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AN APPLICATION OF THE THEORY OF SPACES F,(Q)
FOR EVALUATING MULTIPLE INTEGRALS
BY USING THE MONTE CARLO METHOD
UDC 519.21

YU. V. KOZACHENKO AND YU. YU. MLAVETS

ABSTRACT. The reliability and accuracy in the space C(T) of the Monte Carlo
method for evaluating multiple integrals are established.

1. INTRODUCTION

This paper is a continuation of [I] and [2]. It is shown in the paper [2] how general
results on the spaces Fy(€2) can be applied for finding the reliability and accuracy in
the uniform metric for the evaluation of integrals that depend on a parameter with the
help of the Monte Carlo method. In contrast to the paper [1] where the theory of Orlicz
spaces has been used, we apply the theory of the F(£2) spaces in the current paper and
estimate the accuracy in terms of the norm in the space C(T').

The space Fy(2) was introduced by Ermakov and Ostrovskil in [3]. Properties of
these spaces were studied in [2]. In particular, sufficient conditions are found in [2] under
which the so-called condition H holds for these spaces. Recall that condition H is used
for finding the accuracy and reliability of the evaluation of integrals with the help of the
Monte Carlo method.

This paper contains three main sections. Necessary definitions and results of the
theory of the spaces Fy () are given in Section 2l Some bounds for the distribution
of supremums of stochastic processes belonging to the spaces F,,(£) are considered in
Section [3l Section [] contains some estimates of the reliability and accuracy in C(T) for
the evaluation of integrals depending on a parameter with the help of the Monte Carlo
method. Some examples are also considered in Section [4l

2. Fy(Q)-SPACES

Definition 2.1 ([2]). Let ¥(u) > 0, u > 1, be an increasing continuous function such
that ¢ (u) — oo as u — co. We say that a random variable £ belongs to the space F, ()
if

(EJe[")""

sup ———— < 00.
u>1 ¢(u)
A similar definition was introduced by Ermakov and Ostrovskii in [3] with an extra
assumption that E{ = 0. The random variables such that E |£|* = oo for some u > 0 are
also considered in [3].
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The proof of the property that F,(€) is a Banach space for the norm

(E e[

€]l = i?f ()

is the same in our case as that in the paper [3].
Some examples of random variables belonging to the corresponding spaces F,({2) are
provided below.

Example 2.1. According to Definition a random variable & such that || < C with
probability one, where C' > 0 is a nonrandom constant, belongs to the space F,(2)
generated by any function v, since
u1/u
(El€™)
&lly =sup———~— <sup—— =sup —— = ——.
Il u>1 P(u) u>1 P(u) w>1 P(u) (1)

Example 2.2. A random variable with the Laplace distribution (a random variable with
the probability density p(z) = $e~!7) belongs to the space Fy (), where ¢(u) = u, since

(cuyt C c

VEIE" = VR ~ k as k — oc.

Example 2.3. A normal random variable £ = N (0, 1) belongs to the space F(£2), where

Y(u) = u'/?; since
20)!
VEIE = 2\l/ % ~ Y2 as i — oo

Theorem 2.1 ([2]). Let a random variable £ belong to the space F (). Then

P{l¢] > <} Sgﬁw

for all e > 0.

Theorem 2.2. Let a random variable £ belong to the space F () and (u) = u® for

o> 0. Then )
o c 1/«
P - -
{'“E}“)‘p{ * () }

Proof. Using Theorem [2.1] we obtain

for all e > e®||&]| -

I (3
(1) P{l¢] >5}§&‘§f1T'

Put ||€]|4/e = b. Then the equalities
(In (0*u*"))" = (ulnb + culnu) =Inb+ alnu+ o =0,

Inb+ «
lnu=—
@
imply that the infimum is attained at the point u = %b‘l/“. Since u > 1, we get

