
ÎÏÈÑ ÊÀÒÅ�Î�I� ÇÎÁ�ÀÆÅÍÜ ÏÎÑÒIÉÍÎ�Î ÆÎ�ÄÀÍÎÂÎ�Î ÒÈÏÓ. . . 37ÓÄÊ 512.547+512.58Â. Ì. Áîíäàðåíêî (Ií-ò ìàòåìàòèêè ÍÀÍ Óêðà¨íè)I. Â. Ëèòâèí÷óê (Êè¨âñüêèé íàö. óí-ò iì. Ò. Øåâ÷åíêà)ÎÏÈÑ ÊÀÒÅ�Î�I� ÇÎÁ�ÀÆÅÍÜ ÏÎÑÒIÉÍÎ�ÎÆÎ�ÄÀÍÎÂÎ�Î ÒÈÏÓ ÍÀÉÌÅÍØÎ� ÍÅÖÈÊËI×ÍÎ� ��ÓÏÈWe desribe the ategory of matrix representations of the fourth Klein group over an algebraiallylosed �eld of harateristi 2 that have onstant Jordan type.Îïèñó¹òüñÿ êàòåãîðiÿ ìàòðè÷íèõ çîáðàæåíü ÷åòâåðíî¨ ãðóïè Êëåéíà íàä àëãåáðà¨÷íî çàìêíó-òèì ïîëåì õàðàêòåðèñòèêè 2, ÿêi ìàþòü ïîñòiéíèé æîðäàíîâèé òèï.Çîáðàæåííÿ ñêií÷åííèõ ãðóï íàä ïîëÿìè âèâ÷åíi äîñòàòíüî äîáðå. ßêùî ãîâî-ðèòè ïðî çîáðàæóâàëüíèé òèï, òî â êëàñè÷íîìó âèïàäêó, êîëè õàðàêòåðèñòèêàïîëÿ íå äiëèòü ïîðÿäîê ãðóïè, ãðóïà çàâæäè ìà¹, ç òî÷íiñòþ äî åêâiâàëåíòíî-ñòi, ñêií÷åííå ÷èñëî íåðîçêëàäíèõ çîáðàæåíü (áiëüø òîãî, âiäïîâiäíà ãðóïîâààëãåáðà íàïiâïðîñòà); ó ïðîòèëåæíîìó æ âèïàäêó, ÿêèé íàçèâà¹òüñÿ ìîäóëÿð-íèì, ñêií÷åííå ÷èñëî íåðîçêëàäíèõ çîáðàæåíü ìàþòü òiëüêè ãðóïè ç öèêëi÷íîþñèëîâñüêîþ p -ïiäãðóïîþ, äå p - õàðàêòåðèñòèêà ïîëÿ. Ó ìîäóëÿðíîìó âèïàäêóáiëüøiñòü ãðóï ¹ äèêèìè, òîáòî çàäà÷à ïðî îïèñ ¨õ çîáðàæåíü ìiñòèòü â ñîáiêëàñè÷íó íåðîçâ'ÿçíó çàäà÷ó ëiíiéíî¨ àëãåáðè ïðî êëàñè�iêàöiþ ïàðè ìàòðèöüç òî÷íiñòþ äî ïîäiáíîñòi; ãðóïè, ùî äîïóñêàþòü îïèñ çîáðàæåíü, íàçèâàþòüñÿðó÷íèìè. �ó÷íi i äèêi ñêií÷åííi ãðóïè â ìîäóëÿðíîìó âèïàäêó ïîâíiñòþ îïèñàíiâ ðîáîòi [1℄1.Ó ðîáîòi [41℄ äëÿ ñêií÷åííî¨ ãðóïè (i íàâiòü â áiëüø çàãàëüíié ñèòóàöi¨ � äëÿñêií÷åííî¨ ãðóïîâî¨ ñõåìè) G i ïîëÿ õàðàêòåðèñòèêè p > 0 ââîäèòüñÿ ïîíÿòòÿìîäóëiâ ïîñòiéíîãî æîðäàíîâîãî òèïó, à òàêîæ âèâ÷àþòüñÿ òàêi ìîäóëi. Äàíàòåìàòèêà ñòàëà âàæëèâèì íàïðÿìîì ñó÷àñíî¨ òåîði¨ çîáðàæåíü (äèâ., çîêðåìà,[42�47℄).