɱɰɿ 

1
x , ɬɨ ʀʀ ɩɨɯɿɞɧɚ ɜ ɰɿɣ ɬɨɱɰɿ ɨɛɟɪɬɚєɬьɫɹ ɜ ɧɭɥь: 

0)(
1
 xf .   

Ɂɚɭɜɚɠɢɦɨ, ɳɨ ɜ ɞɟɹɤɢɯ ɜɢɩɚɞɤɚɯ ɮɭɧɤɰɿɹ ɦɨɠɟ ɦɚɬɢ ɟɤɫɬɪɟɦɭɦ, ɿ ɜ ɬɚɤɿɣ 
ɬɨɱɰɿ, ɞɟ ɩɨɯɿɞɧɚ ɧɟ ɿɫɧɭє. Ɋɿɜɧɿɫɬь ɧɭɥɸ ɩɨɯɿɞɧɨʀ ɮɭɧɤɰɿʀ є ɥɢɲɟ ɧɟɨɛɯɿɞɧɨɸ ɿ 
ɧɟ є ɞɨɫɬɚɬɧьɨɸ ɭɦɨɜɨɸ ɥɨɤɚɥьɧɨɝɨ ɟɤɫɬɪɟɦɭɦɭ ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɨʀ ɜ ɬɨɱɰɿ 
ɮɭɧɤɰɿʀ.Ɍɨɱɤɢ, ɜ ɹɤɢɯ ɩɨɯɿɞɧɚ ɧɟ ɿɫɧɭє ɚɛɨ ɩɟɪɟɬɜɨɪɸєɬьɫɹ ɜ ɧɭɥь, ɧɚɡɢɜɚɸɬьɫɹ 
ɤɪɢɬɢɱɧɢɦɢ ɬɨɱɤɚɦɢ ɩɟɪɲɨɝɨ ɪɨɞɭ.  

 
Ⱦɨɫɬɚɬɧɿ ɭɦɨɜɢ ɿɫɧɭɜɚɧɧɹ ɟɤɫɬɪɟɦɭɦɭ: 

 

1) ɹɤɳɨ ɩɪɢ ɩɟɪɟɯɨɞɿ ɱɟɪɟɡ ɤɪɢɬɢɱɧɭ ɬɨɱɤɭ ɩɨɯɿɞɧɚ ɡɦɿɧɸє ɡɧɚɤ ɡ „+” ɧɚ 
„-”, ɬɨ ɜ ɰɿɣ ɬɨɱɰɿ ɮɭɧɤɰɿɹ ɦɚє max , ɚ ɹɤɳɨ ɡ „-” ɧɚ „+” – ɬɨ min . 

2) ɹɤɳɨ ɜ ɤɪɢɬɢɱɧɿɣ ɬɨɱɰɿ 0)(  xf , ɬɨ ɜ ɰɿɣ ɬɨɱɰɿ ɮɭɧɤɰɿɹ ɦɚє min , ɚ 
ɹɤɳɨ 0)(  xf , ɬɨ ɮɭɧɤɰɿɹ ɦɚє max . 

 
ɉɪиɤɥɚɞи 22-23.  

22.  Ⱦɨɫɥɿɞɢɬɢ ɧɚ ɟɤɫɬɪɟɦɭɦ ɮɭɧɤɰɿɸ 132
3

2

3

 xx
x

y . 

 )(yD : R; 

 342  xxy , 42  xy , 

 0y , 0342  xx 3,1
21
 xx , 

    02)1( y , 02)3( y , 

    ɨɬɠɟ, 
3

1
2132

3

1
)1(

max
y ,  119189)3(

min
y . 
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23.  Ɂɧɚɣɬɢ ɟɤɫɬɪɟɦɭɦ ɮɭɧɤɰɿʀ ɬɚ ɩɪɨɦɿɠɤɢ ɡɪɨɫɬɚɧɧɹ ɿ ɫɩɚɞɚɧɧɹ ɮɭɧɤɰɿʀ 

2

2 2

x

xx
y


 : 

 )(yD : R  0x , 

 
34

22 4)2(2)12(

x

x

x

xxxxx
y





 , 

 0y , 
3

4

x

x 
= 0, 4x . 

ɋɤɥɚɞɟɦɨ ɬɚɛɥɢɰɸ, ɜ ɹɤɿɣ ɜɢɡɧɚɱɢɦɨ ɿɧɬɟɪɜɚɥɢ ɡɧɚɤɨɫɬɚɥɨɫɬɿ ɬɚ ɤɪɢɬɢɱɧɿ 
ɬɨɱɤɢ: 

x  )4;(   -4 (-4;0) 0 );0(   

y  + 0 –    + 
y  

 
max      

8

9
)4(

max
y . 

Ⱦɚɧɚ ɮɭɧɤɰɿɹ ɧɚ ɩɪɨɦɿɠɤɚɯ )4;(  , );0(   ɡɪɨɫɬɚє, ɚ ɧɚ ɩɪɨɦɿɠɤɭ (-4;0) 

ɫɩɚɞɚє. 
 

ɇɚɣɛɿɥьɲɟ ɬɚ ɧɚɣɦɟɧɲɟ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿʀ ɧɚ ɩɪɨɦɿɠɤɭ 

 

ɇɟɩɟɪɟɪɜɧɚ ɧɚ ɩɪɨɦɿɠɤɭ [a;b] ɮɭɧɤɰɿɹ ɩɪɢɣɦɚє ɫɜɨє ɧɚɣɛɿɥьɲɟ ɬɚ 
ɧɚɣɦɟɧɲɟ ɡɧɚɱɟɧɧɹ ɚɛɨ ɜ ɬɨɱɤɚɯ ɥɨɤɚɥьɧɨɝɨ ɟɤɫɬɪɟɦɭɦɭ ɚɛɨ ɧɚ ɤɿɧɰɹɯ 
ɩɪɨɦɿɠɤɭ. 

Ⱦɥɹ ɬɨɝɨ, ɳɨɛ ɡɧɚɣɬɢ ɧɚɣɛɿɥьɲɟ ɬɚ ɧɚɣɦɟɧɲɟ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿʀ, ɩɨɬɪɿɛɧɨ: 
1) ɡɧɚɣɬɢ ɤɪɢɬɢɱɧɿ ɬɨɱɤɢ; 
2) ɜɢɤɥɸɱɢɬɢ ɡ ɪɨɡɝɥɹɞɭ ɬɿ ɤɪɢɬɢɱɧɿ ɬɨɱɤɢ, ɹɤɿ ɧɟ ɜɯɨɞɹɬь ɜ ɡɚɞɚɧɢɣ 
ɩɪɨɦɿɠɨɤ; 
3) ɨɛɱɢɫɥɢɬɢ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿʀ ɜ ɤɪɢɬɢɱɧɢɯ ɬɨɱɤɚɯ ɬɚ ɧɚ ɤɿɧɰɹɯ 
ɩɪɨɦɿɠɤɭ; 
4) ɩɨɪɿɜɧɹɬɢ ʀɯ. 
 
ɉɪиɤɥɚɞ 24.  

Ɂɧɚɣɬɢ ɧɚɣɛɿɥьɲɟ ɬɚ ɧɚɣɦɟɧɲɟ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿʀ 132
3

2

3

 xx
x

y  ɧɚ 

ɩɪɨɦɿɠɤɭ [0;2]. 
1. 342  xxy  

0y , 0342  xx 3,1
21
 xx ; 

ɬɨɱɤɚ 3
1
x ]2;0[ . 
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2. 1)0( y , 
3

5
1

3

8
)2( y  , 

3

7
)1( y (ɡɝɿɞɧɨ ɡ ɞɚɧɢɦɢ ɩɨɩɟɪɟɞɧьɨɝɨ 

ɩɪɢɤɥɚɞɭ 1 ɰɟ ɥɨɤɚɥьɧɢɣ ɟɤɫɬɪɟɦɭɦ); 

3. 1)0(  yyɧɦ , 
3

7
)1(  yyɧɛ . 