€ > e®||£]ly. Substituting this value for u in inequality (I) yields

P{le|> e} <vtv™ (L3 a%biw—e _a ()
- e P e \ b ’

whence Theorem follows. O
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Theorem 2.3. Let a random variable  belong to the space Fy(Q) and ¢¥(u) = e’

where a > 0 and B > 0. Then

5 (mp)
n—£_
_ €]l
PUEI> <) < expy =07 < B+l )
for all & > ¥ BV ||¢]| .
Proof. Theorem [2.1] implies
lellge
<inf ———.
(2) Pl > e} < inf ——

We have [|{||y/e = b. Then

(m (b“ea“BH))/ = (ulnb+ au®) =Inb+ a(B+ 1)u? =0,
Inb
B _— _
ST A

1/
implies that the infimum is attained at the point u = (—%) . Since u > 1, we
have & > e®#+1)|¢||,,. Substituting this value for u in inequality yields

B+l 1 B
(_alnb )1/5 a(_ulnb ) R _ 6 hlg
R L A Vs ’

which has to be proved. (Il

Theorem 2.4. Let a random variable & belong to the space Fy(Q) and
Y(u) = (In(u+1)),  where A > 0.

€ 1/)‘1
g e)\eX —AeX _— —
Pl e = p{ ’ p{(m) }}

for alle > (eln2)*|¢|l-
Proof. Theorem [2.T] implies

Then

v (n(u Au
3) P{¢| > e} < inf Il iu“)) .

We have
u+1=exp < ° )1/)\1
= eXx _— — s
1€l z

where z > 0. Substituting this expression in inequality (3] yields

(II&Iw(ln(u + 1))*)" _ b

- o = exp{—Aulnz}
z

= exp {—)\(ln 2) (exp { (II&?M)W %} - 1) }
~ Pexp {—)\(lnz) exp { (HSHQ)UA %}} :
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Consider the latter equality for z = e. Since u > 1, Theorem follows in view of

o\
P{|§|>5}§e>‘exp{—/\exp{<m) %}} O

Definition 2.2 ([2]). A nondecreasing sequence (s¢(n) > 0,n > 1) is called an M-cha-
racteristic (majorant characteristic) of the space F () if

) < .
max [&ifl| < s(n) max iG],
for all random variables &;, i = 1,2, ..., n, belonging to this space.

Theorem 2.5 ([2]). The sequence
o1 p(u+)
»#(n) = sup inf nwte ——=
(n) = sup inf ¥ (w)
is a magjorant characteristic of the space F(12).

Majorant characteristics are found in the papers [2] and [4] for the space Fy(£2) gen-
erated by the functions ¥ (u) = u®, ¥(u) = e’ and ¥(u) = (In(u+1))*. In particular,
the sequence

x(n) = (E> (Inn)*, n>1,
et
is a majorant characteristic of the space F,;,(€Q) where ¢(u) = u*, a > 0.

Definition 2.3 ([2]). We say that condition H holds for the space of random variables
F () if there exists an absolute constant Cy, such that

n 2 n
oGl <O Il
i=1 i=1

for all jointly independent centered random variables &1, o, . . ., &, belonging to the space
F,(Q).

The constant Cy, in Definition [2.3]is called the scale constant of the space F(€2).

3. STOCHASTIC PROCESSES BELONGING TO THE SPACES F,(Q)
THAT ARE DEFINED ON A COMPACT SET

Definition 3.1 (|5]). We say that a stochastic process X = {X(¢),t € T}, where T
is a certain set of parameters, belongs to the space F(£2) if the random variable X (¢)
belongs to the space F(£2) whenever ¢ € T.

Examples of stochastic processes of the space F(£2) can be found in the paper [6].

Definition 3.2 ([5]). The minimal number of closed balls whose radii do not exceed a

number u and that cover a set T is called the metric massiveness of the metric space
(T, p) and is denoted by N (u).