Ó ðîáîòi [48℄, ÿêà áóëà íàïèñàíà ïiä âïëèâîì ñòàòòi [41℄, ðîçãëÿäàþòüñÿ âëà-ñòèâîñòi ðiçíèõ ìàòðè÷íèõ çàäà÷, ïîâ'ÿçàíi ç ðàíãàìè ìàòðèöü; çîêðåìà, îïè-ñóþòüñÿ çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâîãî òèïó ÷åòâåðíî¨ ãðóïè Êëåéíà íàäàëãåáðà¨÷íî çàìêíóòèì ïîëåì õàðàêòåðèñòèêè 2. Ó ðîáîòi [49℄ àâòîðàìè äîâå-äåíî, ùî çàäà÷à ïðî îïèñ çîáðàæåíü ïîñòiéíîãî æîðäàíîâîãî òèïó íåöèêëi÷íî¨åëåìåíòàðíî¨ àáåëåâî¨ p-ãðóïè G ïîðÿäêó |G| > 4 ¹ äèêîþ (âèïàäîê öèêëi÷íî¨ãðóïè òðèâiàëüíèé).Ó äàíié ðîáîòi îïèñó¹òüñÿ êàòåãîðiÿ çîáðàæåíü ïîñòiéíîãî æîðäàíîâîãî òèïó÷åòâåðíî¨ ãðóïè Êëåéíà (íàéìåíøî¨ íåöèêëi÷íî¨ ãðóïè).1. Çîáðàæåííÿ ÷åòâåðíî¨ ãðóïè Êëåéíà ïîñòiéíîãî æîðäàíîâîãîòèïó. Ó ðîáîòi [41℄ äëÿ ñêií÷åííî¨ ãðóïîâî¨ ñõåìè G i ïîëÿ õàðàêòåðèñòèêè1Ôîðìàëüíi îçíà÷åííÿ ðó÷íèõ i äèêèõ ìàòðè÷íèõ çàäà÷, à òàêîæ îñíîâíi çàãàëüíi òåîðåìèïðî òàêi çàäà÷i, ðîçãëÿíóòi Þ. À. Äðîçäîì â [2, 3℄. Äîñëiäæåííÿ, ùî ïðîâîäÿòüñÿ âïðîäîâæáàãàòüîõ äåñÿòèëiòü, ïðî âèâ÷åííÿ çîáðàæåíü ðó÷íèõ i äèêèõ îá'¹êòiâ âiäíîñÿòüñÿ íå òiëüêè äîçîáðàæåíü ãðóï íàä ïîëÿìè (äèâ., çîêðåìà, ïîñèëàííÿ â [1℄ i ðîáîòè [4�7℄), àëå i äî çîáðàæåíüãðóï íàä êiëüöÿìè (äèâ. [8�17℄), çîáðàæåíü ñàãàéäàêiâ i ÷àñòêîâî âïîðÿäêîâàíèõ ìíîæèí(äèâ. [18�33℄), à òàêîæ äî îïåðàòîðiâ â ñêií÷åííîâèìiðíèõ âåêòîðíèõ ïðîñòîðàõ (äèâ. [34�37℄),êëàñè�iêàöi¨ ñàìèõ îá'¹êòiâ (äèâ. [38�40℄) òà iíøèõ ñèòóàöié.Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)
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p > 0 ââîäèòüñÿ ïîíÿòòÿ ìîäóëiâ ïîñòiéíîãî æîðäàíîâîãî òèïó. Â îêðåìîìóâèïàäêó, äëÿ ÷åòâåðíî¨ ãðóïè Êëåéíà G2 = (2, 2) iç ñòàíäàðòíèìè òâiðíèìè
g1, g2 i àëãåáðà¨÷íî çàìêíóòîãî ïîëÿ k õàðàêòåðèñòèêè 2, öå îçíà÷à¹ (íà ìîâiìàòðè÷íèõ çîáðàæåíü), ùî ñàìîàíóëþþ÷i ïîïàðíî êîìóòóþ÷i ìàòðèöi A1, A2,ÿêi âiäïîâiäàþòü åëåìåíòàì a1 = 1 + g1, a2 = 1 + g2 ãðóïîâî¨ àëãåáðè kG, çàäî-âîëüíÿþòü íàñòóïíié óìîâi: æîðäàíîâà �îðìà ìàòðèöi αA1 + βA2, äå α, β ∈ k,
(α, β) 6= (0, 0), íå çàëåæèòü âiä âèáîðó åëåìåíòiâ α i β.Îñêiëüêè æîðäàíîâà �îðìà ìàòðèöi, ðiâíî¨ â êâàäðàòi íóëþ, îäíîçíà÷íîâèçíà÷à¹òüñÿ ¨¨ ðàíãîì, òî íàäàëi çàìiñòü