 

Ɉɩɭɤɥɿɫɬь ɬɚ ɭɜɿɝɧɭɬɿɫɬь ɮɭɧɤɰɿʀ. Ɍɨɱɤɢ ɩɟɪɟɝɢɧɭ 

 

ɇɟɩɟɪɟɪɜɧɚ ɮɭɧɤɰɿɹ )(xfy  , ɳɨ ɦɚє ɩɨɯɿɞɧɿ ɞɨ ɞɪɭɝɨɝɨ ɩɨɪɹɞɤɭ 
ɜɤɥɸɱɧɨ, ɧɚɡɢɜɚєɬьɫɹ ɨɩɭɤɥɨɸ ɧɚ [a;b] , ɹɤɳɨ ɜɫɿ ɬɨɱɤɢ ɤɪɢɜɨʀ ɧɚ ɰьɨɦɭ 
ɩɪɨɦɿɠɤɭ ɡɧɚɯɨɞɹɬьɫɹ ɩɿɞ ɞɨɬɢɱɧɢɦɢ, ɩɪɨɜɟɞɟɧɢɦɢ ɞɨ ɰɿєʀ ɤɪɢɜɨʀ ɜ ɛɭɞь-ɹɤɿɣ 
ɬɨɱɰɿ ɰьɨɝɨ ɩɪɨɦɿɠɤɭ.  

ɇɟɩɟɪɟɪɜɧɚ ɮɭɧɤɰɿɹ )(xfy  , ɳɨ ɦɚє ɩɨɯɿɞɧɿ ɞɨ ɞɪɭɝɨɝɨ ɩɨɪɹɞɤɭ 
ɜɤɥɸɱɧɨ, ɧɚɡɢɜɚєɬьɫɹ ɭɜɿɝɧɭɬɨɸ ɧɚ [a;b] , ɹɤɳɨ ɜɫɿ ɬɨɱɤɢ ɤɪɢɜɨʀ ɡɧɚɯɨɞɹɬьɫɹ 
ɧɚɞ ɞɨɬɢɱɧɢɦɢ, ɩɪɨɜɟɞɟɧɢɦɢ ɞɨ ɰɿєʀ ɤɪɢɜɨʀ ɜ ɛɭɞь-ɹɤɿɣ ɬɨɱɰɿ ɰьɨɝɨ ɩɪɨɦɿɠɤɭ.  

Ɍɨɱɤɢ, ɩɪɢ ɩɟɪɟɯɨɞɿ ɱɟɪɟɡ ɹɤɿ ɡɦɿɧɸєɬьɫɹ ɨɩɭɤɥɿɫɬь ɧɚ ɭɜɿɝɧɭɬɿɫɬь, 
ɧɚɡɢɜɚɸɬьɫɹ ɬɨɱɤɚɦɢ ɩɟɪɟɝɢɧɭ. 

 
Тɟɨɪɟɦɚ. əɤɳɨ ɧɟɩɟɪɟɪɜɧɚ ɮɭɧɤɰɿɹ )(xfy   ɧɚ [a;b] ɦɚє ɩɨɯɿɞɧɭ ɞɪɭɝɨɝɨ 

ɩɨɪɹɞɤɭ, ɩɪɢɱɨɦɭ ɜ ɭɫɿɯ ɬɨɱɤɚɯ ɰьɨɝɨ ɩɪɨɦɿɠɤɭ 0)(  xf , ɬɨ ɧɚ ɰьɨɦɭ 
ɩɪɨɦɿɠɤɭ ɮɭɧɤɰɿɹ ɨɩɭɤɥɚ. 

 

Тɟɨɪɟɦɚ. əɤɳɨ ɧɟɩɟɪɟɪɜɧɚ ɮɭɧɤɰɿɹ )(xfy   ɧɚ [a;b] ɦɚє ɩɨɯɿɞɧɭ ɞɪɭɝɨɝɨ 
ɩɨɪɹɞɤɭ, ɩɪɢɱɨɦɭ ɜ ɭɫɿɯ ɬɨɱɤɚɯ ɰьɨɝɨ ɩɪɨɦɿɠɤɭ 0)(  xf , ɬɨ ɧɚ ɰьɨɦɭ 
ɩɪɨɦɿɠɤɭ ɮɭɧɤɰɿɹ ɭɜɿɝɧɭɬɚ. 

 

əɤɳɨ ɮɭɧɤɰɿɹ )(xfy   ɜ ɬɨɱɰɿ 
1

xx   ɦɚє ɬɨɱɤɭ ɩɟɪɟɝɢɧɭ, ɬɨ ɜ ɰɿɣ ɬɨɱɰɿ  
ɞɪɭɝɚ ɩɨɯɿɞɧɚ ɚɛɨ ɧɟ ɿɫɧɭє, ɚɛɨ ɞɨɪɿɜɧɸє ɧɭɥɸ (ɤɪɢɬɢɱɧɿ ɬɨɱɤɢ 2-ɝɨ ɪɨɞɭ). 

 
 ɉɪиɤɥɚɞ 25. 

 Ⱦɨɫɥɿɞɢɬɢ ɧɚ ɨɩɭɤɥɿɫɬь ɬɚ ɭɜɿɝɧɭɬɿɫɬь ɮɭɧɤɰɿɸ 
2

2 2

x

xx
y


  ɬɚ ɡɧɚɣɬɢ 

ɬɨɱɤɢ ɩɟɪɟɝɢɧɭ. 
 )(yD  0x  

 
34

22 4)2(2)12(

x

x

x

xxxxx
y





 ;                                           

 
46

23 )6(2)4(3

x

x

x

xxx
y





 ;                                  

6x  - ɤɪɢɬɢɱɧɚ ɬɨɱɤɚ, 2-ɝɨ ɪɨɞɭ. 
 



 

 

95 

 

ɋɤɥɚɞɟɦɨ ɬɚɛɥɢɰɸ: 
 

x  )6;(   -6 (-6;0) 0 );0(   

y   + 0 –     –   

        
y  

 ɬ.ɩɟɪɟɝ 

 
   

Ⱦɚɧɚ ɮɭɧɤɰɿɹ ɧɚ ɩɪɨɦɿɠɤɚɯ )0;6( , );0(   є ɨɩɭɤɥɨɸ, ɚ ɧɚ ɩɪɨɦɿɠɤɭ 

)6;(  - ɭɜɿɝɧɭɬɨɸ, ɩɪɢɱɨɦɭ 
9

7
)6(

..
ɩеɪɬy . 

 
Ⱥɫɢɦɩɬɨɬɢ ɮɭɧɤɰɿɣ. ɉɨɯɢɥɿ ɚɫɢɦɩɬɨɬɢ 

 

1.ȼɟɪɬɢɤɚɥьɧɿ ɚɫɢɦɩɬɨɬɢ. 
ax   є ɜɟɪɬɢɤɚɥьɧɨɸ ɚɫɢɦɩɬɨɬɨɸ ɮɭɧɤɰɿʀ ),(xfy  ɹɤɳɨ ɜ ɰɿɣ ɬɨɱɰɿ 

ɮɭɧɤɰɿɹ ɦɚє ɪɨɡɪɢɜ 2-ɝɨ ɪɨɞɭ. 
2. Ɋɿɜɧɹɧɧɹ ɩɨɯɢɥɢɯ ɬɚ ɝɨɪɢɡɨɧɬɚɥьɧɢɯ ɚɫɢɦɩɬɨɬ ɲɭɤɚєɦɨ ɭ ɜɢɝɥɹɞɿ: 

bkxy  , ɞɟ 
x

xf
k

x

)(
lim


 ,ɚ ))((lim kxxfb

x



. 