Theorem 3.1. Let (T, p) be a compact metric space, Y = {Y (t),t € T} a stochastic pro-
cess that belongs to the space Fy,(Q) and for which condition H holds with a constant Cy,
and let Y be a separable process in (T, p). Moreover, let there exist an increasing contin-
uous function o(h) such that o(0) = 0 and

sup [[Y'(t) = Y(s)[ly < o(h).
p(t,s)<h
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Assume further that

/Oz » (N (J(_l)(u)>) du < o0

for all z > 0, where »(n) is a majorant characteristic of the space Fy, ().
Let X(t ) Y(t) —m(t), where m(t) = EX(t) and Xk (t) are independent copies of the
process X (t), =2,/Cyo(t), and

Then

fgysn(me < %B(p)

for all 0 < p < 1, where
. 1 P (1)
B =2 flY _ N
) = 2Tl V() + s [ (¥ (o))
v =01 (sup p(t, S)) :

t,s€T
Moreover,
(4) {fgpls )] > 6} < inf (%fﬁ(@)"
for all e > 0.
Proof. Theorem [3.1] follows from Theorem 4.1 and Corollary 4.1 of the paper [2]. |

Example 3.1. Consider the space Fy(Q) for ¢(u) = u®, @ > 0. Then Theorems
and [2.2] with & > < \f(p ) imply

P {5253 15, (1)] > g} < exp {—% (;{;)Ua} .

Example 3.2. Consider the space Fy(€2) with ¢(u) = e’ for a >0 and B > 0. Then
Theorems and with e > e*#+1) B(p)/y/n imply

NANE
I i)
Sy, > < - | ==
{igpl )l 5}GXP vl e

Example 3.3. Consider the space Fy(Q) with ¢(u) = (In(u + 1))*, A > 0. Then
Theorems [3.1] and [2.4] with ¢ > (eln2)* B(p)/+/n imply

P{§g¥|sn(t) > 5} < ekexp{—xexp{(5\(/;))1/k e}}
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4. RELIABILITY AND ACCURACY IN THE SPACE C(T) FOR THE EVALUATION
OF INTEGRALS DEPENDING ON PARAMETERS
BY USING THE MONTE CARLO METHOD

Let {S, A, 1} be a measurable space, u a o-finite measure, p(s) > 0, s € S, a function
such that [ p(s)du(s) =1, and P(A), A € A, a measure defined by

PA) = [ o) duts).

Since P(A) is a probability measure, the triple {S,.A, P} is a probability space.
Let a function f(s,t) depend on a parameter ¢t € T', where (T, p) is a compact metric
space. Assume that f(s,t) is continuous with respect to ¢. Assume that the integral

/S F(s,p(s) du(s) = I(t)

is well defined
We view f(s,t) as a stochastic process in {S,.4, P} and denote it by &(s,t) = £(¢).
Then
16) = [ 1(s00(5) duls) = [ Fls.0)dP(s) = E€(0),
S S

Let &(t),i=1,2,...,n, be independent copies of the stochastic process £(¢) and let
1 n
Zn(t) = - Z; &i(t).

Then the strong law of large numbers implies that Z,,(t) — E&(¢) = I(¢) with probability
one for all t € T.

Definition 4.1. We say that Z,(t) approximates I(t) in the space C(T') with reliability
1—9,6 >0, and accuracy € > 0 if

P {sup |Z.(t) — I(t)| > 5} < 4.
teT
Theorem 4.1. Let a stochastic process &(t), t € T, belong to the space F () and let
condition H hold with a constant Cy. Let Z,(t) — I(t) = 237" | (&(t) — I(t)), where
&i(t) are independent copies of the stochastic process &(t).
Assume that there exists a continuous increasing function o(h) such that 0(0) = 0 and

sup_[[€(t) —&(s)]],, < o ().
p(t,s)<h

/Oz » (N (0(71)(u)>) du < 00

for all z > 0, where s(n) is a majorant characteristic, N(u) is the metric massiveness of
the space F (), and 0=V (u) is the inverse function to o(u). Then Z,(t) approzimates
I(t) with reliability 1 — §, 6 > 0, and accuracy € in the space C(T') if n is such that

(228

Further, assume that

for all 0 < p < 1, where
. 1 P (1)
B(p) =2 f + — N
(p) Cy inf 1€, p /0 %( (01 (u))) du,

o1(u) = 2,/Cyo(u), and vy = o1 (SUPt,seT p(t, 3))
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Proof. According to Theorem we have
1Zn(t) = 1(1)ll, < —=B(p).

