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1 Introduction

This paper is a continuation of the investigation started in the paper by Kozachenko and Mlavets [6]. In that
paper we developed a theory for �nding reliability and accuracy for the calculation of integrals depending on
a parameter by the Monte Carlo method in the uniform metrics. Unlike the previous paper, where the theory
of Orlicz space of random variables had been used, here we utilized the theory of Fψ(Ω) spaces.

The choice of the space depends on particular integrals and allows one to �nd better accuracy. In this
paper, the accuracy is de�ned via the norm in the space Lp(T). It is worth to note that by considering the
spaces Fψ(Ω) it is also possible to �nd the accuracy and reliability in C(T) space. But this is the subject of
future work.

There aremanyworks devoted to the usage of theMonte Carlomethod for calculation of integrals. Among
them are books by Yermakov [3] and Yermakov and Mikhailov [4].

But there are not so many works studying reliability and accuracy of the calculation of integrals via
Monte Carlomethods, especially,when the integral depends on aparameter. In the papers byDmitrovskii and
Ostrovskii [2], Dmitrovskii [1], Voitishek andPrigarin [13], Voitishek [12], the conditions ofweak convergence
to the integral value had been investigated and for the large n the accuracy and reliability were determined
if the estimates were Gaussian processes.

The paper by Kurbanmuradov and Sabelfeld [9] contains the estimate for the accuracy in the space C(T)
and the reliability of the calculation of integrals depending on aparameter if the set of integration is bounded.
To obtain these results the theory of sub-Gaussian processes had been used.

The space Fψ(Ω)was introduced by Yermakov and Ostrovsky in the paper [5]. The paper [7] is devoted to
studying the properties of such spaces and there had been found the conditions of ful�lling the conditionH in
this spaces. The conditionH is necessary for �nding the reliability and accuracy when we calculate integrals
by Monte Carlo methods.
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Thepaper is organized as follows. Section2 contains the neededde�nitions and results from the theory of
spaces Fψ(Ω). In Section 3,we �nd the estimates for distribution of norms in Lp(T) of the stochastic processes
from the spacesFψ(Ω). The reliability and accuracy for the calculation of integrals by theMonte Carlomethod
are found in Section 4. Section 5 is devoted to �nding the reliability and accuracy in the space Lp(T) for the
calculation of integrals depending on a parameter.

2 Fψ(Ω) space

De�nition 2.1 ([8]). Let ψ(u) > 0, u ≥ 1 be a monotonically increasing and continuous function for which
ψ(u) → ∞ as u →∞. A random variable ξ belongs to the space Fψ(Ω) if

sup
u≥1

(E|ξ|u)1/u

ψ(u)
< ∞.

A similar de�nition was formulated in the paper by Yermakov and Ostrovskii [5]. But there it was required
that Eξ = 0 as ξ ∈ Fψ(Ω). Moreover, random variables were considered for which E|ξ|u = ∞ for some u > 0.
It had been proved in [5] that Fψ(Ω) is a Banach space with the norm

‖ξ‖ψ = sup
u≥1

(E|ξ|u)1/u

ψ(u)
.

Let us provide some examples of random variables from the space Fψ(Ω).

Example 2.2. The random variable ξ satisfying the condition |ξ| < C with probability one, where C > 0 is
some constant, belongs to every space Fψ(Ω). Herewith

‖ξ‖ψ = sup
u≥1

(E|ξ|u)1/u

ψ(u)
≤ sup
u≥1

(Cu)1/u

ψ(u)
= sup
u≥1

C
ψ(u)
=

C
ψ(1) .

Example 2.3. The random variable with Laplace distribution (its density function is p(x) = 1
2 e
−|x|) belongs

to the space Fψ(Ω), where ψ(u) = u. This follows from the equivalence k√E|ξ|k = k√k! ∼ k as k ≥ 1.

Example 2.4. The normally distributed random variable ξ = N(0, 1) belongs to the space Fψ(Ω), where
ψ(u) = u1/2 since 2l√E|ξ|2l = 2l√(2l)!/(2l l!) ∼ l1/2 as l ≥ 1.

Theorem 2.5 ([8]). If a random variable ξ belongs to the space Fψ(Ω), then for any ε > 0, the following inequal-
ity holds true:

P{|ξ| > ε} ≤ inf
u≥1

‖ξ‖uψ(ψ(u))
u

εu
.

Theorem 2.6 ([8]). If a random variable ξ belongs to the space Fψ(Ω) and ψ(u) = uα, where α > 0, then for any
ε ≥ eα‖ξ‖ψ, the following inequality is true:

P{|ξ| > ε} ≤ exp{−αe (
ε

‖ξ‖ψ
)
1/α

}.

