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THE BANACH SPACES F,(©?) OF RANDOM VARIABLES
UDC 519.21

YU. V. KOZACHENKO AND YU. YU. MLAVETS’

ABSTRACT. Some properties of random variables and stochastic processes belonging
to the spaces F,(Q2) are studied.

1. INTRODUCTION

The Monte-Carlo method for the evaluation of the integrals

1) :/.../f(t,f)p(:ﬁ')dm, teT,

is considered in the paper [1] (also see [2]), where p(Z) is the probability density of a
certain random vector. The integrals considered in [1] depend on a parameter ¢ (the
particular case where the integrals do not depend on a parameter ¢ is also considered
in [1]). Sufficient conditions are found in [1] to evaluate the integrals with a given accuracy
and reliability. The proofs of the results in [I] are based on the methods of the theory of
stochastic processes in Orlicz spaces.

It became evident that the methods used in [1] are more efficient if one uses the so-
called moment norms (more precisely, the Luxemburg norms) which are equivalent to
the usual norms in Orlicz spaces. One can also use the theory of the spaces F(£2) to
evaluate the integrals with a given accuracy and reliability. The norms in the spaces
F, () are given by

uy\1/u
el = sup EEL
u>1 1/’(“)
where 1(u) > 0 is a certain increasing function. The spaces Fy,(£2) are introduced in the
paper [3].

The current paper is devoted to a study of some properties of the spaces F,(€2) that
can be used for the Monte-Carlo method to evaluate the integrals with a given accuracy
and reliability. However, the study of the spaces F(2) has its own interest in view of
several other applications, namely for constructing models of stochastic processes, their
approximations, etc.

In a forthcoming paper, we plan to apply the results obtained below for a study of
accuracy and reliability of Monte-Carlo methods.

The paper is organized as follows. Section [2]is devoted to the main properties of the
spaces F;,(2). A relationship between some spaces F;,(€2) and Orlicz spaces is considered
in Section [3l Some bounds for the distributions of supremums are obtained in Section [4]
for stochastic processes belonging to the spaces F,(Q).
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2. Fy(Q)-SPACES

Definition 2.1. Let ¢(u) > 0, v > 1, be an increasing continuous function such that
(u) — 0o as u — co. We say that a random variable £ belongs to the space F,(Q) if

(EJe[")™

sup ————— < Q.

w1 Y(u)
It is proved in [3] that F,(Q) is a Banach space with respect to the norm
1/u
(Elg[)"™
P(u)

Remark 2.1. Tt is obvious that F () is a normed linear space. The proof that F({2)
is a Banach space is similar to the proof of a similar result that every Orlicz space of
random variables is a Banach space (see [4]).

(1) €1l = Sup ~—

Theorem 2.1. Let a random variable & belong to the space Fy(Q). Then

€1l (P(u)
(2) P{lg|>a} < i %
for all x > 0.
Proof. The Chebyshev inequality implies that
Ele" _ EIE" () _ lI€l (¥ w)*
2 = (W) v
for all u > 0. |

P{l¢] > a} <

Example 2.1. Let ¢(u) = u® and o > 0. We show that

1/«
P{lel > 2} <expq -~ (ﬁ)

for # > e [[]|,. Indeed, let b = |||, /z. The minimum of the expression b"u™* is

attained at the point u = e~1b~/®. Substituting this number in inequality @), we prove
the above bound.

Example 2.2. Similarly to Example one can show that if ¢¥(u) = e and a > 0,
then

2
In
P {lé] > o} < oxp _%

for all x > e2¢ €11,

Example 2.3. Let ¢(u) = ev’. An optimization procedure similar to that in Exam-
ples and proves that

3/2
(hl ngnw)
P{l¢| > a} <exp -

for all z > e3 1€l



F, (Q)-SPACES 107

Definition 2.2. We say that F,(Q) is a F,,(Q)-space if the function v (u) is such that

Yt
®) BT

for all v > 0.
Condition obviously holds for the functions
1) ¢(u):e“"ﬁ if0<f<1anda>0,
2) YP(u) = Au® if @« >0 and A > 0.

Definition 2.3 (|5 [4]). We say that a positive non-decreasing sequence (»(n),n > 1)
is an M-characteristic (a majorant) of a space F () if

(4)

ax. |

< x(n ) Jnax ||€z||¢,
¥

for all random variables &;, i = 1,2, ..., n, belonging to the space F,(Q).