Then inequality (4) implies

P {?2¥|Zn(t) —I(t)] > 5} < ffﬁfl (%)u'

The latter inequality completes the proof of Theorem [4.1] |

Theorem 4.2. Let £(t) be a separable stochastic process defined in the space (T, p),
where T = {a; <t; <b;,j=1,d} and p(f,5) = max <j<ql|t; — sj| for T = (tl,...,td)
and § = (s1,...,sq). Moreover let £(t) belong to the space Fy () with ¢(u) = u®, a > 3.
Assume that

sup [[é(F) — €@, < Clnl”,

p(t,5)<h
where C > 0 and 0 < B < 1. Finally let Z,(t) = ; LS &(F), where &(F) are indepen-
dent copies of the stochastic process &(t), and I(t =[5 f( f(5,6)p(3) du(5) = E£(1).

Then Z,(t) approzimates I(t) with reliability 1 0,0 > 0, and accuracy € in the space
c(T) if

(6) n> (@)2 max (1, <_%)2a> ,

where
e

. a 4Cd3°+3 RS
B(3)=4-3% 1nf ||§ Hw (_> LA T

2513
Proof. The result follows from Theorem Note that o(h) = C'|h|” in the case under
consideration. It is shown in [5] that Cy =4 -9 if ¢(u) = u® and o > 3.

Thus o1 (u) = 4-3°C |u|® and 0( 1)(u) (1 Sic)l/ﬂ. The majorant characteristic for
the space F,(2) for ¢(u) = u® is found in the paper [2]. This characteristic is given by

»(n) = (g)a (Inn)®

It is easy to see that

d R d
N (o W) < H( )+1> (mH),

where R = maxi<;<q (b; — a;). In the case under consideration,
(1) R(4-32C)\/P
N (01 (u)) < <72u1/[3 +1

, 1 W orene  (R(4-3%C)YP
(7) B(p) <4-3¢ 1nf Hf Hw p(l——p)/o (a> In <%+1) du,

where 7 = 01 (R) = 4 - 3*CR”. Since

d

Hence

0
In(1+2) < %
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for all 0 < 6 < 1, inequality implies

o 1 [ eyad (R@4-32C)/5\°
B(p)<4-3 meﬁ(t)Hw—F /0 (a) 5(7211}/5 > du

teT p(1—p)
_4.30; P L reN* d (ppy qar®8. 1 o 1-0/8
—4.3 tlgug(t)qurp(l_p) (a) o7 (R74:3°C) (1_%> (7p)

o - eN® d 4-3°RPC 1
=43 22%”5<”Hw+(a) 027 (1-%) 7B (1 - p)

for 6 < .
Example yields

i (P2 < e {2

for € > e*B(p)/+/n.
Now it is clear that restriction (3] follows from the inequality

(8) n > (%@)Zmax (1, G%)Qa) .

Since inequality (8) holds for all 0 < p < 1, one can minimize the right hand side of
the latter inequality with respect to 8 and p. Then

a; - ex> d 4-3°R°PC 1
S Ll () T
@ 40d3°t3RP

(24 t ‘
—4.3 ggjﬁ”f(”“¢+ (5)

B(B)

for 6 = g and p = % The latter inequality together with (8) implies inequality (6). O

Using Theorems and and Examples and [3.3] one can prove the results
similar to Theorem[4.2] for the spaces F.,;,(€2) generated by the functions ¢ (u) = e’ and

Y(u) = (In(u+1))*.
Example 4.1. Consider the integral

+oo ptoo
I(t) = rq/ / e """ Wsin (2v/twy) dx dy,
o Jo

where 0 <t < T, r >0, and g > 0.
Let £ and 1 be independent random variables with exponential distribution with pa-
rameters r and ¢, respectively. This means that

1—e™™, x> 0;
P{¢<a}= ’ ’
€ } {0, z <0,
1—e % y>0;