Theorem 2.7 ([8]). If a random variable ξ belongs to the space Fψ(Ω) and ψ(u) = eau
β , where a > 0, β > 0, then

for any ε ≥ ea(β+1)‖ξ‖ψ, the following is true:

P{|ξ| > ε} ≤ exp{− β
a1/β

(
1

β + 1ln
ε

‖ξ‖ψ
)
(β+1)/β

}.

Theorem 2.8 ([8]). Let the random variable ξ belong to the spaceFψ(Ω)where ψ(u) = (ln(u + 1))λ, λ > 0. Then,
for any ε ≥ (e ln 2)λ‖ξ‖ψ, the following inequality holds true:

P{|ξ| > ε} ≤ eλ exp{−λ exp{( ε
‖ξ‖ψ

)
1/λ 1
e }}

.
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De�nition 2.9 ([7]). We say that the condition H, for the Banach spaces B(Ω) of random variables, is ful-
�lled if there exists an absolute constant CB such that for any centered and independent random variables
ξ1, ξ2, . . . , ξn from B(Ω), the following is true:

"""""""""

n
∑
i=1
ξi
"""""""""

2
≤ CB

n
∑
i=1

‖ξi‖2.

The constant CB is called a scale constant for the space B(Ω). For the space Fψ(Ω), we shall denote the con-
stants CFψ(Ω) as Cψ.

Theorem 2.10 ([11]). For the space Fψ(Ω), where ψ(u) = uα, α ≥ 1/2, the condition H is ful�lled and the
following inequality is true:

"""""""""

n
∑
i=1
ξi
"""""""""

2

ψ
≤ 4 ⋅ 9α

n
∑
i=1

‖ξi‖2ψ .

Note, that when α < 1/2, then the condition H is not ful�lled for this space.

Theorem 2.11 ([10]). Let Fψ(Ω) be the space de�ned by the function ψ(u) = eauβ , where a > 0, 0 < β < 1.
If 1/(2aβ)1/β = 1, then the condition H is ful�lled for the space Fψ(Ω) with the constant Cψ = 4e2

βa. And if
1/(2aβ)1/β > 1, then for Fψ(Ω) the condition H is true with the constant

Cψ =
4ea(2β+1)−1/2β

(2aβ)1/2β
.

Lemma 2.12 ([8]). Let ξ ∈ Fψ(Ω), p ≥ 1. Then,

‖E|ξ|‖ψ ≤ ‖ξ‖ψ .

3 Estimates in the norm Lp(T ) for the stochastic processes from
the spaces Fψ(Ω)

Let us present a lemma that will be used further on.

Lemma 3.1. Let ξ be a random variable belonging to the space Fψ(Ω). Then, for p ≥ 1,

‖ξ‖ψ ≤
ψ(p)
ψ(1) supu≥p

(E|ξ|u)1/u

ψ(u)
.

Proof. It follows from the Lyapunov inequality that

sup
1≤u≤p

(E|ξ|u)1/u

ψ(u)
≤
ψ(p)
ψ(1)

(E|ξ|p)1/p

ψ(p)
.

So,

‖ξ‖ψ = max( sup
1≤u≤p

(E|ξ|u)1/u

ψ(u)
, sup
u≥p

(E|ξ|u)1/u

ψ(u) )

≤ max(ψ(p)ψ(1)
(E|ξ|p)1/p

ψ(p)
, sup
u≥p

(E|ξ|u)1/u

ψ(u) ) ≤
ψ(p)
ψ(1) supu≥p

(E|ξ|u)1/u

ψ(u)
.

The last inequality implies the statement needed.

Theorem 3.2. Let ν be the σ-�nite measure on the compact metric space (T, ρ) and X = {X(t), t ∈ T} be a mea-
surable stochastic process from the space Fψ(Ω). If for some p ≥ 1 the following condition is true:

∫
T

‖X(t)‖pψ dν(t) < ∞,
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then:
(1) the integral ∫T |X(t)|

p dν(t) exists with probability one and the following inequality holds true:
"""""""""
(∫
T

|X(t)|p dν(t))
1/p"""""""""ψ
≤
ψ(p)
ψ(1)(∫

T

‖X(t)‖pψ dν(t))
1/p
. (3.1)

(2) For any ε > 0, the following inequality holds:

P{(∫
T

|X(t)|p dν(t))
1/p
> ε} ≤ inf

u≥1

1
εu (

ψ(p)
ψ(1) )

u
(∫
T

‖X(t)‖pψ dν(t))
u/p

(ψ(u))u . (3.2)