 
ɋɯɟɦɚ ɩɨɜɧɨɝɨ ɞɨɫɥɿɞɠɟɧɧɹ ɮɭɧɤɰɿʀ . ɉɨɛɭɞɨɜɚ ɝɪɚɮɿɤɿɜ ɮɭɧɤɰɿɣ 

 

1. Ɂɧɚɣɬɢ ɨɛɥɚɫɬь ɜɢɡɧɚɱɟɧɧɹ  ɮɭɧɤɰɿʀ. 
2. Ⱦɨɫɥɿɞɢɬɢ ɮɭɧɤɰɿɸ ɧɚ ɩɚɪɧɿɫɬь ɿ ɧɟɩɚɪɧɿɫɬь. 
3. ȼɢɡɧɚɱɢɬɢ ɩɟɪɿɨɞɢɱɧɿɫɬь ɮɭɧɤɰɿʀ. 
4. Ⱦɨɫɥɿɞɢɬɢ ɮɭɧɤɰɿɸ ɧɚ ɧɟɩɟɪɟɪɜɧɿɫɬь, ɡɧɚɣɬɢ ɬɨɱɤɢ ɪɨɡɪɢɜɭ. 
5. Ɂɧɚɣɬɢ ɚɫɢɦɩɬɨɬɢ. 
6. Ɂɧɚɣɬɢ ɧɭɥɿ ɮɭɧɤɰɿʀ(ɬɨɱɤɢ ɩɟɪɟɬɢɧɭ ɡ ɨɫɹɦɢ ɤɨɨɪɞɢɧɚɬ). 
7. Ɂɧɚɣɬɢ ɟɤɫɬɪɟɦɭɦ, ɿɧɬɟɪɜɚɥɢ ɡɪɨɫɬɚɧɧɹ ɬɚ ɫɩɚɞɚɧɧɹ ɮɭɧɤɰɿʀ. 
8. Ɍɨɱɤɢ ɩɟɪɟɝɢɧɭ, ɿɧɬɟɪɜɚɥɢ ɨɩɭɤɥɨɫɬɿ ɬɚ ɜɜɿɝɧɭɬɨɫɬɿ. 
9. ɉɨɛɭɞɨɜɚ ɝɪɚɮɿɤɭ. 
 
ɉɪиɤɥɚɞ 26. 

 Ⱦɨɫɥɿɞɢɬɢ ɮɭɧɤɰɿɸ ɬɚ ɩɨɛɭɞɭɜɚɬɢ ʀʀ ɝɪɚɮɿɤ: 
2

2 2

x

xx
y


 . 

 
1) )(yD =R 0x . 

2)  )( xy 2

2 2

x

xx 
– ɮɭɧɤɰɿɹ ɧɿ ɩɚɪɧɚ, ɧɿ ɧɟɩɚɪɧɚ. 

3) Ɏɭɧɤɰɿɹ ɧɟɩɟɪɿɨɞɢɱɧɚ. 
 

4) 0x – ɬɨɱɤɚ ɪɨɡɪɢɜɭ ɞɪɭɝɨɝɨ ɪɨɞɭ 
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x

xx
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lim
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xx
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     5) 0x – ɜɟɪɬɢɤɚɥьɧɚ ɚɫɢɦɩɬɨɬɚ. ɉɨɯɢɥɿ ɚɫɢɦɩɬɨɬɢ ɲɭɤɚєɦɨ ɭ ɜɢɝɥɹɞɿ 

bkxy  , ɞɟ 0
1

lim
12

lim
)(

lim
3

2

2

2








 x

x

xx

xx

x

xf
k

xxx
; 

1]0
2

[lim])([lim
2

2





 x

xx
kxxfb

xx
,  

ɨɬɠɟ 1y – ɝɨɪɢɡɨɧɬɚɥьɧɚ ɚɫɢɦɩɬɨɬɚ. 
 
     6) 0y , 22  xx = 0, 1,2

21
 xx  - ɧɭɥɿ ɮɭɧɤɰɿʀ. 

7) Ɂɚɩɢɲɟɦɨ ɮɭɧɤɰɿɸ ɭ ɜɢɞɿ: ,
21

1
2

xx
y  ɬɨɞɿ 

.
441

332
x

x

xx
y


 Ɍɨɛɬɨ 0y , ɹɤɳɨ 04 x . 

 4x ɤɪɢɬɢɱɧɚ ɬɨɱɤɚ ɩɟɪɲɨɝɨ ɪɨɞɭ. ɋɤɥɚɞɟɦɨ ɬɚɛɥɢɰɸ. 
 

x  )4;(   -4 (-4;0) 0 );0(   

y  + 0 –    + 
y  

 
max      

.
8

9
)4(max y   

 

8) Ɂɧɚɣɞɟɦɨ ,y  ɹɤɳɨ ,
41

32
xx

y   ɬɨɞɿ 

,
122

43
xx

y   ɚɛɨ .
)6(2

4
x

x
y


  

,0y  ɹɤɳɨ 6x - ɤɪɢɬɢɱɧɚ ɬɨɱɤɚ ɞɪɭɝɨɝɨ ɪɨɞɭ.  
ɋɤɥɚɞɟɦɨ ɧɚɫɬɭɩɧɭ ɬɚɛɥɢɰɸ. 
 

x  )6;(   -6 (-6;0) 0 );0(   

y   + 0 –     –   

        
y  

 ɬ.ɩɟɪɟɝ 
 

   

Ɏɭɧɤɰɿɹ ɭɜɿɝɧɭɬɚ ɧɚ ɩɪɨɦɿɠɤɭ )6;(   ɿ ɨɩɭɤɥɚ ɧɚ ɩɪɨɦɿɠɤɭ ).;0()0;6(   

6x - ɬɨɱɤɚ ɩɟɪɟɝɢɧɭ .
9

10
)6(

..
ɩеɪɬy  
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9) ɉɨɛɭɞɭєɦɨ ɝɪɚɮɿɤ ɰɿєʀ ɮɭɧɤɰɿʀ.

 
 

 
 

ɉɪиɤɥɚɞ 27. 

Ⱦɨɫɥɿɞɢɬɢ ɮɭɧɤɰɿɸ ɬɚ ɩɨɛɭɞɭɜɚɬɢ ʀʀ ɝɪɚɮɿɤ: 
2

2 4

x
xy  . 

 
1) )(yD = 0x . 

 

2)  
 

 xy
x

x
x

xxy 



2

2

2

2 44
)(  – ɮɭɧɤɰɿɹ ɩɚɪɧɚ, ɝɪɚɮɿɤ ʀʀ 

ɫɢɦɟɬɪɢɱɧɢɣ ɜɿɞɧɨɫɧɨ ɨɫɿ OY . Ɉɬɠɟ, ɧɚɞɚɥɿ ɦɨɠɧɚ ɞɨɫɥɿɞɠɭɜɚɬɢ 
ɮɭɧɤɰɿɸ ɬɿɥьɤɢ ɩɪɢ   .;0 x  

 
3) Ɏɭɧɤɰɿɹ ɧɟɩɟɪɿɨɞɢɱɧɚ. 

 

4) 0x – ɬɨɱɤɚ ɪɨɡɪɢɜɭ ɞɪɭɝɨɝɨ ɪɨɞɭ, ɛɨ 


)
4

(lim
2

2

0 x
x

x
 . 

 
5) ȱɡ ɩɨɩɟɪɟɞɧьɨɝɨ ɩɭɧɤɬɭ ɫɥɿɞɭє, ɳɨ 0x – ɜɟɪɬɢɤɚɥьɧɚ ɚɫɢɦɩɬɨɬɚ.  

ɉɨɯɢɥɿ ɚɫɢɦɩɬɨɬɢ: 

bkxy  , 


)
4

(lim
)(

lim
3

x
x

x

xf
k

xx
– ɩɨɯɢɥɢɯ ɚɫɢɦɩɬɨɬ ɧɟɦɚє. 
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6) 0y , ɛɨ 
2

2 4

x
x    0. 

Ɉɬɠɟ, ɝɪɚɮɿɤ ɮɭɧɤɰɿʀ ɧɟ ɩɟɪɟɬɢɧɚє ɜɿɫь ɨɯ, ɩɪɢ 0x  ɦɚєɦɨ 0y . 