Theorem 2.2. The sequence

1 p(u+v)
g o) = g ot

is an M-characteristic (a majorant) of the space F ().

Proof. Let &,&2,. .., &, be asequence of random variables belonging to the space F ().
Then

) yus1/u (E(maX1<i<n |§i\)u+v>m
_ gup Emaxicicn |G 77 Sis

" w1 P(u) S Y(u)
(EE)T yur

S R BT
Y(u+v)
o)

for all v > 0. Since v > 0 is an arbitrary number, bound () implies Theorem [2.2] |

Joax |5l

< u+v
e [l supn e

Example 2.4. Let 9(u) = ¢’ Then a majorant of the corresponding space Fy, () is
equal to

s(n) = exp {Q% (Inn)?/? - 1} .

v2+2uv 1/3 _

The minimum of the expression nwve is attained at the point v = (%ln n)
Substituting this number in equality (5), we complete the proof.

The evaluation of a majorant »(n) is simpler for the spaces Fw(Q)

Corollary 2.1. A sequence

(6) x(n) = ir;%z(v)nvll

is a majorant of the space Fw(Q), where
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Proof. Indeed, equality implies that
1 YPp(u+v)

sup inf n#M < inf supnwts ————= = inf z(v)n% 0
u>1 v>0 ’Lp u) v>0 u>1 ¢(u) v>0
Example 2.5. Let ¢(u) = e** and a # 0. Then a majorant is given by
2Valn n-a

x(n)=e

Example 2.6. Let ¢(u) = u® and « > 0. Then a majorant is given by
»x(n) = (Inn)* (E>

«

Note that one obtains the same majorants for the spaces considered in Examples
and [2.6] irrespective of which formula is used for the evaluation, either formula (5]) or (G).

Definition 2.4. Let {S;} be an increasing sequence such that Sy > 1 and S — oo as
k — oo. Consider an increasing continuous function ¢ (u) such that ¥(u) > 0, u > 1,
and ¥(u) — 0o as u — 0o. Then we say that a random variable £ belongs to the space

Fg, () if
s 1/Sk
(Elel™)

sup

k>r U)(Sk)

Similarly to the preceding case, one can easily prove that the spaces Fg, 4 () are
Banach spaces with respect to the norms
1/Sk
s
(Elel™)

. Wlser =200 =5

< 00.

Theorem 2.3. Let condition (3) hold for a function . Assume that there exists a
number C,. > 0 such that

¥ (Sk)
k<0, k>
Y (Sk-1) ~
Then the spaces Fg, .-(Q) contain the same elements as the spaces F,(Q) and the

norms and (@) are equivalent.

Proof. Indeed,
€Ml 2o < M1y -
Now Lyapunov’s inequality implies that
1/8k 1/Sk
€l (Ble) (™) sy
v T ) Y(Sk) ¥(u)

S, S
< el S5 <l T < Crlels

for Sp_1 <u<S,and k—1>r.
Further, for 1 <u < S,

1/S,
<mmw<@mﬂ B(S,)
P S 6(S) ()

_ P(S;)
2= Louss, D(u)

< Collellsy -

where
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Therefore

€]l < max (C, Cr) [[€]l s, 1, O

Remark 2.2. Theorem [2.3 may fail if its main assumption does not hold.

The space corresponding to the sequence Sy = 2k is the most important among the
spaces Fg, () for our purposes. We denote by

(E |§|2k) 1/2k
)=y

the norm in this space. It is clear that if condition (3] holds for a function v, then the
spaces Fy, () and Foy 4 -(€2) coincide and the norms in these spaces are equivalent.
Indeed, according to Theorem

(8) 02, (§) < [I€ll -
Note that
T R e P TR
that is
(9) 1€]l,, < $r2,5(€),
where
(10) by = max {¢,,Cs} .