Proof. Since
E∫
T

|X(t)|p dν(t) = ∫
T

E|X(t)|p dν(t) ≤ ∫
T

(ψ(p))p‖X(t)‖pψ dν(t) < ∞,

it follows that∫T |X(t)|
p dν(t) existswith probability one. It follows from the generalizedMinkowski inequality

that for u ≥ p,

E(∫
T

|X(t)|p dν(t))
u/p

= ((E(∫
T

|X(t)|p dν(t))
u/p

)
p/u

)
u/p

≤ (∫
T

(E|X(t)|u)p/u dν(t))
u/p

≤ (∫
T

‖X(t)‖pψ(ψ(u))
p dν(t))

u/p

≤ (ψ(u))u(∫
T

‖X(t)‖pψ dν(t))
u/p

. (3.3)

From Lemma 3.1 and inequality (3.3), we obtain
"""""""""
(∫
T

|X(t)|p dν(t))
1/p"""""""""ψ
≤
ψ(p)
ψ(1) supu≥p

(E!!!!∫T |X(t)|
p dν(t)!!!!

u/p)1/u

ψ(u)

≤
ψ(p)
ψ(1) supu≥p

ψ(u)(∫T ‖X(t)‖
p
ψ dν(t))

1/p

ψ(u)
=
ψ(p)
ψ(1)(∫

T

‖X(t)‖pψ dν(t))
1/p
.

Inequality (3.1) has been proved and inequality (3.2) follows from Theorem 2.5.

Example 3.3. Consider the space Fψ(Ω), where ψ(u) = uα, α > 0. It follows from Theorems 3.2 and 2.6 that
for ε ≥ (ep)α(∫T‖X(t)‖

p
ψ dν(t))

1/p,

P{(∫
T

|X(t)|p dν(t))
1/p
> ε} ≤ exp{− αep(

ε
(∫T‖X(t)‖

p
ψ dν(t))

1/p)
1/α

}.

Example 3.4. Consider the space Fψ(Ω), where ψ(u) = eauβ , a > 0, β > 0. It follows from Theorems 3.2 and
2.7 that if

ε ≥ ea(β+pβ)(∫
T

‖X(t)‖pψ dν(t))
1/p
,

then

P{(∫
T

|X(t)|p dν(t))
1/p
> ε} ≤ exp{ − β

a1/β
(

1
β + 1ln

ε
ea(β+pβ)(∫T‖X(t)‖

p
ψ dν(t))

1/p)
(β+1)/β

}.

Example 3.5. Consider the space Fψ(Ω), where ψ(u) = (ln(u + 1))λ, λ > 0. According to Theorems 3.2 and
2.8, for ε ≥ (log2(p + 1))λ(∫T‖X(t)‖

p
ψ dν(t))

1/p, we can a�rm that

P{(∫
T

|X(t)|p dν(t))
1/p
> ε} ≤ eλ exp{−λ exp{ ln 2

e ln(p + 1)(
ε

(∫T‖X(t)‖
p
ψ dν(t))

1/p)
1/λ

}}.
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Theorem 3.6. Let ν be a σ-�nite measure on a compact metric (T, ρ) and Y = {Y(t), t ∈ T} be the stochastic
process from the space Fψ(Ω) and assume that the condition H is ful�lled for this space with the constant Cψ.
Let

EY(t) = m(t) and Zn(t) =
1
n

n
∑
k=1

(Yk(t) − m(t)),

where Yk(t) are independent copies of Y(t). Then, the following inequality holds for all p ≥ 1:

"""""""""
(∫
T

|Zn(t)|p dν(t))
1/p"""""""""ψ
≤
2√Cψ
√n

⋅
ψ(p)
ψ(1)(∫

T

‖Y(t)‖pψ dν(t))
1/p
, (3.4)

and for every ε > 0, the following estimate is true:

P{(∫
T

|Zn(t)|p dν(t))
1/p
> ε} ≤ inf

u≥1

1
εu (

2√Cψ
√n

⋅
ψ(p)
ψ(1) )

u
(∫
T

‖Y(t)‖pψ dν(t))
u/p

(ψ(u))u . (3.5)

Proof. It follows from De�nition 2.9 and Lemma 2.12 that

‖Zn(t)‖2ψ ≤
1
n2
Cψ

n
∑
k=1

‖Yk(t) − m(t)‖2ψ =
1
n
Cψ‖Y(t) − m(t)‖2ψ ≤

1
n
Cψ(‖Y(t)‖ψ + ‖m(t)‖ψ)2 ≤

4
n
Cψ‖Y(t)‖2ψ .