7) 
3

8
2

x
xy    2040

8
2

2,1

4

3
 xx

x
x , 

.4)2(min y  
 
 
 
 
 

 

8)   0
24

2
4


x
y — ɮɭɧɤɰɿɹ є ɜɜɿɝɧɭɬɨɸ ɧɚ ɜɫɿɣ ɨɛɥɚɫɬɿ ɜɢɡɧɚɱɟɧɧɹ. 

x  ( ;0 ) 

y   + 
y  
 

 

9) ɋɯɟɦɚɬɢɱɧɚ ɩɨɛɭɞɨɜɚ ɝɪɚɮɿɤɚ. 
 

 
 

 

x  )2;0(  2  ( ;2 ) 

y  – 0 +  
y  

 
min  
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ɉɪиɤɥɚɞ 28.  

Ⱦɨɫɥɿɞɢɬɢ ɮɭɧɤɰɿɸ ɬɚ ɩɨɛɭɞɭɜɚɬɢ ʀʀ ɝɪɚɮɿɤ: 
x

e

x
y  . 

1) )(yD = R; 

 

2) 
x

e

x
xy




 )( – ɮɭɧɤɰɿɹ ɧɿ ɩɚɪɧɚ, ɧɿ ɧɟɩɚɪɧɚ. 

 
3) Ɏɭɧɤɰɿɹ ɧɟɩɟɪɿɨɞɢɱɧɚ. 

 
4) Ɍɨɱɨɤ ɪɨɡɪɢɜɭ ɧɟɦɚ. 

 
5) Ɏɭɧɤɰɿɹ ɧɟɩɟɪɟɪɜɧɚ, ɜɟɪɬɢɤɚɥьɧɢɯ ɚɫɢɦɩɬɨɬ ɧɟɦɚ.  
Ɂɧɚɣɞɟɦɨ ɩɨɯɢɥɿ ɚɫɢɦɩɬɨɬɢ ɭ ɜɢɞɿ .bkxy   

0lim1 



 xx ex

x
k , 0

1
limlim1 

 xxxx ee

x
b , ɨɬɠɟ 0y - ɝɨɪɢɡɨɧɬɚɥьɧɚ 

ɚɫɢɦɩɬɨɬɚ. 


 x

x
x

x exe

x
k

1
limlim2 . ɉɪɢ x  ɩɨɯɢɥɨʀ ɚɫɢɦɩɬɨɬɢ ɧɟɦɚ.  

 

6) 0
x

e

x
y , ɤɨɥɢ 0x  (ɧɭɥь ɮɭɧɤɰɿʀ). 

 
7) )1()( xeexy

xx  

. 

0y 1 x , 

 

e
y

1
)1(

max
 . 

 
8) )2())1((  

xexey
xx

. 

0y , ɹɤɳɨ 2x . 

x  )2;(  2 ( ;2 ) 

y   – 0 + 
y  

 
ɬ.ɩɟɪɟɝ.  

x  )1;(  1 ( ;1 ) 

y  + 0 – 
y  

 max  
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2..

2
)2(

e
y ɩеɪегɬ  . 

9) ɋɯɟɦɚɬɢɱɧɚ ɩɨɛɭɞɨɜɚ ɝɪɚɮɿɤɭ. 
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ɁȺȼȾȺɇɇə ȾɈ ɌȿɆɂ 

Ⱦɨɫɥɿɞɢɬɢ ɮɭɧɤɰɿʀ ɬɚ ɩɨɛɭɞɭɜɚɬɢ ʀɯ ɝɪɚɮɿɤɢ. 

 

1. 
21 x

x
y


 ; 

 2. 
21

1

x
y


 ; 

 3. 
12 


x

x
y ; 

 4. 
12

2




x

x
y ; 

 5. 322 )1(32  xxy ; 

 6. 
24

1
x

x
y  ; 

 7. 
2

2 1

x
xy  ; 

 8. 
2

3

3 x

x
y


 ; 

11. 
2)1(

12





x

x
y ; 

12. 
2

3

)1(2 


x

x
y ; 

14. 32 )1(  xy ; 

15. )2)(1( 2  xxxy ; 

16. xxy  3 2 ; 

19. xxy  1 ; 

20. 
2

3 2





x

x
y ; 

21. 
3

1362





x

xxɭ ; 

22. 
3

4
3

x
xy  ; 

23. 3 2)4(1  xy ; 

24. )1(2
xxy  ; 

25. 
34

5

5
xx

x
y  ; 

26.
 )4)(1( 


xx

x
y . 
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VI. ȱɇɌȿȽɊȺɅЬɇȿ ɑɂɋɅȿɇɇə 
 

6.1. ɇɟɜɢɡɧɚɱɟɧɢɣ ɿɧɬɟɝɪɚɥ 

 

ɉɟɪɜɿɫɧɚ ɮɭɧɤɰɿɹ. ɇɟɜɢɡɧɚɱɟɧɢɣ ɿɧɬɟɝɪɚɥ ɬɚ ɣɨɝɨ ɜɥɚɫɬɢɜɨɫɬɿ 
 

Ɏɭɧɤɰɿɹ )(xF ɧɚɡɢɜɚєɬьɫɹ ɩɟɪɜɿɫɧɨɸ ɞɥɹ ɮɭɧɤɰɿʀ )(xf ɧɚ ɩɪɨɦɿɠɤɭ ),( ba , 

ɹɤɳɨ ɞɥɹ ɛɭɞь-ɹɤɢɯ ɡɧɚɱɟɧь x , ɞɟ ),( bax , ɮɭɧɤɰɿɹ )(xF  ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɚ ɿ 
ɦɚє ɩɨɯɿɞɧɭ )()( xfxF  . 

ɇɚɩɪɢɤɥɚɞ, ɮɭɧɤɰɿʀ 5
3

)(,3
3

)(,
3

)(
3

3

3

2

3

1


x
xF

x
xF

x
xF   є 

ɩɟɪɜɿɫɧɢɦɢ ɞɥɹ ɨɞɧɿєʀ ɣ ɬɿєʀ ɠ ɮɭɧɤɰɿʀ 2)( xxf  .  

Ⱦɿɣɫɧɨ, 2

3

2

3

2

3

5,3, x
x

x
x

x

x
x

x

x










 








 









. 

Тɟɨɪɟɦɚ. əɤɳɨ )()(
21

xFіxF  є ɩɟɪɜɿɫɧɢɦɢ ɮɭɧɤɰɿɹɦɢ ɞɥɹ )(xf  ɧɚ 
ɩɪɨɦɿɠɤɭ ),( ba , ɬɨ ɪɿɡɧɢɰɹ ɦɿɠ ɰɢɦɢ ɩɟɪɜɿɫɧɢɦɢ ɞɨɪɿɜɧɸє ɫɬɚɥɿɣ 

cxFxFc  )()(:
21

. 

 

əɤɳɨ )(xF є ɩɟɪɜɿɫɧɨɸ ɞɥɹ ɮɭɧɤɰɿʀ )(xf ɧɚ ),( ba , ɬɨ ɛɭɞь-ɹɤɚ ɿɧɲɚ 
ɩɟɪɜɿɫɧɚ ɞɥɹ ɮɭɧɤɰɿʀ )(xf  ɦɚɬɢɦɟ ɜɢɝɥɹɞ  cxF )( . 

ɋɭɤɭɩɧɿɫɬь ɜɫɿɯ ɩɟɪɜɿɫɧɢɯ ɮɭɧɤɰɿɣ ɞɥɹ ɞɚɧɨʀ ɮɭɧɤɰɿʀ )(xf  ɧɚ ɿɧɬɟɪɜɚɥɿ 
),( ba  ɧɚɡɢɜɚєɬьɫɹ ɧɟɜɢɡɧɚɱɟɧɢɦ ɿɧɬɟɝɪɚɥɨɦ ɜɿɞ ɮɭɧɤɰɿʀ )(xf ɧɚ ɰьɨɦɭ ɿɧɬɟɪɜɚɥɿ 

ɬɚ ɩɨɡɧɚɱɚєɬьɫɹ ɫɢɦɜɨɥɨɦ  dxxf )( . ȼ ɰьɨɦɭ ɩɨɡɧɚɱɟɧɧɿ ɡɧɚɤ  ɧɚɡɢɜɚєɬьɫɹ 
ɡɧɚɤɨɦ ɿɧɬɟɝɪɚɥɚ, )(xf — ɩɿɞɿɧɬɟɝɪɚɥьɧɚ ɮɭɧɤɰɿɹ, dxxf )( — ɩɿɞɿɧɬɟɝɪɚɥьɧɢɣ 
ɜɢɪɚɡ. 