”
çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâîãîòèïó“ áóäåìî ãîâîðèòè

”
çîáðàæåííÿ ïîñòiéíîãî ðàíãó“.Ïîêëàäåìî a = g1, b = g2. Îäèíè÷íó ìàòðèöþ ðîçìiðíîñòi s ïîçíà÷à¹ìî÷åðåç Es. Jt(b), äå b ∈ k, ïîçíà÷à¹ êëiòêó Æîðäàíà ðîçìiðó t × t ç âëàñíèì÷èñëîì b, à 0 i 0̃ � âiäïîâiäíî íóëüîâèé ñòîâïåöü i íóëüîâèé ðÿäîê ìàòðèöi.Ó ðîáîòi [48℄ äîâåäåíà íàñòóïíà òåîðåìà, ÿêà îïèñó¹ íåðîçêëàäíi çîáðàæåííÿ÷åòâåðíî¨ ãðóïè Êëåéíà, ùî ìàþòü ïîñòiéíèé ðàíã.Òåîðåìà 1. Çîáðàæåííÿ ãðóïè G2 (íàä àëãåáðà¨÷íî çàìêíóòèì ïîëåì kõàðàêòåðèñòèêè 2) âèãëÿäó

a) a → (1), b → (1),

b) a →




1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1


 , b →




1 1 0 0
0 1 0 0
0 0 1 1
0 0 0 1


 ,

c) a →




Es Es 0

0 Es+1


 , b →




Es 0 Es

0 Es+1


 ,

d) a →




Es+1

Es

0̃

0 Es




, b →




Es+1

0̃
Es

0 Es




,äå s ≥ 1, óòâîðþþòü ïîâíó ñèñòåìó íåðîçêëàäíèõ ïîïàðíî íååêâiâàëåíòíèõçîáðàæåíü ïîñòiéíîãî ðàíãó.Òàêèì ÷èíîì, ç òî÷íiñòþ äî åêâiâàëåíòíîñòi, â êîæíié ðîçìiðíîñòi ÷èñëî íå-ðîçêëàäíèõ çîáðàæåíü ïîñòiéíîãî ðàíãó ñêií÷åííå (çîêðåìà, ìîæå áóòè ðiâíèìíóëþ).2. Ôîðìóëþâàííÿ îñíîâíîãî ðåçóëüòàòó. Íàøà ìåòà � îïèñàòè êà-òåãîðiþ ìàòðè÷íèõ çîáðàæåíü ïîñòiéíîãî ðàíãó ÷åòâåðíî¨ ãðóïè Êëåéíà íàäàëãåáðà¨÷íî çàìêíóòèì ïîëåì k õàðàêòåðèñòèêè 2. Çãiäíî çàãàëüíîãî îçíà÷åí-íÿ (äëÿ çîáðàæåíü äîâiëüíî¨ ãðóïè íàä äîâiëüíèì ïîëåì) ìíîæèíà ìîð�içìiâÍàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)
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Hom(S, S ′) ìàòðè÷íèõ çîáðàæåíü

S : a → A, b → B, S ′ : a → A′, b → B′ãðóïè G2 íàä ïîëåì k ñêëàäà¹òüñÿ ç óñiõ ìàòðèöü X (ç åëåìåíòàìè ç k) òà-êèõ, ùî AX = XA′ i BX = XB′. Ìíîæèíà ìîð�içìiâ ¹, î÷åâèäíî, âåêòîðíèìïðîñòîðîì.Äëÿ çàäàííÿ êàòåãîði¨ äîñòàòíüî â êîæíîìó êëàñi åêâiâàëåíòíèõ íåðîçêëà-äíèõ çîáðàæåíü âêàçàòè ïî îäíîìó ïðåäñòàâíèêó i îá÷èñëèòè äëÿ íèõ âñi ìíî-æèíè ìîð�içìiâ. Â ÿêîñòi òàêèõ ïðåäñòàâíèêiâ áóäåìî áðàòè âêàçàíi â òåîðåìi1 íåðîçêëàäíi çîáðàæåííÿ. Ïðè öüîìó çîáðàæåííÿ, âêàçàíi â ïóíêòàõ à), b), ),d), áóäåìî ïîçíà÷àòè âiäïîâiäíî ÷åðåç T1, T2, T s
3 , T s

4 .Ââåäåìî äåÿêi ïîíÿòòÿ.Íåõàé X = (xij) � ìàòðèöÿ ðîçìiðó n×m íàä äåÿêèì ïîëåì. �¨ s+-þ äiàãî-íàëëþ, äå s � öiëå ÷èñëî, íàçâåìî ñóêóïíiñòü åëåìåíòiâ âèãëÿäó xi,i+s, à s−-þäiàãîíàëëþ � ñóêóïíiñòü åëåìåíòiâ âèãëÿäó xi,m+1−s−i (ç �îðìàëüíèõ ìiðêóâàíüìè íå âèïèñó¹ìî äîïóñòèìi çíà÷åííÿ äëÿ iíäåêñiâ, ââàæàþ÷è, ùî ñèìâîë x ç íå-ïðèïóñòèìèìè iíäåêñàìè âiäñóòíié i, ÿê íàñëiäîê, äîïóñêàþ÷è ïóñòi äiàãîíàëi).Òàêi äiàãîíàëi íàçèâà¹ìî âiäïîâiäíî (+)-äiàãîíàëÿìè i (−)-äiàãîíàëÿìè. Áóäå-ìî íàçèâàòè (±)-äiàãîíàëü ñêàëÿðíîþ, ÿêùî âñi ¨¨ åëåìåíòè ðiâíi ìiæ ñîáîþ(çîêðåìà, íóëüîâîþ, ÿêùî âñi åëåìåíòè íóëüîâi).ÌàòðèöþX áóäåìî íàçèâàòè d+-ñêàëÿðíîþ (âiäïîâiäíî d−-ñêàëÿðíîþ), ÿêùîêîæíà ¨¨ (+)-äiàãîíàëü (âiäïîâiäíî (−)-äiàãîíàëü) ñêàëÿðíà. Î÷åâèäíî, ùî ÿêùîìàòðèöÿ X ¹ d+-ñêàëÿðíîþ (âiäïîâiäíî d−-ñêàëÿðíîþ), òî âîíà îäíîçíà÷íî çà-äà¹òüñÿ åëåìåíòàìè ïåðøîãî ðÿäêà i ïåðøîãî ñòîâïöÿ (âiäïîâiäíî ïåðøîãî ðÿä-êà i îñòàííüîãî ñòîâïöÿ). Â öüîìó âèïàäêó ââîäèìî âiäïîâiäíî ïîçíà÷åííÿ
X = S+