P{n<y}=
{n <y} {07 ) <0,

Therefore

+00 ptoo
I(t) = / / re” " qe” W sin (2v/twy) dady = Esin (2 tfn) :
o Jo
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Consider the space Fy () for ¢(u) = u?. Let () = sin (2v/#€n) and let &(t), i =
1,...,n, be independent copies of the stochastic process £(t). Then Z,(t) = = 37 | &(t)
approximates I(t). Now we are going to estimate the norm of £ and that of the increments
of this process. We have [£()]],, = ||sin (2v/2€n) ||¢ and thus info<i<7 [[§(t)]|, = 0. An
estimate for the norm of increments is given by

l€(t) — €5}, = [Jsin (2v/%n) —sin (2v/5E) |

(9)
<2 (Vo (v va)) |, < 2|Vl v - va| < 2= v
It follows from the definition of the norm in the space F,,(£2) that
H(gn)mH ~ sup (E(en)»/?) "™ . (Egw/2 Eyu/2) V"
Yo ou>1 u? u>1 u? ’
whence
Efu/Z _ /+00 mu/zrefrz dr = LF (E + 1)
0 'f'u/2 2 '
Since I'(z) < e 222" 2C, for C, = v/2me'/(122) we get
w1 -1 w1l
T (g + 1) < e~ (3+1) (% + 1) 2 \/271'612(%“) < e~ (3+1) (g + 1) 2 V2rel/18,

Thus

w1 ERRT 1
(Be?)" < grerreni (G 1) 7 VaRe S < o (1) Vame

for v > 1.
A similar reasoning allows one to prove the following inequality:

(En2)* < L (L 41) vame o,

Va
Hence
1/u
(E€w/2En/?) 1 (u 2 1 1 9
=sup — (= 1) ome 89 = .~
ust u? e VT <2+ T g 268

Then inequality (9)) is rewritten as

1 9
Je(t) = €l < V=3l —= -
This means that
o(h) = Chz,
_ 1 9r
where C' = o

Moreover, Z,(t) approximates I(t) in the space C([0,1]) with reliability 1 — § and
accuracy ¢ if
n > 60665

and ¢ = 0.03B(p) in inequality (6) with § = 0.01.
Example 4.2. Consider the integral

+oo ptoo 1
I(t :rq/ ——e " Wgin (vVixy) dx dy,
(© o Jo VTY ( )

where 0 <t < 7T, r >0, and g > 0.
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Let & and 1 be independent random variables with exponential distribution with pa-
rameters 7 and ¢, respectively. Therefore

+oo 400 :
I(t) = /0 ; le_yremqeqy sin (Vixy) dvdy =E <M> .

Vén

Consider the space F, () with ¢(u) = u?. Let

and let &;(¢t), i = 1,...,n, be independent copies of the stochastic process £(¢). Then
Zn(t) = 237 | &(t) approximates the integral I(t).
Next we estimate the norm of the process and the norm of its increments. First,

sin (\/ﬁ)

NG <,

¥

1€, =

and thus info<i<7 [[{(t)]|,, = 0. An estimate for the norm of increments of this process
is given by

ey = sin (v/€n) _ sin (v/'sén)
1€#) =€)l = NG Ve |,
sin (&3 (7 - v3)) Al e
<2 NG ngﬂx/% \wasn S
Therefore
o(h) = Ch?
for C = 1.

Moreover, Z,(t) approximates I(t) in the space C([0,1]) with reliability 1 — ¢ and
accuracy ¢ if

n > 3021
and € = 0.03B(p) in inequality (6) with § = 0.01.

5. CONCLUDING REMARKS

The paper contains some definitions and results of the theory of the spaces F ().
Some bounds for the distribution of the supremum of stochastic processes defined on a
compact set and belonging to the space F,(Q) are considered. Some sufficient conditions
are found under which multiple integrals can be evaluated with a given reliability and
accuracy in the space C(T') by using the Monte Carlo method. Some methods of the
theory of stochastic processes belonging to the spaces Fy;(£2) are used in the proofs of
this paper.
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