The proof of the following result is similar to that of Theorem

Theorem 2.4. Let a random variable & belong to the space Fg, (). Then

||§||sk v (B(Sk))"

x5k

(11) P{l{l >z} <1
for all x > 0.
In particular, if Si = 2k, then

2k
o (61> ) < ur [lBes (VCR)

according to Theorem

Theorem 2.5. The sequence

st O(Sk £ v)
(12) o) = o Il n T S

is an M -characteristic (majorant) of the space Fg, 4 ().
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Proof. Similarly to the proof of Theorem consider a sequence of random variables £,
&, ..., & in the space Fg, y (). Then

1/Sk e
(E (maxi<icn l6:) ) (E (maxi<ica lgi)* ) ™
= sup < sup
Sp,r k>r dJ(Sk) k>r d’(Sk)
1
Sk+v Sktv
< sup max nSiF (E <! ) Y(Sk + )
T k>r1<i<n Y(Sk +v) P (Sk)
P(Sk +v)
¥(Sk)
for all v > 0. The latter inequality and bound (4) complete the proof of Theorem 2.5l [

gﬁ;&\

1
< ) Skt
< 2 [l Supr =T

Below we list some examples of random variables belonging to the spaces F; ().

Example 2.7. If a random variable ¢ is bounded, that is, if || < const with probability
one, then £ belongs to all of the spaces F(Q2).

Example 2.8. Every random variable with the Laplace distribution (the density of the
Laplace distribution is p(z) = %e’m) belongs to the space F,; () for ¢(u) = u. Indeed,

VEE]F = VE! ~ k.
Example 2.9. Every normal random variable £ = N (0, 1) belongs to the space F(Q)

if 1 (u) = u!/?. Indeed,
afc 2 _oaf DY
VEIS = 3/ G ~ 1

Definition 2.5 (|I]). We say that a Banach space B(f2) of random variables possesses
property H if there exists an absolute constant Cg such that

n 2 n
&
=1

2

<CpY_l&ll
i=1

for all n > 1 and all independent centered random variables £1,&s, ..., &, belonging to

the space B(2).

(13)

Our aim is to find conditions for the processes Fd) (©) to possess property H and to
evaluate the corresponding constant C'z.

Theorem 2.6. Let &1,&s,...,&, be independent centered random variables belonging to
the space F (). Assume that the &, are symmetric random variables for k > max(r, 2)
and that

(W(20)* (v(2k — 20))*

(14) ca <Ci, l=1,....,k—1.
(1 (2k))*
Then
n n
(15) %, (26) < X8 €.
i=1 i=1
If the random variables &1, s, . . ., &, are not necessarily symmetric, then condition (14)

implies that

i=1 =1
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If &1,&o, ..., &, are not symmetric random variables and
21 2k—21
(17) c (1 + E) (W) (¥(2k 231)) <ct, l=1,...k—1,
3 (1(2k))

then
(18) 02, (Z a-) <36, (&),
=1 =1

We need some auxiliary results to prove Theorem [2.6

Lemma 2.1. Let £ and n be random variables belonging to a space f‘w(Q) If € and n
are independent and En = 0, then

(19) H§H¢ <€ 77”11;-
Proof. The Fubini theorem implies that
(20) EI§—nl" = Ec (Ey 1€ —nl")

for v > 1, where the symbol E¢ stands for the conditional mathematical expectation
with respect to £. Similarly, E, denotes the conditional mathematical expectation with
respect to n. The Lyapunov inequality implies that

Eclé—nl" = (Bel¢ —nl)" > [Ee (€ —m)|" = ¢ —Eenl" = [¢]"

for u > 1.
Hence (20)) implies that

El¢—nl" = El¢|".
Relation (19) obviously follows from the latter inequality. O

Proof of Theorem [2.6l Let &1,&a,...,&, be symmetric random variables. Then all odd
moments are equal to zero. Thus

2k—2 k—1
E(@+&)" =B+ ) CHLEGES  +EG =B +) CHEGES ™ +EGN.
s=2 r=1

Since E[&;[* < (¥(2k))* 035 (&), we get

E(& + &) o_or 037 (£1) 035777 (&)

k—1
<635 (€1) + > O ((2r) ((2k — 2r))

((2k)*" (1(2k))*
+ 93’?« (&2)

k-1

<O (&) + D Crbz, (64) 03577 (&) + 635 (&)
r=1

= (63, (&) + 63, ()"

The latter inequality implies for n = 2.
Now let &1,&s,...,&, be independent centered random variables belonging to the

space Fw(Q) and let £7,&5,...,&; be independent of &;, i = 1,...,n, jointly indepen-
dent random variables such that & has the same distribution as &. Then the random
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variables §; — & are symmetric. Lemma implies that