Ɂɚɭɜɚɠɢɦɨ, ɳɨ ɧɟ ɛɭɞь-ɹɤɚ ɮɭɧɤɰɿɹ є ɩɟɪɜɿɫɧɨɸ, ɬɨɦɭ ɳɨ ɧɟ ɤɨɠɧɚ 
ɮɭɧɤɰɿɹ є ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɨɸ ɧɚ ),( ba . 

 
Ɂ ɨɡɧɚɱɟɧɧɹ ɧɟɜɢɡɧɚɱɟɧɨɝɨ ɿɧɬɟɝɪɚɥɭ ɜɢɩɥɢɜɚє: 
 

1) əɤɳɨ )(xF  ɨɞɧɚ ɡ ɩɟɪɜɿɫɧɢɯ ɮɭɧɤɰɿɣ ɞɥɹ ɮɭɧɤɰɿʀ )(xf  ɧɚ ),( ba , ɬɨɞɿ 
  ɫxFdxxf  )( , ɞɟ  ɫ - ɞɨɜɿɥьɧɚ ɫɬɚɥɚ. 

 
2) əɤɳɨ ɩɟɪɜɿɫɧɚ (ɚ ɨɬɠɟ, ɣ ɧɟɜɢɡɧɚɱɟɧɢɣ ɿɧɬɟɝɪɚɥ) ɞɥɹ ɮɭɧɤɰɿʀ )(xf  ɧɚ 

ɿɧɬɟɪɜɚɥɿ ),( ba  ɿɫɧɭє, ɬɨɞɿ ɩɿɞɿɧɬɟɝɪɚɥьɧɢɣ ɜɢɪɚɡ ɭ ɫɢɦɜɨɥɿɱɧɨɦɭ ɡɚɩɢɫɿ 

 dxxf )(   ɡɨɛɪɚɠɭє ɞɢɮɟɪɟɧɰɿɚɥ ɛɭɞь-ɹɤɨʀ ɡ ɰɢɯ ɩɟɪɜɿɫɧɢɯ    dxxfxdF  . 
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3) ɉɨɯɿɞɧɚ ɜɿɞ ɿɧɬɟɝɪɚɥɭ є ɩɿɞɿɧɬɟɝɪɚɥьɧɨɸ ɮɭɧɤɰɿєɸ. 

   )()( xfdxxf 


 ; 

     )()()( xfcxFdxxf 


 ; 

 

4)   dxxfdxxfd )()(  ; 

 

5) cxFxFd  )())(( ; 

        cxdx ;          

 

6)    dxxgdxxfdxxgxf )()()]()([ ; 

 

7)   dxxfcdxxcf )()( ; 

 

8)   cbkxF
k

dxbkxf )(
1

)( , ɹɤɳɨ cxFdxxf  )()( . 

 

Ɍɚɛɥɢɱɧɿ ɿɧɬɟɝɪɚɥɢ 

 

1.   ɫdx0 , ɞɟ  ɫ - ɞɨɜɿɥьɧɚ ɫɬɚɥɚ; 
2.   ɫxdx1 ; 

3.  





1,
1

1







c
x

dxx ; 

4.   cx
x

dx
2 ; 

5.   cx
x

dx
ln ; 

6.   c
a

a
dxa

x

x

ln
; 

7.   cedxe
xx ; 

8.   cxxdx cossin ; 

9.   cxxdx sincos ; 

10.   cxtg
x

dx
2cos

; 

11.   cxctg
x

dx
2sin

; 
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12.  


c
a

x
arctg

axa

dx 1
22

; 

13.  






c
ax

ax

aax

dx
ln

2

1
22

; 

14.  


c
a

x

xa

dx
arcsin

22
; 

15.  


caxx
ax

dx 22

22
ln ; 

16. 1,
1

1







 





c
u

duu , ɞɟ )(xuu   ɜɢɡɧɚɱɟɧɚ ɿ ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɚ; 

17.  


cu
u

dxu
2 , ɞɟ )(xuu   ɜɢɡɧɚɱɟɧɚ ɿ ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɚ; 

18.  


cu
u

dxu
ln , ɞɟ )(xuu   ɜɢɡɧɚɱɟɧɚ ɿ ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɚ. 

 
Ⱦɨɜɟɞɟɦɨ ɞɟɹɤɿ ɡ ɮɨɪɦɭɥ. 

1.  





1,
1

1







c
x

dxx ; 







xxxc
x

























)1(
1

1
)(

1

1

1
1

1

; 

 

2.  


caxx
ax

dx 22

22
ln ; 

 

.
11

)(
1

ln

2222

22

22

22

22

22

axax

axx

axx

axx
axx

axx




















 

 
ɉɪиɤɥɚɞи 1-38. 

1.   c
x

dxx
4

4

3
; 

2.   cxdxx
65

3

2
4 ; 

3. c
x

c
x

dx
x


5687

1

7

887

; 
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4.    

2

3

3 2

1

x
cdxx

x

dx
; 

5.    

3

4

4

1
3

3

x
cdxx

x

dx
; 

6. cxc
x

dxxdxx   4 9
4

9

4
5

4 5

9

4

9

4
; 

7. c
x

x
x

dx



 



5 2

5
7

5 7

5
2

2
; 

8. cxxdxx
x

dx
 

  2
1

2
1

2
2

1

2

1

2
; 

9.   cdx
x

x

3ln

3
3 ; 

10.  


cxarctg
x

dx

12
; 

11. c
x

arctgc
x

arctg
x

dx



22

1

44

1

42
; 

12. c
x

x
c

x

x

x

dx












2

2
ln

4

1

2

2
ln

42

1

4 2
; 

13. c
x

x

dx





2
arcsin

2 2
; 

14. cxx
x

dx



 4ln

4

2

2
 ; 

15. cxx
x

dx



 2ln

2

2

2
; 

16. c
x

dxx 



16

)73(

3

1
)73(

16

15
; 

17.  





 c
x

c
x

dxx
20

)45(

4

)45(

5

1
)45(

44

3
; 

18.   











4

4

5

5 )83(12

1

4

)83(

3

1
)83(

)83( x
cc

x
dxx

x

dx
;  

19. 
5

)32(

5

)32(3

3

1
)32()32(

3

5

3

5

3

2

3 2 x
cc

x
dxxdxx





  ; 

20. 4
4

1

4

3

4 3
720

1

)7(4
5)7(5

)7(

5
xcc

x
dxx

x






  ; 
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21. cxdx
x


 5ln3

5

3
; 

22.  


cx
x

dx
73ln

3

1

73
; 

23.   
cedxe

xx 1515

5

1
; 

24. cedxe
xx   22 ; 

25. cedxe
xx   33

3

1
; 

26. cxxdx  5cos
5

1
5sin ; 

27.  





  cxdxx

4
cos)

4
sin(


; 

28.   cxxdx 2sin
2

1
2cos ; 

29. c
x

tg
x

dx


2
2

2
cos2

; 

30. ;
2

1

2

1

4)1( 2
c

x
arctg

x

dx
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Ɇɟɬɨɞɢ ɿɧɬɟɝɪɭɜɚɧɧɹ ɧɟɜɢɡɧɚɱɟɧɢɯ ɿɧɬɟɝɪɚɥɿɜ 

 