nm(x11, . . . , x1m; x21, . . . , xn1),

X = S−

nm(x11, . . . , x1m; x2m, . . . , xnm).Ìàòðèöþ X , ÿêà ¹ d+-ñêàëÿðíîþ, íàçâåìî d0-ñêàëÿðíîþ, ÿêùî ó âèïàäêó n ≤ m(âiäïîâiäíî n ≥ m) s+-à äiàãîíàëü ¹ íóëüîâîþ ïðè s < 0 i ïðè s > m − n(âiäïîâiäíî ïðè s > 0 i ïðè s < m − n); â öüîìó âèïàäêó ââîäèìî ïîçíà÷åííÿ
X = Snm(x11 . . . , x1,m−n+1), ÿêùî n ≤ m i X = Snm(x11 . . . , xn−m+1,1), ÿêùî n ≥
m. Íàñòóïíà òåîðåìà îïèñó¹ ìíîæèíè ìîð�içìiâ ìiæ çîáðàæåííÿìè âèãëÿäó
T1, T2, T s

3 , T s
4 .Òåîðåìà 2. Ìíîæèíà ìîð�içìiâ íàñòóïíà:

Hom (T1, T1) = {(x11x11x11)};
Hom (T1, T2) =

{(
0 0 0 x14x14x14

)};
Hom (T2, T1) =









x11x11x11

0
0
0
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Hom (T2, T2) =








x11 x12 x13 x14x14x14

0 x11 0 x13

0 0 x11 x12

0 0 0 x11







;

Hom (T1, T
s
3 ) =

{(
0 . . . 0 | x1,s+1x1,s+1x1,s+1 . . . x1,2s+1x1,2s+1x1,2s+1

)};
Hom (T s

3 , T1) =









x11x11x11...
xs1xs1xs1

0...
0









;
Hom (T1, T

s
4 ) =

{(
0 . . . 0 | x1,s+2x1,s+2x1,s+2 . . . x1,2s+1x1,2s+1x1,2s+1

)};
Hom (T s

4 , T1) =








x11x11x11...
xs+1,1xs+1,1xs+1,1

0...
0








;
Hom (T2, T

s
3 ) =








x11 . . . x1s x1,s+1x1,s+1x1,s+1 x1,s+2x1,s+2x1,s+2 . . . x1,2sx1,2sx1,2s x1,2s+1x1,2s+1x1,2s+1

0 . . . 0 0 x11 . . . x1,s−1 x1s

0 . . . 0 x11 x12 . . . x1s 0
0 . . . 0 0 0 . . . 0 0







;

Hom (T s
3 , T2) =








0 x12 x22 x14x14x14... ... ... ...
0 xs−1,2 xs2 xs−1,4xs−1,4xs−1,4

0 xs2 xs3 xs4xs4xs4

0 0 0 x12... ... ... ...
0 0 0 xs2

0 0 0 xs3








;
Hom (T2, T

s
4 ) =








x11 . . . x1,s+1 x1,s+2x1,s+2x1,s+2 . . . x1,2s+1x1,2s+1x1,2s+1

0 . . . 0 x12 . . . x1,s+1

0 . . . 0 x11 . . . x1s

0 . . . 0 0 . . . 0







;
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Hom (T s

4 , T2) =








0 x12 0 x14x14x14

0 x22 x12 x24x24x24... ... ... ...
0 xs2 xs−1,2 xs4xs4xs4

0 0 xs2 xs+1,4xs+1,4xs+1,4

0 0 0 x12... ... ... ...
0 0 0 xs2








;
Hom (T s

3 , T
t
3)=









Sst(x11, . . . , xt−s+1,1)

x1,t+1x1,t+1x1,t+1 . . . x1,2t+1x1,2t+1x1,2t+1... ...
xs,t+1xs,t+1xs,t+1 . . . xs,2t+1xs,2t+1xs,2t+1

0 Ss+1,t+1(x11, . . . , xt−s+1,1)







ïðè s ≤ t,
Hom (T s

3 , T
t
3) =








0 . . . 0 x1,t+1x1,t+1x1,t+1 . . . x1,2t+1x1,2t+1x1,2t+1... . . . ... ... ...
0 . . . 0 xs,t+1xs,t+1xs,t+1 . . . xs,2t+1xs,2t+1xs,2t+1

0 . . . 0 0 . . . 0... . . . ... ... . . . ...
0 . . . 0 0 . . . 0






ïðè s > t;

Hom (T s
3 , T

t
4)=








S−

s,t+1(x11, . . . , x1,t+1;

2,t+1, . . . , xs,t+1)

x1,t+2x1,t+2x1,t+2 . . . x1,2t+1x1,2t+1x1,2t+1... ...
xs,t+2xs,t+2xs,t+2 . . . xs,2t+1xs,2t+1xs,2t+1

0
S−

s+1,t(x11, . . . , x1,t;

1,t+1, . . . , xs,t+1)








;
Hom (T s

4 , T
t
3) =









0 . . . 0 x1,t+1x1,t+1x1,t+1 . . . x1,2tx1,2tx1,2t... . . . ... ... ...
0 . . . 0 xs+1,t+1xs+1,t+1xs+1,t+1 . . . xs+1,2txs+1,2txs+1,2t

