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Abstract

The kinetic energy operator for triatomic molecules with coordinate—
dependent effective nuclear masses has been derived in the framework of
perturbation theory with respect to the ratio of the electron and proton
mass. We have demonstrated that a ad-hoc introduction of the coordinate—
dependent nuclear masses in the Cartesian form of a trinuclear kinetic energy
operator preserves the total rotational invariance of the problem. Obtained
results can be used for analysis of the non-adiabatic effects in the rotation-
vibration spectra of triatomic molecules.

1 Introduction

Non-adiabatic effects play a crucial role in the understanding of many phenom-
ena in atomic and molecular physics. The account for non-adiabaticity is neces-
sary for an adequate description of a quantum tunneling, dynamics of the Rydberg
states, molecule dissociation and ionization, high-precision molecular spectroscopy
and many others effects and properties of molecular systems. The variety of possi-
ble scenarios of the quantum evolution of the system is much broader if a trinuclear
molecule is chosen as the object of study. In the present work, we derive an effective
kinetic energy operator (KEO) for a triatomic system with coordinate-dependent
effective nuclear masses. One of the purposes of such a KEO is to account for non-
adiabatic effects related to coupling between the electronic and nuclear degrees of
freedom.

Simulating non-adiabatic contributions to low lying ro-vibrational states by
using different constant masses for rotational and vibrational motions had been
already investigated in the past. It has been proven theoretically [I1 6] [7, [8, 9] that
this assumption is reasonable as a first order correction. In the case of Hg‘, earlier
calculations [10, 11} 12} 3] have shown that for transition frequencies higher than
the barrier of linearity the strategy with different constant masses for rotation
and vibration does not improve in the average the deviation from experiment.
The correct way would be to take into account that all nuclear masses or reduced
nuclear masses used in the ro-vibrational Hamiltonian are distance-dependent: this
can be done based on a rigorous theory [I}, 12, [14], [15] [16], [I7] or empirically [18].
The distance dependence means that the contribution of the electronic mass or the
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coupling of the electronic motion to the nuclear motion changes with internuclear
distance.

An elegant approach to account for the total contribution of non-adiabatic
effects (for weak non-adiabatic interactions) to a given electronic state has been
proposed by Herman and Asgharian [I] and consists of the construction of an
effective KEO based on second-order perturbative analysis of the exact kinetic
energy operator for nuclear motion. This leads to non-adiabatic picture using a
single potential energy surface with distance-dependent effective nuclear masses
within the different kinetic energy operator terms.

The practical realization of the Herman-Asgharian algorithm consists of the
construction of an perturbation expansion for the intermediate nuclear KEO in
the Cartesian body-fixed (BF) frame with subsequent representation of the ob-
tained results in generalized molecular coordinates related to an arbitrarily ori-
ented space-fixed (SF) frame. However, in this case the technical difficulties
arise, because the differential operators which composes the intermediate Carte-
sian nuclear KEO are multiplied by mass-prefactors (coordinate-dependent effec-
tive masses), which are not only different for each single operator but also defined
in a uniquely chosen BF frame. To demonstrate the rotational invariance of the
problem one has to represent the final result in a arbitrarily oriented SF frame.
Consequently, one has to deal with the transformation of each individual differen-
tial operator from the BF frame into the SF frame with further representation of
the final result as a linear combination of the components of the total orbital mo-
mentum operator plus the pure vibrational part. This transformation constitutes
the main difficulty in the application of the Herman-Asgharian approach for the
construction of the effective nuclear KEO. Probably because of such complications
of the theory the method of Herman and Asgharian, shown to be successful for
diatomic molecules, was not utilized further for more complex systems.

First implementations and applications by the present authors have been pub-
lished recently [2] 3, [4 [3].

2 Perturbation expansion for the non-adiabatic cor-
rection

The application of the method of distance-dependent corrections to nuclear
masses imposes certain conditions on the usage of the coordinate frames, which we
shall discuss here briefly. To construct the effective non-adiabatic nuclear kinetic
energy operator we must first obtain the general expression for the corrections
to the ro-vibrational energies within a perturbation expansion. Such expansion
includes the matrix elements between the electronic wave functions [see equation
further in the text]|, which depends on the relative position of the nuclei and
on the chosen directions of the coordinate axis. Therefore, to keep the meaning of
these matrix elements unaltered during the molecular rotation we should use the
body-fixed frame for their representation.