Ɂɚɦɿɧɚ ɡɦɿɧɧɢɯ ɭ ɧɟɜɢɡɧɚɱɟɧɨɦɭ ɿɧɬɟɝɪɚɥɿ 
 

ɇɟɯɚɣ ɞɚɧɨ ɿɧɬɟɝɪɚɥ  dxxf )( , ɹɤɢɣ ɛɟɡɩɨɫɟɪɟɞɧьɨ ɩɪɨɿɧɬɟɝɪɭɜɚɬɢ ɩɨ ɯ 

ɧɟɦɚє ɦɨɠɥɢɜɨɫɬɿ, ɨɫɤɿɥьɤɢ ɜɿɧ ɧɟ є ɬɚɛɥɢɱɧɢɦ ɿɧɬɟɝɪɚɥɨɦ.  
ȿɮɟɤɬɢɜɧɢɦ ɩɪɢɣɨɦɨɦ ɡɜɟɞɟɧɧɹ ɩɿɞɿɧɬɟɝɪɚɥьɧɨɝɨ ɜɢɪɚɡɭ ɞɨ ɜɢɞɭ, ɹɤɢɣ 

ɩɪɢɫɭɬɧɿɣ ɜ ɬɚɛɥɢɱɧɢɯ ɿɧɬɟɝɪɚɥɚɯ, є ɡɚɦɿɧɚ ɡɦɿɧɧɨʀ(ɚɛɨ ɩɿɞɫɬɚɧɨɜɤɚ). ȼ 
ɩɿɞɿɧɬɟɝɪɚɥьɧɨɦɭ ɜɢɪɚɡɿ dxxf )(  ɜɜɨɞɹɬь ɡɚɦɿɫɬь ɡɦɿɧɧɨʀ x  ɞɨɩɨɦɿɠɧɭ ɡɦɿɧɧɭ t , 

ɩɨɜ’ɹɡɚɧɭ ɡ  ɞɟɹɤɨɸ ɡɚɥɟɠɧɿɫɬɸ:  tx  . ɉɪɢɱɨɦɭ, ɛɟɪɟɬьɫɹ ɬɚɤɚ ɮɭɧɤɰɿɹ  t , 

ɹɤɚ ɦɚє ɧɟɩɟɪɟɪɜɧɭ ɩɨɯɿɞɧɭ  t  , ɳɨ ɡɚɛɟɡɩɟɱɭє ɬɢɦ ɿɫɧɭɜɚɧɧɹ ɞɢɮɟɪɟɧɰɿɚɥɚ 
 dttdx  . ɉɪɢ ɬɚɤɿɣ ɡɚɦɿɧɿ ɩɿɞɿɧɬɟɝɪɚɥьɧɢɣ ɜɢɪɚɡ ɩɪɟɞɫɬɚɜɢɬьɫɹ ɭ ɜɢɝɥɹɞɿ 

    dtttf   . Ɇɢ ɨɞɟɪɠɚɥɢ         dtttfdxxf  . ȼ ɩɪɚɜɿɣ ɱɚɫɬɢɧɿ 
ɨɫɬɚɧɧьɨʀ ɪɿɜɧɨɫɬɿ ɩɿɞɿɧɬɟɝɪɚɥьɧɚ ɮɭɧɤɰɿɹ     ttf    є ɮɭɧɤɰɿєɸ ɜɿɞ t . əɤɳɨ 
ɜɢɹɜɢɬьɫɹ, ɳɨ ɰɹ ɮɭɧɤɰɿɹ       ttftf  

1
 є ɬɚɤɨɸ, ɩɪɢ ɹɤɿɣ   dttf

1
 ɭɠɟ 

ɧɚɥɟɠɢɬь ɞɨ ɬɚɛɥɢɱɧɢɯ ɚɛɨ ɡɜɨɞɢɬьɫɹ ɞɨ ɬɚɛɥɢɱɧɢɯ ɩɪɨɫɬɿɲɟ, ɧɿɠ ɜɢɯɿɞɧɢɣ 
ɿɧɬɟɝɪɚɥ , ɬɨɞɿ ɧɚɲɚ ɡɚɦɿɧɚ ɡɦɿɧɧɨʀ ɿ ɧɚɲɟ ɩɟɪɟɬɜɨɪɟɧɧɹ ɞɨɫɹɝɚє ɦɟɬɢ.  

ɇɚ ɡɚɩɢɬɚɧɧɹ: ɹɤ ɜɢɛɪɚɬɢ ɜɞɚɥɭ ɩɿɞɫɬɚɧɨɜɤɭ(ɡɚɦɿɧɭ ɡɦɿɧɧɨʀ), ɨɞɧɨɡɧɚɱɧɨʀ 
ɜɿɞɩɨɜɿɞɿ ɞɚɬɢ ɧɟ ɦɨɠɧɚ. ȼ ɿɧɬɟɝɪɚɥьɧɨɦɭ ɱɢɫɥɟɧɧɿ ɮɨɪɦɭɥɸɸɬь ɩɪɚɜɢɥɚ 
ɡɚɦɿɧɢ ɡɦɿɧɧɢɯ ɞɥɹ ɜɚɠɥɢɜɢɯ ɱɚɫɬɢɧɧɢɯ ɜɢɩɚɞɤɿɜ(ɞɢɜ. ɩɪɢɤɥɚɞɢ). ɉɿɫɥɹ ɬɨɝɨ, 
ɹɤ ɿɧɬɟɝɪɚɥ ɛɭɞɟ ɨɛɱɢɫɥɟɧɢɣ ɩɨ ɡɦɿɧɧɿɣ t, ɩɨɬɪɿɛɧɨ ɩɨɜɟɪɧɭɬɢɫɹ ɞɨ ɫɬɚɪɨʀ 
ɡɦɿɧɧɨʀ x . 

 
ɇɚɩɪɢɤɥɚɞ, 
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  = cxxctt  )4ln4(2)4ln4(2 . 

 
ɉɪиɤɥɚɞи 39-41. 
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xcct
t

dt

x

xdx
cos222

cos2

sin
 40. . 

.sin

,sin

,cos2
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dtxdx
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41. cxxctt
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dt
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xdx
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cos2cosln2ln

2cos2

sin
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.sin

,sin

,cos

dtxdx

dtxdx
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ȱɧɬɟɝɪɭɜɚɧɧɹ ɱɚɫɬɢɧɚɦɢ 

 

ɇɟɯɚɣ )(xuu   ɿ )(xvv   ɧɟɩɟɪɟɪɜɧɨ ɞɢɮɟɪɟɧɰɿɣɨɜɚɧɿ ɮɭɧɤɰɿʀ. Ɍɨɞɿ 
ɫɩɪɚɜɟɞɥɢɜɚ ɮɨɪɦɭɥɚ: 
  vduuvudv , ɹɤɚ ɧɚɡɢɜɚєɬьɫɹ ɮɨɪɦɭɥɨɸ ɿɧɬɟɝɪɭɜɚɧɧɹ ɱɚɫɬɢɧɚɦɢ. 
 Ⱦɨɜɟɞɟɧɧɹ. 

.)(

,)(

vduuvdudv

udvvduuvd




 

  
ɉɪɨɿɧɬɟɝɪɭєɦɨ  ɨɛɢɞɜɿ ɱɚɫɬɢɧɢ: 

.

,)()(

 
  





vduuvudv

duvuvdudv
 

 
ȱɧɬɟɝɪɭɜɚɧɧɹ ɱɚɫɬɢɧɚɦɢ ɜɢɤɨɪɢɫɬɨɜɭєɬьɫɹ ɬɨɞɿ, ɤɨɥɢ ɩɿɞɿɧɬɟɝɪɚɥьɧɚ 

ɮɭɧɤɰɿɹ є: 
I. Ⱦɨɛɭɬɤɨɦ ɫɬɟɩɟɧɟɜɨʀ ɧɚ ɬɪɢɝɨɧɨɦɟɬɪɢɱɧɭ ɮɭɧɤɰɿɸ. 
II. Ⱦɨɛɭɬɤɨɦ ɫɬɟɩɟɧɟɜɨʀ ɧɚ ɩɨɤɚɡɧɢɤɨɜɭ ɮɭɧɤɰɿɸ. 
III. Ⱦɨɛɭɬɤɨɦ ɩɨɤɚɡɧɢɤɨɜɨʀ ɧɚ ɬɪɢɝɨɧɨɦɟɬɪɢɱɧɭ ɮɭɧɤɰɿɸ. 
IV. Ⱦɟɹɤɢɯ ɿɧɲɢɯ ɜɢɞɿɜ, ɡɨɤɪɟɦɚ ɞɨɛɭɬɤɨɦ ɫɬɟɩɟɧɟɜɨʀ ɧɚ ɥɨɝɚɪɢɮɦɿɱɧɭ 

ɮɭɧɤɰɿɸ ɬɚ ɨɛɟɪɧɟɧɭ ɬɪɢɝɨɧɨɦɟɬɪɢɱɧɭ ɮɭɧɤɰɿɸ.  
 