0 . . . 0 0 . . . 0... ... ... . . . ...
0 . . . 0 0 . . . 0









;
Hom (T s

4 , T
t
4) =








0 . . . 0 x1,t+2x1,t+2x1,t+2 . . . x1,2t+1x1,2t+1x1,2t+1... . . . ... ... ...
0 . . . 0 xs+1,t+2xs+1,t+2xs+1,t+2 . . . xs+1,2t+1xs+1,2t+1xs+1,2t+1

0 . . . 0 0 . . . 0... ... ... . . . ...
0 . . . 0 0 . . . 0






ïðè s < t,
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Hom (T s

4 , T
t
4)=








Ss+1,t+1(x11, . . . , xs−t+1,1)

x1,t+2x1,t+2x1,t+2 . . . x1,2t+1x1,2t+1x1,2t+1... ...
xs+1,t+2xs+1,t+2xs+1,t+2 . . . xs+1,2t+1xs+1,2t+1xs+1,2t+1

0 Sst(x11, . . . , xs−t+1,1)






ïðè s ≥ t.Ó âñiõ âèïàäêàõ ìíîæèíè ìîð�içìiâ çîáðàæåíi ÿê ñóêóïíiñòü ìàòðèöü, åëå-ìåíòè xij ÿêèõ ïðîáiãàþòü âñå ïîëå k. Æèðíèì øðè�òîì ïîçíà÷åíi åëåìåíòèìàòðèöü, ÿêi çóñòði÷àþòüñÿ îäèí ðàç.3. Äîâåäåííÿ òåîðåìè 2. Ïîêëàäåìî M∅ = M äëÿ äîâiëüíî¨ ìàòðèöi M .Òîäi êîæíå êàíîíi÷íå íåðîçêëàäíå çîáðàæåííÿ ÷åòâåðíî¨ ãðóïè Êëåéíà (âêàçàíåâ òåîðåìi 1) ìà¹ âèãëÿä T x

i , äå i ∈ {1, 2, 3, 4}, x = ∅, ÿêùî i = 1, 2 i x �íàòóðàëüíå ÷èñëî, ÿêùî i = 3, 4.ßêùî T x
i : a → A1, b → B1 i T y

j : a → A2, b → B2 � êàíîíi÷íi íåðîçêëàäíiçîáðàæåííÿ, òî (çãiäíî ñêàçàíîìó âèùå) ìíîæèíà ìîð�içìiâ Hom(T x
i , T

y

j ) óêàòåãîði¨ çîáðàæåíü ïîñòiéíîãî ðàíãó ÷åòâåðíî¨ ãðóïè Êëåéíà ñêëàäà¹òüñÿ çiâñiõ ìàòðèöü X òàêèõ, ùî A1X = XA2 i B1X = XB2. Â öüîìó âèïàäêó ñêàëÿðíàðiâíiñòü (A1X)pq = (XA2)pq i (B1X)pq = (XB2)pq ïîçíà÷à¹òüñÿ âiäïîâiäíî ÷åðåç
[a; i, j; p, q] i [b; i, j; p, q]; ó âêàçàíîìó îçíà÷åííi ÷åðåç Mpq ïîçíà÷à¹òüñÿ åëåìåíòìàòðèöi M , ùî ñòî¨òü íà ïåðåòèíi p-ãî ðÿäêè i q-ãî ñòîâïöÿ (äå M ïðèéìà¹çíà÷åííÿ (A1X), (XA2), (B1X), (XB2)).Ïðè äîâåäåííi òåîðåìè åëåìåíòè ìàòðèöi X ïîçíà÷àþòüñÿ (ÿê i â óìîâi òå-îðåìè) òðàäèöiéíî � ÷åðåç xpq. Ïðè öüîìó, äëÿ ïðîñòîòè, çàìiñòü xpq ïèøåìîïðîñòî pq, âèêîðèñòîâóþ÷è, ÿêùî ïîòðiáíî, êðóãëi äóæêè (íàïðèêëàä, çàìiñòü
xs+1,1 ïèøåìî (s+1)1). Âèïàäîê, êîëè îá÷èñëþ¹òüñÿ Hom(T x

i , T
y

j ) ïîçíà÷à¹òüñÿ÷åðåç (i, j).Ïåðåõîäèìî äî ðîçãëÿäó âñiõ ìîæëèâèõ âèïàäêiâ. Ó êîæíîìó ç íèõ âêàçó-þòüñÿ âñi íàñëiäêè ç ðiâíîñòåé âèãëÿäó [a; i, j; p, q] i [b; i, j; p, q], ÿêi ðàçîì çàáåç-ïå÷óþòü âèãëÿä ìàòðèöi X , âêàçàíèé â óìîâi òåîðåìè.
(1, 1)(1, 1)(1, 1) � î÷åâèäíèé âèïàäîê.
(1, 2)(1, 2)(1, 2) [a; 1, 2; 1, 3] : 0 = 11, [a; 1, 2; 1, 4] : 0 = 12, [b; 1, 2; 1, 4] : 0 = 13

⇒ 11 = 0, 12 = 0, 13 = 0.
(2, 1)(2, 1)(2, 1) [a; 2, 1; 1, 1] : 31 = 0, [a; 2, 1; 2, 1] : 41 = 0, [b; 2, 1; 1, 1] : 21 = 0