For the explicit representation of the rotational degrees of freedom of the
molecule we use the space-fixed frame which is arbitrarily oriented with respect to
the BF frame. The mutual orientation of the BF and SF frames is determined by
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Figure 1: The geometry of the system and notations used. (a, 8) and (v, d) denotes
the polar angles of the vectors R and 7 in the SF frame. 63¥"* and §7%* indicates
the variations of the Cartesian coordinates (in the BF frame) of the vectors R and

7 respectively.

three Euler angles 2 = {4, v, ¢}. We employ the passive picture (see [19} 20]) for
the definition of the rotation matrix, i.e. the molecular system is assumed in rest
and rotation is described by the rotation of the SF frame (see [2]).

In the following we shall consider the molecular system which consists of the
three nuclei and n electrons. The relative position of the nuclei is described through
the Jacobi coordinates Q = {r, R,0}. r represents the distance between two nuclei
(diatomic fragment), and R is the distance from the center of mass of the diatomic
fragment to the third nucleus; 6 being the angle between the vectors i~ and R. We
shall use the following relations for angles [21]:

cos @ = cos awcosy + cos(f — §) sinasiny, (1)
sinasin(f — 6

sin o cos 7y cos(B — §) —sinycosa’
We shall denote the Cartesian coordinates of the vectors 7 R in the BF frame as
follows

tan p =

R(X.Y,Z), (zy,z). (3)
The geometry of the molecular system and notations of the coordinate frames are
shown in figure [l Without loss of generality we can assume that the origins of
the BF and SF frames are placed into the total center of mass of the molecule.
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In the following we are going to generalize the ideas formulated in [I] to the
case of three nuclei. For Jacobi coordinates the nuclear reduced masses are
given by

prt=mitmy Rt = (my 4+ me) T+ mg (4)
where m; (i = 1,2,3) is the mass of the i-th nucleus. After separation of the

translational motion, the exact Schrédinger equation for the total wave function
1 of the molecular system has the following form

(T+vi@n-£)ud.a-o )

where T is the complete translation-free kinetic energy operator of the whole sys-
tem, ¢ denotes the complete set of electronic coordinates, V(Q,q) represents the
potential of the Coulomb interaction of all particles in the molecule and F is the
total energy.

We use for ¢ the expansion over the complete orthonormal set of the product
of electronic vy (7]@) and nuclear vl (Q) wave functions

(@,0) =Y Cruren(@IQ)05 (@) = D CrlAk), (6)
Ak Ak

where the symbols A denote the electronic and k the nuclear state, respectively.
Substituting the expansion for 9 into the Schrédinger equation we come to the
standard adiabatic approximation for the nuclear motion

(TO N E) O\UE + Wk =0, (7)

where E{P = p{P (@) is the adiabatic potential energy surface (PES), Ty denotes
the standard nuclear KEO

h2
20y

h2
2nR

and W denotes the operator of non-adiabaticity

h2 n . h2
W=——vir. vy ge, (9)
HUR Mo

The superscript indicates that the given operator acts on the nuclear (n) or elec-
tronic (e) states only. If one neglects the operator W the Schrédinger equation for
the nuclear motion reads

h? 12 . B
<_2m:zv% T2 Vi ESP(Q) - EAk) vk (Q) =0. (10)

Considering the functions U]; in as a zero approximation, one may treat in
the framework of perturbation theory. The first-order correction to the energy Fyx
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of the state |\k) with respect to the perturbation operator W vanishes. Therefore,
the leading non-vanishing energy shift is represented by the second-order correction

Yy ( ) AEIVEON - VYV VN V")k>
Eyy — Exg

(11)

a=r,R XN Kk'#\k

Representing the vectors 7 and R in in Cartesian coordinates, we introduce
the common symbols y, 7, (, which depend parametrically on a as follows

_ x,Y,z, a=r,
x,n,C{ XY.Z a-R (12)

Denoting the Cartesian unit vectors as 7; (i = x,y, z), we may write for an arbi-
trary scalar function v

aa (ﬁl'll)) = ﬁiaawa a=X,n, Ca (13)

leading to the short notation for the partial derivative: 0, = 8a So, the matrix
element (\k|V{IN - VIV K’ is represented as (see the definitions in (12))