Theorem 3.2 implies the interrelations

"""""""""
(∫
T

|Zn(t)|p dν(t))
1/p"""""""""ψ
≤
ψ(p)
ψ(1)(∫

T

‖Zn(t)‖
p
ψ dν(t))

1/p

≤
ψ(p)
ψ(1)(∫

T

(
2√Cψ
√n

‖Y(t)‖ψ)
p
dν(t))

1/p
=
2√Cψ
√n

⋅
ψ(p)
ψ(1)(∫

T

‖Y(t)‖pψ dν(t))
1/p
.

Therefore, inequality (3.4) holds true and inequality (3.5) follows from Theorem 2.5.

Example 3.7. Let us consider the space Fψ(Ω), where ψ(u) = uα, α > 0. Then, it follows from Theorems 3.6
and 2.6 that if

ε ≥ (ep)α
2√Cψ
√n

(∫
T

‖Y(t)‖pψ dν(t))
1/p
,

then

P{(∫
T

|Zn(t)|p dν(t))
1/p
> ε} ≤ exp{− αep(

ε
2√Cψ
√n (∫T‖Y(t)‖

p
ψ dν(t))

1/p
)
1/α

}.

Example 3.8. Consider the space Fψ(Ω), where ψ(u) = eauβ , a > 0, β > 0, then according to Theorems 3.6
and 2.7, for

ε ≥ ea(β+pβ)
2√Cψ
√n

(∫
T

‖Y(t)‖pψ dν(t))
1/p
,

we can conclude that

P{(∫
T

|Zn(t)|p dν(t))
1/p
> ε} ≤ exp{− β

a1/β
(

1
β + 1ln

ε
2ea(β+pβ )√Cψ
√n (∫T‖Y(t)‖

p
ψ dν(t))

1/p
)
(β+1)/β

}.

Example 3.9. Consider the space Fψ(Ω), where ψ(u) = (ln(u + 1))λ, λ > 0, then according to Theorems 3.6
and 2.8, for ε ≥ (e ln(p + 1))λ2Cψ1/2n−1/2(∫T‖Y(t)‖

p dν(t))1/p, we get the estimate

P{(∫
T

|Zn(t)|p dν(t))
1/p
> ε} ≤ eλ exp{−λ exp{ ln 2

e ln(p + 1)(
ε

2√Cψ
√n (∫T‖Y(t)‖

p dν(t))1/p
)
1/λ

}}.
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4 Accuracy and reliability for the calculation of integrals by the
Monte Carlo method

Let {S,A, µ}beameasurable space, µ bea σ-�nitemeasure and p(s) ≥ 0, s ∈ S, be ameasurable function such
that ∫

S
p(s) dµ(s) = 1. Let P(A), A ∈ A be themeasure P(A) = ∫A p(s) dµ(s). Themeasure P(A) is a probability

measure and the space {S,A, P} is a probability space.
Let f(s) be a measurable function on {S,A, µ}. Consider ∫

S
f(s)p(s) dµ(s) = I. Suppose, that this integral

exists.

Remark 4.1. We can consider the integral of the form ∫
S
φ(s) dµ(s). If p(s) > 0 is a probability density func-

tion in the space {S,A, µ}, then

∫
S

φ(s) dµ(s) = ∫
S

φ(s)
p(s)

p(s) dµ(s) = ∫
S

f(s)p(s) dµ(s),

where f(s) = φ(s)/p(s).

We can consider f(s) = ξ as random variables on {S,A, P} and ∫
S
f(s)p(s) dµ(s) = ∫

S
f(s) dm(s) = Eξ .

Let ξi, i = 1, . . . , n, be the independent copies of the random variable ξ and Zn = 1
n ∑

n
i=1 ξi. Then, ac-

cording to the strong law of large numbers Zn → Eξ1 = I with probability one. We consider Zn as an estimate
for I.

De�nition 4.2. We state that Zn approximates I with reliability 1 − δ (0 < δ < 1) and accuracy ε > 0 if the
following inequality holds:

P{|Zn − I| > ε} ≤ δ. (4.1)

Theorem 4.3. Let ξ1, ξ2, . . . , ξn be independent and identically distributed random variables from the space
Fψ(Ω) which ful�lls the condition H. Let Yn = 1

√n ∑
n
i=1(ξi − I), where I = Eξ1. Then, for any ε > 0, the following

inequality holds true:

P{|Yn| > ε} ≤ infu≥1

Lu(ψ(u))u

εu
, (4.2)

where L = ‖ξ1 − I‖ψ√Cψ and Cψ is the constant from De�nition 2.9.