⇒ 31 = 0, 41 = 0, 21 = 0.
(2, 2)(2, 2)(2, 2) [a; 2, 2; 1, 1], [a; 2, 2; 1, 2], [a; 2, 2; 2, 1], [a; 2, 2; 2, 2], [b; 2, 2; 1, 1], [b; 2, 2; 1, 3],

[b; 2, 2; 4, 4] ⇒ 31 = 0, 32 = 0, 41 = 0, 42 = 0, 21 = 0, 23 = 0, 43 = 0;
[a; 2, 2; 1, 3], [b; 2, 2; 1, 2], [a; 2, 2; 2, 4] ⇒ 33 = 11 = 22 = 44;
[a; 2, 2; 1, 4], [a; 2, 2; 2, 3], [b; 2, 2; 1, 4] ⇒ 12 = 34, 21 = 43, 24 = 13.
(1, 3)(1, 3)(1, 3) [a; 1, 3; 1, s+ l] ⇒ 1l = 0 (l = 1, . . . , s).
(3, 1)(3, 1)(3, 1) [a; 3, 1; k, 1] ⇒ (s+ k)1 = 0 (k = 1, . . . , s);
[b; 3, 1; s, 1] ⇒ (2s+ 1)1 = 0.
(1, 4)(1, 4)(1, 4) [a; 1, 4; 1, s+ 1 + l] ⇒ 1l = 0 (l = 1, . . . , s);
[b; 1, 4; 1, 2s+ 1] ⇒ 1(s+ 1) = 0.
(4, 1)(4, 1)(4, 1) [a; 4, 1; k, 1] ⇒ (s+ 1 + k)1 = 0 (k = 1, . . . , s).Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)
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(2, 3)(2, 3)(2, 3) [b; 2, 3; 1, l] ⇒ 2l = 0 (l = 1, . . . , s+ 1);
[b; 2, 3; 1, s+ l] ⇒ 2(s+ l) = 1(l − 1) (l = 2, . . . , s+ 1);
[a; 2, 3; 1, l] ⇒ 3l = 0 (l = 1, . . . , s);
[a; 2, 3; 1, s+ l] ⇒ 3(s+ l) = 1l (l = 1, . . . , s);
[a; 2, 3; 1, 2s+ 1] ⇒ 3(2s+ 1) = 0;
[b; 2, 3; 3, l] ⇒ 4l = 0 (l = 1, . . . , s+ 1);
[b; 2, 3; 3, l] (âðàõîâóþ÷è, ùî 3k = 0 ïðè k = 1, . . . , s)

⇒ 4l = 0 (l = s+ 2, . . . , 2s+ 1).
(3, 2)(3, 2)(3, 2) [a; 3, 2; k, 3] ⇒ k1 = 0 (k = s+ 1, . . . , 2s+ 1);
[a; 3, 2; k, 4] ⇒ k2 = 0 (k = s+ 1, . . . , 2s+ 1);
[b; 3, 2; k, 4] ⇒ k3 = 0 (k = s+ 1, . . . , 2s+ 1);âðàõîâóþ÷è ðiâíîñòi [a; 3, 2; k, 3], ìà¹ìî: k1 = (s+ k)3 = 0 (k = 1, . . . , s);
[a; 3, 2; k, 4] ⇒ (s+ k)4 = k2 (k = 1, . . . , s);ïîðiâíþþ÷è ðiâíîñòi [a; 3, 2; k, 4] i [b; 3, 2; k − 1, 4], ìà¹ìî:

(s+ k)4 = k2 = (k − 1)3 (k = 2, . . . , s);
[b; 3, 2; s, 4] ⇒ (2s+ 1)4 = s3.
(2, 4)(2, 4)(2, 4) [b; 2, 4; 1, l] ⇒ 2l = 0 (l = 1, . . . , s+ 1);
[b; 2, 4; 1, s+ l] ⇒ 2(s+ l) = 1l (l = 2, . . . , s+ 1);
[a; 2, 4; 1, l] ⇒ 3l = 0 (l = 1, . . . , s+ 1);
[a; 2, 4; 1, s+ l] ⇒ 3(s+ l) = 1(l − 1) (l = 2, . . . , s+ 1);
[a; 2, 4; 1, l] ⇒ 4l = 0 (l = 1, . . . , s+ 1);
[a; 2, 4; 1, s+ l] ⇒ 4(s+ l) = 2(l − 1) = 0 (l = 2, . . . , s+ 1).
(4, 2)(4, 2)(4, 2) [a; 4, 2; k, 1] ⇒ (s+ 1 + k)1 = 0 (k = 1, . . . , s);
[a; 4, 2; k, 2] ⇒ (s+ 1 + k)2 = 0 (k = 1, . . . , s);
[b; 4, 2; k + 1, 3] ⇒ (s+ 1 + k)3 = 0 (k = 1, . . . , s);
[a; 4, 2; k, 3] ⇒ (s+ 1 + k)3 = k1 i îñêiëüêè (s+ 1 + k)3 = 0,òî k1 = 0 (k = 1, . . . , s);
[b; 4, 2; s+ 1, 2] ⇒ (s+ 1)1 = (2s+ 1)2 = 0;
[a; 4, 2; k, 4], [b; 4, 2; k + 1, 4] ⇒ (s+ 1 + k)4 = k2 = (k + 1)3 (k = 1, . . . , s);
[b; 4, 2; 1, 4] ⇒ 13 = 0;
[a; 4, 2; s+ 1, 3] ⇒ (s+ 1)1 = 0;
[a; 4, 2; s+ 1, 4] ⇒ (s+ 1)2 = 0.
(3, 3)(3, 3)(3, 3) Ïîêëàäåìî