VN VPR = Y (AN ) (kIOSVK),  a=rR. (14)

a=x,m,¢

Similar expressions can be given for the matrix elements (\'%'|V I X\-V k). In the
following, we neglect the ’smaller’ nuclear ro-vibrational energies against the elec-
tronic energies in ((11). Therefore, the difference Ey/» — Eyi can be approximated
by Ex — E, and leads to

n
2
EG ==Y =

a=r,R Ha
AN naE 3y A
< >N o ag > oy o5 |k ). (15)
N#XN a=x,1,¢ B=x,n,¢

Let us to introduce the following abbreviations for the matrix element
W = (A0ON), a=y,n,C (16)
Computing the sums in (T3)), by keeping the ordering of the operators 0", 8én),

and taking into account that ()\|8(e))\’> = </\’|8&e))\>, we come to the following
expression for the energy corrections E/\k) (keeping in mind definition in ((12)):

2
@) _ h
E\) = Z 2Ma<k

a=r,R

, P,

242 Z 1 {oﬂ 0? tw tw
T _ X Wno o C 2
Ha $2 Ex ox? on a¢

Fwywy (09 + 0y0y) + wywe (0x9¢ + 0¢dy) + wywe (05 0¢ + 9¢Oy)



6 M. V. KHomMmA, R. JAQUET

+ (W Oxwy + wyOnwy + wedcwy) Oy + (wWyOxwn + wyOywy + wdewy) Oy

k> . (17)

For the sake of compactness in (17)), and in the following, we omit the superscripts
in the notation for w?* . Expression represents the complete non-adiabatic

(03
contribution in the second order of perturbation theory.

+ (wy Oy w¢ + wyOywe + wedcwe) 84}

3 Derivation of the non-adiabatic effective Hamil-
toman

As said before, the main idea of [I] is to interpret the second-order correction

E&i) of the exact nuclear KEO as the first-order correction of a new effective
non-adiabatic nuclear KEO T,,,, which can be deduced from as

EQ) = (k|Tualk). (18)
The electronic matrix elements wg’\/, and therefore the correction Eﬁ), are defined
in the BF frame of coordinates. To introduce the rotational degrees of freedom
(the Euler angles) we shall represent the E;Qk) in the SF frame, which is assumed
arbitrarily oriented with respect to the BF frame, see figure[I] In the present work
we use the molecular embedding with the diatom vector i aligned along the z-axis
of the BF frame and the vector R in the zz-plane (we denote this embedding as
[7||2]). The operator T,

T =TV +7(2) (19)

na na ’

can be written immediately by comparing and (18):

O R [Gmaz Lam G(T)aw

nat = o | Cer g O g T OG5
B[ ) 0° (r) & (r) 0°
Q,UR{ XX 52 +GYY8Y'2+GZZazQ:|7 (20)
and
52 ‘s T s T T ™
T2 = o {G;y)ory + GO+ GO, + g0, + g0, + g >6z}
hZ
" 2un [GS?X)/OXY + G,()?Z)OXZ + Gg/RZ)OYZ + gggR)(?x + gng)ﬁy + g(ZR)GZ} , (21)

with Ong = 0,03 + 030, foﬁ) and g&") are given by

252 WawWg

G(a) __=" —7
of Ha S E\ — E\
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" 252 Wy Oy Wo + WyOpwe + wWedewa
i) = - N PO e S af=xon (e (22)
vy N — By

It has been shown (see [2]) that the leading non-adiabatic contribution comes
from the term Téglt). Therefore, further we shall assume that 77, = Téi) and neglect
contribution of Téi). This assumption leads to the following form of the effective

Schrédinger equation for nuclear motion
(To + 70 + BLP(Q) — E)\k>vl§((j) =0. (23)

Expression can be interpreted as a kinetic energy operator in the BF frame
with coordinate-dependent nuclear masses p, 3’6 ) defined in the following way

1 1+6W 1 1+GE
s N T

a=uzy,z B=X,Y, 2. (24)

In order to transform the Cartesian (BF) form of the KEO [20]into the Jacobi (SF)
coordinates we need to represent the derivatives /902, (a = z,y,2,X,Y, Z)
through the combination of derivatives in Jacobi coordinates {u}, {u} = {@, 3} =
{r,R,0,6,7v,0}. The problem of construction of the final nuclear KEO with
coordinate-dependent nuclear masses is rather complicated, since terms with dif-
ferent mass-prefactors are not canceling each other (as it take place in case of
conventional masses). To handle with this we employed the infinitesimal coordi-
nate variations and compute derivatives analytically as a limit of corresponding
finite difference scheme.