Proof. It follows from De�nition 2.9 that

‖Yn‖2ψ =
"""""""""

1
√n

n
∑
i=1

(ξi − I)
"""""""""

2

ψ
=
1
n

"""""""""

n
∑
i=1

(ξi − I)
"""""""""

2

ψ
≤
1
n
Cψ

n
∑
i=1

‖ξi − I‖2ψ = Cψ‖ξ1 − I‖
2
ψ .

Inequality (4.2) follows from Theorem 2.5.

Corollary 4.4. Assume that the conditions of Theorem 4.3 are true. Then, for any ε > 0, the following inequality
holds:

P{
!!!!!!!!!

1
n

n
∑
i=1
ξi − I

!!!!!!!!!
> ε} ≤ inf

u≥1

Lu(ψ(u))u

(√nε)u
.

Proof. The proof of Corollary 4.4 is similar to the proof of [6, Corollary 3.2].

Remark 4.5. It is evident that
‖ξ1 − I‖ψ ≤ 2‖ξ1‖ψ .

Indeed, from Lemma 2.12, it follows that

‖ξ1 − Eξ1‖ψ ≤ ‖ξ1‖ψ + ‖Eξ1‖ψ ≤ 2‖ξ1‖ψ .

Corollary 4.6. Let all the conditions of Theorem 4.3 hold. Then, for any ε > 0, the following inequality is true:

P{
!!!!!!!!!

1
n

n
∑
i=1
ξi − I

!!!!!!!!!
> ε} ≤ inf

u≥1

2u L̃u(ψ(u))u

(√nε)u
,

where L̃ = ‖ξ1‖ψ√Cψ.
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Proof. Corollary 4.6 follows from Corollary 4.4 and Remark 4.5.

Example 4.7. Consider the space Fψ(Ω), where ψ(u) = uα, α > 1/2. Then, taking into account Example 2.10,
we get that for this space the condition H is ful�lled with the constant Cψ = 4 ⋅ 9α. Then, Corollary 4.6 and
Theorem 2.6 imply that if ε ≥ 4(3e)α‖ξ1‖ψ/√n, then

P{
!!!!!!!
1
n

n
∑
i=1
ξi − I

!!!!!!!
> ε} ≤ exp{− α3e(

√nε
4‖ξ1‖ψ

)
1/α

}.

Example 4.8. Consider the space Fψ(Ω), where ψ(u) = eauβ , a > 0, 0 < β < 1. According to Theorem 2.11 we
have two choices. In the �rst case when 1/(2aβ)1/β = 1 the condition H is ful�lled for the space Fψ(Ω) with
the constant Cψ = 4e2

βa. Then, Corollary 4.6 and Theorem 2.7 imply

P{
!!!!!!!!!

1
n

n
∑
i=1
ξi − I

!!!!!!!!!
> ε} ≤ exp{− β

a1/β
(

1
β + 1ln

√nε
4e2β−1a‖ξ1‖ψ)

(β+1)/β
},

for ε ≥ 4ea(2β−1+β+1)‖ξ1‖ψ/√n.
For the second case 1/(2aβ)1/β > 1, the condition H is ful�lled for the space Fψ(Ω) with the constant

Cψ = 4ea(2
β+1)−1/2β/(2aβ)1/2β. Then, it follows from Corollary 4.6 and Theorem 2.7 that

P{
!!!!!!!!!

1
n

n
∑
i=1
ξi − I

!!!!!!!!!
> ε} ≤ exp{− β

a1/β
(

1
β + 1ln

√nε(2aβ)1/4β

4e
a
2 (2β+1)−

1
4β ‖ξ1‖ψ

)
(β+1)/β

},

where

ε ≥
4ea(2

β−1+β+3/2)− 1
4β ‖ξ1‖ψ

√n(2aβ)1/4β
.

Theorem 4.9. Let I = ∫
S
f(s)p(s) dµ(s), ξ(s) be a random variable, s ∈ {S,A, µ}, p(s) be a density for ξ , ξi,

i = 1, 2, . . . , n, be independent copies of the random variable ξ and Zn = 1
n ∑

n
i=1 ξi. If the random variable ξ

belongs to the space Fψ(Ω) satisfying the condition H with the constant Cψ and n is such that

inf
u≥1

2u L̃u(ψ(u))u

(√nε)u
≤ δ, (4.3)

then Zn approximates I with reliability 1− δ and accuracy ε (L̃ in estimate (4.3) is determined in Corollary 4.6).