ɉɪиɤɥɚɞи 42-49. 

42.     )1(xeccexedxexedxxe
xxxxxx . 
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43.    xdxxxxxdxx 2sin
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47.     cxxdx
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48.   
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49. 
   xdxexexdxe
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Ɇɢ ɨɞɟɪɠɚɥɢ ɪɿɜɧɹɧɧɹ ɜɿɞɧɨɫɧɨ ɿɧɬɟɝɪɚɥɚ 
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ȼɜɟɞɟɦɨ ɩɨɡɧɚɱɟɧɧɹ:  xdxeI
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ȱɧɬɟɝɪɭɜɚɧɧɹ ɧɚɣɩɪɨɫɬɿɲɢɯ ɪɚɰɿɨɧɚɥьɧɢɯ ɞɪɨɛɿɜ 

 

Ⱦɨ ɧɚɣɩɪɨɫɬɿɲɢɯ ɪɚɰɿɨɧɚɥьɧɢɯ ɞɪɨɛɿɜ ɜɿɞɧɨɫɹɬьɫɹ: 

1. ;
ax

A


 

2. ;
)( 2

ax

A


 

3. 



qpxx

BAx
2

ɬɪɢɱɥɟɧ ɜ ɡɧɚɦɟɧɧɢɤɭ ɧɟɦɚє ɞɿɣɫɧɢɯ ɤɨɪɟɧɿɜ; 

4.
 

,
)( 2 n

qpxx

BAx




 ɞɟ ɤɜɚɞɪɚɬɧɢɣ ɬɪɢɱɥɟɧ ɜ ɡɧɚɦɟɧɧɢɤɭ ɧɟɦɚє ɞɿɣɫɧɢɯ ɤɨɪɟɧɿɜ.
  

 
ɉɪɨɿɧɬɟɝɪɭєɦɨ ɞɪɨɛɢ 1-3. 
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Ⱦɟ ɜɢɤɨɪɢɫɬɚɧɨ ɩɿɞɯɿɞ ɜɢɞɿɥɟɧɧɹ ɩɨɜɧɨɝɨ ɤɜɚɞɪɚɬɚ: 
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ɉɪиɤɥɚɞи 50-51. 

 

50. 
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ȱɧɬɟɝɪɭɜɚɧɧɹ ɪɚɰɿɨɧɚɥьɧɢɯ ɞɪɨɛɿɜ 

 

ɇɟɯɚɣ ɡɚɞɚɧɨ ɞɜɚ ɦɧɨɝɨɱɥɟɧɢ ɡ ɞɿɣɫɧɢɦɢ ɤɨɟɮɿɰɿєɧɬɚɦɢ P(x) ɫɬɟɩɟɧɹ n ɿ 
Q(x) ɫɬɟɩɟɧɹ m. 

ɑɚɫɬɤɭ )(

)(

...

...
1

10

1
10

xQ

xP

bxbxb

axaxa

m

mm

n

nn









 ɩɪɢɣɧɹɬɨ ɧɚɡɢɜɚɬɢ ɪɚɰɿɨɧɚɥьɧɢɦ 
 

ɞɪɨɛɨɦ.  
Ɋɚɰɿɨɧɚɥьɧɢɣ ɞɪɿɛ

 
ɧɚɡɢɜɚєɬьɫɹ ɩɪɚɜɢɥьɧɢɦ, ɹɤɳɨ mn   ɿ ɧɟɩɪɚɜɢɥьɧɢɦ, 

ɹɤɳɨ mn  . 
Ⱦɥɹ ɬɨɝɨ, ɳɨɛ ɩɪɨɿɧɬɟɝɪɭɜɚɬɢ ɪɚɰɿɨɧɚɥьɧɢɣ ɞɪɿɛ  ɩɨɬɪɿɛɧɨ ɜɫɬɚɧɨɜɢɬɢ ɱɢ 

ɞɪɿɛ ɩɪɚɜɢɥьɧɢɣ, ɱɢ ɧɟɩɪɚɜɢɥьɧɢɣ. 
əɤɳɨ ɞɪɿɛ ɧɟɩɪɚɜɢɥьɧɢɣ, ɩɨɬɪɿɛɧɨ ɫɩɨɱɚɬɤɭ ɜɢɞɿɥɢɬɢ ɰɿɥɭ ɱɚɫɬɢɧɭ, 

ɩɨɞɿɥɢɜɲɢ ɱɢɫɟɥьɧɢɤ ɧɚ ɡɧɚɦɟɧɧɢɤ, ɬɨɞɿ ɩɿɞ ɿɧɬɟɝɪɚɥɨɦ ɛɭɞɟ ɫɭɦɚ ɞɟɹɤɨɝɨ 
ɦɧɨɝɨɱɥɟɧɚ ɿ ɩɪɚɜɢɥьɧɨɝɨ ɪɚɰɿɨɧɚɥьɧɨɝɨ ɞɪɨɛɭ. Ɍɨɞɿ ɞɿɫɬɚɧɟɦɨ:  

.
)(

)(
)()

)(

)(
)((

)(

)(
    dx

xN

xM
dxxkdx

xN

xM
xkdx

xQ

xP
 

 Ⱦɪɿɛ 
)(

)(

xN

xM

 
ɩɨɬɪɿɛɧɨ ɪɨɡɤɥɚɫɬɢ ɧɚ ɧɚɣɩɪɨɫɬɿɲɿ ɞɪɨɛɢ ɦɟɬɨɞɨɦ 

ɧɟɜɢɡɧɚɱɟɧɢɯ ɤɨɟɮɿɰɿєɧɬɿɜ. 
ɇɟɯɚɣ,  
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ɞɟ a1, a2,…, ar,- ɞɿɣɫɧɿ ɤɨɪɟɧɿ ɦɧɨɝɨɱɥɟɧɚ N(x), ɩɪɢɱɨɦɭ αi – ɤɪɚɬɧɿɫɬь ɤɨɪɟɧɹ ai.
 ri ,1 ,ɚ ɤɜɚɞɪɚɬɧɿ ɬɪɢɱɥɟɧɢ ɦɚɸɬь ɤɨɦɩɥɟɤɫɧɿ ɤɨɪɟɧɿ ɤɪɚɬɧɨɫɬɿ .,1, sjj   

Ɍɨɞɿ ɰɟɣ ɞɪɿɛ ɪɨɡɤɥɚɞɟɬьɫɹ ɧɚ ɫɭɦɭ ɧɚɣɩɪɨɫɬɿɲɢɯ ɞɪɨɛɿɜ: 
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ȼ ɰьɨɦɭ ɪɨɡɤɥɚɞɿ ɜɟɥɢɤɢɦɢ ɛɭɤɜɚɦɢ ɜ ɱɢɫɟɥьɧɢɤɭ ɩɨɡɧɚɱɟɧɨ ɞɟɹɤɿ ɞɿɣɫɧɿ 