92T<Z€’L) <027‘(Z ) 2927‘ i i
i=1
<Z 92’r§2 +92r _42927‘ g’b ’

i=1

where 03, (&;) = 02, (§). The proof of inequality is complete.
The proof of inequality (I8) is similar to that of (I5). Since

2k—2

E(&+&)" =E&F + Z C5 EGEF +EG

and

|E§1 2k— s’ <E|§1|5+1E|§2‘2k s— 1+E‘§1|s 1E|§ ‘2k erl)

l\D|*—‘

for even s, we have

E(& +&)% <Ela* +ZR El&[* E[&* 7 + E |6,
where
R, =Ry 2 =C5+> c%, =i+ (e am e ) N VSR Y
It is easy to prove that R% < (14 %) C3l. Therefore

El& [
< WEF

kY (0(20)” (0(2k —20)* 7 ( El&*
21 ~
+ l; c# (1 + 3> ( )

Cok E (&1 + &)™

(1p(2k))** (v(21))*
E |§2|2k72l
) (w(zk - 21))%-%)
. Elal
(1h(2Kk))%k

k—1
<035 (&) + ) G, (€0) 03572 (&2) + 63 (&2)

=1
k
= (03, (&) + 03, (€2))
The latter inequality implies for n = 2 and thus Theorem is proved. a

Theorem and inequalities and (9) yield the following result.

Corollary 2.2. Let &1,&o,...,&, be independent centered random variables belonging to
a space F (). Assume that the & are symmetric random variables for k > max(r,2)
and that

(w(20)* (v(2k — 20))*

21
o (1(2k))*

<ct, I=1,...,k—1.
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Then
2

n
<P Gl
P i=1

D&
=1

where 123 is defined by (10)).

If the random variables &; are not necessarily symmetric, then condition (14) implies
2

that
n n
dall <4 llEl?
i=1 ! i=1
If the & are not necessarily symmetric random variables and

2l kY D) (p(2k —20)* 7 _ _
c3 (1 - 3> e <cl, 1=1

k—1

gee ey 5

then

n

n 2
Zfi S@?«ZH&H&-
i=1 P i=1

Below are some examples of the spaces F;(€2) for which the above results hold.

Lemma 2.2. The inequality
k" 1/1 1
R R =)
holds for k> 2 and 1 <1<k —1.
Proof. Since

CQZ
cil =i
and n! = v2mnn"e~"e by Stirling’s formula, where |6,,| < 12”, we have
CZ @Rk—D! Rk — )R
CL T @012k — 20Tk 2Rk — 1)2(=Djck exp {0 + 021 + Oy, + 0y + O}
DR (NS S SEOE S S
Sk -2 TP\ 24k T 24l T 24— 1) 126 120 T 120k — 1)
k" 1/1 1
< — 1 (Il
< g s (e ) )

Example 2.10. Consider the space Fy () for ¢(u) = u* and a > 3. We show that
property H holds in this case. Indeed,
(2l)210‘(2kj 21)(2k—2l)a ol lQl(k _ l)(Qk—Ql) @
(2k)2ke = Gy, ( L2k )

. l(2a—1)l(k _ l)(Q(y—l)(k—l) 1 1 1 1
< Ci | CGa—D)k EeXp{g <E+ k— 1“)}

It is obvious that inequality (14) holds for o > % and k > 2, that is, the space F (1)
possesses the property H if ¢(u) = u®. One can also show that a space F () does not
possess property H if a < %

CQl

Example 2.11. Lemmal[2.2/implies that the space F, () possesses property H if ¢(u) =
“and a > 0.
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3. A RELATIONSHIP BETWEEN THE SPACES F,(€2) AND ORLICZ SPACES

Definition 3.1 ([4]). We say that an even continuous function U = (U(z),z € R) is a
C-function if U(0) = 0 and U(x) is increasing for = > 0.

Definition 3.2 ([4]). Let U be an arbitrary C-function. Consider the family of random
variables such that, for every & € Ly (), there exists a constant r¢ > 0 for which
EU({/re) < oo. This family is called the Orlicz space of random variables and is denoted

by LU(Q)

An Orlicz space Ly (€2) is a Banach space with respect to the norm

€l = inf{r >0;EU (g) < 1}.