Proof. Theorem follows from Corollary 4.6 and inequality (4.1).

Example 4.10. Consider the space Fψ(Ω), where ψ(u) = uα, α ≥ 1/2. Taking into account Example 4.7 and
Theorem 4.9, when ε ≥ 4(3e)α‖ξ‖ψ/√n we have that

inf
u≥1

2u L̃u(ψ(u))u

(√nε)u
= exp{− α3e(

√nε
4‖ξ‖ψ

)
1/α

}.

So, inequality (4.3) holds true if

exp{− α3e(
√nε
4‖ξ‖ψ

)
1/α

} ≤ δ.

Then,

n ≥ (
4‖ξ‖ψ
ε )

2
((− ln δ)3eα )

2α

and

n ≥ (
4(3e)α‖ξ‖ψ

ε )
2
max(1, (− ln δα )

2α
).

Example 4.11. Let us consider the space Fψ(Ω), where ψ(u) = eauβ , a > 0, 0 < β < 1. Taking into account
Example 4.8 and Theorem 4.9, we shall consider two cases. First, if 1/(2aβ)1/β = 1, then inequality (4.3)
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holds when the following inequality is true:

exp{− β
a1/β

(
1

β + 1ln
√nε

4e2β−1a‖ξ‖ψ)
(β+1)/β

} ≤ δ.

Then,

n ≥ (
4e2β−1a‖ξ‖ψ

ε )
2
exp{2(β + 1)((− ln δ)a

1/β

β )
β/(β+1)

}

and

n ≥ (
4e2β−1a‖ξ‖ψ

ε )
2
max(e2(β+1), exp{2(β + 1)((− ln δ)a

1/β

β )
β/(β+1)

}).

Second, if 1/(2aβ)1/β > 1, then inequality (4.3) is ful�lled when

exp{− β
a1/β

(
1

β + 1ln
√nε(2aβ)1/4β

4e
a
2 (2β+1)−

1
4β ‖ξ‖ψ

)
(β+1)/β

} ≤ δ.

Then,

n ≥ (
4e

a
2 (2

β+1)− 1
4β ‖ξ‖ψ

ε(2aβ)1/4β
)
2
exp{2(β + 1)((− ln δ)a

1/β

β )
β/(β+1)

}

and

n ≥ (
4e

a
2 (2

β+1)− 1
4β ‖ξ‖ψ

ε(2aβ)1/4β
)
2
max(e2a(β+1), exp{2(β + 1)((− ln δ)a

1/β

β )
β/(β+1)

}).

Example 4.12. Consider the integral of the following type:

+∞

∫
0

+∞

∫
0

c(x, y)(x + y)v−1e−pxe−qy dx dy,

where |c(x, y)| ≤ 1, v > 3/2. We use the following notation:

I = 1
pq

+∞

∫
0

+∞

∫
0

c(x, y)(x + y)v−1pe−pxqe−qy dx dy.

Let ξ and η be independent random variables distributed exponentially

P{ξ < x} =
{
{
{

1 − e−px , x > 0,
0, x < 0,

P{η < y} =
{
{
{

1 − e−qx , y > 0,
0, y < 0,

where p(x) = pe−px and p(y) = qe−qy. So,

I = 1
pq

+∞

∫
0

+∞

∫
0

c(x, y)(x + y)v−1pe−pxqe−qy dx dy = 1
pq
Ec(ξ, η)(ξ + η)v−1.

Assume that the function ψ(u) = uv−1. Then, since v > 3/2, we get

sup
u≥1

(E(c(ξ, η)(ξ + η)v−1)u)1/u

uv−1
≤ sup
u≥1

(E(|c(ξ, η)|(ξ + η)u(v−1))
1

u(v−1) )v−1
uv−1

≤ sup
u≥1

(E((ξ + η)u(v−1))
1

u(v−1) )v−1
uv−1

≤ sup
u≥1

((Eξ u(v−1))
1

u(v−1) + (Eηu(v−1)) 1
u(v−1) )v−1

uv−1
.
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Consider

Eξ u(v−1) =
+∞

∫
0

xu(v−1)pe−px dx.

Let us make the substitution of variables in this integral, namely px = t. Then,
+∞

∫
0

xu(v−1)pe−px dx = 1
pu(v−1)

+∞

∫
0

e−t tu(v−1) dt = 1
pu(v−1)

Γ(u(v − 1) + 1).

So,
(Eξ u(v−1))1/(u(v−1)) = 1

p
(Γ(u(v − 1) + 1))1/(u(v−1)).