X =

(
A C

B D

)
,äå A � ìàòðèöÿ ðîçìiðó s× t, B � ìàòðèöÿ ðîçìiðó (s + 1)× t, C � ìàòðèöÿðîçìiðó s× (t + 1), D � ìàòðèöÿ ðîçìiðó (s+ 1)× (t+ 1).Ó ñâîþ ÷åðãó, ìàòðèöþ D çîáðàçèìî ó âèãëÿäi áëî÷íî¨ ìàòðèöi ç áëîêàìè

D0, Q, S, T :
D =

(
D0 Q

S T

)
,äå D0 � ìàòðèöÿ ðîçìiðó s× t, Q � âåêòîð-ñòîâï÷èê ðîçìiðó s×1, S � âåêòîð-ðÿäîê ðîçìiðó 1× t, T � ìàòðèöÿ ðîçìiðó 1× 1.

[a; 3, 3; k, t+ l] ⇒ B = 0 (k = s+ 1, . . . , 2s+ 1, l = 1, . . . , t);
[a; 3, 3; k, l] ⇒ D0 = A (k = 1, . . . , s, l = t + 1, . . . , 2t);Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



44 Â. Ì. ÁÎÍÄÀ�ÅÍÊÎ, I. Â. ËÈÒÂÈÍ×ÓÊ
[a; 3, 3; k, 2t+ 1] ⇒ Q = 0 (k = 1, . . . , s);
[b; 3, 3; s, l] ⇒ S = (0, s1, s2, ..., s(t− 1)), T = (st) (l = t+ 1 . . . , 2t+ 1).Çàëèøèëîñÿ âèçíà÷èòè âèä ìàòðèöi A.
[a; 3, 3; k, t+ 1] i [b; 3, 3; k − 1, t+ 1] ⇒ (s+ k)(t + 1) = k1 = 0 (k = 2, . . . , s)i, îòæå, äëÿ åëåìåíòiâ ìàòðèöi A ìà¹ìî: k1 = 0 ïðè k = 2, . . . , s (∗);
[a; 3, 3; k, 2t+1] i [b; 3, 3; k−1, 2t+1] ⇒ (s+k)(2t+1) = 0 = (k−1)t (k = 2, . . . , s)i, îòæå, äëÿ åëåìåíòiâ A ìà¹ìî: (k − 1)t = 0 ïðè k = 2, . . . , s (∗∗);
[a; 3, 3; k, t + l] i [b; 3, 3; k − 1, t + l] ⇒ (s + k)(t + l) = kl = (k − 1)(l − 1)

(k = 2, . . . , s, l = 2, . . . , t); òîäi (∗) ⇒ âñi åëåìåíòè ìàòðèöi A, ùî ëåæàòü ïiääiàãîíàëëþ 11 = 22 = 33 = . . ., ¹ íóëüîâèìè. À ÿêùî (äîäàòêîâî) t < s, òî ç (∗∗)âèïëèâà¹, ùî i ñàìà öÿ äiàãîíàëü íóëüîâà.
(3, 4)(3, 4)(3, 4) �îçãëÿäà¹ìî ìàòðèöþ X ðîçìiðó (2s+1)× (2t+1) ÿê áëî÷íó ìàòðèöþ(äèâ. âèïàäîê (3, 3)), äå âæå A � ìàòðèöÿ ðîçìiðó s × (t + 1), B � ìàòðèöÿðîçìiðó (s + 1) × (t + 1), C � ìàòðèöÿ ðîçìiðó s × t, D � ìàòðèöÿ ðîçìiðó

(s+ 1)× t.
[a; 3, 4; k, l] ⇒ (s + k)l = 0 (k = 1, . . . , s, l = 1, . . . , t+ 1);
[b; 3, 4; s, l] ⇒ (2s+ 1)l = 0 (l = 1, . . . , t+ 1). Îòæå, B = 0.Ç ðiâíîñòåé [a; 3, 4; k, l] ïðè k = 1, . . . , s, l = t + 2, . . . , 2t + 1 âèïëèâà¹, ùîìàòðèöÿ D áåç îñòàííüîãî ðÿäêà äîðiâíþ¹ ìàòðèöi A áåç îñòàííüîãî ñòîâïöÿ.
[a; 3, 4; p, q] i [a; 3, 4; p− 1, q] ïðè p = 2, . . . , s, q = t+ 2, . . . , 2t+ 1 ⇒