This norm is called the Luxemburg norm.

Consider an Orlicz C-function
(%)2/(1 22, if |o| < 24,

exp{|z|"}, if |z] > za,

(21) Ule) = {

where z, = (2/a)}/®, 0 < a < 1. Then Ly (9) is called the Orlicz space generated by
the function U(z).
Consider the function Uy (x) = exp {|z|*}, 0 < a < 1. Let Sy, () denote the family

of random variables £ for which there exists a number 7 such that E Uy (%) < 00. In the

space Sy, (), consider the functional
(Do, = inf{r S 0:ET (f) - 2},

Lemma 3.1. A random wvariable & belongs to an Orlicz space Ly () if and only if
£ € Sy, () and

Iglly < (/%) {(€)un,
(o, < lelly (/= +1)""

Proof. Let r > 0. Then
EU<§> :EU<§>]I{@ gxa}+EU(§)H{|£ >:Ea}
T T T r r

Now let 7 = ({(¢))y,. Then EU(&/{((€))y,) < ¥/ + 2. Since U(ax) < aU(z) for
0 <a<1 (see 4, Lemma 2.2.2]),

v (<<§>>U1 G +2>> < gty <<<s§>ul) =1
Hence

(22) lelly < (*°%2) (©)o-

< U (zq)+ Eexp

Q 3 |

S N~

262/°‘+Eexp{
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Now we prove the second inequality. It is easy to see that

Eexp{§a}—Ee p{ } {E<xa}+Eexp{—a} {|§|>xa}
r T r
<exp{(xa)a}+EU(§>.
Putting r = [|£||,;, we obtain
(23) Eexp{‘ﬁa} <o 4.

Using the inequality exp {|az|} — 1 < a (exp {|x|} —1) for 0 < a <1, we get

1
Eexp{— 7} 1< (Ee {‘— }—1).
€l e?/>+1 62/a 1 1€l
Thus bound (23) implies that
ol ) (e {lii | -1
Eexp{— 1< E exp 1
€l e?/>+1 62/a 1 1€l
2/a
2/a _ €
—e2/a+1( +1 1) e2/a 11

As a result we obtain

Eexp{‘ § T a}ﬁzei—i-lﬁl
lelly (/e )] J et
This implies that (€)1, < €]l (/@ +1)"°. O
Lemma 3.2. If0 < a < 1, then
1/a 1/ ( ‘f' )1/"

(©)u, = al/%el® [ sup = Fo— |
Proof. Since

z"exp{—z%} < (g)n/a exp{—ﬁ}
and ;

2o (2)" -1
we get

E n/o
£ enf(9)) ) o)
n\n/a n
El" < (€8.2(5) ew{-Z}.
. 1/a 1
€l < w2 (2) " ew {-11.
In view of the inequality ((£))y, = inf {r > 0;Eexp {(¢/r)*}} < 2, we obtain
(N, > (ElEM'™ : o T agisa 0
o ) Tep(y T

Lemma 3.3. If0 < a <1, then

el/12 /o . (E |£|n)1/n
“wm§0+¢%> é/@g—ﬁﬁ—.




116 YU. V. KOZACHENKO AND YU. YU. MLAVETS'

Proof. The Lyapunov inequality implies that
Ef¢]™ < (Ef¢[")”

for 0 <o < 1.
Put J, = Eexp {|¢|*/r*} — 1. Then

EIE" _ 5~ (L")
Ja_znlra Z nlron °

n=1 n=1

Let

Since E [¢]" < 2"n"™/®, we conclude that

By Stirling’s formula,

s PPN 61/1271 61/12 s PPN
Jo < e <¢ 2y,
Q‘Z(W) V2mn ﬁz_:l(r“)

n=

Let 7 = 2e!/®/s'/* where 0 < s < 1. Then

o0
pl/12 . el/12

Jo < — st = —— .
a_\/QW; V2rl—s
If s = (1+ 61/12/\/27r)_1, then

€
EGXP{W} S 2.

This completes the proof of Lemma |

Theorem 3.1. Let a function U(zx) be defined by equality (21)). Then the Orlicz space
Ly (Q) contains the same elements as the spaces Fy(Q) for ¥(u) = ul/®. Moreover, the
norms in these spaces are equivalent.