Similarly, we can �nd
(Eηu(v−1))1/(u(v−1)) = 1

q
(Γ(u(v − 1) + 1))1/(u(v−1)).

Thereby,

sup
u≥1

(E((ξ + η)v−1)u)1/u

uv−1
≤ sup
u≥1

(Γ(u(v − 1) + 1))1/u(1/p + 1/q)v−1

uv−1
.

Since Γ(z) ≤ e−zzz−1/2Cz, where Cz = √2πe1/(12z), we have that

(Γ(u(v − 1) + 1))1/u ≤ e−(v−1+1/u)(u(v − 1) + 1)v−1+1/2u(Cz)1/u ,

where z = u(v − 1) + 1. Note that Cz ≤ S = √2πe1/18. This implies that

sup
u≥1

(E((ξ + η)v−1)u)1/u

uv−1

≤ sup
u≥1

e−(v−1)e−1/u(u(v − 1) + 1)v−1(u(v − 1) + 1)1/(2u)(S)1/u(1/p + 1/q)v−1

uv−1

≤ e−(v−1)(1p +
1
q)

v−1
sup
u≥1

(
S
e)

1/u uv−1(v − 1 + 1/u)v−1u1/(2u)(v − 1 + 1/u)1/(2u)
uv−1

≤ e−(v−1)(1p +
1
q)

v−1
sup
u≥1

(
S
e)

1/u
u1/(2u)(v − 1 + 1u)

v−1+1/(2u)
≤ e−(v−1)+1/(2e)vv−1/2 (1p +

1
q)

v−1
.

That is,
"""""""
c(ξ, η) 1

pq
(ξ + η)v−1

"""""""ψ
≤

1
pq
e−(v−1)+1/(2e)vv−1/2(1p +

1
q)

v−1
.

Taking into account Example 4.10, we get the following:

n ≥ (4(3)
v−1e1/(2e)vv−1/2(1/p + 1/q)v−1

pqε )
2
max(1, (− ln δ

v − 1)
2(v−1)

).

5 Reliability and accuracy in the space Lp(T ) for the calculation of
integrals depending on a parameter

Let us consider the integral ∫
S
f(s, t)p(s) dµ(s) = I(t) assuming that it exists. Let the function f(s, t) depend

on the parameter t ∈ T, where (T, ρ) is some compact set and assume that the function f(s, t) is continuous
with regard to t.

Suppose f(s, t) is a stochastic process on {S,A, P} and which we denote as ξ(s, t) = ξ(t) and

I(t) = ∫
S

f(s, t)p(s) dµ(s) = ∫
S

f(s, t) dm(s) = Eξ(t).
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Let ξi(t), i = 1, 2, . . . , n, be the independent copies of the stochastic process ξ(t) and Zn(t) = 1
n ∑

n
i=1 ξi(t). So,

according to the strong law of large numbers Zn(t) → Eξ(t) = I(t) with probability one for any t ∈ T.

De�nition 5.1. We say that Zn(t) approximates I(t) in the space Lp(T)with reliability 1 − δ > 0 and accuracy
ε > 0 if the following inequality holds true:

P{(∫
T

|Zn(t) − I(t)|p dµ(t))
1/p
> ε} ≤ δ.

Theorem 5.2. Let I(t) = Eξ(t) = ∫
S
f(s, t)p(s) dµ(s), ξ(t) be the stochastic process which belongs to the space

Fψ(Ω) satisfying the condition H with the constant Cψ. Let also

Z̃n(t) =
1
n

n
∑
i=1

(ξi(t) − I(t)),

where ξi(t) are the independent copies of the stochastic process ξ(t). Then, for all p ≥ 1, the following inequality
holds true:

"""""""""
(∫
T

|Z̃n(t)|p dµ(t))
1/p"""""""""
≤
2√Cψ
√n

⋅
ψ(p)
ψ(1)(∫

T

‖ξ(t)‖pψ dµ(t))
1/p
,

and Z̃n(t) approximates I(t) with reliability 1 − δ and accuracy ε in the space Lp(T) for such n that

inf
u≥1

1
εu (

2√Cψ
√n

⋅
ψ(p)
ψ(1) )

u
(∫
T

‖ξ(t)‖p dµ(t))
u/p

(ψ(u))u ≤ δ. (5.1)

Proof. The theorem follows from Theorem 3.6 if inequality (5.1) is ful�lled.