Namely, we write the second derivative of the arbitrary function f as a three-
point finite difference

O2f =

1
dof — 26 25
Gageef — 2601, (25)
with 01 f = f(a+da) — fo, and daf = f(a+20a) — fo. For the sake of brevity we
write the variable o only as an argument of function f. The similar relation for
the mixed derivatives 0,03 reads

0a0pf = —=[0af — 5 f — 5P 1], (26)

555

with 8% f = f(a+6a) — f(a), 8" = f(B+5B) — F(8) and b2f = f(a+ 80, 5+
d8) — f(a, B). Note, that equations and are ezact if we take the limit
da — 0, 08 — 0 analytically. For details of the computation of variations of the
Jacobi coordinates and application of the equations , for transformation
of the derivatives from the BF to the SF frame we refer to publications [2] and [5].

We shall introduce the notation Ky + Ky g = Ty + Téi), where Ky is the pure
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vibrational and Ky g is the ro-vibrational part of the total KEO. Finally, we have

K 1 0% 1 (sin®6 cos?f)\ 02
h;/_(z)ar?2< @ (Z>>8R2 @
2415 H3 M3
1<c0829+sin20+ 1 +1)3
2B\ 2?2 wy) OR
11 1\
2r (“5) H(zy) or
1 cot 6 i cot 0 i W34 Sin 20 g
2 ;y) R2 ng) R2 a0
B 1 < 1 cos? 6 n sin® 0 ) 9?2 Wy SIN20 02
— . = > 72 )
2 () RQM:()) ) RZM:())) 00 2R ORO0
and
Kyvr _ coty (Sin2<p c082<p> E 1 <c052<p sin2ap> 672 (28)
n? 22\l o P\ ) o
sing [cotycosp cotycose cotf 0?
T R OR 900
o
Wazy COtysin2p 0 | Wagy Sin2¢p 8 0?
2r2sin~y 6 2r2siny 06 900y
cscy [cotfcosp  cotysin®g  cotrycos? @ 0?
+ r2 W) + () A (v) 000
125 Ko Ha
N 1 o 0? N sing 02 cot s 0?
S — in
2,0 "800y ™ siny 9006 T 500,
L W2 sin 2¢ (cosQ*y + 1) 0  cscty (sin2 @  cos? <p> 0?
S 2 9 2 z 952
2r2 gin® ~y 2 Oy 2r Hé ) uéy) D)
1 (2 cotycotfcosy  cot?y sin? ¢ cot?ycos?
) z
2r s us? s
cot?6\ 92 1 csc?20 02
ng) 002 2 R2y y) 0p?’
where wy, g are given by
-1 -1
WnaB = (,ugla)) - (N%ﬁ)> ) n= 27 37 «, B =Y,z (29)

After some algebraic transformations we can represent the ro-vibrational part Ky p
through the projections II,, IL,, and II, of the total angular momentum
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operator, which depends on the Euler angles §, v, ¢ and defined as follows [20]:

0 cosp 0 0

I, = ifi ( sinp— — 9 ),
i <smgpafy S~ 0 + cos p co 78(,0) (30)

) 0 sing 9 ) 0 0

I, = ih <cos wa + sin % sin ¢ cot 78@) , I, = zﬁ%.
Namely,
esc20 _, 1 m I cot?6__,
Bve= ot oa |l w T | T w (31)
2R Hao Ha Ha

cot @ 2 0 cotd

+——(ILIL, + IL.II,) —ih | — = + — | II,
(v) (=) 9o (v)

Ho 1) Mo

Hence, we have constructed the effective nuclear KEO in Jacobi coordinates, which
allows to write a Schrédinger equation for the nuclear motion with account
for non-adiabatic effects. Note, the representation for Ky g shows that the
Cartesian form of the KEO with coordinate-dependent nuclear masses retain the
invariance of the problem with respect to the Euler rotations.

Summary

The aim of the current study was to construct the effective non-adiabatic kinetic
energy operator for nuclear motion in a triatomic molecule. For this purpose we
have generalized the original approach of Herman and Asgharian [I] (developed
for a diatomic molecule) on the case of triatomic systems. The main difficulties
in the rigorous extension of this approach to a triatomic molecule are related
to a dramatic complication in the description of the vibrational and, especially,
rotational degrees of freedom of the triatomic in contrast to the diatomic molecule.
We have shown that by employing analytic variations techniques we were able
to transform the Cartesian form of the nuclear KEO with coordinate-dependent
reduced masses given in BF frame into the generalized (Jacobi in the present
study) coordinates in arbitrarily oriented SF frame. This allows to construct the
effective non-adiabatic triatomic nuclear KEO in question.
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