Theorem follows from Lemmas and and Theorem
Other cases where the Orlicz spaces and F(£2) are equivalent are considered in the
book [4] and in the paper [6].

4. STOCHASTIC PROCESSES

Definition 4.1. Let F:L(Q) denote one of the following Banach spaces of random vari-
ables: either Fy(Q) or Fy(Q) or Fg, ,,(?). The norm in the space F;,(2) is denoted
by |-[|

Let X = {X(t),t € T} be a stochastic process, let T = (T, p) be a compact metric
space, and let p be a metric in T. Let N(u) denote the metric capacity of the space
(T, p). If v = o (supy s p(t, ), then we put e, = o=V (yp*) for k =0,1,2,... and

€ (0,1).

Let V., be the set of centers of a minimal {e}} net. We say that a set of closed balls
is called a minimal {e;} net if the radiuses do not exceed ey, if the balls cover (T, p),
that is, V = UZO:O V.., and if the set contains the minimal number of balls with the
latter two properties.
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If £k =0, then
go =0V (y) =7 (0 ( sup p(tys))) = sup p(t,s).
t,seT t,seT

Definition 4.2. We say that a stochastic process X belongs to the space F;Z(Q) if the
random variable X (t) belongs to the space Fy () for all ¢.

Theorem 4.1. Let X(t) be a separable stochastic process in (T, p) that belongs to the
space Fy (). Assume that

sup || X(t) — X(s)|| < a(h),
p(t.s)<h

where o(h) is a continuous increasing function such that c(0) = 0. If

/05 » (N (0'(71)(’(1,))) du < 0o

for all e > 0 and if sup,er | X (t)| € F},(Q), then

wpxmﬂ<3@»
teT

where .
1
B(p) = inf | X ()] + ——— N (oY d
) = BEIXO + s [ (8 (+w))
and where (n) is a majorant of the space ¥, ().

Proof. Given an arbitrary u > 1, we get

EIX() - X()]" _ [X(O) — X()[[g, (b(w)"

PLX (1) — X(s)] > e} < =
< 9lp(t,8) ((u)*

= cu

&\u

Hence

P{IX(t)—X(s)|>e} =0 asp(t,s)—0
for all € > 0. Thus the stochastic process X is continuous in probability, whence we
conclude that V is a set of separability, that is,

sup | X (t)| = sup | X (¢)] .
teT tev

Consider the mapping ay(t), ¢ € V, such that ax(t) is a point of V., for which
p(t,ar(t)) <eg (if t € Vg, , then ag(t) =1).

Let ¢ be an arbitrary point of V. If t € V. for some integer number m, then we put
tm =t and ty,—1 = am—1(tm), tm—2 = m—2(tm-1), .., t1 = a1(t2), to = ao(t1), and
accordingly

X(t)=X(tm)
= X(tm) = X(tm-1) + X(tm-1) — X(tm-2) + X(tim-2) — ...
—X(t1) — X(to) + X(to),
X < 1X () = X(tm—1)[ + [ X (tm-1) = X(tm—2)[ + - + [ X (t1) — X (to)| + [X (o)
< max [X(t) — X(am-1(t))] + max [ X (t) = X(am—2(t))| + ...

Em

+ max | X(t) = X(alto)] + X (fo)]
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Since

fgg\X( )= SuPlX( )< X (to |+Z max \X( ) — X(au-1(1))]

<X (1)) + 3 max X(0) — X (1)
=1 “L
we conclude that

)

wmxﬂ<wmrﬁwmmM>X@4w

whence we deduce that

sup [ X (t)]
teT

< inf X (¢ |+Z ) max IIX( ) = X(ea—1 (1))
< Inf | X ()] + ;%(N(&))U(Ez)

< ing X0+ 30 (N (oD 1)) ) g

=1
Next

/wk . (N (0(71)(11))) du> (N (0(71)(,ka)>) ('ypk _ 'ypkﬂ)

= 3 (N (a(*l)(vp’“))) " (p - p?),

k

whence we establish that
[ 2 (N (e D(w))) du
k (=1) (ke P
P %(N (0 (vp ))) < o0 .