Example 5.3. Consider the space Fψ(Ω), whereψ(u) = uα, α > 1/2. Then, Example 2.10 implies that the con-
ditionH is ful�lled for this space with the constant Cψ = 4 ⋅ 9α. It follows from Example 3.7 and Theorem 5.2
that if

ε ≥
4(3pe)α(∫T‖ξ(t)‖

p
ψ dµ(t))

1/p

√n
,

then

inf
u≥1

1
εu (

2√Cψ
√n

⋅
ψ(p)
ψ(1) )

u
(∫
T

‖ξ(t)‖p dµ(t))
u/p

(ψ(u))u ≤ exp{−αe(
√nε

4(3pe)α(∫T‖ξ(t)‖
p
ψ dµ(t))

1/p)
1/α

}.

So, inequality (5.1) holds, if it is true that

exp{−αe(
√nε

4(3pe)α(∫T‖ξ(t)‖
p
ψ dµ(t))

1/p)
1/α

} ≤ δ

for

n ≥ (
4(3pe)α(∫T‖ξ(t)‖

p
ψ dµ(t))

1/p

ε )
2
((− ln δ) eα)

2α
.

Then,

n ≥ (
4(3p)α(∫T‖ξ(t)‖

p
ψ dµ(t))

1/p

ε )
2
max(1, (− ln δα )

2α
).

Example 5.4. Consider the space Fψ(Ω), where ψ(u) = eauβ and a > 0, 0 < β < 1. Then, it follows from
Theorem 2.11 that two cases are possible. In the �rst case, when 1/(2aβ)1/β = 1 the condition H is satis�ed
for the space Fψ(Ω) with the constant Cψ = 4e2

βa. Therefore, Example 3.8 and Theorem 5.2 imply that

inf
u≥1

1
εu (

2√Cψ
√n

⋅
ψ(p)
ψ(1) )

u
(∫
T

‖ξ(t)‖p dµ(t))
u/p

(ψ(u))u

≤ exp{− β
a1/β

(
1

β + 1ln
√nε

4ea(2β−1+pβ−1)(∫T‖ξ(t)‖pψ dµ(t))1/p)
(β+1)/β

}.
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So, inequality (5.1) holds if

exp{− β
a1/β

(
1

β + 1ln
√nε

4ea(2β−1+pβ−1)(∫T‖ξ(t)‖pψ dµ(t))1/p)
(β+1)/β

} ≤ δ.

Assuming that

n ≥ (1ε 4e
a(2β−1+pβ−1)(∫

T

‖ξ(t)‖pψ dµ(t))
1/p

)
2
exp{2(β + 1)((− ln δ)a

1/β

β )
β/(β+1)

},

then

n ≥ (1ε 4e
a(2β−1+pβ−1)(∫

T

‖ξ(t)‖pψ dµ(t))
1/p

)
2
max(ea(β+1), exp{2(β + 1)((− ln δ)a

1/β

β )
β/(β+1)

}).

In the second case, when 1/(2aβ)1/β > 1, we get that

inf
u≥1

1
εu (

2√Cψ
√n

⋅
ψ(p)
ψ(1) )

u
(∫
T

‖ξ(t)‖p dµ(t))
u/p

(ψ(u))u

≤ exp{− β
a1/β

(
1

β + 1ln
√nε(2aβ)

1
4β

4e
a(2β−1+pβ−1/2)− 1

4β

(2aβ)1/4β (∫T‖ξ(t)‖
p
ψ dµ(t))

1/p
)
(β+1)/β

}

and inequality (5.1) holds if the following estimate is true:

exp{− β
a1/β

(
1

β + 1ln
√nε(2aβ)

1
4β

4e
a(2β−1+pβ−1/2)− 1

4β

(2aβ)1/4β (∫T‖ξ(t)‖
p
ψ dµ(t))

1/p
)
(β+1)/β

} ≤ δ

for

n ≥ (
4e

a(2β−1+pβ−1/2)− 1
4β

(2aβ)1/4β (∫T‖ξ(t)‖
p
ψ dµ(t))

1/p

(2aβ)
1
4β ε

)
2
exp{2(β + 1)((− ln δ)a

1/β

β )
β/(β+1)

}.

Then,

n ≥ (
4e

a(2β−1+pβ−1/2)− 1
4β

(2aβ)1/4β (∫T‖ξ(t)‖
p
ψ dµ(t))

1/p

(2aβ)
1
4β ε

)
2
max(ea(β+1), exp{2(β + 1)((− ln δ)a

1/β

β )
β/(β+1)

}).

6 Conclusion

Estimates for the distribution of norms in Lp(T) of the stochastic processes from Fψ(Ω) spaces, accuracy and
reliability for the calculation of integrals by Monte Carlo methods and reliability and accuracy in Lp(T) space
for calculation of integrals dependent on the parameter have been found in this paper.
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