kl = (k + 1)(l − 1) ïðè k = 1, . . . , s− 1, l = 1, . . . , t+ 1;
[a; 3, 4; s, l+1] i [b; 3, 4; s, l] ⇒ (2s+1)l = (2s)(l+1), .(2s+1)(2t+1) = s(t+1)(l = t+ 2, . . . , 2t).
(4, 3)(4, 3)(4, 3) �îçãëÿäà¹ìî ìàòðèöþ X ðîçìiðó (2s+1)× (2t+1) ÿê áëî÷íó ìàòðèöþ(äèâ. âèïàäîê (3, 3)), äå âæå A � ìàòðèöÿ ðîçìiðó (t + 1) × s, B � ìàòðèöÿðîçìiðó t × s, C � ìàòðèöÿ ðîçìiðó (t + 1) × (s + 1), D � ìàòðèöÿ ðîçìiðó

t× (s+ 1).
[b; 4, 3; k, l] ⇒ (t + k)l = 0 (k = 2, . . . , t + 1, l = 1, . . . , s + 1), òîáòî B = 0 iíóëüîâèì ¹ ïåðøèé ñòîâïåöü ìàòðèöi D;
[a; 4, 3; k, 2s+1] ⇒ (t+1+k)(2s+1) = 0 (k = 1, . . . , t), òîáòî îñòàííié ñòîâïåöüìàòðèöi D � íóëüîâèé;
[a; 4, 3; t+ 1, s+ l] ⇒ (t+ 1)l = 0 (l = 1, . . . , s), òîáòî îñòàííié ðÿäîê ìàòðèöi

A � íóëüîâèé;
[a; 4, 3; 1, l] ïðè l = s+ 2, . . . , 2s+ 1 ⇒ 1k = 0 ïðè k = 1, . . . , s, òîáòî ïåðøèéðÿäîê ìàòðèöi A � íóëüîâèé;
[a; 4, 3; k, l] ïðè k = 1, . . . , t, l = s + 1, . . . , 2s ⇒ ìàòðèöÿ D áåç îñòàííüîãîñòîâïöÿ äîðiâíþ¹ ìàòðèöi A.Äàëi, ëiâi ÷àñòèíè ðiâíîñòåé [a; 4, 3; k, s + l] i [b; 4, 3; k + 1, s + l] ïðè

k = 2, . . . , t, l = 1, . . . , s+1 ðiâíi ìiæ ñîáîþ, à ñàìå äîðiâíþþòü (k+ t+1)(s+ l).Ïðèðiâíþþ÷è ¨õ ïðàâi ÷àñòèíè, îäåðæó¹ìî íàñòóïíi ðiâíîñòi: k1 = 0, kp =
(k + 1)(p− 1) ïðè p = 2, . . . , s, (k + 1)s = 0. Âðàõîâóþ÷è, ùî ïåðøèé i îñòàííiéðÿäêè ìàòðèöi A íóëüîâi, ç öi¹¨ ðiâíîñòi ìà¹ìî, ùî A = 0.

(4, 4)(4, 4)(4, 4) �îçãëÿäà¹ìî ìàòðèöþ X ðîçìiðó (2s+1)× (2t+1) ÿê áëî÷íó ìàòðèöþ(äèâ. âèïàäîê (3, 3)), äå âæå A � ìàòðèöÿ ðîçìiðó (s+1)× (t+1), B � ìàòðèöÿðîçìiðó s× (t+1), C � ìàòðèöÿ ðîçìiðó (s+1)× t, D � ìàòðèöÿ ðîçìiðó s× t.
[a; 4, 4; s+ 1, t+ 1 + l] ⇒ (s+ 1)l = 0 (l = 1, . . . , t);Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)
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[a; 4, 4; k, l] ⇒ (s + k + 1)l = 0 (k = 1, . . . , s, l = 1, . . . , t+ 1), òîáòî B = 0;
[a; 4, 4; k, l] ïðè k = 1, . . . , s, l = t + 2, . . . , 2t + 1 ⇒ ìàòðèöÿ D äîðiâíþ¹ìàòðèöi A áåç îñòàííüîãî ðÿäêà i îñòàííüîãî ñòîâïöÿ.Îòæå, çàëèøèëîñÿ âèçíà÷èòè åëåìåíòè ìàòðèöi A.
[b; 4, 4; 1, t+ l] ⇒ 1l = 0(l = 2, . . . , t+ 1);
[a; 4, 4; s+ 1, t+ 1 + l] ⇒ (s+ 1)l = 0 (l = 1, . . . , t) (∗ ∗ ∗);
[a; 4, 4; k, t + l + 1] i [b; 4, 4; k + 1, t+ l + 1] (ç îäíàêîâèìè ëiâèìè ÷àñòèíàìè)

⇒ kl = (k + 1)(l + 1) (k = 1, . . . , s, l = 1, . . . , t); òîäi (∗ ∗ ∗) ⇒ âñi åëåìåíòèìàòðèöi A, ÿêi ëåæàòü íàä äiàãîíàëëþ 11 = 22 = 33 = . . ., ¹ íóëüîâèìè. À ÿêùî(äîäàòêîâî) s < t, òî i ñàìà öÿ äiàãîíàëü íóëüîâà.Äëÿ òîãî ùîá çàâåðøèòè äîâåäåííÿ òåîðåìè, ïîòðiáíî ïåðåêîíàòèñÿ ó òîìó,ùî â êîæíîìó ç âèïàäêiâ áóëè âèêîðèñòàíi âñi íàñëiäêè ç ðiâíîñòåé [a; i, j; p, q] i
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