Substituting this result in the preceding inequality, we get

0o 1
sup|X(t)|H < inf | X(2) +Z#/W %(N (aH)(u))) du
teT teT -1 p(l - p) ypltt

= L IX O]+ s [ (¥ (o w) )

Corollary 4.1. Let X = {X(t),t € T} be a stochastic process and assume that
sup | X ()| € F,(Q).
teT

Then
B"(p)(¥(u)"

&\u

P {sup|X(t)| > s} < inf
teT u>1
for all e > 0.

Example 4.1. If ¢(u) = u* and « > 0, then

P{félng(t) > x} < exp{_% (%)Ua}

for z > e“B(p).



F, (Q)-SPACES 119

Example 4.2. If ¢)(u) = e and a > 0, then

(ln B’g(cp))2
P{l¢{| > 2} <exp{ ———1—

for all z > €2 B(p).
Example 4.3. If ¢(u) = ¢’ then

. 3/2

for all z > e*B(p).

Corollary 4.2. Let X = {X(t),t € [0,T]}, T > 0, be a separable stochastic process
belonging to the space ¥y, (). Assume that

(24 X0 = X < o(h),

where o = {o(h),h > 0} is a continuous increasing function such that o0(0) = 0. If

# T
A %(20_(—1)(@4-1>du<00

sup | X (1) € F,(Q)
te[0,T]

for all z > 0, then

with probability one and

(25) sup | X(1)||| < B(p)

t€[0,T)

for all 0 < p < 1, where
~ ¢ 1 TP T
(p) tel[%j]” Ol +p(1_p)/0 %(20(1)(u) + > u

and v = o(T). Moreover,
B (p) (v ()"

&\u

(26) P{ sup |X(¢)| > E} < 1r;f1

t€[0,T]
for all e > 0.

Proof. Corollary follows from Theorem since the metric capacity of the interval
[0, T is such that
T
N(u) < —+1. 0

2u
Corollary 4.3. Let X = {X(t),t € [0,T]}, T > 0, be a separable stochastic process
belonging to the space F;,(Q2). Assume that

C
27 X)) —X _
0 SR = X< (e (£ +1))"7
for some B < 1. Then

sup | X (1) € F,(Q)
te[0,T]
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with probability one and

(1-B)/B
ch ch (1+B)PHt
sup | X(@®)||| £ inf [|[X@)||+—— —— =B.
s (X0 < nt 15O+ 5 (ﬂ(%)> -
Moreover,
Eu u
(28) Pq{ sup |X(t)] >ep < inf W)
te[0,T) uzl e
for all e > 0.
Proof. Corollary [4.3] follows from Corollary [4.2] Indeed,
C
oh) = ———73
/B
(5 (35 +1))
and thus

1 /W’ ( T N 1) J 1 /W ol J cl s 1
y74 U= ——-—: — au = .
p1-p) Jo “\20CD(u) p(1-p) Jo uP -3 (1-ppP

Minimizing the right hand side of the latter inequality with respect to p, we derive

Corollary from inequality (253). O
et 1-p)/B
B(§) = cP c’ (1+ )+
-5 =0 .
Example 4.4. Consider the space F () for ¢(u) = u®. Put
o(h) = < ___
(In (37 +1) 5)
Then "
, ElxX®") ™"
sup |[X()||| £ inf sup —————— + B(f) = By=.
te[o?ﬂl O < oL 5P " (B) = By
Moreover,
a z 1/«
P< sup |X(t)] >z <exp ——( )
{te[o,T] ) } e \ Byo
for all x > 0.

Example 4.5. Consider the space F () for ¢(u) = e**, where a > 0. Put
C

o(h) =
exp{(2 aln(%+1)_a) %}
and )
- (ElxX®[""
sup | X®)||| < inf sup——-+—-—+B — Boou.
te[o%]' ( ) 0<t<T 4y >1 eau (5)
Then 2
(ln B:Jau)
P{ sup |X(8)] >z p <expd -~/
te[0,T] 4a

for all z > €2*Beau.
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5. CONCLUDING REMARKS

Some properties of random variables and stochastic processes belonging to the spaces
F, () are studied in this paper. In a forthcoming publication, we plan to apply the
results obtained in the current paper to the Monte-Carlo method for the evaluation of
multiple integrals with a given accuracy.
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