ɫɬɚɥɿ, ɱɚɫɬɢɧɚ ɿɡ ɹɤɢɯ ɦɨɠɟ ɛɭɬɢ ɪɿɜɧɚ ɧɭɥɸ. Ⱦɥɹ ɬɨɝɨ, ɳɨɛ ɜɢɡɧɚɱɢɬɢ ɰɿ 
ɤɨɟɮɿɰɿєɧɬɢ ɩɨɬɪɿɛɧɨ ɞɨɞɚɬɢ ɞɪɨɛɢ ɭ ɩɪɚɜɿɣ ɱɚɫɬɢɧɿ. Ɉɞɟɪɠɚɧɢɣ ɞɪɿɛ є ɬɚɤɢɣ, 
ɳɨ ɡɧɚɦɟɧɧɢɤ ɞɚɧɨɝɨ ɞɪɨɛɭ є ɪɿɜɧɢɦ ɡɧɚɦɟɧɧɢɤɭ ɨɞɟɪɠɚɧɨɝɨ ɜ ɩɪɚɜɿɣ ɱɚɫɬɢɧɿ. 
ɑɟɪɟɡ ɬɟ, ɳɨ ɞɪɨɛɢ ɪɿɜɧɿ ɩɨɬɪɿɛɧɨ ɩɪɢɪɿɜɧɹɬɢ ɱɢɫɟɥьɧɢɤɢ. Ɉɞɟɪɠɚɧɚ ɪɿɜɧɿɫɬь є 
ɬɚɤɨɸ, ɳɨ ɿ ɡɥɿɜɚ ɿ ɫɩɪɚɜɚ є ɦɧɨɝɨɱɥɟɧɢ. Ɇɧɨɝɨɱɥɟɧɢ  є ɪɿɜɧɿ ɬɨɞɿ ɿ ɬɿɥьɤɢ ɬɨɞɿ 
ɤɨɥɢ ɪɿɜɧɿ ɤɨɟɮɿɰɿєɧɬɢ ɩɪɢ ɨɞɧɚɤɨɜɢɯ ɫɬɟɩɟɧɹɯ ɡɦɿɧɧɢɯ. ɉɪɢɪɿɜɧɹɜɲɢ 
ɤɨɟɮɿɰɿєɧɬɢ ɨɞɟɪɠɢɦɨ ɫɢɫɬɟɦɭ ɥɿɧɿɣɧɢɯ ɪɿɜɧɹɧь, ɡ ɹɤɨʀ ɿ ɨɞɟɪɠɢɦɨ ɰɿ ɧɟɜɿɞɨɦɿ 
ɤɨɟɮɿɰɿєɧɬɢ. ɉɿɫɥɹ ɰьɨɝɨ ɡɚɦɿɫɬь ɞɚɧɨɝɨ ɞɪɨɛɭ ɬɪɟɛɚ ɡɚɩɢɫɚɬɢ ɫɭɦɭ ɨɞɟɪɠɚɧɢɯ 
ɞɪɨɛɿɜ, ɹɤɿ ɦɨɠɧɚ ɩɪɨɿɧɬɟɝɪɭɜɚɬɢ. 
 
 ɉɪиɤɥɚɞи 52-55. 
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53. Ɂɧɚɣɬɢ  
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55. Ɂɧɚɣɬɢ  
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ɁȺȼȾȺɇɇə ȾɈ ɌȿɆɂ 

 

 Ɂɧɚɣɬɢ ɿɧɬɟɝɪɚɥɢ : 
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 Ɂɧɚɣɬɢ ɿɧɬɟɝɪɚɥɢ:
 

 1.   dxx
4)23( ; 

 2.  
dxe
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; 

 3.  dx
x
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2
sin ; 

 4. 
x

dx
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; 

 5.  13x
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; 
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 9.   )16(sin 2
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Ɂɧɚɣɬɢ ɿɧɬɟɝɪɚɥɢ, ɜɢɤɨɪɢɫɬɨɜɭɸɱɢ ɡɚɦɿɧɭ ɡɦɿɧɧɨʀ: 
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 Ɂɧɚɣɬɢ ɿɧɬɟɝɪɚɥɢ ɱɚɫɬɢɧɚɦɢ:
 1.  xdxxsin ; 

 2.  xdxx 2cos ; 
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 Ɂɧɚɣɬɢ ɿɧɬɟɝɪɚɥɢ ɜɿɞ ɞɪɨɛɨɜɨ-ɪɚɰɿɨɧɚɥьɧɢɯ ɮɭɧɤɰɿɣ: 
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ɉȱɋɅəɆɈȼȺ 
 
ȼɢɫɥɨɜɥɸєɦɨ ɳɢɪɭ ɩɨɞɹɤɭ ɪɟɰɟɧɡɟɧɬɚɦ Ɇɨɰɿ Ⱥ.ȱ. ɬɚ Ʌɚɡɚɪɭ ȼ.Ɏ. ɡɚ 

ɜɢɫɥɨɜɥɟɧɧɿ ɩɨɛɚɠɚɧɧɹ ɬɚ ɡɚɭɜɚɠɟɧɧɹ, ɡɧɚɱɧɚ ɱɚɫɬɢɧɚ, ɹɤɢɯ ɜɪɚɯɨɜɚɧɚ ɜ 
ɞɚɧɨɦɭ ɜɢɞɚɧɧɿ. 

ɇɚɫɬɭɩɧɟ ɜɢɞɚɧɧɹ ɩɨɫɿɛɧɢɤɚ  ɛɭɞɟ ɞɨɩɨɜɧɟɧɟ ɳɟ ɛɿɥьɲɨɸ ɤɿɥьɤɿɫɬɸ 
ɿɥɸɫɬɪɚɬɢɜɧɢɯ ɩɪɢɤɥɚɞɿɜ ɬɚ ɡɚɞɚɱ ɞɥɹ ɫɚɦɨɩɟɪɟɜɿɪɤɢ ɿ ɧɨɜɢɦɢ ɪɨɡɞɿɥɚɦɢ. 

Ɍɚɤɨɠ ɛɭɞɟɦɨ ɜɞɹɱɧɿ ɜɫɿɦ ɡɚ ɩɪɨɩɨɡɢɰɿʀ ɬɚ ɡɚɭɜɚɠɟɧɧɹ ɳɨɞɨ ɜɢɩɪɚɜɥɟɧɧɹ 
ɩɨɦɢɥɨɤ ɬɚ ɨɩɢɫɨɤ, ɹɤɿ ɩɪɨɫɢɦɨ ɧɚɩɪɚɜɥɹɬɢ ɧɚ ɩɨɲɬɨɜɭ ɫɤɪɢɧьɤɭ: 
natalia.kondruk@uzhnu.edu.ua. 
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Навчальне видання 
 

 

 

Кондрук Н.Е., Маляр М.М., Ніколенко В.В., Шаркаді М.М. 

 

ЕЛЕМЕНТИ ВИЩОЇ МАТЕМАТИКИ 

 

Навчальний посібник 
 

 

 

 

 

 

 

 

Формат 60х84/16. Умовн. друк. арк. 7,20. Зам. № 56. Наклад 150 прим. 

Видавництво УжНУ «Говерла». 

88000, м. Ужгород, вул. Капітульна, 18. E-mail: hoverla@i.ua 

 

Свідоцтво про внесення до державного реєстру  

видавців, виготівників і розповсюджувачів видавничої продукції –  

Серія Зт № 32 від 31 травня 2006 року 
 

 

 

 

 

 

Е 50 Елементи вищої математики: навч. Посібник / Н.Е. Кондрук, М.М. Маляр, 

В.В. Ніколенко, М.М. Шаркаді. – Ужгород: Видавництво УжНУ «Говерла», 

2017. – 124 с. 

 

ISBN 978-617-7333-42-4 

Розглянуто розділи вищої математики, що входять до програми перших 

курсів вищих навчальних закладів нематематичних спеціальностей – лінійна та 

векторна алгебра, аналітична геометрія, вступ до математичного аналізу, 

диференціальне та інтегральне числення. Теоретичний матеріал ілюструється 

великою кількістю прикладів і завдань для самостійної роботи. Посібник 

відповідає сучасним робочим та навчальним програмам з вищої математики. 

Для студентів вищих навчальних закладів різних напрямів та 

спеціальностей, для яких «Вища математика» є непрофільною дисципліною, 

викладачів та всіх бажаючих самостійно вивчити даний курс. 
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